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ARTICLE INFO ABSTRACT

Communicated by Connor Mooney In this paper, we establish a necessary and sufficient condition for the solvability of the real
(n — 1) Monge-Ampere equation det'/"(Aul — D?u) = g(x,u) in bounded domains with infinite

gSBC{ s Dirichlet boundary condition. The (n—1) Monge—Ampére operator is derived from geometry and

34B15 has recently received much attention. Our result embraces the case g(x,u) = h(x)f(u) where

35J66 h € C®(Q) is positive and f satisfies the Keller-Osserman type condition. We describe the
asymptotic behavior of the solution by constructing suitable sub-solutions and super-solutions,

Keywords: and obtain a uniqueness result in star-shaped domains by using a scaling technique.
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1. Introduction

In this paper, we investigate the (n — 1) Monge-Ampére equation
det!/"(Aul — D*u) = g(x,u), x € £, a1
with an infinite Dirichlet boundary condition
u(x) - +oo, as d(x) := dist(x,002) - 0, (1.2)

where det'/” denotes the nth root of det and g meets some natural regularity and growth conditions. In (1.1) and (1.2), 2 is a
bounded domain in R”(n > 2), u is the unknown function with D%« and Au being its Hessian matrix and Laplacian operator, I
denotes the n x n identity matrix and dist(x, d£2) denotes the distance function of the point x to the boundary 9. Since the solution
of (1.1)-(1.2) has infinite Dirichlet boundary value at the boundary, problems with infinite Dirichlet boundary conditions (1.2) are
commonly denoted as the boundary blow-up problem.

Letting 4 = (44, 4y,...,4,) and 2 = (4}, 4,,...,4,) be the eigenvalues of D>u and Aul — D’u respectively, it is obvious that
A=Y 4i 4~ Then the (n — 1) Monge-Ampére operator

det(4ul — D*u) = A, 2y -+ 1, = I @ +-+4_)

1<i) <e<iy_ 1 <n
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where iy, ...,i,_; € {1,...,n}.
The complex form of Eq. (1.1) comes from the Gauduchon conjecture [1] in complex geometry. The related complex Monge—
Ampere type equation has the form

n
0%u *u
e ((Z W) P = aziazf> =/ a3

k=1

see Tosatti and Weinkove [2]. This kind of Egs. (1.3) are closely related to the form-type Monge-Ampeére equations studied by Fu,
Wang and Wu [3,4], whose solutions are (n— 1)-plurisubharmonic functions in the sense of Harvey and Lawson [5-7]. In this paper,
we focus on the real setting to study Eq. (1.1). Following the recent study of the Dirichlet problem in the real case by Jiao and
Liu [8], we refer to (1.1) as a real (n — 1) Monge—-Ampére equation, which corresponds to (n — 1)-form Monge—Ampére equation in [2,9]
in the complex case. Since det(dul — D?u) = det D?u when n = 2, the real (n — 1) Monge-Ampére equation reduces to the standard
Monge-Ampére equation in the two dimensional case.

The boundary blow-up problem for the elliptic partial differential equations has been an interesting topic for a long time. To
our knowledge, it was first studied by Bieberbach [10] in 1916 for the boundary blow-up problem of two-dimensional semilinear
elliptic equations

{Au = f(u), in®, -
u(x) » +o0, asd(x)— 0,
where f(u) = ¢". This problem plays an important role in the theory of Riemannian surfaces with negative constant curvature. Later,
Rademacher [11] extended this result to the case n = 3 due to its application in physics. It was not until 1957 that such a problem
was considered for general nonlinearities in arbitrary dimensions. Keller [12] and Osserman [13] separately studied the problem
(1.4) and provided a necessary and sufficient condition on f for the existence of solutions in bounded domains. Since then, many
related problems have been proposed and studied, readers can refer to [14-18].

Motivated by geometric problems, Cheng and Yau [19,20] considered the boundary blow-up problem for fully nonlinear elliptic

equations

{ det D*u = g(x,u), in Q,

u(x) » +o0, asd(x)— 0,

(1.5)

where g(x,u) = b(x)eX* in bounded convex domains and g(x,u) = ¢?* in unbounded domains were studied, respectively. When
g(x,u) = b(x)uP, Lazer and McKenna [21] established an existence and uniqueness theorem for (1.5) in the case p > n and a
nonexistence theorem in the case 0 < p < n. Generalizing the result in [12,13] for the Laplace operator to the Monge-Ampére
operator, Matero [22] and Mohammed [23] treated the case g(x,u) = b(x)f(4) in bounded strictly convex domains. Their results
were extended to k-Hessian equations [24] and k-curvature equations [25].

Here in this paper, we investigate the boundary blow-up problem for the (n — 1) Monge-Ampére equation with general g(x,u) in
bounded domains. The existence, uniqueness, and asymptotic behavior of solutions u(x) to the boundary blow-up problem (1.1)—(1.2)
will be studied.

We say a function u € C2(Q) is (n — 1)-convex if the matrix

Aul — D*u>0
for every x € Q. An (n — 1)-convex function u € C%(£) is said to be a sub-solution of (1.1) if u satisfies
det'/"(Aul — D*u) > g(x,u), in Q. (1.6)

Note that (1.1) is elliptic with respect to (n — 1)-convex solutions. We will look for (n — 1)-convex solutions in C*®(£2).
Before stating the main theorems, we shall assume that g(x, z) € C®(2x [, +0)) (n € RU{—o0}) satisfies a subset of the following
conditions:

(G1) there exist h € C*(2) and f € C®[y, +0) such that

lim g(x, z)

= f(2)

= h(x) uniformly in 2
and

1 f(z) < g(x,2) <6 f(2) in X[y, +),

where ¢, ¢, are two positive constants;
(G2) g, >0in 2 x [1,+o0);
(G3) there exists a constant y > 1 such that g(x, fz) < p"g(x, z) for every p € (0,1) and z € [5, +).

The function f in (G1) will be further assumed to satisfy a subset of the following conditions:

(F1) f : R — (0,+) is non-decreasing (or f : [#,+o0) — [0,+00) is non-decreasing, f(n) =0, f(s) > 0 as s > n);
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(F2) the function
+oo n—1
¥Y(a) = / (F() -1 dt
a

is well defined for every a € [1, +o0), where F(t) = fy,’ fﬁ(s) dsif y €R, and F(t) = /0' fﬁ (s)ds if n = —c0.

The condition (F2) can be regarded as the Keller-Osserman type condition for (n — 1) Monge—Ampére equation, see [18] for the
detailed discussion. Conditions (F1)-(F2) can include two special kinds of nonlinearities

f(Z)=a+e”? @>0,b6>0), and f(z)=k(z—n? (k>0,p> 1).

The former one allows f to be increasing and strictly positive in R. The latter f is increasing and positive for z > n and f(y) = 0.
These two particular nonlinearities correspond to the two alternative cases in condition (F1).
Now, we establish the main results of this paper.

Theorem 1.1. Let 2 be a bounded, strictly convex domain with smooth boundary 0. Assume that (G1), (G2) and (F1) hold, then there
exists an (n — 1)-convex solution u € C*(£) of the problem (1.1)—(1.2) if and only if (F2) holds.

Since 2 is a bounded domain in R” with C? boundary, there exists R, > 0 such that for any y € 42, B r, (X)) C Qwith y € 0Bg, (x))
and x; € Q. Furthermore, since € is strictly convex, there exists R, > 0 such that for any y € 9, Bg,(x,) D 2 is tangent to 02 at
y and x, € R". Then we can characterize the boundary blow-up rate of u(x) in terms of the distance of x to <2.

Theorem 1.2. Let Q2 be a bounded, strictly convex domain with smooth boundary 0£. Assume that (G1), (G2), (F1) and (F2) hold. Then
for any (n — 1)-convex solution u of the problem (1.1)—(1.2), there exist positive constants R;, R, such that

[C?a(")Rl] ﬁ < liminf Fu) < limsu ¥ (u(x))

00 dx)  oxeog dX)

< [cha(n)R,] i .7

@n—1y!

where a(n) = T

d(x) = dist(x, 082), ¢, ¢, are the constants in condition (G1), and ¥ is the function in condition (F2).
In Theorem 1.2, the limit lim,_, ;5 % exists provided that £ is a ball.
When Q is a bounded star-shaped domain, we state the uniqueness of the problem (1.1)-(1.2) under the (G3) condition.

Theorem 1.3. Suppose Q2 is star-shaped (with respect to a point x, € £2) and g satisfies (G3), then the problem (1.1)—(1.2) has at most
one (n — 1)-convex solution.

A direct consequence of Theorems 1.1 and 1.3 is that there exists a unique (n — 1)-convex solution u € C*®(Q) of the problem
(1.1)-(1.2) in a bounded, strictly convex domain Q with smooth boundary 922 when (G1), (G2), (G3), (F1) and (F2) hold, see
Remark 5.1.

Building upon the work [8] for the finite Dirichlet boundary value problem, this paper delves deeper into the infinite Dirichlet
boundary value problem for real (n — 1) Monge-Ampeére equation in the bounded strictly convex domain, using a Keller—Osserman
type condition in [18]. The key point is to construct sub-solutions based on the strict convexity of the domain. A highlight of this
paper is that the (F2) condition is not only a sufficient condition for the existence of (n — 1)-convex solution but also a necessary
condition for the existence of (n — 1)-convex solution.

The paper is organized as follows. In Section 2, we recall the existence result of the Dirichlet boundary value problem for the
(n — 1) Monge-Ampeére equation in [8] and comparison principle in [26]. A computation on the determinant is also presented as
a lemma, which will be used to construct sub-solutions in the subsequent sections. In Section 3, we first obtain a uniform upper
bound of solutions to (1.1) in any bounded domain. Then we establish a necessary and sufficient condition for the existence of radial
solutions to the problem (1.1)—(1.2) in a ball and their explicit asymptotic estimates. In Section 4, we prove that the condition (F2)
is the necessary and sufficient condition for the solvability of the problem (1.1)-(1.2) in strictly convex domains, based on the
construction of suitable sub- and super-solutions. In Section 5, we establish the asymptotic behavior of the problem (1.1)-(1.2) near
the boundary in terms of the distance of x to 0£2, and further prove the uniqueness result under the condition (G3) in star-shaped
domains.

2. Preliminaries

In this section, we present some preliminary lemmas and propositions that will be useful in the subsequent sections.

We consider the Dirichlet problem
det!/"(Aul — D*u) = g(x, u), in Q,
( ) = g(x,u) @1
u(x) =k, on 042,

where k is a positive integer. The existence of classical solutions for the problem (2.1) can be found in [8], where the right hand
side term g also depends on Vu. In particular, we state the existence result for problem (2.1).
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Lemma 2.1 (Existence). Let 2 be a bounded domain with smooth boundary 042, and g be a positive smooth function satisfying (G2). Assume
that there exists an (n — 1)-convex sub-solution u € C%(Q) satisfying (1.6) with u = k on 09. Then there exists a unique (n — 1)-convex
solution u € C®(£2) of the problem (2.1).

In [8], the existence of solutions to (2.1) was proved by the continuity method and degree theory under the assumptions that u
—g,(x,2)

’
is a sub-solution and g satisfies sup, ,coxr Tz) < oo. In addition, the uniqueness of the solution can be obtained by (G2), and in

o
Lemma 2.1 the condition (G2) naturally implies that sup(, ,)coxr % < o holds.
Under condition (G2), the comparison principle holds for the (» — 1) Monge-Ampeére Eq. (1.1). For convenience, we present a

comparison principle for general second-order elliptic partial differential equations, namely Theorem 17.1 in [26].
Lemma 2.2 (Comparison principle). Suppose F[u] := F(x,u, Du, D*u) is a real function defined on the set I' = Q@ x R x R" x R™", we
denote (x, z, p,r) as a point in T. Let u,v € C>(£2) N CO(Q) satisfy F[u] > F[v] in 2, u < v on 0%, if

(i) the function F is continuously differentiable with respect to the z, p, r variables in I';
(ii) the operator F is elliptic on all functions of the form 6u+ (1 —6)v, 0 <6 < 1;
(iii) the function F is non-increasing in z for each (x,p,r) € 2 X R" x R"™",

then we have
u<v, inQ.

If for any positive integer k, there exists an (n — 1)-convex sub-solution u, € C%(Q) satisfying (1.6) with u, = k on 9Q, by
Lemma 2.1, there exists a unique (n — 1)-convex solution u, of the problem (2.1). Then we have a family of solutions u;, € C*(£2),
k =1,2,.... Based on the existence result in Lemma 2.1 and the comparison principle in Lemma 2.2, we get the following observation
on the solution of (2.1).

Proposition 2.1. Let 2 be a bounded domain with smooth boundary 042, and g be a positive smooth function satisfying (G2). Assume
that there exist (n — 1)-convex sub-solutions u,,u, 41 € C%(Q) satisfying (1.6) with u, =k ondQand u, 4 = k+1onadQ, respectively.
Then there exist (n — 1)-convex solutions u;,u;,; € C®(R2) of problem (2.1) satisfying u; = k on 02 and u;; = k + 1 on 0%, respectively.
Moreover, we have

u, <uypyp, in Q.

Proof. Under the assumptions of 2, g, and the sub-solutions u,,u, 4 € C2(), the solutions u,u,,, € C®(£2) can be obtained

immediately from Lemma 2.1. Let F[u] := F(x,u, Du, D*u) = det'/"(AuTl —D?u)—g(x,u). It is clear that F is elliptic with respect to (n—1)-
convex functions. Due to g/(x,z) > 0 in 2 X R, the function F is non-increasing in z at each point x € Q. Since Flu;] = Flu;,1=0
in Qand k=u, <ug,; =k+1 on oR, it follows from Lemma 2.2 that u; < u,,, in Q. [J

Proposition 2.1 shows that u, is non-decreasing in k. In fact, the non-decreasing monotonicity of u, with respect to k still holds
even if k is a general positive constant, (not just a positive integer).
Finally, we provide a computation of the determinant that will be helpful in constructing sub-solutions in Section 4.

Lemma 2.3. Let u be a C? strictly convex function in an open set 2 in R", let ¢ € C? be a function defined on an interval containing the
range of u. If w = ¢(u), then

det D*w = [(¢' )" + ¢" (u)(¢' )"~ (Dw)" (D*u)™" Du] det D*u, in £, (2.2)
where AT denotes the transpose of matrix A.
Proof. For any point x € Q, by rotating the coordinates, we let

Du(x) = (uy (x),0,...,0), uy, (x) = uy, ()5; fori,j=2,....n,
where §;; denotes the usual Kronecker delta. Then at the point x, we have

Wy, () = @ @i, () + & Wy, (o),
Wy, () = Wy () = @' Wty () = ¢/ @y (x) fori=2,....n,

Wy, (x) = ¢’(”)“x,x[ (x)8;; fori,j=2,...,n,
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2 .
where u, = 2 andu, . = -2, i j=1,...,n The determinant of {w,_ } can be expressed as
i 0x; iXj 0x;0X; i*j
"2 / ’ ’ ’
¢ uxl +¢ Uy x, ¢ Uy x, ¢ Uy x; P Uy x,
’ ’
¢ Uyyx, ¢ Uy, x, 0 0
det D*w = ’ ’
¢ Uysx, 0 ¢ Uysxs 0
d'u 0 0 o Qlu
XnX1 XnXn
"2 / ’ ’ ’
¢ ux| ¢ Uyix, ¢ Uy x, d”uxlxl ¢ Uxixy ¢ Uy xy (2.3)
’ ’ ’
— 0 ¢ Uyyxy, 0 + ¢ Uyyx, ¢ Uyyxy " 0
’ / ’
0 0 P Uy, x, ¢ Uy, x, 0 P Ux,x,

= ¢" W@ )", ]l Uy, + (@ W)" det D*u

= ¢ @@ @)k 12+ (¢ @) det D

where up L denotes the cofactor of the (i, j)-th entry of the matrix {u, X/} for i,j =1,...,n. Since u is strictly convex and the matrix
XX . . L
{uy,x, } is symmetric, we use the formula for the inverse of a matrix to deduce

n

uw  u? = (det D*wyu*1™1u? = det D*u Z ux'xl'ux’ Uy, = (det D*u)(Dw)" (D*u)~! Du, 2.49)

X1Xp - Xg X1
ij=1

at x, where {u*%/ } is the inverse of the matrix {”xix,} for i,j = 1,...,n. By substituting (2.4) into (2.3), we thus get (2.2). []

Note that the formula (2.2) in Lemma 2.3 is already used in [23]. An alternative proof of Lemma 2.3 can be found in [21].
3. Blow-up estimates in a ball

In this section, we present three lemmas on radially symmetric solutions of (1.1) when g(x, z) is independent of x and 2 is a ball
of radius R. In Lemma 3.1, we give a uniform upper bound for this solution. As a consequence, in Lemma 3.2, a radial solution of
(1.1)—(1.2) exists if and only if condition (F2) holds. Finally, we establish an explicit version of the blow-up rate of a radial solution
to (3.1) in Lemma 3.3.

We study the classical radial solution of the problem (1.1)—(1.2) with g depending only on « in a finite ball BR(0), R < . Setting
r = |x|, the corresponding problem of (1.1)-(1.2) can be written as

{detl/"mu(r)l —D*u(r) = f(u(r), rel0,R),

u(r) = +oo, asr— R.

3.1

Lemma 3.1. Assume (F1) and (F2) hold, then for every (n— 1)-convex solution of det'/"(4vI — D?v) = f(v) in a ball B (0) with constant
value a > 0 on the boundary, there exists a decreasing function ¢(6) with lim_, {(6) = +oo such that

vir)<E(R-r), x€L. 3.2

Proof. We consider the Dirichlet boundary problem:

{detl/"(AvI - D%v) = f(v), in BR(0),

(3.3)
v(x) = a, on 0Bg(0),

where f is defined as in (G1). In fact, the existence and uniqueness of (n — 1)-convex solution v € C®(B(0)) of (3.3) is guaranteed
by Lemma 2.1 under the existence of a strict sub-solution v to (3.3). More specifically, this strict sub-solution has the form

n=1

R o2y t n e
g(r):a—/ i [/ ns" U (f(@) + DT ds|  di, re(0,R), (3.4)
r 0

n—1

which satisfies (3.3) with f(v) replaced by f(a) + 1. We notice that v must be a radial function. Otherwise, if v is not spherically
symmetric, a different solution could be obtained by rotating v, which contradicts the uniqueness of the solution. Therefore
v(x) = v(r), r = |x|, r € [0, R]. Since v is a function depending on a, we can define a function {(5) by

£@) = C(R=r) = lim v(r),
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where § = R — r. Then lims_4¢(6) = lim,_,, v(R) = +oo. Since f satisfies (F1), it follows from Proposition 2.1 that v is a
non-decreasing function of a. For every a, we obtain the desired inequality (3.2) at each point in B(0).

It remains to show that ¢(R — r) is finite so that (3.2) is not trivial, and that {(6) is a decreasing function of §. To this end, we
must examine v, the solution of (3.3). With some proper calculations, we can see that v satisfies

/
(-2 <v”(r> r-n2t )> = "), re©.R), 3.5)
v'(0)=0, and v(R) =a. (3.6)

We see that each « uniquely determines the initial value v(0). In this sense, we can regard v(0) as a function of a, which is increasing
in a. Therefore « itself is uniquely determined by v(0). Thus we can replace v(R) = « in (3.6) by v(0) =: §,. Setting

vy = aEToc by = hrn v(0),

we shall show that v(R) = +oo for some finite v,
@2n=1)(n-2)
Multiplying by r~ »-1 0'(r), we can rewrite (3.5) in the form

(20 (r) "] 7T /)

[ 2n= 1]’ om—1 (Zn l)(n 2)
(n— l)n 1 (3.7)

e (O]
(n—1)n1
Integrating (3.7) from O to r and taking the first equality in (3.6) into account, we have
(2 ’(r)) == [ =3 F(o(r)) — (2n = 3) / 121 4F(U(t))dt] (3.8)
(n - l)n [

Since the integral term in (3.8) is positive, we can obtain
1
V() < [atmyr(F(u(r)"~"] 7

1
which provides a lower bound for r2=-T,

la(yr] 5T > [F()] 31 0/ (r), 3.9)
where a(n) = &= 11);” In order to get an upper bound for r2n]7—l, by rewriting (3.5) we get

[(,n 2 (ryy i ] =—" ), re O R). (3.10)

(n— 1)1
From (3.10), we get
2 r vl
Ji =L </ ns" 1 (f(u(s)) T ds> " (3.11)
n-— 1 0

According to (F1), we see that /(r) > 0 for r > 0. Thus, v is a non-decreasing function. From (3.11) and (F1) it follows immediately

V)  fr)

€ (0, R). (3.12)
r n
Substituting (3.12) into (3.5), we get

4 , L
oo (Y2) 7 = (o) T -a-n (92)

> (ﬁ)i LF ()T

Multiplying both sides of the above inequality by o/(r), we have

[(v’m)%] > 2=l (L) P )

n—1 \n-1
Integrating the above inequality from 0 to r and using the first equality in (3.6), we get

n—1

vz (?T_ll)ﬁ (,111)ﬁ [/Orsni*lF’(u(s))ds]m
- (20T ()T = oo - A5 [ 2'F(U(s))ds];”_ll

(3.13)
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2-n
Noticing that v(r) is convex in Bg(0), then the term s~! F(v(s)) is non-decreasing for 0 < s < R, so is s1 F(uv(s)). By (3.13) we have

oz (BT () [ -

n—1

1 lrﬁ Fe)| ™

n
= [byr(F )| 7T,

which shows that

[b(n)r]ﬁ < [1"(11(r))]72n"%]l o' (r), (3.14)
n—1)(n—2)]""!
where b(n) = %
Integrating (3.9) and (3.14), we have
L o) _ml T
[b(n)] 2n-1 / t2-1 dt < / (F(t))” -1 dt < [a(n)]2n—T / t2n=1 dt. (3.15)
0 & 0
From (3.15) we have
. _ 2n-1 2n—1
o(r) el 2n o(r) el 2n
c(n) / (F()) 2T dt <r<Cn / (F(1) -1 dt ) (3.16)
L/ %o ] oo
2n—1 1 2n—1
where ¢(n) := [a(n)]"ﬁ(zjf1 )2n ,and C(n) := [b(rz)]_ﬂ(zjf1 ) 2n . Letting r > R in (3.16) and a —» +o0, we get
_ _ 2n—1 2n—1
+oo n—1 2n +o0 n—1 2n
c(n) / (F(1) -1 dt <R<Cm [ / (F(t)" 21 dt] . (3.17)
|/ vo i Yo

If vy = +o0, by (F2), the integral f;(;“’(F (t))fﬁ dt = 0, which contracts with the second inequality in (3.17). Then we know that
vy < +o0. We have proved that a = v(R) is infinite for some finite v,.

We can see that for each value v,, v becomes infinite at some value of r in the range shown by (3.16). Let us denote by 5(v,)
the corresponding value of r when v becomes infinite.

The function 6(v,) is continuous and non-increasing. If it increases, then two solutions corresponding to different values of v,
must equal some value of r. However, this is impossible because the solution of the ordinary differential Eq. (3.5) with prescribed
values on the sphere is unique. For r = §(v;), letting a — +o0 in (3.16), we have

-1 -1

+oo n=1 E +oo n=1 E
c(n) [ / (F(t))” 1 dt] <r<Cm [ / (F(t))" 21 dt] , (3.18)

Yo Yo

n—1 n—1
By (F2), the integral fl):‘x’(F(t))_m dr — 0 as vy — +oo. Thus, according to (3.18), 6(v,) has the same behavior as [L J;”(F(t))_m dr,
that is

lim 6(ug) = 0.
vy—+oo

We now define ¢(6) as the “inverse” of 6(v,), namely, ¢(§) = min{vy|6(vy) = R}. This function is the desired ¢(5) of this lemma,
which is decreasing and satisfies lim;_, {(§) = +o0. Thus, we complete the proof. []

In Lemma 3.1, we get a uniform upper bound estimate for v that satisfies det'/"(AvI — D?v) = f(v) in a ball with prescribed
constant boundary, which is an extension of the result of Keller [12] for the Laplace operator to the (n— 1) Monge-Ampére operator.
The next lemma shows that the condition (F2) is a necessary and sufficient condition for the solvability of the problem (3.1).

Lemma 3.2. Assume f satisfies (F1), the problem (3.1) admits an (n — 1)-convex solution if and only if (F2) holds.

Proof. Sufficiency. Indeed, by the argument in Lemma 3.1, if (F1) holds and v exists as in (3.4), then (3.3) admits a unique (n — 1)-
convex solution v, € C®(Bg(0)) for any constant a. This solution v, is radially symmetric. Otherwise, we could get another solution
by rotating v,, but by comparison principle, v, is unique. Moreover, by Proposition 2.1 the sequence {v,} is increasing in « at every
point of Bg(0). If f satisfies (F1) and (F2), then Lemma 3.1 shows that all of the {v,} are uniformly bounded above (in «) at each
point x in Bg(0). By Theorem 1.2 in [8], we get an estimate of the C?-norm of v,,

||Ua||c2(_éf) <C,

where the domain £’ is any closed subdomain of Bg(0) that does not contain a point of 0 Bx(0), the constant C depends on [Velc1(6rys
V]2 @'y | flc2 and inf f. Thus the Arzela-Ascoli theorem asserts that there exists a subsequence {vg, 172, of {v,} which converges
uniformly to a limit v. Since {v,} is (n — 1)-convex radial solution of (3.3) and the convergence Vg, (x) = v(x) holds in C?(Bg(0)),
then the limit v € C%(Bg(0)) is an (n — 1)-convex radial solution of (3.3). As x approaches dBz(0), v(x) increases infinitely, since
v, = a becomes infinite on dBy(0). Thus v is the desired solution of the problem (3.1).



J. Jietal Nonlinear Analysis 250 (2025) 113669
Necessity. Assume on the contrary that there exists a, >  such that
4 n—1
D(1) = / (F(z)) 2n-1 dt - 400, ast — +oo, (3.19)
ao

and (3.1) admits an (n — 1)-convex solution v. We assume a, > v(0). From Step 3 of the proof of Theorem 1.1 in [18], we know that
(F1) and (3.19) imply the Cauchy problem

n—1
n

W= ( /0 s £ () ds) . ref.e). (3.20)
u(0) = ay,

admits an entire solution u(r) € C2[0, ). In other words, u(r) is a radial solution to the equation in (3.1) and can be extended to
the whole space, where R = o. According to (F1) and (3.20), u is positive and bounded in Bg(0). By comparison principle, we get
u < v in Bg(0), which contradicts the fact that u(0) > v(0). [

We can characterize the boundary blow-up rate of v(r) to the problem (3.1) in terms of R — r as follows.

Lemma 3.3. Let v(r) be a solution of problem (3.1), if (F1) and (F2) hold, then

¥ (u(r)

1
lim = [a(n)R] 2T ,
—-r

r-R

@2n—1)n~1

where a(n) = i

Proof. By Lemma 3.1, we have that (3.5) and the first equality in (3.6) hold, and that v(R) = +oco. Thus, from (3.7), we can also
obtain (3.9). Integrating (3.9) from r to R, we get

u(R) n—1 1 R 1
/ (F(@®) -1 dts[a(n)]m/ 3T dt

) (3.21)
1 -
= [a(n)] T 2"2 LRats = o).
2n 1
Since lim,_, % = 2311 R2-1 and v(R) = +oo, from (3.21) we obtain that
lim sup ———2 (”( )) < la(mR]5 . (3.22)

r—-R
To prove the reverse inequality, we use (3.7) again, but this time we integrate the equality from r; to r. For 0 < r; <r < R, we have

-1

(720 0) 7T = (420 ) T+ Layr / P ),

r

namely

2n—1 _ r n-2 , n—1 %] r 1 2m=3 ,
(/@) =T [(7) v(rl)] +[a(n)r] /1(’) F'(u(t) dt

2n—1

n=2 n—
= (%) u’(rl)] " L) T [Foe) - Fe))] (8.23)
r 2n-3
+ [a(myr) / [(5> - 1] F'(o(r) dr.
r r
It is readily checked that the last integral in (3.23) is negative. Moreover, we have
r 2n-3 Fqi\2n=-3
/r. [(;) - 1] F'(0() di| < [1 - (K}) ] [Fu() = Fo(r)))] . 324
2n-3
Then for any ¢ > 0, we choose r| such that 1 — (%) < . Substituting (3.24) into (3.23), we have
et 2 2n—1
2n=1 n— n—1 1
(V)T = [(’71) Ur(rl)] + [a(m)r]=T (1 =€) [F(v(r)) — F(u(r))] (3.25)

> [a(n)r]ﬁ (1 -8 [Fw(r) - Fw(r))], r<r<R

Since F(v) is increasing function with F(v) — +o0 as v — 40, for € > 0, there exists r, > 0 such that

F(u(r)) > 16;8F(U(rl)), r> .
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Then for max{r,r,} <r < R, (3.25) yields

(V) T 2 [a(mr] T (1 = 26)F(r)),
which shows that
()] 31 ' (r) > [a(m)]) 5T (1 = 2€)31 5T (3.26)

Integrating (3.26) from r to R, we get

v(R) -l i -1 R
/ [F(D]” 21 dr > [a(m)] 21 (1 —2e)ﬁ/ 13T dt
o(r) r (3.27)
1 n—1 — 2n 2n
= [a(m) 57 (1 = 26) 301 =L rats — p3i),
2n

When r| is close enough to R, there exists r, sufficiently close to R such that € — 0. Since ¢ is arbitrary and v(R) = +o0, by taking
the limit on both sides of (3.27), we obtain
¥ ((r)

R-r

lim inf > [a(n)R] = . (3.28)

r—=R
Combining (3.22) and (3.28), the proof is done. []

4. Existence

In this section, we give a proof of Theorem 1.1, which states that the condition (F2) is a necessary and sufficient condition for
the solvability of the boundary blow-up problem (1.1)—(1.2).

Proof of Theorem 1.1. First, we prove the sufficiency. From Lemma 2.1, we can see that (2.1) admits a solution u, € C®(Q),
provided that there exists a corresponding sub-solution u € C%(Q) satisfying

det'/"(Aul — D*u) > g(x,u) in Q, ulyo =k, 4.1

for k € Z*. Therefore, there exists a sequence {u }$°,, which is increasing with respect to k in Q in view of Proposition 2.1. Indeed,
we can prove that such sub-solution u in (4.1) exists for each k € Z* under the strict convexity of the domain Q.
Since Q is a bounded, strictly convex domain in R” with smooth boundary, from Theorem 1.1 in [27], there exists a unique

strictly convex solution w € C®(£2) satisfying
det D’y =1in 2, o =0. (4.2)

Thus y can be referred as the defining function for £ such that y = 0, Dy # 0 on 022 and the matrix {llfx,x,} is positive definite in
Q. Then no eigenvalue of {V’x,xj} can be zero at any point of 2 and the trace of {llfx,x,} is positive in Q. By maximum principle,
v < 0 in Q and the eigenvalues of {V’x,-xj } are strictly positive in Q. Therefore, there exists a positive constant a such that

{V’x,-x,} >al, in Q.

We take

u=k+puE¥ -1, (4.3)
where u and p are positive constants to be determined. Then
u=k, onoQ 4.9

automatically, and the (i, j)th entry of the second derivative of u is

U, = upe™ (W, + pw ), in Q. (4.5)
According to Wy,x, > 0, we see from (4.5) that U, > 0 in @, that is u is strictly convex. By the definition of (n — 1) Monge-Ampére
operator, we deduce that

det(Aul — D*u) > det D’u, in Q. (4.6)
By Lemma 2.3, the determinant of D?u can be written as

det ng = (upe )" det D>y [1 + p(Dl[/)T(Dzl//)_lDl//] , in Q.

Note that the matrix {y !

L)

} is strictly positive in £, it can be inferred that there exists a constant & > 0 such that

(D) (D*y) ' Dy 2 & Dy, in Q. “.7)
Then we have

det D?u > (upe™)" [1+ pa|Dy|*], in @, (4.8)
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where (4.2) and (4.7) are used. Furthermore, according to conditions (G1) and (F1), we see that
gx,w) < ey f(w) < ¢y f(k), in R, (4.9

where ul,, = k and the strict convexity u are used. Since y < 0 in £, we can first fix p to be some positive constant, and then choose
u sufficiently large, such that

(pe™ )" 1+ pal Dy ?] 2 i f"(K),  in . (4.10)

Combining (4.4), (4.6), (4.8), (4.9) and (4.10), we have proved that u in (4.3) is the required sub-solution satisfying (4.1).

Next, we show that the sequence {u e, is uniformly bounded in Q. For each y € 9(2, since Q is a bounded domain in R” with
C? boundary, there exists R, > 0 such that By ,(xp) € Q with y € 9Bg, (x)) and x; € Q. It follows from Lemma 3.2 that there exists
a solution U(r) of the problem

{detl/"(AU(r)I — D) =c; fUF), rel0,R),

U(r) - +oo, as r = Ry,
where r = |x — x,|. Note that U(r) is an increasing function. Define a function U as

oo U (), if dist(x,0Q) > R,,
xX) =
U(R; - dist(x,09)), if dist(x,d9) < R.

Since the same radius R, may be used for every boundary point y € 3£, we can use the function U defined above as a uniform

upper bound for {uk}z"=l where u; solves (2.1), that is

u(x) < U(x) (4.11)
at each point in £ and for every k € Z*. By Theorem 1.2 of [8], we get an estimate of the C?(£2)-norm of u,,

llullc2ay < C,

for each k € Z*, where the constant C depends on luglcrgys 1ulea @ |flc2 and inf f. We remark that minu; < minu, in Q for every
k € Z*, and by (4.11), we obtain a uniform bound with respect to k. Thus the Arzela-Ascoli theorem implies the existence of a C?
function u and a subsequence {u,, } that converges uniformly to u in every closed subdomain of Q. By Lemma 2.1, u; € C®(Q) is
(n — 1)-convex solution of (2.1), then the limit u € C2(2) satisfies

det'/"(Aul — D*u) = klim detl/”(Auka - D’u )= klim g(x,up ) = g(x,u), in Q.
;=00 ! i i =00 !

From the standard elliptic theory it follows that u € C*(£). When x is close to the boundary, the value of u increases infinitely
since u; = k becomes infinite on 02 as k - +oo. Thus u € C®(Q) is the desired solution of the problem (1.1)-(1.2).

Finally, we prove the necessity, which is similar to the necessity proof in Lemma 3.2. We assume on the contrary that there
exists a constant g, > 5 such that (3.19) holds and the problem (1.1)-(1.2) admits an (n— 1) convex solution u € C*®(). For x, € £,
let r = |x — x¢| and ay > u(x(), under (F1) and (3.19), the Cauchy problem

n—1

( / 'ns"-lf#w(s»ds)T . ref0,00),
0

2—n

W' (r) = Cor
n—1
w(0) = ay,

has an entire solution w(r) € C2[0, o), where ¢, is the constant in (G1), see Step 3 of the proof of Theorem 1.1 in [18]. Since (F1)
and (3.19) hold, it follows from Theorem 1.1 in [18] that there exists an entire sub-solution w € C%(R") with w(x,) = a, satisfying

det'/"(AwI — D*w) > ¢, f(w), in R". (4.12)
Using (G1) in (4.12), then w satisfies
det'/"(AwI — D*w) > g(x,w), in Q. (4.13)

Since w € C%(Q2), u € C*(R) satisfying u — +oo as d(x) — 0, and w(xy) = a, > u(x,), there exists an open subset D containing x,
such that D c Q and

u(x) <w(x)in D and u(x)=w(x) on dD.
On the other hand, u satisfies
det'/"(Aul = D*u) = g(x,u)in D and u(x) = w(x) on oD.

By Lemma 2.2 and recall (4.13), we obtain w < u in D, which contradicts w(x,) > u(x,). Thus we prove the necessity.
In conclusion, we complete the proof of Theorem 1.1. []

Remark 4.1. By constructing the family of solutions u, € C®(Q) and the comparison principle, the limit « is the smallest large
solution of the problem (1.1)—(1.2), that is u(x) < u*(x) in Q for every solution u* of the problem (1.1)—(1.2).

10
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Remark 4.2. Note that in the proof of the sufficiency of Theorem 1.1, we can remove the strict convexity condition of the domains,
provided that we alternatively assume that there exist strict sub-solutions u, € C%(Q) of Egs. (1.1) with u, = k on 9L for each integer
k.

5. Asymptotic behavior and uniqueness

In this section, we establish the asymptotic behavior of solutions in smooth strictly convex domains. In addition, in star-shaped
domains, we prove the uniqueness of solutions under the condition (G3).

By giving upper and lower bounds and applying Lemma 3.3, we prove the boundary asymptotic behavior of boundary blow-up
solutions of (1.1).

Proof of Theorem 1.2. Let x be a point in 2 near the boundary. For y € Q2 such that d(x) = |x — y|, since Q is bounded strict
convex with smooth boundary, there exist positive constants R; and R, such that By (x;) C 2 C By, (x;) with y € dBg N 0B,
where x; € 2 and x, € R". For £ > 0, we consider the following boundary blow-up problems in balls By, _, and Bg,,.:

{detl/n(m)j(x)] — Dzui(x)) = clf(uf1 (x)), X € BR]_S(xl), .1
5 (x) = +o0, x = 0Bp _.(x)),
and
{detl/"(m;;(x)l — DME(x)) = ep f (U5(x)), X € Bpy(x2), 5.2
Ug(x) — 400, x = 6BR2+£(x2).

Let L* denote a ray going from x to y, and let x{ and x denote the points in L*NdBg _, and L*NdBg,,,, respectively. The boundary
blow-up estimates of the solution u of the problem (1.1)-(1.2) are obtained by comparing with the radial solutions of problems (5.1)
and (5.2) in the balls By, _, and B, respectively.

We first prove the upper bound of u. From Lemma 3.2, (5.1) admits (n — 1)-convex solution vi(r) = vi(lx —x;|) and vi(r) = +oo

asr— R, —¢, ie,
vi(lx = xi]) = +oo, as|x—y| —>e.

Since u € CZ(BRI_S), and thus u is finite on dBp, _,. Furthermore, v¢(r) = +co on 0Bpg,
condition (G1) holds, it can be obtained from Lemma 2.2 that

we see that u < v} on 9dBg, _,. Since the

—£

uSvf, in BRl—e- (5.3)

[x—yl
e—0 Jx—x€ ]
1

Since ¢ is independent of x, then for x € £, letting ¢ — 0, we get that lim = 1. Combining this with (5.3), we have

lim u(x) <lim lim 0j(x)= lim ov;(x).
XEQx—>y g—»OxE.Q,x—nc? XENQ,x—>y

where v, (x) is the limit solution of the boundary blow-up problem (5.1) for ¢ — 0. Note that the existence of the limit solution v, (x)
is guaranteed by Lemma 3.2. By Lemma 3.3, we have

o P0G
im——- =

_n_ 1 L
c 2n—-1 [a(n)] -1 R 2n—1 . (5.4)
x=y |x—yl| ! !

Thus by using the monotonicity of ¥ and (5.4), we have

Y (x) |x —
timinf 2D S i fim i 11X =]
x=y |x—y =0 x-xi |x =y |x—xi|
(0 (x))
= lim lim inf ————
£-0 |x—y|—e |x - y| — &
P (o (x)
= liminf ————

x>y |x =yl
_n_ 1 1
=" la(m] 7T R,

for every x € Q. This completes the proof of the left-hand side of the inequality in (1.7).

Similarly, » > vf in £ can be proved by (5.2) and Lemma 2.2. Repeating the above steps and using Lemma 3.3 again, the

right-hand side of the inequality (1.7) is also obtained. Thus, we have completed the proof. []

Next, we use a scaling technique to investigate the uniqueness of this solution in a star-shaped domain £ with respect to a point
Xo € .

Proof of Theorem 1.3. Assume on the contrary that u,(x) and u,(x) are both solutions to the problem (1.1)-(1.2), namely

det'/"(Au, I — D*u)) = g(x,u;), in &,

11
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det'"(Auy I — D*uy) = g(x,up), in 2, (5.5)
uy(x),uy(x) = +oo, asx — 0Q2.
Without loss of generality, we let x, = 0. Given two constants 4 > 1 and p > 1, let
Q,= {%xlx eQlcQ,
and
wp(x) = puy(hx)
for x € Q,. We have

det'"(Awy(x)I — D*wy(x)) = ph*det/"(Au; (hx)T — D*u,(hx))
= ph*g(hx,u;(hx))

= ph*g(hx, éwh(x)) 6
< PR g(hx, wy (x)).
for x € Q,, where the condition (G3) is used to obtain the inequality in (5.6). If we choose p = p(h) such that
o = g(x, z) ’
(x,2)€Q, xR h2g(hx, z)
then
det'/" (4w, ()T = D*wy(x)) < g(x, wy(x)), in 2. G.7
Since y > 1 and p > 1, we see that
ph)y =1 ash—1. (5.8)

Note that wj,(x) - +oo as d(x,02,) — 0 and u, — +oo as d(x) — 0 and u, is a continuous function on £, thus u,(x) has a finite
value on 0£,. We claim that u,(x) < w,(x) for all x € £,. Assuming on the contrary that u,(x,) > w;(x,) for some x, € £,,. There
exists a subdomain D of 2, such that x, C D, D C 2, u(x) > w,(x) in D, and u,(x) = w,(x) on D. However, since (5.5) and (5.7)
hold in D, it is obvious from Lemma 2.2 that for any 4 > 1, we get

uy(x) < p(h)u, (hx)

for all x € ©,, which is a contradiction to u,(xy) > w;(xy). Since every x €  is contained in £,, letting 2 — 1 and recalling (5.8),
we get uy(x) < up(x) in Q.

By the same argument, we can also get u;(x) < u,(x) in Q.

Thus, the solution to the problem (1.1)-(1.2) is unique. []

Remark 5.1. Since any convex domain is a star-shaped domain, it follows from Theorem 1.3 that the solution in Theorem 1.1
is unique when the additional condition (G3) holds. Furthermore, the special case g(x,u) = b(x)u” (p > 1) naturally satisfies the
condition (G3).
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