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1. Introduction

In this paper, we consider the existence and multiplicity of nontrivial radial k-admissible solutions to the

coupled system of the following k;-Hessian equations:

Sk, (D*ur) = fi (], —u2), in B,
Sk, (D?ug) = f2 (], —u3), in B,
(1.1)
Skoy (D*un—1) = fu-1 (2], —un), in B,
Sk, (D*up) = fa (|z], —u1), in B,
u;=0,i=1,...,n, on 0B,
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where k = (k1,...,kn), ki € {1,...,N}, i€ {1,...,n}, B={z € R" : |z| < 1} is a unit ball, n > 2 and
N > 2 are integers. The nonlinearities f; (i = 1,...,n) satisfy

(F): fi € C([0,1] x [0,+400),[0,+00)), i=1,...,n

and each f; is not identical to zero.
The k-Hessian operator Sy, is defined by the k-th elementary symmetric function of eigenvalues of D?u,

ie.
Sk (D?u) =S, (AM(D*w)) = > NNy, k=1,...,N,
1<ip < <ip <N
where A\(D?u) = (A1,...,\y) is the vector of eigenvalues of D?u = [822;% ] e (see [21,25] for instance).

Notice that when k = 1, the Hessian operator reduces to the classical Laplace operator Sq(D?u) = le\il A=
Au. When k = N, the Hessian operator is the Monge-Ampere operator Sy (D?u) = Hfil \; = det(D?u). In
fact, the k-Hessian operator can be regarded as an extension of the Laplace operator and the Monge-Ampere
operator. When k > 2, the k-Hessian operator is a fully nonlinear operator.

Letu € C?(Q) and of, = {A € RN : S;(X) > 0,V =1,...,k} be a convex cone and its vertex be the origin.
If \(D?u) € 5, (o)), u is said to be k-convex (uniformly k-convex) in 2. Equivalently, if A\(—D?u) € 7 (o%),
u is k-concave (uniformly k-concave) in Q. We say u € C%(Q) U C°(Q) is k-admissible if \(D?u) € .
In particular, an N-admissible function u satisfying A\(D?u) € Ty is said to be convex. It is clear that
oy C -++ C o C -+ C 01, which implies that convex functions are contained in k-admissible functions.
Actually, we know from [2] that for a k-Hessian equation, it is elliptic when restricted to k-admissible
functions. For k = (ki,...,k,), u = (u1,...,uy), if u; is k;-admissible and satisfies (1.1) foralli =1,...,n,
we say u is a k-admissible solution of (1.1).

Recalling that f; € [0,+00) (i = 1,...,n) and w € C?*(B) is k-admissible solution of (1.1) vanishing
on the boundary, we can achieve that w is sub-harmonic in B from [25]. Hence, we apply the maximum
principle to conclude that w is negative in B.

The study of k-Hessian equations plays an important role in differential geometry, fluid mechanics and
other applied disciplines. In the past years, many authors show great interest in solutions of k-Hessian
equations and many excellent results on k-Hessian equations have been obtained, for instance, see [1-3,9,15—
22,25]. However, there are few studies that consider the fully nonlinear coupled systems except [4-7,23,24,29]
based on our cognition. For example, by using fixed point theorem, Wang [24] established the existence,
multiplicity and nonexistence of convex radial solutions to a coupled system of Monge-Ampére equations in
superlinear and sublinear cases. In [7], the authors studied the existence and multiplicity of nontrivial radial
solutions for system coupled by multiparameter k-Hessian equations and obtained sufficient conditions for
the existence of nontrivial radial solutions to power-type coupled k-Hessian system based on a eigenvalue
theory in cones. In particular, Cui considered a Hessian type system coupled by different k-Hessian equations
and obtained the existence of entire k-convex radial solutions, see [4].

Inspired by the above works, we are interested in a system coupled by different k-Hessian equations with
general nonlinearities which satisfy «; or §;-asymptotic growth conditions. In this paper, we shall establish
the existence and multiplicity of nontrivial radial k-admissible solutions of the weakly coupled degenerated
system (1.1). Tt is worth to notice that the system (1.1) contains a variety of different k-Hessian equations
which is significantly different from that in [5,7,23,29] such that the problem we considered can contain
Laplace equations and Monge-Ampere equations at the same time. This kind of system can represent the
coupling of different types of elliptic equations, which makes our problem more comprehensive and more
applicable.
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If a;, 8; > 0, we let

i(t, ¢ i(t,c
f) =1liminf min fith )7 f°° = liminf min filt, )7
d c—0t 0<t<1l % —t c—oo 0<t<1 Cﬁi
— i(t,c — (t,c
= lim sup max , ?o = lim sup max )
- filt,e) y filt,e)
Lo+ 0<t<1 % oo 0<t<1l (Pi

Here, we call them «; or f5;-asymptotic growth condition, super-a; or fS;-asymptotic growth condition and
sub-a; or f;-asymptotic growth condition. Compared with some N-asymptotic growth (see, for instance
[6,8,24] where the constants «; = 3; = N) in studying Monge-Ampére equations and some k-asymptotic
growth (see, for instance [7,26,27] where the constants a; = 8; = k) in studying k-Hessian equations, our
conditions are more flexible. By imposing suitable conditions on i?, [ ‘Z,X’, 7?, 7?0 and coordinating inequality
relations between «;, 5; and k;, we obtain existence and multiplicity results in general cases as follows.

We will assume f = {f1,..., fn} satisfies one of the following conditions:

(C1) fo 7 e(0,400),i=1,...,nand fi(t,0)=0,i=2,...,n
(C2) fl,f € (0,+),i=1,...,n;
(C3)f f € (0,400),t=1,...,nand f;(¢,0)=0,i=2,...,n;
(04) f7,7fz 6(074'00),1: yeoey N

Theorem 1.1. (Ezistence theorem) Suppose that (F) and one of the following conditions hold:
(a). (C1) holds and positive constants oy, B; (i =1,...,n) satisfy

n n

ITe: <I]%: ﬁﬁi < ﬁki;
i1 i=1

i=1 i=1

(b). (C2) holds and positive constants o, B; (i =1,...,n) satisfy

n n

Hai>Hki’ ﬁﬂz>ﬁkz
i=1 =1

i=1 i=1

Then system (1.1) has at least one nontrivial radial convez solution.

Theorem 1.1 is concerning the existence of nontrivial radial convex solutions to the weakly coupled
degenerate system (1.1) with general nonlinear terms. Furthermore, we can consider the result of multiplicity
as well.

Let

1
Jit,viga(t)) : (L, vipa(t)) € [0,1] x [O,Gikjjll]}, i=1,...,n—1,

- {fnm1 tvl())e[o,l]x[o,%o]},
ax {f

Gy = max { fit, visr () = (viga (D) € [0,1] [OGljjll]}, i=2. n—1,
G = max (£ (t,1(6) & (602 (8) € [0.1) % [0, Rol}.
By = min { £t 00 (0) s (o) € [, 51 % T B GIT 1L i = 1n=1,

— min { £t (8 tmmeﬁéwgaﬂm}



4 J. Ji et al. / J. Math. Anal. Appl. 513 (2022) 126217

Theorem 1.2. (Multiplicity theorem) Suppose that (F) and one of the following conditions hold:
(c). (C3) holds, positive constants «;, B; (i =1,...,n) satisfy

and there exists a positive constant ro such that ro > GF ;
(d). (C4) holds, positive constants e, B;(i =1,...,n) satisfy

n n n n
[[oi> ]Ik I8 <]I*
i=1 i=1 i=1 i=1

1
and there exists a positive constant Ry such that Ry < T1E|" . Then system (1.1) has at least two nontrivial
radial convex solutions.

Remark 1.1. Theorem 1.1 and Theorem 1.2 show that the existence and multiplicity of nontrivial radial
convex solutions to system (1.1) respectively, see the penultimate paragraph in this section for more detailed
explanations of convex solutions. Since the convex solutions are contained in the k-admissible solutions,
Theorems 1.1 and 1.2 show the existence and multiplicity of k-admissible solutions as well.

Remark 1.2. It is worth to mention that the condition (C1) and (C3) can be replaced by fp,,(t,0) =0, k €
{1,...,n—1}, where {mq,...,mp_1} C{1,...,n} and we describe as f;(¢,0) =0, i =2,...,n for the sake
of proof.

Specifically, we also study the uniqueness and nonexistence of nontrivial radial solutions to a power-type
coupled system of k-Hessian equations:

Sk (D*uy) = (—ug)™ , in B,
Sk:g (D2U2) = (—Ug)’h s in Ba
(1.2)
Sk, 4 (DQun_l) = (—uy)"™ ", in B,
Sk, (Dzun) = (—uy)™, in B,
w; =0,i=1,...,n, on 0B,
where 74; (i =1,...,n) are positive constants.

It is obvious that system (1.2) is a special case of system (1.1). By the definitions of a; or §;-asymptotic
growth condition, the growth of nonlinearities of the power-type system (1.2) satisfies a; = 8; = 7,
which asserts the existence of nontrivial radial convex solutions to system (1.2) by Theorem 1.1 when
H;L:1 v # H?:l k;. Next, we go further to study the uniqueness of nontrivial radial convex solution to
system (1.2) in Theorem 1.3.

Theorem 1.3. (Uniqueness theorem) Suppose that positive constant [[;—, vi satisfies

n n
[ <1I*
i=1 i=1

then system (1.2) has a unique nontrivial radial convez solution.
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Here, we get the uniqueness result of nontrivial radial convex solution to system (1.2) in the assumption
of [T7_, v < I ki. Besides, we obtain the nonexistence of nontrivial radial k-admissible solution in B

when [T, v =[1i-; k-

Theorem 1.4. (Nonexistence theorem) Suppose that positive constant [[\—_, vi satisfies

then system (1.2) admits no nontrivial radial k-admissible solution.

When []", v = [[;—, ki, we are interested in the existence of nonzero k-admissible solutions for the
eigenvalue problem:

Sk1 (D2u1) = )\1 (—UQ)—YI 5 in Q,
Skz (DZUZ) = )\2 (_u3)ﬂ/2 ) in Qy
(1.3)
Sk, 1 (Dzun_l) = A1 (—uy)™ in Q,
Sk, (D2un) = Ap (—up)™, in Q,
u; =0,i=1,...,n, on 0f),
with positive parameters \; (i = 1,...,n), where 2 € RY is a bounded, smooth and strictly (k — 1)-convex

domain, N > 2.

In fact, Wang has proved the existence of a positive eigenvalue \* for a single k-Hessian equation with
f(u) = Mul*(k < N) in [25]. When A\ = \*, the corresponding eigenfunction ¢* is nonzero k-admissible and
that any other eigenfunction would be a positive constant multiple of ¢*. Since \* acts like a bifurcation
point for system (1.3), we can be reminiscent of the generalized Krein-Rutman theorem in [13] to obtain
the existence of k-admissible solutions to eigenvalue problem (1.3).

Theorem 1.5. (Eigenvalue problem) Suppose that Q € RN is a bounded, smooth and strictly (k — 1)-convex
domain, positive constant [}, v; satisfies

n n
H V= H ki,
i1 i1

1 H’i/yz_l i
then system (1.3) admits a nonzero k-admissible solution if and only if \Ay> ce Api=2 = /\gl, where
Ao # 1 is a positive constant, such that the system

Sk, (D2u2) = (—u3)™, in Q,

(1.4)
S (Pt ) = ()™, 0,
Sko (D?un) = (=)™, in Q,

u; =0, 1=1,...,n, on 01,
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has a nonzero k-admissible solution.

Note that the existence of nonzero k-admissible solution of (1.4) is guaranteed by a generalized Krein-
Rutman theorem, see Section 5 for details.

In this article, we study the existence and multiplicity of radial convex solutions to system (1.1), the
uniqueness of radial convex solution and nonexistence of radial k-admissible solution to system (1.2), and
the existence of radial k-admissible solutions to the related eigenvalue problem (1.3). The reasons why
Theorems 1.1, 1.2 and 1.3 are only restricted to the convex solutions will be further explained in Remarks 2.1
and 4.1. The improvement from convex solutions to k-admissible solutions in Theorem 1.1, Theorem 1.2
and Theorem 1.3 is still an interesting problem, which attracts us to find another way or technique to solve
this problem in a sequel.

The rest of the paper is organized as follows. In Section 2, we make some preliminary calculations of C?
radial solutions and present a fixed point theorem in Theorem 2.1. In Section 3, we give the proof of existence
and multiplicity results for system (1.1) with general nonlinearities by using the fixed point theorem. In
Section 4, the uniqueness and nonexistence results for power-type coupled system (1.2) which is a special
case of (1.1) are considered. In Section 5, by overcoming the difficulties caused by verifying the condition
of generalized Krein-Rutman theorem Wthh to prove the operator is strong, we obtain the existence of
nonzero k-admissible solutions to the eigenvalue problem (1.3) in a general strictly (k — 1)-convex domain.

2. Preliminaries

To study radial classical solutions of system (1.1), we assume u(|z|) = u(t) be the radial function with

t= \/Ziv 1 2, then it follows from Lemma 2.1 in [14] that the k-Hessian operator becomes

)k, te(0,1).

Sk(D?u) = Oy (1)

Then we can convert (1.1) to the following system of ordinary differential equations:

C]’i[l:llu{[/(t)(uat(t))kl_l + C]]%1_1(u,1t(t))k1 — fl(t, _U,2)’ 0<t<,
ORI () ()1 + Ofp, (40) = falt, —ua), 0<t<l,

' ) , 2.1)
kn_1—1 Uy 1 (T 1= k1 U, (t . (
Chrr (1) (Mt Dykn =ty g (Mama ks — (1 ), 0 <t <1,

ORI un ()= 4+ Oy (5 = fult, ), 0<t<l,
u;(1) =u;(0)=0, i=1,...,n

Equivalently, we seek nonnegative k-concave solutions for convenience by making a simple transformation
v;=—u; (1=1,...,n) in (2.1), which leads to the following system:

ON= (o) (SR = 4 O (R = £t ), 0<t<l,
01]%2:11(_U2)//<t)((_mt)/(t))k2_1 + 011‘3/271((_1}?/(“)@ = fo(t,v3), 0<t<l,

' (2.2)
Chri™ 1( )¢ ()(M)nl Ly ot (M)nlzfn_l(t’vn% 0<t<l,
C]]i/' ) ( vn) < )( 'Un) (t))k —1 +Ck (( Un) (t)) n — fn<t,vl)’ 0<t< 17
vi(1) =vi(0) =0, i=1,...,n.
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By integration, we get from (2.2) that

1
k1

vl(t):f <Nk1f o 1f1 svg())ds> dr, 0<t<1,

vg(t):f <Nk2f o 1f2 su;())ds) dr, 0<t<1,

N-—1

1
kp—1
U"_l(t)ftl(zvkk foc"l t fn—1 (s, vn(s))ds> dr, 0<t<1,

T
vp(t) = f (TN T fT ;;Vn 11 fn (s,v1(8)) ds) dr, 0<t<1.
Considering the Banach space X := C[0,1], for v = (v1,...,v,) € X x--- x X, we define ||v|| =
—_——

S]] =X, t;lp] |vi(t)]. Let K be a cone in X defined as

1
K = {v €X:v(t)>0,t€[0,1], min_v(t) > |v||} . (2.3)
jsi<i 4

We define the operators T; : K — X (i =1,...,n) to be

e
=

! T N—1
== kl/ckl () ds | d

1
1 k2 T SNfl ko
To(v3)(t) :/ T N—ks / a1 f2(s,v3(s)) ds dr,
/ 0 UN-1

Note that each image of operator is a nonnegative k-concave function on [0,1] and we define T3 (v2) =
vy, Ta(vs) = va, -+, Tp(v1) = v, in K. Thus, by the concavity of v; (i = 1,...,n), it is easy to see that
T; (t = 1,...,n) maps K into itself. Besides, by standard arguments, we know that every operator is
completely continuous.

Next, we define a composite operator Tv; = T1T5 - - - T),(v1), which is also completely continuous from
K to K. We can see that positive solutions of (2.2) are equivalent to nonzero fixed points of operator
T in cone K. If v = (v1,...,v,) € C[0,1] X --- x C[0,1] is a positive solution of (2.2), then v; must

be a nonzero fixed point of T in K; conversely if v; € K \ {0} is a fixed point of T, we can define
U = Ty(v1),0n—1 = Tp—1(vpn), -+ ,v2 = To(vs) such that (v1,...,v,) € C[0,1] x -+ x C[0, 1] solves (2.2).
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Remark 2.1. As we shall see in the last two paragraphs, we let each T; (i = 1...,n) maps K to itself
which implies that v/(¢) = (—u)'(¢) is nonincreasing from Lemma 2.2 in [24]. On the other hand, the

eigenvalues of the second derivative of radial classical function in a unit ball can be represented by A(D?u) =

(u”(t), @7 e #), t € [0, 1], we combine this with the definition of k-admissible function, an immediate

consequence is that we essentially achieve the (N — 1)-admissible function in RY, that is, all @ > 0. To
sum up, all eigenvalues of the Hessian matrix of nontrivial radial k-admissible solutions of system (1.1) and
system (1.2) are nonnegative and exist in its closure of convex cone, which can draw our conclusion.

The proofs of our existence and multiplicity results are based on the following well-known fixed point
theorem of cone, (see Theorem 2.3.4 in Guo and Lakshmikantham [10]).

Theorem 2.1. Let X be a Banach space and K is a cone in X . Assume that Q1, Qo are bounded open subsets
of X with 0 € Qy, Q1 C Qs and let

TKﬂ(ﬁg\Ql)—)K

be completely continuous such that either

(i) ||Tul| > ||u|], v € KNIy and ||Tul| < ||u]], w € K NOQs; or
(i) ||Tul] < |lul|, v € KNOQy and ||Tul| > ||u]], w € K NNy

holds, where || - || is a norm in X, Qr = {u € K : ||u|| < R} and 0Qr = {u € K : ||u|| = R}. Then T has a
fized point in K N (Q\ Q).

3. Existence and multiplicity

In this section, we apply the fixed point theorem of cone in Theorem 2.1 to prove the existence and
multiplicity results in Theorem 1.1 and Theorem 1.2. To simplify notation, we denote v1 by vy 41.

3.1. Euxistence

In order to prove the Theorem 1.1, we first introduce two useful lemmas.

Lemma 3.1. Assume (F) holds. Let n,m >0 andv; € K, i =1,...,n. If for any t € [i, %] andi=1,...,n,
we have

fi (tvita(t) = ol (1),

then

—_

1 1 m m .
Ti(vz‘+1)(1) > i ()5 [viga] %, i=1,...,n,

N

1

3 - ki
where T'; are positive constants given by I'; = ff ( SLIE flT % ds) dr,e=1,...,n.
4

T k3 e ‘1
1 Oy,
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Proof. For v; € K, we have

1 ; kn, r sN-1
Tn(’vl)(Z) = T+N—ky C]]%";_ll fn (s,vl(s)) ds dr
1 0

1
kn

% k T N-1
sN—
Z/ TN:Lkn /Ckn_lnv’{n(s) ds dr
J N-1
1

1
4

1

kn

ko / sV-1 (1 "
o =t | Fllvill ) ds dr
T / Cy 4

A\
NH\N@:

b
2 (1 o
L (lal))
For v; € K (i = 2,...,n), we have similar calculations. Here we omit them for simplicity. O

Lemma 3.2. Assume (F) holds. Let e,d > 0 and v; € K,i=1,...,n. If for any t € [0,1] and i = 1,...,n,
we have

fi (01 (1)) < evlyy (1),
then
1
Ti(vig1)(t) < (ellvipal|) ™, i=1,...,n.

Proof. Since v1(t) € K, Vt € [0,1], we have

kn r sN-1
T, (v1)(t) §/ “N—F, / Ckn—lf" (s,v1(s)) ds dr
0 5 UN-1
| k T N-1 R
n s d
S/ e /C]I%n_llavl(s) ds dr (3.1)
0 0
fon
1 k/”ﬂ " d .
<_ kn
=3 (NCJ’%"__11> (el
< (effon]|?)

1

K

where the fact % < v C’i’;1> < 1 is used in the last inequality, which is easily checked. For v; € K (i =
N-—-1

2

,...,n), we also have similar conclusions. O

On the basis of the above preparations, we give the proof for the existence result in Theorem 1.1 with
the aid of the fixed point theorem of cone.
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Proof of Theorem 1.1. (a). It follows from i? € (0,+00) (i = 1,...,n) that for any given & €
(0, min{i?,i =1,...,n}), there exists a constant r1 € (0,1) such that

fi (tviga(t) > (i? —e1)vify, 0= vy <y, (3.2)

for any t € [0,1] and i = 1,...,n. Let

n—1

Ly:=T,-- F7£E+f: (ﬁ _ gl)ﬁ (fg _ 51)%(3)%++%:11—z
be a positive constant. Since f;(t,0) = 0 for ¢ = 2,...,n, there exists another constant rs:
M7y ks
0 < r9 < min {rl, LI ki, e }
such that
fi (v (1) < v, 0 <wign <o, (3.3)

for any t € [0,1] and i = 2,...,n. For v; € K NJQ,.,, it follows from Lemma 3.2 and (3.3) that
vi(t) = Ti(vip1)(t) <71, 1=2,....n

which shows that for any v; € K N 9SQ,,, we have v; € (0,r1), for all i = 1,...,n. Then by Lemma 3.1 and
(3.2), we get

Ti(wis)(§) > Tl 0 — <)

a

Vol [, =1,

~| =

This suggests that for any v; € K N 0€,.,, we have

[[Tv1]| = sup |ThT - Tn(v1)(t)]
te[0,1]

STTy - Talon)(3)

11 e
> (f) —en)™ ()5 [1T2(vs)l] %
a1 e 1,
=Ty (f) —en)F ()R Ta(vs) ()™

My o
2Ly ||vy || =t

n
i=1 i

Notice that [[vy|| = 7o < LiF=""=1% and TT7, a; < [i, ki, then

o | TS

Lql||vy i=1Fi Ly

[[v1]] - T h e b
" lJog]] W=k
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which implies that
||T1)1H > ||’l)1||, V1 6K08Qr2. (34)

On the other hand, it can be obtained from 7;)0 € (0,400) that for any given 5 > 0, there exists a
constant Ry > 1 such that for any ¢t € [0,1] and i = 1,...,n,

fi (tvia (1) < (F; +e2)v) Vit Vit1 > Ri (3.5)

Furthermore, by the continuity of f; (i = 1,...,n), there exist constants M;(Ry) > 0 (i = 1,...,n) such
that for any (¢,v;+1(t)) € [0,1] x [0, Ry],

fi (t,’l)i+1(t)) S Ml(Rl), 7= 1,...,’]1. (36)
Combining (3.5) with (3.6), we have for any (¢,v;41(¢)) € [0,1] x [0, +00),
fi (tvipa (1) < My(Ry) + (F +evliy, i=1,...,n. (3.7)

Then from the Lemma 3.2 and (3.7), we have for any ¢ € [0, 1],

1
Ty(vi1)(t) < [Mi(Rl)ﬂﬁ + o) oi=1,...,n
Let
1 o e H;L:Hz Bi H?:—f B8;
H = M(R)™ + -+ (f] +e2)® - (Foly +e2) W= b My, (Ry) W=

H’Zif Bi

'(7204‘82) =1k

R“H

L2 —(fl +€2)

Thus, there exists a large constant Ro:

7y ky
T o
Ry > max {Rl, 2H, (2Lq) W= M- IE=0 7 }

such that for any v; € K N9Qg, and t € [0, 1],
T’Ul (t) :T1T2 s Tn (’Ul)(t)
1
< [Mi(Ry) + (7 + e2) I Ta(ws) 1 ™

MR + (7 + <) Dol ]

<My(Ry) ¥ + (F7° + 22)FT My(Ra) 742 + (72 + £2) 7 (fo +e2) ik

121 Bi.
zll.

<H + Ls||vq||1

Since [11, Bi < [1i—, ki, we get that for any vy € K N 0Qg,,
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ﬂ.
H + L2||v1| =1 ki B H Lo <1
HU1H ||U1|| Hv1|‘7n{":1nkf;;1ﬂ£:1 Py ’

which implies that

HT’U1||<||'U1||a vleKﬂaﬂRz.

(3.8)

Therefore, combining with (3.4) and (3.8), it follows from Theorem 2.1 that T has at least one fixed point

in K0 (Qr \ Q)

b). By the assumption of 7 € (0,400), for any given n; > 0, there exists a positive constant rg < 1
y i y & Ui

such that for any t € [0,1] and i =1,...,n

fi (6 oiea (8) < (FF +meliy,  vigr € [0,73).

Let

n—1
Hlal

Ly = (F1 +n0) % (Fa +m) ™07 - (For 4+ o) T

. —0 .
Since f,; € (0,+00), there exists another constant r4:
51 ki
. (AT T
0<ry <min < 7rs, L;}:l =1

such that for ¢ = 2,...,n,

filtt,viga (1) < v, (tviga (1) €0,1] x [0,74].

Then for any v; € K N 0%, it follows from Lemma 3.2 and (3.10) that

vi(t) = Ti(vip1)(t) <73, (tvia(t) € [0,1] x [0,7m4], 1=2,...

Thus, by Lemma 3.2 and (3.9), we get

1
&y .
L)) < [ +m)lloal|]) ™, i=10m,
for any t € [0,1]. For v; € K N 09,.,, we have

[|[Tvi|| = sup |T1Ty---Tn(v1)(t)]
t€[0,1]

< [@+mimel]”

<P+ m) [T+ mliTaGoalf]

-0 1 -0 o1 —0 s | F1kaks
<L+ m) 7 (Fy ) 558 [Ty + )l [Ta(ws)] 22 ] 27

, 1.

(3.9)

(3.10)
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Recalling that [];_, a; > []\; ki, then

Ls| Ls

= <1,

M7y k=TI o
[|log||  Mi=aki

which implies that
||T’U1|| < ||’U1||, V1 € Kﬁaﬂm. (3.11)

On the other hand, it follows from i;x’ € (0,400) that for any given 7y € (O,min{fix’,i =1,...,n}),
there exists a constant Rz > 1 such that

fi (01 () = (£5° —m)viiy,  vig1 > Ra, (3.12)

forany t € [0,1] and i = 1,...,n. Let
7= 8 n—1
el 1 o Qi

n—1I 50 BN 50 = i
Ly =Ty D=t o (f3 =) B e (£ — ) TR () IS

There exists another constant Ry:
- My kT}
Ry > { 4Ry, L =" =17 1o (3.13)

such that for any v; € K N 0Qg,, we have

1 1
min_v1(t) > ~||jv1|| = =R4 > Rs, (3.14)
jse<d 4
where
i ki
=, Pi
4R
Ly := %nax , =5 3
le{2,....,n U=y Pi z n—1 n
e L=, Bi By I B
T,.. D= s (fooim))%...(ﬁo,w)nl;m (%)k;‘i‘ + e
117" B 12 i
Here in Ls, when | = n we set Hi’ =L; kl 1, so that the terms ifll k’ make sense for all i = 2,...,n.

Combining (3.12) and (3.13), it follows from Lemma 3.1 that for any v1 € KNoQg,,

fn fn
)Fe|[vr|[Fe > 4Rs,

| =

el = vn(§) = Ta(o1)(§) = Tal£22 — na) o

1 1 1] Bn-a Bn_1
[on—1ll = vn-1(5) = Ta-1(vn)(5) 2 Tnoa(f7 | = m2) *n=1 (5) =t [[vn|| "=t > 4R,
4 4 4 (3.15)

11 B2 B2
) > Ta(f2° —12)%2 (7) % [Jus]| % > 4Rs.

leall 2 va(3) = To(ws) (5 D

4

From (3.14) and (3.15), we get that for any v; € K N0Qpg,,
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1
min_ v;(t) > =||v;|| > R3, i=1,...,n.
p<i<y 4

Then by Lemma 3.1, we deduce that

Tvl(i) =TTy Ty(v1)(5)

i N
)EC[| T2 (vs) || 1

2

N

>F1(f —m2) % (

=l

B
k1

) (ratgg - m) = EITs(on) %)

A~ =

ST (F2° — 12) 1 (

i=1 B
> Ly||vy || =2
Since T[], B > [1i—, ks, it follows from
M=y B4
Ly|[vy|| =1 Ly

7y ki —TI7 4 Bi
||’U1|| ||1)1||W

that

HT’U1||>||'U1||7 UleKﬁ89R4.

(3.16)

Therefore, from Theorem 2.1 combining (3.11) and (3.16), we obtain that T has at least one fixed point

in Kﬂ(ﬁR4\Qr4). |

3.2. Multiplicity

In Section 3.1, applying the fixed-point theorem in Theorem 2.1, we achieve the existence result in a cone
with different combinations of asymptotic growth condition and relations of «;, 5; and k;. In order to obtain
the multiplicity of nontrivial radial convex solutions of (1.1), we recombine the conditions in Theorem 1.1

and find two kinds of “intermediate state” as in (3.17) and (3.19).
Proof of Theorem 1.2. (c). As we assumed, for any (¢,v1(t)) € [0,1] x [0, Z2], we have

[lo1]] < 4 min_ v1(t) < ro.
1St<y

Then for v; € K N9y, by the definition of G,,, we have

[ ke s "
vn(t) = T (v1)(t) S/ " o — fn (5,01(5)) ds dr
o N-1
1 T
S/ N= k /Ck —1 dr
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.
<Gnp",

1
for any t € [0, 1]. Similarly, for v; € K N0, we have v;(t) < G, (i =2,...,n— 1), Vt € [0, 1]. Therefore,
by the definition of G, we have

Ty (t) =TTy - - T (v1)(t)

1
where the fact %(#) L= 20’“1 < 11is used in the last inequality. For v; € KNOKQ,.,, we have ||v1]| = 0.
N—-1

1
Thanks to G;* < rg, we have
||T1)1H < ||U1||, IS Kﬂ@QTD. (317)

Since [[;—, a; < [Ty ki, [Ty Bi > 1=, ki, it follows from Theorem 1.1 that there exist sufficient small
constant ro € (0,79) and sufficient large constant R4 > 7o such that

||TU1H > ||U1||, V1 € K089T2 and ||T’I)1H > ||’U1||, IS Kﬁ@QR4. (318)

Due to (3.17), we have Tvy # vy for any v1 € K NIQ,,, which shows that T has no fixed point in K NOQ,.,.
Otherwise, if there exists a fixed point v; € K N 9Q,, such that Twv; = vy, then we have ||Tv1]| = |Jv1]],
which contradicts with (3.17). Combining (3.17) and (3.18), it follows from Theorem 2.1 that there exist at
least two fixed points of T in K N (2, \ Q,,) and K N (Qg, \ Q) respectively.

(d). For v; € K N9QR,, by the definition of G,,, we have

1 T ﬁ
on (1) = / p o /C,ﬁn,lfn (s,01(s)) ds | dr
0
1 i T N—1 kn
n sV
S/ “N—F, /Ckn—lG"dS dr
A 0 UN-1

1
_1 knén En
2\NCy!
~ L
<Grv, Vte|0,1].

Besides, by the definition of E,,, we get that for any v; € K N 0Qg,,
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,_.
I

o gN-1
n( =T = [ | % [ Spmrh Gl ds]  dr

k’!l
1 0 CN—l
4
kn N-1
z/ LN / S E,ds| dr
4\ 7 { CNy
4 4
1
=T, Ei",
then
. 1 1 1 1 =
i, vn(t) 2 lloall 2 Jon(7) 2 JTnEn™.

N L1 s
Thus for any ¢ € [%, %], we have %FnEr’f" < vp(t) < G . Repeating the above steps, we have iFiEik'i <

_ 1
vi(t) < G, for any t € [i, %], (i = 2,...,n). It follows from the assumption of E; that for any v, €
Kn 8930,

Tvl(i) =TTy Tn(vl)(i)

i P oGN-1
N%kl/s*El ds dr
T

1
ZrlElkl > RO,
which deduce that
|Tvi|| > ||v1]], v1 € K NOQR,. (3.19)

Moreover, since [[;  a; > [[i—, ki, [1—, B < [li—, ki, we know from Theorem 1.1 that there exist
sufficient small constant 74 € (0, Rg) and sufficient large constant Ry > Ry such that

[|Tvi|| < ||v1l]l, v1i€ KNONR, and |[|[Tvi]] < |lvil], v € KNoQ,,. (3.20)

Due to (3.19), we have Tvy # vy for any vy € K N 0Qp,, which shows that fixed point of T' can not exist
on K N 0Qpg,. Otherwise, if there exists a fixed point v; € K N 0Qp, such that Tvy = vy, then we have
[|Tv1|| = ||v1|], which contradict with (3.19). Thus, basing on (3.19) and (3.20), it follows from Theorem 2.1
that there exist at least two fixed points of T in K N (Qg, \ Qr,) and K N (Qp, \ Qg,) respectively.

Remark 3.1. If we do not prove Tv; # vy for any v; € K N 9Q,, in the proof of (c), by taking 0 < ro <
rg < r’ < Ry, there also exist at least two fixed points of T: v1 € KN (ﬁro \ QTQ) and vo € KN (534 \ Qr/).
Similarly, if we do not prove Tvy # vy for any v1 € K N 9dQg,, we can alternatively take 0 < 74 < R’ <
Ry < Ry such that v1 € KN (ﬁR/ \97-4) and v € K N (ﬁRz \QRO)- O
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4. Uniqueness and nonexistence

In this section, we study the uniqueness and nonexistence results for a special case of the system (1.1)
where the nonlinearities are power functions with respect to u.

4.1. Uniqueness

In [12], the authors gave a proof of uniqueness and approximation by iterations of the solution to a
general Dirichlet problem of Monge-Ampere equation. Here, we will use their method to prove Theorem 1.3.
We first introduce the definition of ug-sublinear operator and a corresponding existence result.

Definition 4.1. Let P be a cone from a Banach space Y. With some uy € P positive, A : P — P is called
up-sublinear if

(i) for any x > 0, there exist positive constants 6 and 82 which depend on z, such that
thuo < Az < Oauo;

(ii) for any O1up < = < Baug and 0 < € < 1, there always exists some 7 > 0 such that

A(gr) = (14 n)EAz.
Lemma 4.1. An increasing and ug-sublinear operator A can have at most one positive fized-point.
The proof can be found in [12], we omit it here.

Proof of Theorem 1.3. Let X := C[0,1] and cone P := {v € X : v(t) > 0,t € [0,1]}. It is easy to see that
K C P, where K is defined in (2.3). We define T; (i = 1,...,n) and composite operator T = T1T5 - --T,, as
in Section 2. The existence of nontrivial radial convex solutions to system (1.2) is obtained in Theorem 1.1
and therefore investigate T has at most one fixed-point in K is enough. By Lemma 4.1, it suffices to verify
that T': K — K is an increasing and wug-sublinear for some ug positive in C[0,1]. By the definitions of T,
it is clear that each T; (i = 1,...,n) is a increasing operator, so is the composite operator T, then we just
need to prove that T satisfies the Definition 4.1.
Firstly, we show that T satisfies the Definition 4.1 (i).

1 A T N1 ﬁ
1 1 Ch

SHWH’“/ N | o ds) AT

t o Nt

ER

71
< T2 V3 L /TdT
1750 (chkvl ) |

1 T I’y 1

—R2 ko— U3

0 0
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<[[vs][¥1%5 (1 — 1)

My i
St E

I
II

i=1 %
Here, let up =1—1¢,t €[0,1) and 02 = ||v1]|l=1 %, then Tv1(t) < Oaug. Set

n—1
= v = Wiy v
9\ At Ky k1 k M= s TH
F s (-) i=1 K e — “ e 7’” ||U1|| “?:1 ki
: ki—1 - Ky —1
32 AMNCYZ] 4 NCy

be a positive constant which depends only on [|v;||. Next, let ¢ € (3,2) be a fixed number. Notice that
Tv1(t) is decreasing with ¢, we have for ¢ € [0, ¢),

k1 r sN-1 -
Tuy(t) >Tvi(c) = N m—TV2 (s)ds dr
J\7 ) ONo1
3 1

ky g1, 7
> —r S T 2
= <4’71NC]]%111> 32 QC || 2(”3)” !

)a-o.

where we use the fact ming<;<3 v(t) > 11]v|| in the above inequality which follows from (2.3) combining

with the concavity of v; (i =1,...,n) and v;(0) = 0. For ¢t € [¢, 1), we let

¢(r) = Nh /SN71(1*$)71 ds , T € e 1].

Notice that ((7) € Clc, 1] and {(7) > 0, 7 € [¢, 1] is well-defined, then (([c, 1]) is the image of a compact
set and so is compact which shows that it is both closed and bounded. So ¢([c,1]) has a positive absolute
minimum. Besides, by the concavity of v;(¢) (i =1,...,n) and v}(0) = v;(1) = 0, we have

vi(t) > v (0)(1 — 1), Vtelo,1]. (4.1)

Then we have for ¢ € [¢, 1),



J. Ji et al. / J. Math. Anal. Appl. 513 (2022) 126217 19

1 r -
kl SN_l 71
Tui(t) = - Ckl_1v2 (s)ds dr
t 0 N-1
: k T N-1 Y
SN—
Z/ Nikl / 1 (v2(0)(1 — )] ds dr
t T 0 C’N—l
11 r ﬁ
n k1 " 1 _
el <C'k11) / TN_kl/ M1 - )™ ds dr
N—-1 ) 2

k1

Pl ke [ sV 1 " ko\"
A B 72 q d v i 1—¢
0/ TN k> 0/ le?:f (4 |lvs|])7* ds T (C]k\:/'l11> Tren[lc%] C(r)( )

v

1

= il
17 B\ ™ ko Mk g\

=T F1k = = 1—t

[|T5(vq)]|F1%2 ( C}%Lf) ( DaC] 2 Tgl[gflué(ﬂ( )

>T4% min ((7)(1 —t).
T€|e,1]

Let #; = min {F (55— 3¢%) ,F4% min,cp.,1) ¢(7) ¢, then we have T (t) > 0 uo.

To verify the Definition 4.1 (ii), we have for any fjug < v; < foug and £ € (0,1), T1(€ve) =
f%iTl(vg), Ty(Ev3) = ngQ(Ug), .oy To(€v1) = €T, (vy). Notice that [T, vi < IIi., ki, then there
exists n > 0 such that

—

n
iy v

T(fvl) = TlTQ N Tn(ﬁvl) = T1T2 te Tn—l(g%%Tn('Ul)) == é‘HZ”Zl ki T’Ul Z (1 + ﬁ)fT’Ul

Thus T is a ug-sublinear operator and 7" has at most one fixed-point in K by Lemma 4.1 which shows
that the system (1.2) has a unique nontrivial radial convex solution. O

Remark 4.1. Note that we also use the convexity of u; = —v; (i = 1,...,n) in this subsection, namely, the
inequality (4.1).

4.2. Nonezistence
In the case of [}, v = [}, ki, we can get nonexistence result by contradiction.
Proof of Theorem 1.4. Suppose, to the contrary, that vy is a fixed-point of T in K, then Tvy = vg. It follows

immediately from the definition of 7" that vy is a concave function satisfying vo(1) = 0 and vo(t) > 0,t €
[0,1).
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On the other hand, for any v; € K, we have

<|lvz|[*
iy v
<lor[|[T=2ki = [loy]].
B
°1
Here, we also use the fact % # < 1 for the same reason in (3.1). Thus if we take v; = vy in the
N-—-1

above estimate, we have ||vgl|| is strictly larger than ||Tvg||. This contradicts Tvy = vg and concludes the
proof. O

1
k1

Remark 4.2. Due to the fact % (# < 1, we have a direct proof of the nonexistence theorem by
N-1

reduction to absurdity without using the fixed-point theorem in Theorem 2.1. Therefore, we can obtain the
nonexistence for k-admissible solutions of system (1.2) in the assumption of [];_, v = [, ki, (not just
for the convex solutions of system (1.2)).

5. Eigenvalue problem

In the previous section, we proved the nonexistence of nontrivial radial convex solution to the power-type
system (1.2) in a unit ball. Then by imposing a suitable condition on positive parameters of eigenvalue
problem (1.3), we can also get the existence of k-admissible solution in a general strictly (k — 1)-convex
domain. In this section, our main tool is the generalized Krein-Rutman theorem in [13].

We first recall some basic concepts:

Let E be a Banach space, M C E be a cone.

Definition 5.1. The cone M introduces a partial order in F by the relation

u < v if and only if u —v € M.
Definition 5.2. Define an operator A : E — E. Then

(i) A is called positive if A(M) C M;
(ii) A is said to be homogeneous if it is positively homogeneous with degree 1;
(iii) A is monotone if it satisfies © < y = A(z) < A(y);
(iv) A is called strong (relative to M), if for all u,v € Im(A) N M \ {6}, there exist positive constants &
and « that depend on u and v such that v — dv € M, v —yu € M.
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The following is the generalized Krein-Rutman theorem developed by Jacobsen in [13].

Lemma 5.1. Let E contain a cone M, A: E — E be a completely continuous operator with A|y : M — M
homogeneous, monotone, and strong. Furthermore, assume that there exists a nonzero element w, A(w) €
Im(A)N M. Then there exists a constant Ao > 0 with the following properties:

(i) There exists u € M \ {0}, with u = M A(u);
(it) If v € M\ {0} and A > 0 such that v = AA(v), then A = X.

For the convenience of the reader, we also present the existence theorems in [20,25].

Lemma 5.2. (see [20]) Let Q be a uniformly (k — 1)-conver domain in RN, k =2,...,N, ¢ € C°(Q) and
Y >0,€ LP(Q), forp > % Then there exists a unique admissible weak solution u € C°(Q) to the problem

S (D*u) =%, in Q,
U=, on 0f.

Lemma 5.3. (see [25]) Assume that Q is (k — 1)-convex, ¢, Q € C31, f € CYY(Q), and f > fo > 0. Then
there is a unique k-admissible solution u € C3(Q) to the Dirichlet problem

Sk (D*u) = f(z), inQ,
U=, on 0f).

Proof of Theorem 1.5. Let X be a Banach space C(Q) equipped with the supremum norm. Define a cone
P:={ue X :u(x) <0,Vx € Q}. Then by the Definition 5.1, we notice that the partial order induced by
P implies that u < v <= u(z) < v(z),Vx € Q.

Fori=1,...,n, wedefineT; : X — X, T; (wi+1) = u;, where u; is the unique admissible weak solution
of the problem

Ski (D2UZ) = |U7;+1 ’W, in Q, (5 1)
u; = 0, on Jf2. .
Notice that we denote u; := wu,y1 here. It follows from Lemma 5.2 that the admissible weak solution

Ti(uir1) € C°(Q)(i = 1,...,n). Define a composite operator T := T T ---T,, which is a completely
continuous operator. Next, we verify that T satisfies the assumptions of Lemma 5.1.

Due to the k-convexity property of the admissible weak solution and the boundary data, we have T(X) C
P, which implies that T is positive and the operator T maps P into itself. For ¢t > 0, we have

1 2

Tl(t’U,Q) = tETl(UQ), Tg(tu;g) = tETQ(’Ug% ey Tn(th) = t%Tn(ul)
Since the assumption [[;_, v =[]\, ki, we deduce that

ey vi

T(tuy) = tT=1% T (uy) = tT(uy),

which implies that T is homogeneous. By comparison principle in Lemma 2.1 in [20] and the definition of
T;, we get that T; (i = 1,...,n) are all monotone, so is 7. Finally, we just have to verify that T is strong,
that is, for all u,v € Im(T)N P\ {8}, there exist § > 0 and v > 0 such that u —dv < 0 in Q and v —yu < 0
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in Q. If u € Im(T) N P\ {6}, then there exists a function v € X \ {#} such that v =Tv =T T3 ---T,(v),
where u is nonzero k-admissible and strictly negative in {2 satisfying

Sk, (D?u) = o], in Q,
u =0, on 0f.

It follows from Lemma 5.2 that v = Tv € C°(2). Notice that v is also the solution of (5.1) satisfying
v € C%Q), we let v attains its minimum at zo € Q and G := max|v|"* = (—v(z0))”*, then we have
0 < || < G in Q. Cousider a function w which satisfies

Sk, (Dgw) =G, in €,
w =0, on 0f.

Then, it follows from Lemma 5.3 that w € C%%(Q). By comparison principle in Lemma 2.1 in [20], we have
w<u<0,inQand w=wu=0, on Q. Thus, for some small ¢t > 0, we have

u(x — tv) — u(x) < w(z —tv) —w(z)

0<
- —t - —1

, for x € 09,

where v is the unit outer normal vector field on 9S2. Take a limit in the last inequality, we have

0 < limeup MEZ M) u@) o wl@— ) —w()
t—0+ — 0+ ¥
:awu); for z € 092.
ov

With the same argument, there also exists @ € C%%(Q) such that

0 < limsup v(x —tr) —v(z) < lim sup Oz —tv) — o(x)
t—0+ - t—0+ —t
- (5.2)
:aw(x)’ for z € 092,
v
then by Hopf Lemma in [11], we have
—t —
i inf Y& U@ o aa, (5.3)
t—0+ —1

By choosing a sufficiently small constant d; > 0, we have

(u—d1v)(x — tv) — (u— d1v)(x)

lim inf
t—0+ —t
=lim inf uw —tv) —ulz) 01 lim sup vz =ty) — vlw)
10+ — P —t
>0, on 012,

where (5.2) and (5.3) are used in the last inequality. Since u,v are the solutions of (5.1) which satisfy
u=v = 0 on J. Then for x € 012, there exists a constant tg > 0 such that

(u—dv)(x —tr) <0, fort< to. (5.4)
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Now, (5.4) implies that
u—01v <0, inQy = {z € Qldist(z,0Q) < o},
where dist(x,00) denotes the distance from z to Q. For = € Q\ (,, we set

PR RNCIC))

> 0.
e\, v(T)

Fixing a constant § < min{d, d2}, then we have
u—0v<u—>06v<0, inQy and w—3dv<u—0dw <0, inQ\Q,,
which implies
u—o0v <0, in Q.
The same argument shows that there exists a constant v such that v — yu < 0 in . Now we have shown
that T is strong. Moreover, N'(T) := {u € P|T(u) = 0} = {0}.
Combining this with Lemma 5.1 (i), we obtain that there exists u} € P\ {6} and constant Ay > 0 such

that u = NT(u}) = XNT1Ta--Tp(u}). Let u = Tp(u}),...,us = To(u}). Then (uf,ub,...,u’) is a
solution of the following system

Sk, <D2(“1)> = (—u2)™, in Q,

Ao
Sk (D2u2) = (—u3)”, n Q.
Sknfl <D2un*1) = (_un>’Yn—1 7 in Q’
Sk (D2u”) = (—u)™, in Q,
Ui:()aizl,...,n7 Onaﬂ,

By Lemma 5.1 (ii), if there exist ug € P\ {#} and A\; > 0 such that ug = A\;T(ug), then A\; = Ag.
For this reason, the eigenvalue problem

Sy (D?u1) = A (—u2)™, in Q,
Sk, (D UQ) = (—u3z)”, in ,
(5.5)
Skn_y (D?up—1) = (—up)™™",  inQ,
S, (D*uy) = (—u)™", in Q,
u; =0,i=1,...,n, on 012,

admits a solution (k-admissible solution) if and only if A = A&,
Next, we prove that the system (1.3) has a nonzero k-admissible solution if and only if

n
1 =y i

=y T,k k
A A= N
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In fact, if (ui,...,u,) is a k-admissible solution of the system (1.3), then
Sk, (D?uy,) = Ap(—up),

which implies that

_ 1
Let an = )\n Fn Up, WE haVe Skn (D2’an) = (_ul)'Yn and

Tn—1

Skn,l(DQun—l) = )\n—l(_un)’yn_l = /\n—1>\nk" (_ﬂn)’yn_l-

By the same argument, we let

Tn—1

1
~ T Ekpn_1\ kp_1kn
Up—1 = )\nfvll )\n " Up—1,

n—1_
Hj:‘z Vi

1 72 —
~  _ \ k3 kok3 75 k4
U = )\2 )\3 )\n U9,

n—1

;=1 i
therefore we have Sy, _,(D?M,_1) = (—0,) ", -+, Sk, (D?uy) = )\1>\2% o A= (L) From the
previous discussion, we know that (5.5) admits a k-admissible solution if and only if A = /\’gl. So,
5
AR LI AR
- 07 v “ v

On the other hand, if A AJ% - Ai=2" = A we let X = A Ag2 - AM=2" | Then A = A%, which

implies that (5.5) has a k-admissible solution (u1, ..., u,). Define

H_lY'

1 2 i,,—?kl

* k kok: — i
wl = bz \F2ka ) iz Cug,

1 Tn—1
* _ YFEn—1ykn_1kn
Up—1 = )\nfl )\’ﬂ Up—1,

1
* _ ) kn
Uy, = Ap"" Un,.

£
n

Then (uy,u},...,uk) is a k-admissible solution of system (1.3). O
Remark 5.1. It is necessary to emphasis that if we define different composite operator, for example T :=
Ty---T,T1, ete, then we can let A be related to each k; (i=1,...,n). Here, we only take A= )\]51 for a

detailed explanation.

Remark 5.2. Here, we point out that our proof of the strong property of T is different from that in [28].
We overcome the difficult caused by the non-differentiability of solutions to degenerate k-Hessian equations
and find the corresponding sub-solutions equipped with the higher regularity. Thanks to the Hopf lemma
in [11] which applied to the non-differentiable function, we derive the proof.
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