Taylor & Francis
Taylor & Francis Group

Communications in Algebra

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/lagh20

Radford [n,(n,/)]-biproduct theorem for generalized
Hom-crossed coproducts

Botong Gai & Shuanhong Wang

To cite this article: Botong Gai & Shuanhong Wang (01 Nov 2023): Radford [n,(n,/)]-biproduct
theorem for generalized Hom-crossed coproducts, Communications in Algebra, DOI:
10.1080/00927872.2023.2273875

To link to this article: https://doi.org/10.1080/00927872.2023.2273875

% Published online: 01 Nov 2023.

N\
[:J/ Submit your article to this journal &

||I| Article views: 12

A
& View related articles &'

prn

() view Crossmark data &

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=lagh20


https://www.tandfonline.com/action/journalInformation?journalCode=lagb20
https://www.tandfonline.com/loi/lagb20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00927872.2023.2273875
https://doi.org/10.1080/00927872.2023.2273875
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2023.2273875
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2023.2273875
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2023.2273875&domain=pdf&date_stamp=01 Nov 2023
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2023.2273875&domain=pdf&date_stamp=01 Nov 2023

COMMUNICATIONS IN ALGEBRA® e Taylor & Francis

https://doi.org/10.1080/00927872.2023.2273875 Taylor &Francis Group

‘ ) Checkforupdates‘

Radford [n, (n, I)]-biproduct theorem for generalized
Hom-crossed coproducts

Botong Gai® and Shuanhong Wang®

2School of Mathematics, Southeast University, Nanjing, Jiangsu, P. R. of China; ®Shing-Tung Yau Center, School of
Mathematics, Southeast University, Nanjing, Jiangsu, P. R. of China

ABSTRACT ARTICLE HISTORY

In this paper, we provide a new approach to construct monoidal Hom-Hopf Received 10 February 2023
algebras. We investigate monoidal Hom-Hopf algebra structure on a left (n, /)- Revised 29 September 2023
Hom-crossed coproduct structure with a left n-Hom-smash product structure, ~ Communicated by Lars

obtaining Radford [n, (n,/)]-biproduct structure theorem. Then, we study Christensen

a Hom-coaction admissible mapping system to characterize this Radford KEYWORDS
[n, (n,)]-biproduct structure. Finally, we study the cosemisimplicity of a special Hom-coaction admissible

Hom-smash coproduct and prove the related Maschke theorem. mapping system; Hom-Hopf
algebra; Maschke theorem;

n-Hom-smash product;
(n, l)-Hom-crossed
coproduct; Radford
biproduct

2020 MATHEMATICS
SUBJECT CLASSIFICATION
16W50; 17A60

Introduction

In the classical Hopf algebraic theory, the one of the celebrated results is Radford’ biproduct [21] which
provided in particular an important approach to solve the classification of finite-dimensional pointed
Hopf algebras (see [1, 2]). This biproduct says that if A is a braided Hopf algebra in the braided monoidal
category of Yetter-Drinfeld modules 2D over a Hopf algbera H, then a left smash product algebra
structure and a left smash coproduct coalgebra structure afford a Hopf algebra structure on A ® H, see
[16]. Radford’s biproduct was generalized to many cases: replacing the smash product algebra structure
by a left Hopf crossed product (see, [25]) and replacing the smash coproduct coalgebra structure by a
left Hopf crossed coproduct [9] in the setting of Hopf algebras; replacing Hopf algebras by quasi-Hopf
algebras [4], by multiplier Hopf algebras [8] and by monoidal Hom-Hopf algebras (see, [12, 15]).

As we know that the notion of a left Hopf crossed product was introduced in [3] and the dual Hopf
crossed coproduct was introduced in [7] (see, [23, 24]). These notions have been studied in the setting
of (monoidal) Hom-Hopf algebras (see, [13, 14]).

We recall from the papers [19] and [20] that the original notion of a Hom-Hopf algebra involved two
different linear maps o and 8 for which « twists the associativity and 8 the coassociativity. At present,
researchers have developed two directions of study: one considered the class such that 8 = o, which are
still called Hom-Hopf algebras (cf. [14, 17, 18]) and another one started by Caenepeel and Goyvaerts
in [5], that the map « is assumed to be invertible and 8 = a1, which are called monoidal Hom-Hopf
algebras (cf. [6, 12, 13]). Therefore, Hom-Hopf algebras and monoidal Hom-Hopf algebras are different
concepts. By the way, there are other developing of Hom-Hopf algebras combining with weak Hopf
algebras (cf, [10, 11]) and linking with Hopf group-coalgebras (cf. [26]), and so on.
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Nanjing, Jiangsu 210096, P. R. of China.
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The main object of this paper is to provide a new method to construct monoidal Hom-Hopf algebras
by introducing the notion of a (#, [)-Hom-crossed coproduct with n,/ € Z and then building Radford
[n, (n,1)]-biproduct theorem which is a generalization of the one both in [21] and in [9].

The organization of the paper is the following. In Section 1, some basic notations about monoidal
Hom-Hopf algebras, Hom-(co)module algebras, Hom-(co)module coalgebras that we will need are
recalled. In Sections 2 and 3, we will introduce the notion of a left (n,[)-Hom-crossed coproduct for
a monoidal Hom-Hopf algebra and obtain Radford [#, (,])]-biproduct structure with #n,I € Z (see
Theorems 2.3, 3.4, and 3.6). In Section 4, in order to characterize the Radford [n, (1, ])]-biproduct
structure, we study Hom-coaction admissible mapping system (see, Theorem 4.10). In the final section,
we study the cosemisimplicity of the Hom-smash coproduct and prove the related Maschke theorem
(see Theorems 5.4 and 5.9).

Throughout, let k be a fixed field and everything is over k. We refer the readers to the book of Sweedler
[22] for the relevant concepts on the general theory of Hopf algebras. Let (C, A) be a coalgebra, we use
the Sweedler-Heyneman’s notation for A as follows: A(c) = Y_¢; ® ¢z, forall ¢ € C.

1. Preliminaries

In this section we will recall the notions of a monoidal Hom-category, a monoidal Hom-Hopf algebra, a
(co)action of monoidal Hom-Hopf algebra and a Hom-smash (co)product.

1.1. A monoidal Hom-category H(My)

Let My = (My,®,k a,l,r) denote the usual monoidal category of k-vector spaces and lin-
ear maps between them. Recall from [6] that there is the monoidal Hom-category H(My) =
(H(My), ®, (k, id), 4, I, 7), a new monoidal category, associated with M as follows:

o H(My) are couples (M, ), where M € My and u € Auty(M), the set of all k-linear
automorphisms of M;

of : (M,n) = (N,v)in H(My) is a k-linear map f : M — N in M satisfyingv o f = f o u for
any two objects (M, ), (N, v) € H(My);

o The tensor product is given by

(M, 1) ® (N,v) =(M®N, u Qv)

for any (M, ), (N, v) € H(My);
o The tensor unit is given by (k, id);
o The associativity constraint 4 is given by the formula

amnL = aunNL o (LRI ® ¢ ™) =u® (d® ¢ ™)) oamn,

for any objects (M, ), (N, v), (L, ¢) € H(My);
o The left and right unit constraint [ and 7 are given by

Ty=poly=Iyo(d®u), Fu=pory=ryo(u®id)
for all (M, ) € H(My).

1.2. Monoidal Hom-associative algebras and monoidal Hom-coassociative coalgebras

A unital monoidal Hom-associative algebra is a vector space A together with an element 14 € A and
linear maps

m:AQA — A(a®br> ab) and o € Aut(A)
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such that
a(a)(be) = (ab)a(c), (1.1)
a(ab) = a(a)a(b), (1.2)
aly = lpa = a(a), (1.3)
a(ly) =14 (1.4)

foralla,b,c € A.

Remark. (1) In the language of algebras, m is called the Hom-multiplication, « is the twisting
automorphism and 14 is the unit. Note that Eq. (1.1) can be rewritten as a(ba~'(c)) = (¢~ (a)b)c.
The monoidal Hom-algebra A with a structure map « will be denoted by (4, ).

(2) A monoidal Hom-associative algebra is not the same as a Hom-associative algebra in which « is
not necessary bijective, (see, [17, 19]).

(3) Let (A,«) and (A’,&’) be two monoidal Hom-algebras. A monoidal Hom-algebra map f :
(A,a) — (A,d) is a linear map such that for any a,b € A, f oo = & o f,f(ab) = f(a)f(b) and
Fa) = 1y

A counital monoidal Hom-coassociative coalgebra is a vector space C together with linear maps A :
C— CQCA(c) =c1®c2),e: C—> kand y € Aut(C) so that

y e @A) = Al) @y e, (1.5)
Ay (©) = y(c) ® y(ca)s (1.6)
aele) =y~ (0 =¢elc)e, (1.7)
e(y(0) =¢€(0) (1.8)

forallc € C.

Remark. (1) Note that Eq. (1.5) is equivalent to ¢; ® 21 ® y(c22) = y(c11) ® c12 ® c. Similar
to monoidal Hom-algebras, monoidal Hom-coalgebras will be short for counital monoidal Hom-
coassociative coalgebras without any confusion. The monoidal Hom-coalgebra C with a structure map
y will be denoted by (C, y).

(2) A monoidal Hom-coassociative coalgebra is not the same as a Hom-coassociative coalgebra in
which Egs. (1.5) and (1.7) are replaced by y (¢1) ® A(c2) = A(c1) @y (c2) and c1e(c2) = y(¢) = e(c1)c2
for any ¢ € C, respectively, and y is not necessary bijective, (see, [17, 19]).

(3) Let (C, y) and (C', ¥") be two monoidal Hom-coalgebras. A monoidal Hom-coalgebra map f :
(C,y) > (C,y") isalinear map suchthatfoy =y of, Aof=(f®f)oAande’ of =¢.

1.3. Monoidal Hom-Hopf algebras

A monoidal Hom-bialgebra H = (H,a,m, 1, A, ) is a bialgebra in the monoidal category 7:[(Mk). This
means that (H, «, m, 1) is a monoidal Hom-algebra and (H, «, A, €) is a monoidal Hom-coalgebra such
that A and ¢ are morphisms of algebras.

A monoidal Hom-bialgebra (H, «) is called a monoidal Hom-Hopf algebra if there exists a morphism
(called antipode) S : H — H in 7:[(Mk) (i.e. So @ = a o S), which is the convolution inverse of the
identity morphism idy (i.e. S * id = 1 o ¢ = id * S). Explicitly, for all h € H,

S(hhy = e(h)1g = hiS(hy).
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Remark. (1) Note that a monoidal Hom-Hopf algebra is by definition a Hopf algebra in the category
H(My) (see, [5]).

(2) Furthermore, the antipode of monoidal Hom-Hopf algebras has almost all the properties of
antipode of Hopf algebras such as: for any g, h € H,

S(hg) = S(9)S(h), S(1x) = 1, A(S(h)) = S(hy) ® S(hy), and e 0 S = &.

That is, S is a monoidal Hom-anti-(co)algebra homomorphism. Since « is bijective and commutes with
S, we can also have that the inverse @ ~! commutes with S, thatis, Soa™! = a1 0 S.

(3) A monoidal Hom-Hopf algebra (H, o) is not the same as a Hom-Hopf algebra (H, &) in which «
is not necessary bijective, (see, [17, 19]).

1.4. m-Hom-smash products and m-Hom-smash coproducts

Let (A, ) be amonoidal Hom-algebra. A left (A, o)-Hom-module consists of an object (M, 1) in H(My)
together with a morphism ¢ : AQ M — M, ¥ (a ® m) = a - m such that

a(a) - (b-m) = (ab) - u(m), w(a-m)=a(a)- u(m), and 14 - m = u(m),
foralla,b € Aand m € M.

Remark. (1) Monoidal Hom-algebra (A, «) can be considered as a Hom-module on itself by the Hom-
multiplication.

(2) Let (M, ) and (N, v) be two left (A, ®)-Hom-modules. A morphism f : M —> N is called a left
(A,a)-linear if f(a-m) = a-f(m), fopu = vofholdforanya € A,m € M. The category of left
(A, ®)-Hom-modules is denoted by H(4M).

Similarly, let (C, ) be a monoidal Hom-coalgebra. A right (C, y)-Hom-comodule is an object (M, )
in H (M) together with a k-linear map ppr : M — M ® C, pp(m) = m(p) ® my1y such that

1 (m) ® Ac(m)) = (mey0) ® moya) ® ¥~ (may), (1.9)

pm(r(m)) = n(me)) ® y(may), moye(may) = u= ' (m), (1.10)
for all m € M.

Remark. (1) (C,y) is a Hom-comodule on itself via the Hom-comultiplication.

(2) Let (M, u) and (N, v) be two right (C, y)-Hom-comodules. A morphism g : M — N is called
right (C, y)-colinear if g o . = v o g and g(mg)) ® m) = g(m) ) ® g(m)(1) hold for any m € M. The
category of right (C, y)-Hom-comodules is denoted by HME) .

Let (H, @) be a monoidal Hom-bialgebra. A monoidal Hom-algebra (B, 8) is called a left weak (H, «)-
Hom-module algebra, if (B, ) has amap: - : H® B —> B, obeying the following axioms:

h-(ab) = (h1-a)(hy-b), h-1p=¢e(h)l3, (1.11)

foralla,b € B,h € H. Furthermore, (B, B) is called a left (H, «)-Hom-module algebra if (B, B) is a left
(H, @)-Hom-module with the action “.”.

Let (H, ) be a monoidal Hom-bialgebra. A monoidal Hom-coalgebra (B, ) is called a left (H, «)-
Hom-comodule coalgebra, it (B, B) is a left (H, «)-Hom-comodule with coaction p obeying the following
axioms:

bi—1) ® by ® boyz = bi—nba—1) ® b0y @ baoy> £(b))b—1) = e(b)1n, (1.12)
forall b € B.
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2. (n,)-Hom-crossed coproducts

Let n,] € Z. In order to obtain Radford [n, (n, I)]-biproduct theorem, in this section, we introduce and
study the notion of a left (, [)-Hom-crossed coproduct for a monoidal Hom-Hopf algebra.

Definition 2.1. Let (H,«) be a monoidal Hom-bialgebra and (B, 8) a left (H,«)-Hom-comodule
coalgebra with coaction ,o{; :B—> H®B.t: B — HQ H is a linear map and 7(b) = beb
with #,] € Z. We say that the data (B x; H, 8 @ «) isa (n,[)-Hom-crossed coproduct it

(1) Bx; H= B® H, as alinear space;

(2) Hom-comultiplication is: Vb x; h € B x; H,

A (b xig h) = by Xq [ (b1 1) by, Ve (h) ® B2 (ba1(0)) Xr @l(byy Yo~ ().

Remark 2.2. (1) When o = idy and B = ida, we will obtain the usual crossed coproduct (see, [23, 24]).
(2) When n = 0 and I = —1, we obtain the monoidal Hom-crossed coproduct (see, [13]).
(3) When t : B— H ® H is trivial, thatis 7(b) = ¢(b)1g ® 1§,

Apxi.H (b X¢ h)
=by 3¢ [ (bar—1)a " (b))l ™ (1) ® B2 (bar(oy) ¥z @ (byy )™ (h2)
=by X7 [a"(ba1(—1))e(ba)1gla ™ () @ B*(ba1(0) X¢ 1ga ™' (ha)
=by X " (by—1)e ' (h) ® B(bao)) X7 I

which is the n-smash coproduct.

Theorem 2.3. Let (Bx. H, B®«) be a (n,l)-Hom-crossed coproduct. Then (B x H, B ® ) is a monoidal
Hom-coalgebra with counit epy g = €p @ ep if and only if the following conditions hold:
(De®)b =be®d) =)
(2) a" L (by—1))a 2 (by) ® @ (bioy—1))e 2 (b,) ® B(bioyo))
= Oél_z(bl/)a"(bz(qn) ® Otl_z(blﬁ)a”(bz(q)z) ® by ).
(3) " by 1) "2 (by) @ &N (by o) By ) ® (b ) )T (B, )
=o' 2(b))a! "1 (b, ) ® &2 (b)) (b, ) ® @l (By),
foranyb € B.

Proof. If (B X H, B ® «) is monoidal Hom-coalgebra, then we have, for any b € B,
(B ®@a™) ® Aps,u] A, (b X 1) = [Lps,r ® (B @ @™ )] Apse b (b X¢ 1p).

Then we have:
ﬂ_l(bl) X an(bZI(—l))al_l(bzz) & ,82(b21(0)1) X [an+2(b21(0)21(—1))al+1(bzl(o)zz)]al(bzz 1) &
B (b210021(0) X1 @12 (by; g0 )e (b, 5) = biy 3ix [0 (bra1 1))~ (byyp) 1@ (bar - pyn)ed ™ (byy) @

B (b121(0)) ¥z @l (byyy ) (@ (b1 1)2)a' 1 (b)) ® B(bai(0) ¥z @l (byy).

Applying ep @ idy ® ep ® idy ® idp ® ep to the both sides of the above identity, we will obtain the
item (2).

Applying ep ® idy ® ep ® idy ® ep ® idy to the both sides of the above identity, we will obtain the
item (3).

Meanwhile, we have

(eBx,H ® idpx, 1) g, (0 X7 1) = (B @) (b %, 1),

(idpse, 1 ® €8x, 1) Apx,a (b X7 1g) = (B @ a ™) (b x¢ 1p).
That is

by x; ol (by)er(by ) = B71(b) x¢ 1y = by ¢ er(by)al(by).
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Applying ep ® idy to the both sides of the above identity, we will obtain the item (1).
Conversely, suppose (1)-(3) are established, it is obvious that gy, 7 0 (B ® &) = €px, H. Besides, for
any b € B, h € H, it is not hard to verify the following equations:

(eBx,H ® idpx, 1) Apxi, 1 (b X7 h) = B7H(D) xr o (),
(idpse, 1 ® €8x, 1) LBt (b X h) = B7H (D) xr a ™ (),
[(B®a)® (B®a)] Aps,u (b X h) = Aps, mB(b) X7 a(h)].

Finally, we check the Hom-coassociativity.
[(B'®a™) ® Apx, il A H (b X7 h)
= B71(b1) xr [ (bar 1)) 2 (byy )] 2 (k1) ® B (baron)
X [an+2(b21(0)21(—1))al+1(b21(0)2/2)][05171(1722”1)0572(]’121)] ® B (b21(0)21(0))
e a2 (by; o0 [ by, )2 (h)]
= B7(b1) x¢ [ (o 1ybara—1))@' 2 (byy a2 () ® B2 (o) Xr [ T2 (baia)1(-1))
a1 (b, ) e (b, D2 (1)1 ® B(B21200)10) ¥e @2 (b0 [0 (byy ) 2 ()]
= B71(b1) % [0 (b1 -1y (bai21(—1yba1aa(—1))a "2 (byy Va2 (1) ® B (ba11(0))
Xr [0l"+2(192121(0)(—1))0!l+1(52122(0/))][01_1(522//1)06_2(1121)] ® B*(b2121(0)(0))
X @ T2(by) 0 o) [0 by 5)a 2 (22)]
= b1 X¢ [06”_1(b121(71))(06"_2(17122(71))06"_3(521(71)))al_2(522/)]06_2(h1) ® B2(b121(0))
P [01n+1(17122(0)(—1))051_1(521(0;)][(11_1(bzzﬂl)a_z(hzl)] ® B3 (b12200)(0))
xr ol (byy o)l by )2 ()]
= by X7 [@" N (Bra1-1) @2 (Braa—1))a" > (ba1 (- 1)) 2 (byy )2 (h1) @ B2(b121(0))
Xp [a"+1(b122(0)(—1))0¢l_1(521(0;)][011_1(522//1)(1_20121)] ® B> (b122(0)(0))
X ol (byy o[ by )2 ()]
= by X7 [0 (b nbiaa— ) [ 2 (bar— 1)@ =3 (byy a2 (k1) ® B2 (br210) Xz (@ (Braaoy(-1))
a2 by gy b )@ (a1) ® B (B1220)(0) ¥z [0~ by ) )er!  (byy )] ()

@ iy Xz [ (brar—1ybraa 1)@ 3 by, ) 2 (by, D1l 2(h1) @ B2(b121(0))
e [ (B1aay 1) [ 2 (byy Va2 (byy D™ (h21) ® B (b122(0)0)) X7 @1 (byy Vo™  (22)
= b1y X¢ [@" (b1 biaa ) @3 0y 2 (by, DI (h11) @ B2 (bi21(0))
e [ (braay 1)@ 2 By Va2 (byy DN~ (h12) ® B (B1220)0)) X @1 (byy Do ™2 (h2)
= B71(b1) 17 [a" 2 (bar— 1) (baari(—1) [ (Bypyn ) ™ (byyy DN~ (B11) ® B(b21(0))
e [ 2 (baar10) 1) [ (byypp ) (Bypy D (h12) ® BH(B2211(0)(0) X @' (b ) 2 (h2)
= 71 (b1) ¢ ([ 2(ba1—1) [ (Baari— 1) 2 (byy )11 (Byy D™ (h11) ® B(b210))
7 ([ (baa110)(=1))@' " (Byy 1) 16 by e~ (h12) ® BA(Ba211(0)(0)) X & (byyy Yo 2 (h2)
@ BL(b1) X [l 2(bar 1) 2 (byy e (b2212(— 1)1t (s D™  (11) ® B(b21(0))
e [ (byyy D™ (b1 12)]e! (byy; )1 (112) ® B2 (baaia() Xz o (byyy ) 2 ()
= b1y %7 ([0 (Bro )3 (b1y9) a2 ()N by, Dla ™ (1) ® B2 (b121(0)
e [ 2 (5130 )" (Bar—2) 1 (byy Do (h12) ® B(baroy) ¥ &1 (byy Yo 2 (h2)
= byy X¢ [@(brar— ) b))l (bay—n)e 2 (by, DIe ()] @ (b))
e ol (b1 )@ (ba1—1y2) 2 (byy ) 2 (h12)1 @ B(ba1(0)) ¥z & (byy Yo 2 (o)
= [Aps,n ® (B~ ® @~ DI(b1 %7 [ (Bar—1)a' (b))l (hy) ® B2(ba1(0) X & (byy Yo ()
= [LBx,u® (B! @a™ )] Apy,u (b %1 h).
In summary, (B x; H, 8 ® o) is a monoidal Hom-coalgebra. O
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Example 2.4. Let H = (g,x|1 - g =g,1-x= —x,g* = 1,x* = 0,xg = —gx). Define the comultipica-
tion, counit, antipode and Hom-map by

AD)=1®1, e1)=1 SI) =1, a(l)=1
AR =g®g e@=1 S@Q=g a@=¢
AX)=—xQ1+1®(—x), &x) =0, Sx)=—x, olx)=—x
Algr) = —gxRg+g®(—gx), e(gx) =0, S(gx) = —xg, a(gx) = —gx.
Then (H, o) be a Hom-Hopf algebra. Let G = (c) be a infinite cyclic group generated by cand A = K[G]
be a group algebra. Define the comultipication and counit by

A(ck) = ck,a(ck) =1

Define the comodule map p : A — H @ A by p() =1ly®cdandr : A > H® H by (k) =
kx ® x + 1y @ 1g. Easy to see that(4, id) is a Hom-comodule coalgebra and t satisfies the conditions
in Theorem 2.3. Thus we have a (n, [)-Hom-crossed coproduct coalgebra (A x; H,id ® o).

We will always assume that t is convolution inversible and its convolution inverse is ! €

Hom(B,H ® H). For all b € B, we write T~ 1(b) = b° ® b* € H ® H. As the convolution inverse
of 7, there is the following equation holds:

b by @b, b =b’b, @ b"b, = ep(b)1ugH. (2.1)

Theorem 2.5. Let (B x; H, 8 ® &) be a (n,])-Hom-crossed coproduct and t be convolution inversible.
Then the following equations hold: for any b € B,

(1) L&' by e by Dler™ (by*) @ o2 by D' ™ by )l (b5 ) @ o (b1 b5%)
= a"(b—1) @ &' (b)) ® &' (bg) s
(2) @20 (@ by D2 (0,,) ® by 1 (byr0 7 (5y) ® by 5by
=" (b-1)) ® by ® by’
(3) &2 (0N @" a1 (b)) @ ¢ (B (@ (b -1 (b)) ® & (b))
= a"(b-11) @ a"(b(-1)2) ® b);
(@) @720, (b 1y))a 2 (0) ® (@72 (b, Na" (bra 12! 2 (b, %) ® Bbiag)
=" (b1)) ® o (boy(—1)) ® b(0y(0)-
Proof. For any b € B, we have
a"(bi—1) ® Otl_l(b(o;) ® O‘l_l(b(o;/)
=" (b1 1)@ by byy) ® Oll_l(bl(O)/)al_l(bZI//l by" ) ® O‘l_l(bl(o)//)Oll_l(bZlNZbZZSS 2)
=[o" (b p)a’™ bi)le' ™ (0,°) @ &' by gy bro e (05 ) ® 0 by g bra ) (B5%)

Z[Ofl_l(bu/)al(blz/1)]al_l(bzs) by [al_z(bn”)al_l(b12,2)]al_1(b2351) ® al_l(blz/,bzssz)-
So (1) holds. In a similar way, we can also prove (3) and (4):
a” (b)) ® a"(b—1)2) ® by

=2 (b)) a2 (by) o (baa—1y1)] @ &2 (b) [0 2 (byy ) (b2a(—1)2)] ® & (b 0))

=2 (b)) (@ (bar 1) 2 (byy)) @ &' 25 (@ (bar0y 1) 2 (Byy ) @ & (Ba1(0)0))s
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and
" (b-1) ® " (bo)-1) ® b))
=lo" " b)) ;) ® @ (brioy)e by e (55) ® B2 (b))
Z(Oll_z(b11/)05”“712(—1)1))011_2(bzs) ® (Oll_z(b11”)01"(blz(—nz))al_z(bfs) ® B(b12(0))-
Besides, according to the Theorem 2.3(3), we will obtain the following equation:
o (b e B5) @ & TN (b e A (0 @ o))
=o' (b (by—1) ® o' TH(BF DT by ) ® o B by ).
According to the above equation, we can prove that
" (b-1) ® by ® by
=o' ()P by )" a1 @ by 1 (57 1hy) ® by 501 2By 0))
=a'2 (b)) by} el ()] @ by 1 (by' 20~ (03,%)) @ by 5 by

So (2) holds.
The proof is completed. O

3. Radford [n, (n, I)]-biproduct

Let 1,1 € Z. In this section, we will prove our Radford [n, (1, [)]-biproduct theorem.

Let (H,«) be a monoidal Hom-bialgebra and (B, 8) a left (H,«)-Hom-module algebra. Then
(B#H, Bfa) is called n-Hom-smash product if

(1) BiH = B® H, as a linear space;

(2) Hom-multiplication is given by:

(agh)(btig) = a(e"(hy) - B~ (b)) (h2)g
for all afth, big € BfH.

Proposition 3.1. With notations above. Then (BfiH, Btio) is a monoidal Hom-algebra with unit 11 .

Proof. It is obvious that (8 ® «)(1pfi1y) = 1p#1y. For any atih, biig, cfil € BfH, we have
(B ® a)[(atth)(big)] = [(B ® a)(ath)][(B ® a)(biig)].

Now we prove Hom-associativity, on the one hand,

[B(@) e (M][(btg) (ct)]
=[B(@)ga(W][be"(g1) - B~ () (g)]]
=@ (hy) - B (D)@ (g1) - B2 (©)]e (o) (e (g2)])
=B@[(@" ! (hy) - B~ (D) (@ (h12) - ("' (g1) - B2 (0))]er® (ha) (et (g2)])
=@ (" (h) - B~ (D) (" () (g1)) - B~2(0)1f(haga)ex (D).
On the other hand,

[(azh) (b3g)][B(0) e (D)]
=[a(a" (h) - B~ (b)) (h)g[B(O) e (D]
=[a(a"(h) - B~ O™ (han)a” (1) - O)8le? (hao)e(g2)]ee (1)
=B@[("(h) - B~ (D) (" (ha)e" " (g1) - B~ () 1ler® (hao)ex (g2) ]ex(])
=@ (" (hyy) - B~ (D) (" (hi2)e" " (g1)) - B2 () e (hago)ex (D).
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Thus,

[B(a)ga(M][(bitg) (ctD] = [(ath) (bi)IIB () (D].
Therefore, (BfH, 8 ® «) is monoidal Hom-algebra. O

Definition 3.2. Let (Bx; H, B ®«) be (n,])-Hom-crossed coproduct. Then 7 is called a twisted module
cycle ifforany a,b € B,

a"(@) b1 ® (@"(@) - b)) ® (@"(@) - b)) = a™(@) - by @ &™(@ Dby ® " (@) - ba).

Lemma 3.3. Let (B x; H, 8 ® @) be (n, )-Hom-crossed coproduct with a twisted module cycle t, then the
following equations holds: for any a, b € B,

(a"@)- () ®a™@) = sp@b ® lu;

2) a(a))(@"(ay) - 7' (b)) ® a"(ay) = ab ® 1p.

Proof. The proof is straightforward. O

Theorem 3.4. Let (H,«) be a monoidal Hom-bialgebra and (B, B) a monoidal Hom-coalgebra. Suppose
that (H,«) weakly coact on (B, B) and (B, ) is a left (H,«)-Hom-module algebra with the module
structure map - : H® B — B. Let (B x; H, B ® «) be a (n,])-Hom-crossed coproduct with a twisted
module cycle T and (BfH, B ® «) a n-Hom-smash product. We use notation (B’;rH, B ® ) to denote the
tensor product B @ H with both the coalgebra structure B x; H and the algebra structure BiH. Then the
following conditions are equivalent:

(1) (B’;IH, B ® a) is a monoidal Hom-bialgebra.

(2) The conditions:

(B1) T and T ! are Hom-algebra map,

(B2) p(1) = 1y ® 13,

(B3) ep is Hom-algebra map,

(B4) Ap(1p) =13 ® 1p

(B5) Ap(h-b) = hy - by ® hy - by, ep(h - b) = en(h)ep(b), ,

(B6) Ax(ab) = a[(@® (az—n)a™ " (ay)) - B~ (0] ® B*(ano)la™ (ay, ) - B (02)],

(B7) " (" (h1) - b) (1) 2 ® (@" (1) - b) (o) = hia™(b—1)) ® (" (h2) - bo)),

(B8) [ (ar(-1)e' ! (ay)]a" (b—1) ® Blaro) @71 (a,) - B~ (b)) = @"[(ab)(1)] ® (ab) (o),

(B9) !~ (@" () - B (1) Jar(har) ® & (@™ () - B71(B)) Nt (a2) = e (b)) ® a1 (b)),

Proof. (1)=-(2) follows from the similar calculations to those of [21, Theorem 1]. So we only need to
show (2)=(1). Assume (2) holds, then epy iy is Hom-algebra map by (B2) and (B3). By (B4) and (B5),
we have Apy, q(1pf1y) = 1ptily ® 1pf1H. Next we proof for any afth, biig € B#fo’

Apx, Hl(agh)(big)] = Apx, H(alth) Apx, m (bg).

It is enough to verify the following equations:

Apx u [(aflp)(bi1n)] = Apx, H(afly) Apx u (bilH); 3.1)
Apx,u [(aflp)(1889)] = Apx m(afln) Apx u (1588); 3.2)
Dps u [(1pgh) (b81H)] = Apx, H(1B8H) Apxi, 1 (bE1H); (3.3)
Apx,u [(1ggh)(1888)] = Apx H(1B8h) Apx 1 (15H8). (34)

In fact, if (3.1)-(3.4) holds, then
Apx, I (alth)(big)] = Apx, H(ath) Apsx, 1 (bg).
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Next we proof (3.1)-(3.4) holds, that is
Ay, H[(afily) (bilp)] = Apx, H(abily)
= (ab); ¢ " [(ab)a1(—1)]e[(ab), 1 ® BPl(ab)ai(0)] »r @ HL[(ab),, ]
% arlo? (az1—1)a" N (ay, ) - BHBD] Xr [B" (210 ) (@2 (@210)21(-1))
062””“(a21(0)2;))azn+l(ﬂ22//1) : ﬂ”(bzl)]](—l)[,BZH(1121(0)21(0))[(1”“1“(1121(0)2;)
a" 21y, ) - B b)) ® [B4(a210)) (@23 (a210)21 (1)) TH2 (021(0)2;))
" ay, 1) - BNy ¥z [BF (@21 0210) 1242y, o )" P ayy ) - Bl (b1
= a1[@®(azn(—1)a" N ay ) - B7HB)] X @ B (@210 (@ (@2100)21(-1))
“n+l+2(“21(0)2/2))“n+l+1(“22//1) : ﬂ(bZI)]](—l)][al+4(“21(0)21(</)))[O‘HHIH(“21(0)22)
a2 (ay,) - BN 1221 1® [B4 (2100 D@2 (@21 (021 (1)) T2 (%1(0)2/2))

@ (a51) - Bba)Tl0) X oy 01010l (@) 01000 (a5 5) - B (02T

(BS) _ / _ _ ’
= aj[a?(az—1)a" T (ay, ) - BH(BI)] Xr 1[[Ot”+4(a21(0)11(—1))061+3(a21(0)12)]

@ (@2 (az10)21 1) T (A g ) H(ay, ) - ban) iyl (a5 011 0))
(@2 (ay 0@ (g ) - B (022)) 1® B (@0 o)) [ (ayy 1) -
[ 2 (az1021- 1) (ay o)) (ay, ) - barlioy]] xr ala™(ay g1 0)
(O‘HHHI(a21(0)2g)“n+21_1(‘122”2) . ﬁ’_l(bzz))”]

= ar[a® (ax1- a2 1) ayy) - BHBD] 2 @ e (@211 001 1)@ (@5 0)2)]
(@2 (ag12001 - 1)@ (a5 000 (A, ) - ban) iy Nl (ay15010))
(@2 (a5 0 )0 @y ) - B (022)) 1© B (@i o)) [ (a5 g)) -
(L@ (@201 1)@ (@, 000 @y, 1) - barl)]] e @l (@, )
(an+zl+1(azu(o);)anﬂl—l(azz”z) -ﬂl_l(bzz))”]

= a1 [ ((a2111(—1)@2112(1)) (@2121 (- 1y @2122(- ))& (ayy ) - B7H(B1)] %
Ml (@111 1)@ (@515 0) 1" @2 (@21210) 1) (@ 550))
@™ ay, ) - ba) ()T (@, 0y 0) (@ (@500 2 @y 5) - B (022)) 1 ®
,35(612111(0)(0))[06”+l+3(02112(g)) . [[(062"+2(02121(0)(71))06"”“(azlzz((/))))anﬂ(azzﬁl) b1l
Xy a[al+4(a2121(o)(’;)))[an+2l+1(azm((’)’))anﬂl—l(azz”z) -ﬁl_l(bzz)]”]

= ay [ (az11(—1)@212(—1)) [@* (@221 (1)) @ (@2221 (1))@ T (g0 - B~1(B1)] X1
o @ (@110 - 1)e 2 (@500 )" @22 (a2210) (- 1)@ (@551 082220 1)  b21) (-]
(@3 (@1 9y o)) @ T2 (@51 00 2 (395 5) - B (022))) @ BH(aani @)™ (a0 -
(“2n+2(a221(0)(71))0‘n+l+1(a2221((/))“222/2/ 1) - ba) ) X ale? (“221(0)((;/))(“n+21+1("2221((/)/)“222/2/ 2) -
B1B))]

= a1[a? (a211(—1)@212(— 1)@ (@221 (1) (@ (ag00 ) (ayy0y N - BB X0
a (@ (@1100)— 1) (@) T @2 (2210 (—1) (@ (@g0) )T (ayy5, ) -
ban) ()1l (@yy1 0y 0) @ (@300) - B (822)) 1® B (@a110)0) 0™ (a0 -
(@2 (ag21(0) (1) (@ (ayy )™ (ay507 9) - bar) o) X @l 3@y ) o) (@2 (a)) -
B1)']

= ay[a® (az11 (-1 a2 1) @ (a1 )" @y )™ (ay, D1 B (01)] %
a I3 (aa110) 1)@ T2 (a5 0) 0 (@2 (a22110) - 1) (@500 (A, ) -
ban) et (@11 0)0) @A) - B (822)) 1® B (@210 ™42 (ay ) -
(@2 (azan10) 1) @y )™ (ay,, ) - ban) )11 3¢ ala T (ay,11 gy 0) @ P (g7 -

B (022
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= ai[e®™ (@11 a2 (@ ayy D (@) (ay, )1 - BHbD] %
Ml (aa110) 1) 2 (a0 0 L@ (g, e (a2212-1)2))
@™ (ay,5) - o) - e (@150 @ ayy,) - B (822)1® BA@a110)00)
[Ol"+l+2(“212(0/;) (@ ayy e P (anna-na)e™ @y, ) - ba) )] ¥
Oé[Oll+3(02212(0/)/)(01"“1(“222”) B (22)']

= ay [ (ag11(—1 @212 1)@ @y D" (@212 1)1))e"(ay, )] - bul %
I3 (aa110) 1) (a0 0 (@ (g, e (a2212(-1)2))
" (a5 ) - b12) () e @500 (@) - B2 (02))1® B (@2110)0)
[a”+l+2(a212((;;) (@™ (g e P (a1 12)e™ H (ay,5) - ba) )] ¥e
ot[oel+3(a2212(0/)’)(a”“l(azzzﬁ) B2

= mle N (aan1(-n ) - B ay,)) - (@ (annenDa g, ) - BT B
e o (@ (@10 -n)e (@)@ a2 (g ) - (@ (a1 12)a  ay, 5) -
B 012) (0 a3 (@550 (@ (a5) - B72(02))1® B @ani o)™ 2 (ay0))
[0 2(ay,)) - @ (@)@ (A, ) - B b)) 0)] Xe alat ™ (@y,0)
(@t (ayy, ) - B2(b2))"]

Def3:2 e @y yaan) - B2 (ay))) - (@ (i n)e™ (g, ) - BB
e o (@ (@10 —n)e (@) a2 (g ) @ (a2 12)e (ay, ) -
B b1 N3 (@, 1500 @ ayy,) - B2(02)) 1® BA@211000) [ 2 (55000 ) -
a”+l+2(a221/1/ 2) (a2"+2(tl2212(—1)2)0l"+l(f1222/2) - BHb12) )] X1 a[al+3(a2212(0;)(an+21(a222”) )
B2 (62)']

= a1 [0 (a1 -1y (@ ay ) @y, e ay59)) - B2 (ayy)) -
(@2 (apnn)e™ ay, ) - BB % o (@ (@110 1) (@ (@151 D 2 (@151 )
o2 (a5 DN a2 (ay, ) D@ @)™ (ay, ) - BB 1]
(a3 (02212(0/))(a”+21(a222”) - B2(02)) ® B o)l (g5, a155,) - @y ) -
(@2 (@12 1) (a5, 5) - B (B12))0)] X @l (g5 @ (a35,) - B2(02)) ]

= ay [ (@Y (ayy D@1 )a " ay, 59) (@ ay e Hay 0, 1))
o™ Ay 1,50) - BT 2 (ayy) - (@ (anna—ny)a ™ ayy, ) - BTHBI)] X
o (@ @y @ian2)e T (@, 50) (@ (g5, )0 2 (@5515 5))
a2 (a5 DN a2 (ay,, 1 @ @ n)e ™ (ay, ) - BB ]
(a3 (‘12212(0/))(0l”+21(a222“) BI2(02))) ® B (a0 2 (ay1515 a5155,) - @2 (g ) -
(@2 (@15 12)a" (a5, ) - BT B12) )] %o @l (@500 (@) - B172(52)]

= a1 [[[(@" (ay e (@221- )™ @y ) (@2 (ay, )™ ay, 1)
" (@, DN (3511) - (@2 (@22212-n D™ (a3, 1) - B7HB1D)] %
o @ (g ™ 2 (@121 12) T (@, ) 1@ (a5, e T (@515 )0 T (@501 5 )]
(@5 (ay9115 D™ (@ (@221 1))@ 2 (a357 5) - 1) oy T (@y5150))
(@2 (ay,)7) - B72(02)) 1 ® BH(@212100) [ (g1 3 (g1 152000112 2) -
(a2"+4(022212(71)2)06"+l+2(“2222/2) “b12) )] X+ 0‘[“l+4(a22212(<;;)(“n+21+1(azzzg) B 02)]

= al[[(an+l—2(a211’)a2n+1(azul(_l)l))aﬂ+l(a212§)][(a"+l+1(a221;)a”+l(a2212/1))
" (@115 50011001 - [0 @omna -1y (ayy, 1) - BB %
oM [(e (ay) e (@2121- 12 2 ()@ (@ ) P (a5 )
(@3 (ay, S 1a22211/2/ 1)06”_1((062”+4(a22212(—1)2)a"+l+2(azzzz/2) : 512)(*1)))]][“l+4(a22212((;))

" _ ! " "
(O‘n+21+1(“2222) : /Sl (b)) 1® :34(“2121(0))[“n+l+1(‘12212)0‘"+I+3(“222115152“222112 )
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(@ (a1 1)@ 2 (@555 5) - b12) )] Xr @l (@150 @2 (ay,) - B2(2))]

b ar[[@" 72y, e (@211 -1y H(ay ) 1@ (g, D™ (g5 1)) -

(@ (a1 —n)e™ @y, 1) - B7HEI)] X @ (@ (g, )™ (@221 -12) 02 (@551
(@ (ayy 2 (g1, ) (@ (@23 (a3001—1)2)" 2 (0555 5) - b12) (—1)]
(0ll+3(02221(0/))(<¥n+21+1(azzz/z/) - B(102))) ® BH(aanan0) [ (ayy)) - (@2 (a2221(-1)2)
a2 (ay0505) - b)) Xr a[al“(azzzl(o,)/)(awzz“(0222;) B2))']

= a[[(@"2(ay; o> @121y (a1, (@ (ayy D™ (g5 1)) -

(@ a1y D™ 2 (ag00115 1)) (@g005 )™ @y, 1) - B7HB1)] 4
a (@ (ay e (@202 (@, )@ @y, Dt (@515 )

@ (@2 (ay511, D" (@y00115 1) 2 (055015 )00 2 (a4, 5) - bi2) )]
(@2 (ay11 ) P (g115 )0 P a5 D@ (ayy0) - B72(02)) ®
BH(a21210) [0 2 (ay15) - (@2 (ay0011 ) )™ (a1 15 1)) 2 (a30915 )
06"”“(“2222/2) -b12) )] ¥+ 05[0‘1+3(a22211£a22212552)(0‘n+21+1(0222/2/) B (b))

= @@ T2 (a5 ) (@21 1y)) (@ (Ay31138200112)0™ T2 (3015 D] -

(@2 (ayy00111 D3 g0001 15 1)) 2 (ay00015 D) 2 (@y0055 1) - B71H(BI)) X
a1 (g )" 2 (a221-12)) (@2 (A011 5002011 )@ P (A3515 5)]
"L @"™ 2 (Ayy99111 20" T (Aya99119 1) T3 (Ag00015 D103 (Ag9999 )] - Bral (=1 ]]
(@ @y )@ (@0110 )0 T (@500015 D@2 (ayy00,) - B72(12))) ©

B (am0) "3 (ay0)) - (@3 (@y005111 D)™ (ay0115 1))@ T3 (300015 5)]
ot (azzzzé 1) bl X: 06[051+4(“222211N2a22221§s 2)(°‘n+21+2(a22222”) B (02)']

@b ar[@" T2 (ay Yo (azar - y)) (@2 (@500, D1+ @2 (@y000111 D™ (@000115 1)
"2 (ay)018 D12 (055007 1) - BTHBI] X @ [0 (g, a2 (221 12)0 P (g1 )]

o™ 3 (ay0111 D" T (@g000113 1)@ T3 (a500015 D103 (a0 )] - bial—1)]]
(@ (@001 1) T (@00011 D) T (00015 D@ T2 (a559) - B2(12))) ®
B (a1 0) [0 2 (g5, ) - (@3 (ay509111 )™ 4 (5000117 120" (A50015 )]
a3 (ay0500 2) - bral)] e e (850901 15800015 ) (@2 (a50050) - B2(B2))]

= a[(@" 2@y ) (@ o)) (a5, 1) - @ (@550 D™ @50001 1)
"3 (@000 180000205 1)+ BTHBIDI] 37 @ (@ (ayy D™ (an1—12))eH (ayy1 )]
a”+1[[(a"+l+2(02222{ 2)0l"+l+4(61222221/ 12))“"+l+4(322222251 2“222222/2 2) - bal-pll

(((“l+l(a2222/1)“l+3 (a222221/ 2))“l+5(a2222225f 1))(°‘n+21+4(a222222”2) : ﬂl_z(bZ)),) ®
B (an10) [0 2 (@y091) - [(@" 5230951 )™ 4 (@00001 1)) 4500005 200200220 2) -
bial)] X al(@ 3 (a55050)0 (@r00058 D)@ (ay50950) - B72(02) ]

= a1[(@" 2 (ay )™ (apn )™ 2 (ay001 ) - (@ (ag0001 "™ (a0, 1))
"3 (a0 10000020 1) - BTHBIDTT ¥ @ (@ T (ay) Ve 2 (a1 12))e P (g5 )]
a”+1[[(a”+l+2(€l2222{ 2)a"+l+4(ﬂ222221/ 12))0‘"+l+4(a22222251 2“222222/2 2) - bl

(@ @y (@y00901 ) (@ (Ap00058 132200200 1 2(0,))) ® B (aza10) "2 (ayy) -
[(a"+l+2(a22221/ z)“"+l+4(51222221/ 12))05n+l+4(422222251 2“222222; 2) - blo] X
o [04]+4(a22222/1/)(Oll+4(a222222515 2“222222g 2)“1_2(172”))]

@b a1[(Ol"+l_2(6121/)0l2n+1(11221(—1)1))Oln+l+2(6‘2221/ D - [ 2 (“22221/ 1)“"+l+3(“22222/ ) -
B b1 % @ (@ (ay D P (@21-12)e P (g DI @ (a5 )
a4 (@555 1)) - b2l 1@ (@y0)0 T (a3 )™ (0] ® B (a221(0)

[ 2 (ay55)) - [( @3 (g1 )™ 4 (30095 1) - b12lioy] X ale 3 (a0, ) =2 ()]
= a2 (ay ) (a1 -1y 2 (a3 1) - (@ (g5 17) - B B1D)]
[ (ay, Y™ (aga 12 2 (ay001 DI (@ (ayy5, 1) - br2) (-]
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(al+3(a2222/2)al_1(b2/)) ® /33(‘1221(0))[an+l+2(a222/1,) : [an+l+4(02222/ 12) : blZ](O)] N
ol (azzzlz/)al(bzﬂ)
= a1 [(@"2(ay )" (a1 1)) 2 (g1 1) - @Ay, 1) - B7HB1D)] X
(@ (ay Yo" 2 (a1 (—1y2))@ 3 (@501 DI (@4 (ay07 51) - b12) (< 1)]
al+3 (azzzz/ 22)]0[1_1“72,)] ® ,33(“221(0))[an+l+2(0222/1,) . (an+l+4(02222,21) . blz)(O)] Az
a3 (ay5,)e (b,)
(B=7) ul[(an+1_2(a21,)a2n+l(a221(—1)1))0‘n+l+2(a2221/ 1) : (an+l+2(“2222,1) : ﬁ_l(bll))] N
[ (a5, )" 2 (a1 1))t 3 (ay0] D@3 (03905 2" (Bra-1)))' 1 (B,)] @
B @10 [ 2 (ay001) - (@3 (307 55) - bra))] Xe @3 (a0l (b,)
= Bla)[e" M (ay,) - [ @) ay, ) - (@ ay, ) - B2B1))]] Xe
[ (a, Yo" (a1~ 1)2)e 2 (a1 D@2 (g, 5 ) (bra-1)) 7 (5] ®
,32(‘121(0))[an+l+1(a221”) : (an+l+2(0222/ 22) : blZ(O))] X al+2(a222”)al(b2”)
= a1[a2“+1(a21(_1)1)a”+l+1(a221/ E (Ol”+l+1(a222/ D BB %,
[@™2(a21—12) e 2 (a50) D@2 (ay5 1) (Bra1)e "1 (0,)] ® B (a210))
[ (ay) - (@H2(ayy, 2) - bia)] %z @2 (ayy, ) (b))
= al[“2n+l(021(—1)1)0‘"4_“—1(“221/ 1) : (an+l+2(a222/ 11) : ﬂ_l(bll))] A
[ 2 (a2~ 1)2) 2 (ayy, D@2 (@y5 1) (Bra— 1)1 (0,)] ® B2 (a21(0))
[ (ay)) - (@ (a5, 5) - o) % @ 2(ay, )l (b))
= al[(a2n(a21(_1)1)an+l(a221’ 1))an+l+2(a222’ e bi1l %
[ 2(a21 1)+ (@501 D@2 Ay, 1) (Bra 1) "1 (0,)] ® B (a210))
[0 (ayy) Yo" (ayy, 5) - B(b1ao)] Xz &+ (ay, )ad! (b;)
= ar[@® (aa1 1) (ay 1a(ay, 1) - biil Xe
[ +2 (a2 - 1)) [(@ (@51 ) (g5 1)) (bra—1) el (b;) ® B2(a21(0))
[ (ayy, (g, 5)) - B(B1a))] X @2 (ayy, )l (b, )
= 611[062”+1(a21(71))(062"+1(a221(—1)1)06"+l(61222/ D) - bl X
[0 2 (a1 1)) [(@" T (@221(-1)2) 0 (ay )™ (B1a— 1)1l (By) ® B (a21(0))
[“n+l+1(azz1(o,)‘1222”1) - B(b12(0))] X« O‘I+2(azzl(é;azzzﬁz)o‘l(bzﬁ)
= ay[0® (@ n1ana-nne"Hay ) - bl X
[ (2112821212 @5y )" (B12—1)1e (By) ® B (a211(0)
[ (@, )" (ay, 1) - Bor2)] Xr [T (ayy, ) (ay, ) 1! (b))
= a[e® (e ay, 1) - B7HOD] X (@ @21 12)@(ay, )" (Bar-1)1e (b))
® B (a1 (ay o) (a5 ) - Bbar)] %r [0 (ayy o )t (ay DIt (b))
= ar[@® (@ nne™Hay, 1) - B7HBD] xe (@ (@21-12)d (@gy ) (Ba1 (1) e+ (byy)
® B (a0l ™2 (ay 1) - (@ (ay, ) - ba)] %r [P (ay; o)t (ay, )l (b))
= ar[@® (@ nne™Hay, 1) - B7HBD] 1 (@ (a21-12)d @y, ) (Ba1 1) 1+ (byy)
® B2 (@)@ ay, ) - B(ba1(0) Xe a2 (ay, )t (ay,)
= Apx H(ally) Apsi,H (bi1H)
and (3.1) is proved.
Ay, H(afly) A, H (1BHg)
= [a; %z @™ (ax -1l (ay,) @ B2 (a2100)) ¥ @@y )[1E X g1 ® 15 X7 g2
= ar[@® (@ nne™Hay, 1) - 18] %e [@2 (@21 )t (ay, ) g1
® B2(a20) @ (ay, ) - 1) X7 a2 (ay, g
= B(a1) x¢ [ (@a1-1)et(ay,) g1 ® B (a210) X @ (ay g
= Dpx, HIB(@a(9)]
= Apw,ul(aflm) (1pEQ)].
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and (3.2) is proved.
Apy. g (1p8h) (bi1H)]
= Ay Hl(@"T () - b)fe?(hy)]
= (@"(hy) - b)1 X [ [(@"F (By) - B)arpyla = (@™ () - b)y, Tl (1)
® B2l (1) - baro)] ¥z e [(@™ () - by, Tor(h2)
T @ (1) - by) 2o [@"[@ (hi21) - ban) - pla @ (i) - baz) Ner(han)
® B(@" (h121) - bar) (o)) Xr @@ (h122) - b22) Tee(ha2)
B (@ (1) - b1) 2 @ L@ (1) - ban) -l (@ (i) - b) Tha]
® B(a™ (hia1) - ba) )] ¢ el (@ (h122) - b22) Thaa]
= (@"F (1) - by) Xp @ (@ (1) - ban) (- e (i)l (By,)] ® B2L@™ (1) - bar) (o))
e afa(hy)al(by,)]
= (" (hyy) - by) X7 [@"[(@" T (R121) - bar) (- ple(hia)]a T (by,) ® B2(@" T (hi21) - bar)(o)]

N az(hZ)al-H (bzzﬂ)

@ (@™ (hyy) - by) X7 a(h) (@™ (bay—1)at(byy )] @ [ (hay) - B2(b21(0)] X @ (BT (by,)

= Apx,H(1B8h) Apx 1 (biilg).
and (3.3) is proved.
Ay, 1 (1) Aps 1 (1p#1g)
= 1gla”(h11) - 18] X a(h12)g1 ® 1gla”(ha1) - 1g] X a(h)g
=1 X h1 g1 ® 1p X1 hag
= Apx,H(18hg)
= Ay, ml(1pth)(1EQ)].
and (3.4) is proved.
Therefore, (Bt;rH, mpsH, 13 @ 14, A, H> EBx H> B ® o) is monoidal Hom-bialgebra. O

Definition 3.5. Let (H, o) be a monoial Hom-bialgebra and (C, 8) a monoidal Hom-coalgebra. 7 : C —
H® Hand S : H — H are linear maps. S is called a t-antipode if forallc € C, h € H,
1NaoS=Soa,
(2) m(idy ® S)mueu(T ® Ap)(c ® h) = ec(c)eq(h)1q,
(3) m(S ® idy)muygH(t ® Ag)(c® h) = ec(c)en(h)1p.
In this case (H, «) is called a T-monoidal Hom-Hopf algebra.

Theorem 3.6. Let (B X H, B @ «) be a monoidal Hom-bialgebra. If (H, ) is a T-monoidal Hom-Hopf
algebra with t-antipode Sy, S € Hom(B, B) is a convolution invertible element of idg with S0Sp = Spof3,
then ((B*;IH, B ® a) is a monoidal Hom-Hopf algebra with the antipode given by

Sg, qb®M =138 Sul(@ > (b)a" 2 (by—py))e > (W] (b{)11S5(B(b2(0) ® 14].

Proof. Forany b® h € B’ H, it s easy to proof that
SBumH(,B(b) ®a(h) =B Sy @ ® h)

and we have
(id % S) o Apy, H(b® h)
= [b; ® [a"(by1(—1))a' 1 (b,, )]Ol_l(hl)]SBﬁX H[ﬁz(bzl(())) ® al(by, Ya(hy)]

= [b1 ® [ (bar(— 1))@ (byy )l (h)II[15 ® Sul(@' > (B2(ba110) "2 (B2 (b21(0))2(~1)))
a3 (@l (by, Yo (ha)) 1 (B2 (b21(0) 5)ISB(B (B2 (b210))2(0))) @ 1x]]

= [[B7"(b1) ® [0~ (bar(—1))a 2 (byy ) a2 (k)15 ® Sul(@' 3 (B2 (ba10) ;)
"2 (B2 (ba10))a-1))a (@ (byy Yo~ (1)1 L (B (b21(0) ) NISB(B* (B21(0))2(0) ® 1H]
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= [b1 ® [[&" " (bar(— 1)) 2 (by) )l 2 ()IISHL (@ (by, o " (b1 0)2(—1))
(@3 (by, Yo (1)) o1 (byy o DTNSB(B* (B210)200)) ® 18]

= [b1 ® [[e" ! (banr (- ybara 1) =2 (b, ) ] 2 (rDIISHI(@! ™ (byy )" (ba120) (1))
(@3 (byy Yo~ (h2) e T by NISB(B* (B2120)(0)) ® 1]

= [b1 ® [[&" ! (ba1(—1)) (@ " (baar 1)) "2 (byp)) 2 (h)1[Smle! L (by
(@ (ba210) 1) by e ™ (h2)) 1o (b () NSB(B (B221(0)(0))) @ 1]

= [b1 ® [[e" ! (bar(—1)) (@' =2 (byp) )™ (baa—my)) ] 2 () N[Sle ™ by I(@ (b))
™" b 2)a (h) e (byy (HNSB(B* (0222(0))) ® 1]

= [b1 @ [[(@"2(byy ) (@' by} Pl 2 (byp3)) (@ 2By (baaac—1y1) e 2 ()]
Sula! ' (by11 1(b3155 50 By [ (@2 (by) Ve (Baaa 1))~ (h) 11 (b1 2051511
(SB(B?(222(0))) ® 1m)

= [b1 ® [l 2 (by o'~ (b ) (@2 (B30 b2z 12) ™ (222a—ny)) N2 (h)I(Srler = (byy )
((Oll_z(bzzf 2)(051_3 (b2221315b22212)05n_1 (172222(—1)2)))05_4(1’12))]051_1 (b21”2b221ss))]

(SB(B*(22220))) ® 111)
D (b @ [l 2 (b, e~ by D™ (brac—1y) 2 ()I[Sula by, DI@ 2 (byy7 )

" oo na))et (h) 1o~ (by, 56y NIISE(B? (h222(0) ® 1]
= [by ® [[&'2(by )@ (b1 " (baza—nyD) e 2 () IISHI[(@ 2 By )" (b222(-1)2))
a = ()ISH@ " by, )1 (B, by NIISE(B? (h222(0))) ® 1]
= [b1 ® ol (by )@ 2 (b D (baza— 1))~ () SHI(@ 2 (byyf P (b222(-1)2))
a4 (M) NISHIQ 2 (by, D12 by, ) by S NISE(B (b22200)) © 1#]
= [b1 ® a1 (by) Ve (byy S bana(—1)hby; Vet (b P)ISE(B? (h222(0))) ® 1H]
= [by ® (M) 151[Sp(b2) ® 15]
= eg(h)b1Sp(b) ® 1y
= ey(h)ep(b)1p @ 1g.
Similarly, we also have (S * id) o Apy, H(b ® h) = ey(h)ep(b)1p ® 1p. Therefore, SB”MH is the

convolution inverse of idB:I u and ((B’;TH , B ® «) is a monoidal Hom-Hopf algebra.
X

This completes the proofr. O

Remark 3.7. In the case of Hopf algebras, it follows from Theorem 3.6 that [9, Theorem 2.5] by taking
a = idy and B = idy, and furthermore, it follows that [21, Theorem 1] when 7 is trivial.

4. Hom-coaction admissible mapping system

In this section, we study a Hom-coaction admissible mapping system to characterize this Radford
[n, (n, )]-biproduct structure (B’;IH , B ® a) established in Theorem 3.4.

Definition 4.1. Let (H,«) be a monoidal Hom-Hopf algebra and (C, ) a monoidal Hom-coalgebra.
Suppose T : C — H® H,7(c) £ ¢ ® ¢ isbilinearand @ : C® H® H —> H ® H is a bilinear map
defined by

dc®h®g =ch®cg

foranyc e C,h,g € H.

Then (C, B) is called left (H, «, 7)-Hom-comodule if there is a map p!: C — H ® C such that the
following two conditions hold:

() (@' @ php! = @eidide Ay ®id (B ® phHAc,

) (e ®id)p' = p71.
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Remark 4.2. If there is a map p" : C — C ® H such that
D (P ®@aHp =(1dRa)(id®id® Ap) (B~ ® p)Ac,
) ([d®e)p" =B~}

hold, then (C, B) is called right (H, o, 5)-Hom-module.

Definition 4.3. Let (4, ), (C, 8) be monoidal Hom-coalgebras. Then f : A —> Cis called weak Hom-
coalgebramapifecof =€, foa =B of.

Definition 4.4. Let (H, o) be a monoidal Hom-Hopf algebra and (A, ) a monoidal Hom-coalgebra. Let
pt:A— H®Aandp~ : A — A ® H are left and right coactions, respectively. (4, B) is called
weak (H, @) Hom-bicomodule if for any a € A,

(1) (er ®@id)pT (@) = 7' (a) = (([d @ en)p ™ (a),

@) (@' ®@p)pt =(pT®aHp.

Definition 4.5. Let (B’i*q H.p®a) be monoidal Hom-bialgebra and (4, y) a monoidal Hom-bialgebra.

Then B éj A éi H is called a n-Hom-coaction admissible mapping system if

(1) poj=1idp, woi=1idpy,

(2) i is a Hom-bialgebra map, 7 is a weak Hom-coalgebra map and Hom-algebra map, p is a Hom-
coalgebra map, j is a Hom-algebra map,

(3) pisa (H, o) Hom-bimodule map [(4, y) is given aleftactionh — a £ i@ "(h)a,a right action
a < h £ ai(a="(h)) by (H,«) and (B, B) is given a right action b <— h = e (h)8(b) by (H, )],

(4) j(B) isa (H, ) Hom sub-bicomodule of (A, ) and p|;(p) is a weak (H, @) Hom-bicomodule map.
[(4, y) is given the weak (H, ov) Hom-bicomodule defined by ,oi (@) = a—1) ®a) Lo "on(a) @ay
and p} (a) = ajg) ® a1 L0, ®a"on(a); (B,p)is given the (H, ) Hom-bicomodule defined by
pp(b) = bjo) ® by £ B71(b) ® 1y]. And thereis 7 : A — H ® H such that (4, y,pé), (A,y,p}) are
left, right (H, o, T)-Hom comodules,

(5) (jop) * (iom) = ida.

Now let (B’;rH ,B ® ) be a monoidal Hom-bialgebra built in Theorem 3.4. Then there is some
natural maps:

p:B, H— Bb®h> ey(h)b; 7:Bj, H— H,b®h > ep(b)h;
j:B— B} Hb+>b®1ly;  i:H— B} Hh 13Qh.
A left, right (H, @) Hom-module action on B*;TH defined by
o k® () > atk) - b®a " (k)h
and

" (b®h) @k~ B(b) ® ha™"(k).

A left,right (H, «) Hom-comodule structure on B’;ZH defined by

pr:b®h = [a (b)) 2 (b)) la " () ® B(bioy) @ @by Yo (hy)
and
prib®h> by @ ol (by)a " (h) ® o1 (b, Yo (hy).

With the above notion, we have
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Lemma 4.6. If (B}, H, 8 ® ) is a monoidal Hom-bialgebra, then (BY, H,B ® a, py) is a left (H,a, T)

Hom comodule, where T : b ® h > e(h)a!=1""(b) @ a!~171(b").

Proof. Foranyb® h € B*;TH, we have
(@' @ ppib ® h)

=[a 2 (bi—1)a " ()l "2 () ® [broy1—ye’ " by o)1l (b, P ()]
® B2 (b10n () ® @' (b)) 2 (b, D (hn)]

=[o 2 (br1(—1bia1)e' (b)) ]2 (1) @ [brioy—1e " by e A (b, Do ()]
® B2 (b11(0)(0) ® ' (b0l 2 (b; )or 2 (haa)]

=l (i)l by e P by DT () @ [ (b1l by a2 by )]
o " (ha1) ® B(b10)(0) ® al_l(bzg)a_l(hzz)

(e’ bye oy le™ " by Dl () © (e (by)e Bran)le! T (b, )]
™" (ha1) ® B(bioy) @ ' (by ) (o)

=@ ®id)(idR® Ay ®id)(B ' ®@a ' ® p)AMD® h)

the second equality holds by (1.12), the third equality holds by Theorem 2.3(3) and the forth equality

holds by Theorem 2.3(2). This completes the proof. O

Lemma 4.7. If(B*;’H, B ® ) is a monoidal Hom-bialgebra, then (B’;rH, B ®a,py)isaright (H,a,T)
Hom-comodule, where T : b @ h > e(h)a!~1""(b) @ o/~171(1").
Proof. Foranyb® h € B*;TH, we have
(or ® ™ H)pr(b® h)
=bu @' (bple (b, P (D] @ &' (by)la! " by o P ()]
® a2 (by )a " ()
=B (b)) ® [a" ! (bar1)e' 2 (byp)lo ™ (1) ® [0 " (byy g " (byy )] (12)
®al ! (bzl((/)l) bzg Da "2 (hy)
=(d®®)(1[d®id® Ap)(B~' ®a™' ® p) A ® h)
the second equality holds by Theorem 2.3(3). This completes the proof. O

Lemma 4.8. If(B’;TH, B ® @) is a monoidal Hom-bialgebra, then (B’;TH, BQa, pr, pr) is a weak (H, )
Hom-bicomodule.
Proof. Forany b® h € B}, H, we have
@ '@ ppib®h)
=[a (b1 —1e! "3 b))l "2 () ® Bbioy) ® o (by g )[er' 2 (by e ()]
® a7 (b))l 2 (by a2 ()]
=[a 2 (b1 nbra-1)e (0] T2 (h) ® Bbi(o) ® (b))l 2 (b, DA (ha)]
® o " (byyo a2 (b, Yo" 2 ()]
=[o 2 (b1 1)l " by "2 (byy Pl "2 (hy) ® bi(o) ® [ (by) )t (b )1er ™ (har)
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® &by )T (hay)
=(p®@a (b ®h)

the second equality holds by (1.12) and the third equality holds by Theorem 2.3(3). This completes the
proof. O

P
Proposition 4.9. If (B’;TH,,B ® «) is a monoidal Hom-bialgebra built in Theorem 3.4, then B =;

T
B’;IH =3 H is a n-Hom-coaction admissible mapping system.

p T
Theorem 4.10. Let B <; A =; H be a n-Hom-coaction admissible mapping system. Then B’;TH = Aas
monoidal Hom-bialgebra.

Proof. Define the following maps:
f:Bi H—> Ab®h— y~'(jb)i(h)
g:A— B#NTH,a = (B®a)(plar) @ m(az)).
We need to prove the following aspects:
« fog=ida,gof= idB;Tm
o fisaHom algebra homomorphism;
« gisaHom coalgebra homomorphism.
Firstly, it is easy to verify fo (B®«) =y of,goy = (B ® a) o g, thenforanya € A,
f(g(@) =f1(B ® @)(p(ar) ® 7(ax))]

=y o fl(p(a1) ® 7(a2))]

=j(p(a)i(@) = (o p) * (iom)(@) = a.
And

gof(b@h) =gy~ ((b)i(h)]
=B~ ® gl (j(Bi(h)]
=p((j(b)1i(h)1)) ® w((j(b)2i(h)2))
=p((j(b)1i(h1))) ® 7 ((j(b)2i(h2)))
=&(h1)Blp(j(b)1)] @ 7 [j(b)21h,
=B (D] ® lna ™' () =b®h.
Next, we prove f is a Hom-algebra homomorphism, we only need to prove f[(a ® h)(b ® g)] =
fla® h)f(b® g). First we compute foranyh € H,b € B
i(h)j(b) =j o pli(h1)j(b)1]i o m[i(h2)j(b)]
=jopla”(h1) — j(b)1lilha7 (j(b)2)]
=jla” (h1) - p(i(O)Dilh27 (j(b)2)]
=jla” (1) - B~ (D)]il ()],
Therefore, it is easy to prove f[(a® h)(b® g)] = f(a® h)f (b® g) by j is a Hom algebra homomorphism
and i is a Hom-bialgebra homomorphism.

Finally, we prove g is a Hom-coalgebra homomorphism, we only need to prove A(g(a)) = (g ®
g)A(a). First by Definition 4.5(3)and(4), it is not hard to verify for any a € A,

a" M (p(ar) 1)) (a2) ® B(p(ar) () = & o w(a1) ® p(az). (4.1)
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Therefore,

Ag(@) =ply (@11 ® [ (p(aran) (1) (p(ar2) ) @) ® BRlp(ann) o)) ® ¢ [plain) 17 (a2):
=p(a;) ® 06”“(P(azl)(—l))[Oél(P(azm)/)Ol(ﬂ(azzzh)] ® B2pa2) )] ® 0ll+1[P(azzl)/,]az[ﬂ(azzz)zl
=p(a1) ® " (p(az1) (~1))a (T (a221)) ® B*[p(az1)0)] ® o* [ (a222)]

Woiay) ® @2((az) ® BAp(azn)] ® ol (azn)]
=Bp(a1)] ® a(r(az)) @ Blp(a)] ® alz(az)]
=(g® g A(a)

the third equality holds since (4, y, pé)) is left (H, «, T)-Hom comodule.

In fact, it is easy to prove f is a Hom coalgebra homomorphism and g is a Hom coalgebra
homomorphism by the relation of f and g. Thus, f and g are Hom bialgebra homomorphisms and
Bj, H=A.

This completes the proof. O

5. The Maschke theorem of monoidal Hom-smash coproduct

In this section, we study the cosemisimplicity of a special Hom-smash coproduct and prove the related
Maschke theorem.

Let (H, o) be a monoidal Hom-Hopf algebra and (C, B) a right (H, «)-Hom-comodule coalgebra.
Then (C X H, B ® «) is called a monoidal Hom-smash coproduct (cf. [13, 15]) if

(1) As alinear space, C x H = C® H;

(2) Hom-comultiplication is: Ve X h € C x H,

Acxn(e X h) = ¢ X ey () ® Bleao)) X hi.

We have the fact that (C x H, 8 ® «) is a monoidal Hom-coalgebra with counit ecxy = ec ® €n
under the Hom-comultiplication.

Remark 5.1. We define two maps:

nc:Cx H— C, cX hi— B(c)ey(h);
7 :Cx H— H, ¢ X h> gc()S  (a(h)),

where S™! € Hom(H, H) is the inverse of antipode S. And it is easy to verify the following equation:
cx h=(idc ® S)(mc ® my) Acxy (¢ X h). (5.1)
Lemma 5.2. ¢ and wy are Hom-coalgebra maps.

Proof. It is not hard to verify the following equations according to the definition of ecx i, 7¢ and 7g.

nco(BQa)=PBonc, tgo(fRa) =«aomy,
ECOTMC =&6C®EH = ECxH> EHOTTH = £C ® €EH = ECxH-
Andforanycx h e Cx H,

(mc ® 71c) o Acxm(c x h) =(mc ® mc)(e1 X came ™ (ha) @ B(co)) X hi)
=ey(h)B(c1) ® B(c2) = Acleg(W)B(c)) = Ac omcl(c x h)
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and
(tH ® ) 0 Acwr(c X h) =ec(0)S™ (a(hp) ® S~ (ar(hy))
=ec(0S™ (@) ® S~ (@(h);
= Ap (ec(9S™ (@(h) = Ap o mp(e x h).
Thus, 7¢ and 7y are Hom-coalgebra maps. O

Definition 5.3. Let (H, o) be a monoidal Hom-Hopf algebra and (C, 8) a right (H, «)-Hom-comodule
coalgebra with comodule map pf : C — C® H, ¢ — c¢(0) ® c(1). We say that a pair (M, ) is called a
right (C, H)—Hom—comodule if

(1) (M, 1, p$) is a right (C, B)-Hom-comodule with pS M —>MQ®C, me myo) ® my1y,

(2) (M, 1, py,) is a right (H, &)-Hom-comodule with ,0% M — M®H, m+— mj ® mpyj,

(3) Forallm € M,

010} ® myoj1} ® mp1p = myojj0] ® M130) ® Mio}11M{1}(1)- (5.2)

Let C and H be as above. We denote the category of right (C, H) Hom-comodule by HMEH),

Similarly, we denote the category of right (C x H, 8 ® o) Hom-comodule by H(MCEXH)_ Then we
have the following theorem.

Theorem 5.4. ﬁ(MC’H) and 7—~[(MCKH) are isomorphic.

Proof. Let F : ’H(MC'XH) — H(MCH) be a functor and (M, u, pC'XH) € 7-£(./\/lc'><H) a right (C x

H, B ® a)-Hom- comodule, p,; Cx<H. M > M® (C x H),m = my ® my). We define
myoy @ my1y = my) ® mc(mqy) € M ® G (5.3)
mio) @ mp1) = myo) @ mr(mn)) € M ® H. (5.4)

Let y = B ® . Then we have
C><H(m) = mp) ®m

= i @ (rclm) @ SGra(may)

= [(my0) ® (Tc(moyy) ® Stru(y " my))))
= [(moy0) ® (Tc(moy1y) ® Sl o Ty (my)))
(5.3) _

=" w(moyop) ® (meoy1y ® Sla™ ! o Ty (m))))
(5.4) _

=" u(mpoyop) ® (mpojny ® Sa™ (m1)))).

We define two maps:

,01\C4:M—> M® C,m = mypy Q my,
pﬁ:M—) M ® H,m — mo ® m.

Next we proof (M, u, pl(\:,[) is a right (C, B)-Hom-comodule and (M, u, pﬁ) a right (H, «)-Hom-
comodule. It follows from Lemma 5.2 that

ec(muymioy = =" (m), p(m)o) ® pu(m)ny = pu(myg)) ® Blmy)).
And we have
mioy0) ® moy1) ® B~ (my1)) = myoy0) ® we(myoy1y) ® B~ (my1y)
= moy0) ® Tcm)n) ® B~ o me(m)
= 1" (myo) ® we(mu) ® B o ey (m1y2))
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=~ (mg) ® me(my1) ® me(m)a)
= Hmy)) ® me(may)1 ® mc(may)2
= ' (myo)) ® muy ® myya.

Similarly,

en(mppmpo; = p= ' (m), w(m)o) ® u(mpy = w(mp)) ® almp)).
And
miojo] ® myo)1] ® & (my1)) = myoyi0y ® e (myoy)) ® @ (my1))

= myo)(0) ® mr(moy1) ® o~ (my1y)
= mo)0) ® TH (M) ® o 'wr(m))
= (m) ® mr(moy) ® e 'y (y ()
= pu~(m)) ® mr(mg)1) ® mr(my2)
= ' (my0) ® r(m))1 ® mr(m))2
= myop) ® mpp ® mpp

which shows that (M, u, pAC,I) is a right (C, 8)-Hom-comodule and (M, u, ,01[3[) is a right (H, «)-Hom-
comodule.
Simultaneously, for any m € M, we have

(ot T @y Doy m) = (' @ Acwr)py (m).
That is
1> (myojoyiorio) ® B(mpojoyor)) ® Stmpoygoya) ® B~ (myoyay) ® Sl (myay))
=mio)0) ® Mpo)1p1 ® Moy1y2(1)S@ 2 (mpy1)) ® Blmioy1y20)) ® Sle™ ! (my1p2)).
First, applying idys ® my ® 7c to both sides, we have
mioyo) ® Moy ® B (m1y) = myojoy ® &> (mp)S™ (moynyy) @ B(Myoyy0))-
Second, applying idy ® idy ® ¥ o pf to both sides, we have
myo}o] @ Mmio}[1] ® M{1}(0) ® M1}(1)
=miojo} ® @ > (mu)S”™ (mpoj1y1)) ® B2 (Mpoiy0)0) ® &> Myl (1))-
Third, applying (idy ® my ® idc) o (idy ® idy ® 7) to both sides, we have
mio}0] @ Mio}[11M{1}(1) @ M{1}(0)
=myoj0) ® [~ (m)S~ (mpoyya)1e (mpoyyoym) ® B (miojn0 )
=myoj0) ® L > (mp)S™" (@ (mpoyuyy2)) e’ (mpojaya)1) @ B(mpoji)0))
=myoj0) ® @ (mp[S™ (e (mpo)1y1)2)) e (moyy1)1)] ® B(mpoay)
=mo}{o} ® M[1] & Mo}{1}-

Then we have proof (5.2) and (M, u) € H(MCH)

Conversely, let G : H(MCH) — ’H(MCKH) be a functor and (N,v) € H(MCH) Then (N, v) is
both a right (C, 8)-Hom-comodule with comodule map p§ : N — N ® C, n > n(g) ® n(1 and a right
(H, a)-Hom-comodule with comodule map pff : N — N ® H, n > njo] ® ny1}. We define a map as
follow:

pISKH N — N® (Cx H),n+— v(n0)  npoj1; ® S(a_l(n[l])).
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Let nigy ® ng1y = v(ngoyoy) ® (noj1y ® S~ (np1)))). We next prove that (N, v, pf]'XH) is a right (C x
H, B ® @)-Hom-comodule. By the definitions of pgKH , comodule and counit, we have
ecxu(na)ngy = v (n), v(n) ) ® v(n)qy = ving) ® y ().
And we also have
' ® Acwm)py” M (n)
= npojio} ® Mo @ o2 S@ () © Blnpoyi))
® S(a™ (n112))
=v(npo0y0)) ® npojoy) ® @ (ngoy1) 1) S ()
® o) @ S (n112))
=v’ (npojo10}10)) ® B(rpooloy1)) ® Apojol11ySle > (npoy)
® v(noyol1)0) ® S~ (n))

2 (mporonono) ® Bporoioi) @ monno)m
S(a ™ (oo Mo 1)) ® vnpiy0)0) @ S (np))
=v?(moioyo10) ® Bnporooln)) @ moynyyiSe ™ (npoyoyn)
aH(mpoy1y)2) ® nojy0) ® Sl A (n)
=v2(moj0)0110) ® B(rpoxoyioray) ® e (o)
(e~ (o132 18 ™ (mpoyioyy)) ® Apoj1y0) ® Sle ™ (npy))
=v2(ngojo)010) ® B(nporoyor1y) ® Strgoroyy) © B~ (mpoyny)
® S(e2(np)))

CxH

CxXH
:(pN %

®y Doy ().
Then, (N, v, ,of,xH) is a right (C x H, 8 ® a)-Hom-comodule.

Thus, we have GF(M) = M,FG(N) = N, showing that HMEHY and H(MSH) are isomorphic.
O

Definition 5.5. Let (H, ) be finite dimensional monoidal Hom-Hopf algebra with its dual Hopf algebra
(H*,a*). Then ¢ € H* is called the left integral of H* if ¢ is o*-invariable (i.e. «*(¢) = ¢) and for all
& e H,

£ = en(§)¢.

A left integral is normalized if ep« (¢) = 1.

Lemma 5.6. Let (H,«) be finite dimensional monoidal Hom-Hopf algebra with its dual Hopf algebra
(H*,a*). If o is involutive, then (H*,a™) is both a left (H,«)-Hom-module and a right (H, «)-Hom-
module with left and right action: for allx, y € H, f € H*

x =N =fOx) and (f < x)() =[f(S(x)).
Proof. This proof is straightforward. O

Lemma5.7. Let (H, ) be finite dimensional monoidal Hom-Hopf algebra and o an involution. If (H*, a™)
is the dual Hopf algebra and ¢ € H* is a left integral of H*, then for any f, g € H*, a, b € H,

(1) (a2 = f)g <= a1 =f(g < a),

(2) ¢ (aS(b1))ax(b2) = ¢ (a25(b))ar.
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Proof. (1) Foranya, x € H, f, g € H*, we have

((a2 > g < a1, x) = (a2 —> f)g, xS(ar))
= (a2 > fox18(a1) (g x2S(a1)2)
= (f, (x1S(a)1)az) (g, x25(a1)2)
= (f,a(x1)(S(ar)e ™" (a2))) (g, x28(a11))
= (f, () (S(a2n)az)) (g, x28(a ™ (a1))
= {f,x1) (g x25(a))
={fa)lg < ax)
= (f(g < a),x).

(2) ¢ is aleft integral of H*, then for alla € H, f € H*, we have
(a2 = N¢ = em=(a2 = N = (a2 — f, 1n) ¢ = (f,c(a2)) ¢.

Therefore,
f¢p < a2 (@ Np < a =Ifal@))p < ar. (5.5)

(¢,aS(by)) (f, (b)) = (f, (b)) (p < b1, a)
D¢ < b),a)
=(f,a1) (¢ < b,a2)
=(f,a1) (¢, a28(b))
= ($,a:8(B)) [f ). 0

Lemma5.8. Let (V,u) € ﬁ(McxH) and (W, ) be aright (Cx H, B®a)-Hom subcomodule of (V, jv).
Ifx:V — Wisright (C, B)-colinear and o is involutive, then A : (V,u) — (W, ),

) = plvnS e GG o)) ) A (oo
is right (C x H, B ® «)-colinear.

Proof. By Theorem 5.4, we only prove 7. is both right (C, B)-colinear and right (H, «)-colinear.
On the one hand, by Lemma 5.7, we have

A0 ® W1y = oIS~ @ AP (o)) ) 1A (> (Vo) ogto) ® A4 (VoD)joni
PlvuyS™ A (o)) 1™ A (o)) ® A (Vo))
Glvin S~ A o)) e~ e o) o) ® ee(va)

Plviin S @ (o) ) IR (L (Vo)) o)) ® @ (V112)

= ¢l S~ @ (2 ogo)) ) 1 (1 (Vg o) ® (i

= X(V[O]) ® v[1]-

On the other hand, since A is right (C, 8)-colinear, we have
A0y @ AWMy = Ay ® vy (5.6)
Then
0 ® A1y =l S @ A o)) )M (o) oioy @ (4> (viop)oy1)

D v @ A o) oA Vo)) (o NIA L (Vo)) o)1 @
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A (Vo)) (130)

(5;6)¢[V[1]S_1(05_1()L(MZ(V[O]){O})[I]Mz(V[O]){l}(l)))]k(llz(V[O]){0})[O]®
1 (oD )0)

=plvS™" (@ (1 Voo 118> Vo) iy 1A (1 (viogo)) o) ®
B> (Vo1 )

(¥)¢[(V{O}[1]V{l}(1))s_l(Ol_l()\(Mz(V{O}[O]))[l]ﬂz(V{l}(O))(l)))]

A (vioyo) o1 ® B> (vay0) o)

=p[(vioyviy)S~ (@ A (o)) e’ (Vi o))
A (vioyo))io1 ® B (v10)0)

=p[(vioyme(vay2))S ™ @ A (o) e vy ay)))]
A (oo o1 ® B(V{1)0))

=l (vioyme (V) (S~ @S~ (@ (o0 )]
A (vioyo) o1 ® B(V{1y0)

=pla (Vo[ vmS™ v~ @™ A (o)) )]
A (vioyo)io) ® B(V{1y0))

=@l (oS~ (1 (oo D 1A (1 (vioyo1)io) ® viy

=l (vioyn S~ (™ A (vioyo)) DN IA (> (Voo o] ® Vi)

=% (Vo)) ® V(1)

This completes the proof. O

Theorem 5.9. Let (H,a) be finite dimensional cosemisimple monoidal Hom-Hopf algebra and (C, B) a
right (H, o) Hom-comodule coalgebra. Then (V, 1) € ’H(MCKH) and (W, p) isaright (Cx H, B ® «)-
Hom subcomodule of (V, ). If (W, ) is a right (C, 8) Hom-comodule direct summand of (V, ), then
(W, ) is aright (C x H, 8 ® a) Hom-comodule direct summand of (V, ).

Proof. Since (H,a) is a finite dimensional cosemisimple monoidal Hom-Hopf algebra, then there is a
normalized left integral ¢ € H* by [6, Theorem 4.6]. Let

A (Vo) = (W), 20) = olvS™ (@ e (o) ) 1212 (vio ) oy
which A : V. — Wis right (C, ) comodule projection. Then *is right (C x H, 8 ® a)-colinear. We just
proof X is projection. In fact, for all w € W, we have
Aw) = lw S~ (@ G wo)) ) IR (o)l
= plwy S~ (@ (? (wioD ) 1 (wiopio)
= ¢lwy S~ @ (@ (wioin) ) 1w (Woggop)
= pla(w)S ™ (@™ (@ w)Iu(wiop)
= Pla(w)S ™ (@(wi)) 11 (wio))
= ¢ (e(wn) 1) u(wpoy)

= Ww.

SoXisa right (C x H, 8 ® ) projection and (W, ) is a right (C x H, 8 ® o) Hom-comodule direct
summand of (V, ). L]
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Corollary 5.10. Let (H, ) be finite dimensional cosemisimple monoidal Hom-Hopf algebra and o be an
involution. If (C, B) is a cosemisimple right (H, o) Hom-comodule coalgebra, then Hom-smash coproduct
(C x H, B ® a) is also cosemisimple.
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