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1 Introduction

Conformal field theories (CFTs) can be enriched by the inclusion of extended objects such as
line and surface defects. Among these, Wilson lines and loops (WLs) have been the most
extensively studied due to their rich physical and mathematical properties. In supersymmetric
quantum field theories (SQFTs), certain classes of WLs preserve enough supersymmetry to
allow for exact computations, making them invaluable probes of non-perturbative dynamics.
The study of WLs has led to significant advances through the interplay of diverse non-
perturbative methods, including holography [1-10], supersymmetric localization [11-16], the
conformal bootstrap [17-21], integrability [16, 22-33], and bootstrability (the combination of
the last two tools) [34-36]. Moreover, WLs play a central role in the AdS/CFT correspondence,
where they correspond to fundamental strings [1, 2]/D-branes [3, 4] in the bulk or certain
bubbling geometries [37-39], thereby enriching the holographic dictionary [40-42].

The investigation of WLs in A/ = 4 super-Yang-Mills (SYM) theory has a long and fruitful
history. A non-perturbative result in terms of matrix model integral was proposed based
on the structure of perturbative results [43], confirming previous holographic calculations at
strong coupling [44, 45]. A major breakthrough came with the application of supersymmetric
localization, which reduced the computation of WL expectation values to a matrix model [11],
which is the same one conjectured from the perturbative computations. This framework was
subsequently extended to less supersymmetric WLs [5-10, 13, 46]. In contrast, WLs in the
three-dimensional N' = 6 ABJM theory [47] have received comparatively less attention. So
far, the focus has been on the bosonic 1/6-BPS loop [48-50] and the 1/2-BPS loops [51].! The
localization of these WLs leads to a highly non-trivial matrix models [12], which are much
more challenging to evaluate and thus spurred the development of the Fermi gas approach to

A nice review on various aspects of BPS WLs in ABJM theory is [52].



evaluate the resulting matrix integrals [53, 54]. The holographic duals of some WLs have
been explored in [48, 50], where they were identified with (smeared) string and D-brane
configurations in AdS, x CP?, or (smeared) membrane and other objects in AdSy x S7/Zj,.
We recall that ABJM theory has two kinds of large N limit,

't Hooft limit: take N,k — oo with the 't Hooft coupling A = N/k fixed. Large A limit
in this case is dual to type ITA superstring theory on AdS, x CP3.

e M-theory limit: take N — oo with k kept finite. The holographic description is in
terms of M-theory on AdSy x S7/Z.

A CFT coupled to extended objects is referred to as a defect CFT (dCFT), where
the defect introduces additional observables, such as correlation functions in the presence
of the defect. Among the simplest yet most important observables in a dCFT are defect
one-point functions, which encode the operator product expansion (OPE) coefficients of the
WL. Physically, these coefficients describe how a small WL can be approximated by a local
operator insertion,? making them fundamental data for characterizing the defect [44, 55].
While such OPE coefficients are generally challenging to compute, progress has been made
in certain cases using bootstrap techniques [55, 56], integrability [33], localization [14, 15],
and holography [44, 57, 58].

In this paper, we study WL one-point functions in ABJM theory, focusing on the cases
where the WL is 1/2-BPS and either an infinite straight line or a circular loop. The local
operators under consideration are BPS operators: the stress-energy tensor and a 1/3-BPS
chiral primary operator (CPO). We compute these correlation functions holographically by
evaluating specific fluctuations of the classical membrane configuration in AdS; x S7/Zy.
Beyond their intrinsic physical interest, such OPE coefficients in the M-theory limit remain
scarce in the literature, making our results a valuable addition to the strong coupling data for
studying defect CF'Ts. Moreover, our approach provides a solid basis for computing similar
observables of other types of defect correlation functions in ABJM theory.

To validate our holographic results, we compare them with existing localization computa-
tions for these correlators [59-61]. By taking the M-theory limit, we find agreement between
the two approaches. In the case of CPO, the localization result is only available for the
operator with conformal dimension A = 1, which we compared with the holographic result
and find a perfect match. Notably, the matching requires careful normalization of the OPE
coefficients, particularly for the CPO, where the two-point function normalization is a highly
non-trivial function of the gauge group rank N and the Chern-Simons level k& (Two-loops
correction to this normalization factor in the field theory side were computed in [62, 63]).

The remainder of this paper is organized as follows. In section 2, we outline the general
setup for WL one-point functions, detailing the relevant operators and the constraints
imposed by conformal symmetry. Conformal invariance fixes the spacetime dependence of
these correlators, reducing the problem to the computation of a single OPE coefficient. In
section 3, we present the holographic computation of these coefficients. In section 4, we

2More precisely, we mean that the size of the WL is much smaller than the distance between it and the
local operator. This corresponds to the limit R < L in the right panel of figure 1.



compare our results with localization predictions, verifying their consistency in the M-theory
limit. We conclude in section 5 with a discussion of future directions.
2 Correlators of a 1/2-BPS Wilson loop and a local operator

In this section, we outline the setup for computing the correlation functions of interest in
ABJM theory, which is a three-dimensional N' = 6 super-Chern-Simons theory with gauge
group U(N)g x U(NN)_g. The theory contains two gauge fields A4, and flu, together with

four scalars Y/ and four Dirac spinors 7 in the bi-fundamental representation of the gauge

group. We work in Euclidean R? with coordinates z# = (z!, 22, 23).3

Half-BPS Wilson line/loop. We consider a half-BPS Wilson line along the x!-axis,
localized at 22 = 22 = 0. The contour L is parameterized as

(1) = (1,0,0), —00 < T < 00. (2.1)
The Wilson line in the fundamental representation of the supergroup U(N|N) is given by

WI[L] = TrP exp <—i /L dT,clL/Q(T)) , (2.2)

where the superconnection Ef/z takes the form

.AL J?L
L 1
Ly = <sz ] (2.3)
The components are explicitly:
L o, 2Ty — I\ IV
A" = A, dt + ?(51 —2a5a” )Y Yy|%|, (2.4)
~ ~ 27 _
AL = At + %(5{ —2a7a” )Y, (2.5)

P =\ i, (26)

k
=\ 2R, 27)

Here, & = dz#/dt, and «; are complex parameters satisfying 231:1 ara! =1, with af =
(ar)*. The spinors uy follow the of [64] and are given by

ul = (1), e = ( : ) | 23)

Fi

We also consider the following half-BPS circular Wilson loop along the circle C' = {a# =
(RcosT, RsinT,0)|7 € [0,27]},

WIC] = TrP exp (—i fc dw?ﬂ(f)) , (2.9)
3We use p, v, - - - to denote coordinates of R®, M, N, - -- coordinates of AdS4 x S7/Zk, m,n,- -+ coordinates

of AdS4, a,f3,--- coordinates of S”/Z, and finally a,b,--- coordinates of the worldvolume of the probe
M2-brane.



with the superconnection given by

LGy = <“Jg ﬁi) : (2.10)

The components explicitly read:
AC = At - i%@oq&‘] S|y, (2.11)
AY = At — 12%(%([&‘] —o)|&|Y YT, (2.12)

7 = 2l Cunlil (213
7§ =\ Eitnanla, (214

where a; and a! are the same as the Wilson line case, and the spinors ¢* and 7, are
- ir/2 —it/2 e_iT/2
Ca:(el/7e 1/)) 77062<6i7'/2>’ (215)

Local operators. We are interested in the correlation functions of the Wilson line/loop and
a local operator. In this work, we will consider two types of local operators: 1) The stress
energy tensor of the theory; 2) The 1/3-BPS chiral primary operator.

Our choice of the normalization of the stress energy tensor follows the one in [59],

2 9(g£)
Vg ogr

Ty = : (2.16)

uv :6,uu

where L is the Lagrangian density of the theory. The definition of the 1/3-BPS CPO is
O = (CH (Y Yy - YY), (2.17)

with C# being a symmetric traceless tensor, satisfying

Jy-J
(CHE =@M = e (2.18)
and
SpEeMil=o0. (2.19)

We also demand that C4 is normalized
(CHHCP Tl =648 (2.20)

where CP is the complex conjugate of CB.

For the case of a Wilson line, we place the local operator away from the line, as is
shown in the left panel of figure 1. For the case of a Wilson loop, we place the operator
far away from the Wilson loop, which is also known as the OPE limit. This is shown in
the right panel of figure 1.



(@) Wilson line (b) Wilson loop

Figure 1. Correlation function of a Wilson line/loop and a local operator. The blue line in the left
and right panel stands for a Wilson line and Wilson loop, respectively. The red bullet denote a local
operator. In the case of the Wilson loop, we consider the OPE limit L > R.

OPE coefficients. The spacetime dependence of the correlation function is fixed by confor-
mal symmetry up to a constant. For the Wilson line one-point function of a CPO, we have
(WILIOw) _ Bo

(WIL]) re

where r is the distance between the local operator and the Wilson line and A is the scaling

(2.21)

dimension of the local operator. We will compute the coefficient Bp. In order to compare
the results from localization and holography, we further divide By by a proper normalization
of the two-point function and consider

(WLIO(r)  Bo 1
VNo(WIL) ~ VNord (2:22)

For the circular Wilson loop with contour z(7) = (Rcos7, RsinT,0) and a local operator

at a generic point (y1,y2,y3), conformal symmetry fixes the correlation function to be of
the form [44, 65]
WiCIow) _ R (2.23)
VNo(W[C]) ((h? + p? — R2)2 + AR212)A/%

where p = \/y? + 42, h = |y3| and Cp is a constant. In the OPE limit L = \/p2 + h2 > R,
we have

wiclow) _, B>
VNo(W(Cl ~ O 220

The normalization factor Np here is the same as the one in (2.22). The coefficients Bp
and Cp are related by [59]

Bo _Co
VNo 287

We will review the derivation of this relation in subsection 4.2.

(2.25)



For a Wilson line W[L] at x2 = 23 = 0 (extended in x; direction) and stress tensor
T, located at (y1,y2,y3) [66], conformal symmetry fixes the correlation function of different
components of the stress tensor to be

(W[LTu(y)  hw
<W[£1> " (2.26)
WL Tyo h
< EW]/[L >(y)> = ——?(Snnng 25/@0)7
(WILITws(y)) _
(WI[L]) ’

where k,0 = 2,3 and we have defined

r= 1B +12, nﬁzi—”. (2.27)

Dynamical information is contained in Ay, which is a non-trivial function of N and k.

Here a comment on normalization is in order. In contrast to equation (2.22), the
Wilson loop one-point function of 7}, is not normalized by the two-point function of 7).
This is because the normalization of the stress tensor, as defined in (2.16), has a clear
physical meaning: the normalization of its two-point correlator yields the stress-tensor central
charge [67], which measures the degrees of freedom in the field theory.

3 Holographic computations

In this section, we compute the Wilson line/loop OPE coefficients by using holography.
According to the AdS/CFT correspondence, ABJM theory with large N and finite k is
dual to M-theory on AdSy x S7/Zj. Our calculation captures the leading-order result in
the large N limit while keeping k fixed. The eleven-dimensional supergravity background
consists of the metric

ds® = gundXMdXN = dsigs, +4dskr g, (3.1)
and the four-form flux
Fy = 3Qaaqs, (3.2)

where we have set the radius of the AdSs to 1, and Q44g, denotes the volume form of the
unit AdSy. From the AdS/CFT dictionary, the eleven-dimensional Planck length is given by

2 1/6

Euclidean AdS4 metric. The metric on the unit (Euclidean) AdSs (EAdS,) in Poincaré
coordinates is

1 o
dsias, = ?(dz2 + 6;jdz'dx’) (3.4)

where i,5 = 1,2,3.



Parametrization of S7 /Z. To describe the metric on S7 /7., we parameterize the space

using four complex coordinates z!, (I = 1,--- ,4) subject to the constraint >>7_, [2/|> = 1.
Explicitly,
ZIZCOSECOS%Iexp {i (C+¢—;¢l>} , (3.5)
zzzcosfsin%lexp [i<C+¢—2901)] , (3.6)
zgzsinécos%exp [i (C+_¢;(’D2>} , (3.7)
2% = sin & sin % exp [i <C + _w;mﬂ , (3.8)
with the coordinate ranges:
0<§<Z, —m<y<m 0<6<m 0<g<2m (i=12) (3.9)

and the angular identification { ~ { + 2% due to the Zj quotient. The metric on S7/Zj,
induced from the flat metric dscs = Zfil:l dz'dz;, takes the form

dsg/z, = (dC + A)* + dscps | (3.10)
where the one-form A is given by
1 1, 1,
A= 3 cos(2€)dy + 5 c08 & cos O1dypy + 5 sin & cos Oadyo (3.11)
and the Fubini-Study metric on CP? is

1 1
dscps = d€* + 1 cos® £(dfF + sin? O1dp?) + 1 sin” (df3 + sin® Oadp3)

1 1
+ cos? Esin? € (dw + 5 €08 01dpr — 5 cos 92dg02) . (3.12)

Four-form flux. In Poincaré coordinates, the four-form flux Fj; and its corresponding
three-form potential c3 are

Fy = %dz Adzt A dx® A da? (3.13)
z

1
c3 = ——3dx1 Adz? A da .
z

3.1 Holographic description of the operators

We now employ the M-theory framework to compute the normalized correlation function of a
Wilson loop operator W[L] or W[C|] and a local operator. This framework is dual to ABJM
theory in the large N limit with k fixed. Notice that this is different from the 't Hooft limit
which is N,k — oo with their ratio N/k, known as the 't Hooft coupling A, fixed.



The Wilson line. In the holographic dual, the WL is described by a probe M2-brane
embedded in the eleven-dimensional supergravity background AdS; x S”/Z;. The bosonic
part of the M2-brane action consists of the Dirac-Born-Infeld (DBI) term and the Wess-
Zumino (WZ) term:*

Smz = Tho ( / d3oy/detg — P[Cg]) (3.14)

where G, = 0, X Mg, XN gun is the induced metric on the M2-brane worldvolume and Plcs]
is the pullback of c3 to the membrane worldvolume. Here Ty is the tension of the M2-brane

S (3.15)

Tvio = —5—= .
M2 4m213
For the computation of WL one-point functions in this paper, the Wess-Zumino term does
not contribute, as the M2-brane wraps two directions in AdS4 and one direction in S7/Zj.
The holographic description of W[L] (in the fundamental representation of the supergroup
U(N|N)) is in terms of the following probe M2-brane in AdS; x S7/Z;. Denoting the

worldvolume coordinates of this M2-brane as (¢°, 0!, 0?), the embedding of this brane is

z:JO, 1:1:01, ro =23 =0,

C202+<07 5250’ 91:9?? 801290(1)’ 02:983 (102:30(2)a QJZ):’(/)Oa (316)

where ¢ > 0,0! € (—00,),0?% € [0, %’r], and (2,690,609 09,609, 09, 1° are constants. The
worldvolume of this M2-brane has the topology AdSs x S' with AdSy in AdS, and S! along
the (-cycle. Notice that the above AdSs is in the Poincaré coordinates, and the (-cycle is
the M-theory circle when we consider reduction of the M-theory on AdS; x S7/Z to the
ITA superstring theory on AdS, x CP3. The parameters a; defining the Wilson line in the
boundary theory are related to the brane embedding via [68]

ay = 21(507 9&)7 90?7 98, (/7(2)7 CO) . (317)

The circular Wilson loops. The M2-brane dual to circular Wilson loops has worldvolume
EAdS, x S' with EAdSs now in the global coordinates. Let us denote the worldvolume
coordinates of the M2-brane by (6%, 0%, 0%). The map X™ (o) from the membrane worldvolume
to the AdS4 part of the background geometry is specified by:

z=Rsino!, z =Rcosolcosoy, x3=Rcosolsine®, xz3=0. (3.18)
The map X%(o) from the worldvolume to the S7/Z; part and the relation between the
embedding and the parameters aj is the same as the previous Wilson line case. The
worldvolume coordinate ranges are

P
0< o< or, ogalgg, og(,—Qg%,

4Since we only use the bosonic part, it will be referred to as the membrane action or M2-brane action in

(3.19)

the following.



The local operators. In the holographic framework, the local operators we consider
correspond to perturbations of the background metric and flux fields.

According to the AdS,/CFT3 duality, the boundary stress tensor 7}, is dual to metric
fluctuations in the AdS, subspace of the full AdS,; x S7/Z; background. The perturbed
metric takes the form

Gmn = Gmn + 6gmn s (320)

where ¢y, is the unperturbed AdS4 metric. The explicit expression for dg,,, will be provided
in the next subsection when we perform concrete calculations.

The chiral primary operators @4 are dual to fluctuations of both the metric and the
three-form potential in the eleven-dimensional background:

Gun = gun + 093N Y™, (3.21)
CMNp:CMNP-FdCf/[NPYA, (3.22)
where Y4 = (CA)ﬁIJLL ag, ---ayalt ... at are spherical harmonics of S7/Z; with radius 1.

The explicit form of the fluctuations will be given when we carry out explicit computations
in the following sections.

3.2 Holographic calculations of (W[L]T,,)/(W|[L])

We compute the variation of the M2-brane action, dSype, induced by fluctuations of the
background metric in eq. (3.20). From this, we derive the correlation function between the

Wilson loop WL] and the stress tensor T}, (y) as®
(WIL|T,w (y)) 0SpBI
—_— = —2— . 3.23
(WILY) Shrv (y) (3:28)

Here a key comment is in order. As stressed in [70, 71], in holographic computations
of three-point functions involving classical string/brane solutions, we should average over
classical configurations of the strings/branes. This is equivalent to averaging over the orbit
generated by the broken global symmetries acting on the strings/branes. However, in the case
at hand and that considered below, the membranes (and the dual Wilson loops) are coherent
states instead of eigenstates with respect to the global charges broken by the membrane
solutions, in the sense of [70]. So no orbit average is needed here.

We now go back to the concrete calculations. The explicit form of the metric fluctuation
8gmn in (3.20) is given by [72]°

1 .
Sgmn(2,2) = K3z / d3yFJmM(X —Y) J (X = Y) P* P h s (y) (3.24)

where X = (z,z) denotes a bulk point in AdS; and Y = (0,y) is a point at the boundary.

A~

hpo(y) is the fluctuation of the metric on the boundary of AdS, which couples to the stress

5The factor 2 in the eq. (3.23) was explained in [69].
5The indices of Jym, and Pouv, po are always contracted with the flat metric.



tensor T%7(y). The functions f, Jyn, Puvpx are defined as’

=X -Y]?:=22+ (2 —y)?, (3.25)
XX
o (X)) 1= Oy, — 2 0 2
Ton(X) e (3.26)
1 1
PHYPT = 5(5’“}5”0 + 0H79VP) — 5(5’“’(5’”. (3.27)
The constant kg for general d is given by
d+1 T[d
py = o ] (3.28)

d—17920(d/2)’

yielding k3 = 8/m? (corresponding to d = 3) for the case at hand. The induced metric
components are

~ 1 _ 1 .
goo = W ; g1 = W ) goo = 4. (3.29)

Expanding eq. (3.24) explicitly, we obtain

092 = % / d%% [@Z - 22(9:f—y)u} {6% _ Wf_y)}

1 1 1 N
ZSHPSVO | T SHO SUP _ T SHV §PO
X (25 o + 25 ) 36 0 )hpa(y)

3(p _ A
-2 [ & & y}’;(x e (;Waw b8 ;)5#”5/”) hoo(y).  (3.30)
and

01t = /d3 Vs [ ol — (ﬂf—y)}(x—y)u}

— -y /1 1 1 A
< |fuw 2z y>}(x ) | (50807 + 5908 = 386 (). (331

Now we proceed to compute different components of the correlation function (3.23).

e For y = v =1, the relevant metric variations are

3
/d3 }‘:gzz 32/d3 ;5 (2x%—;r2>
11(
2
d3 5g$1$1 _ d3 _ 2737% _} 1— 4737% + 4$%($%+T2)
Shii(y) f3 f 3 f f? ’

where y = (0,y2,y3), and we have defined r := /y3 + y3, n, ==y, /7, for K = 2,3. The
correlation function evaluates to

(W[L]TH( ) B 128 z[r —4r2x2+(m + 2%)?]
(WIL]) 2 / dg/ d’z/ o502 +1:c PRI

T 1 |k
- - 3.32
k3 42r | N 7«3 ’ (3:32)

where we have used (3.3) and (3.15).

"The definition of X, is Xm := 0mn X ".

,10,



o For u =1, v = 2,3, the metric variations vanish:

zZz 4
/ dPo 59 /d3 /d3 : xly —0, (3.33)
5h1
and )
5.990 T 2 2$1?/”
dPo—ZHT :/ /d3 -1 =0. 3.34
/ Shlv(y e f f (334)
Thus, the corresponding components of eq. (3.23) are zero.
o For p,v = 2,3, the metric fluctuations take the form
3223 D S 1 U 2
0922 = /dgy 2f5 |: (n'un - g(sﬂ ) 3 %5“ :| h;w(@/), (3.35)
Y 4 4?2+ | -
0Gpigt = /d3 2f3 o [ 71 + % hNV(y) )
leading to the correlation function
(WL T (y)) 05wz 1 N1
=—2— =— 3nkn? — 2617 . 3.36
(WIL]) Shi (y) 427\ k3 ( ) ( )
The results for the correlation function (3.23) can be summarized as
(WILIT(y)) hw
= 3.37
Wiy 337
WLTwo(y)) _  hw
= — (Sn,{no — 2040) , (3.38)
(WIL])
(WILIT1x(y))
=0, (3.39)
(WIL])
with
1 /N VA
[ = 3.40
W 42r\ k 42rm (3.40)
and k,0 = 2,3. This structure agrees with symmetry considerations (2.26), with the

dynamical information encoded in the scaling function Ay .

3.3 Holographic calculations of (O)wc;

In this subsection, we compute the normalized correlation function of the half-BPS circular

Wilson loop W[C] and the 1/3-BPS chiral primary operator O4

_ (0w
<0A(y)>W[C] = W>

where the normalization factor N4 is defined via the two-point function of 04

(5ABN(9A

<OA(33)OBT(3/)> = ma

— 11 —

(3.41)

(3.42)



with A4 being the conformal dimension of @4, We will focus on the OPE limit L > R where
L is the distance between the local operator and the center of the Wilson loop.

The CPO corresponds to fluctuations of the background fields in eqgs. (3.21) and (3.22),
with explicit forms given by [73-76]:

4 J(J +6) 7J
A A A
= — R e s -2 4
5gmn J+2 ViV + ) 9mn| S 6 9mnS (3 3)
1
Sgas = gjgaﬂsA, (3.44)
5cﬁmp = 2€mnpg Vs, (3.45)

where J = 2A = 2L. The scalar field s4(z, 2) depends only on the coordinates (z,z) of
AdS; and is determined by the boundary source s (y)

sAw,2) = [ dyGalyn, st ). (3.46)

where Ga(y;z,2) is the boundary-to-bulk propagator

P A
. _ B 4
GA(y,x,Z) C<Z2+|J)—y|2) ) (3 7)

with the constant ¢ being [76]

c= 2“%1;‘;%%%\/% +1. (3.48)

In the OPE limit L > R, we can approximate

zA
Galysz,2) ® 535 (3.49)
A
D.54 ~ ;sf‘, (3.50)
AA-1) ,

00y s™ =~ 67,07 s, (3.51)

22

For Euclidean AdSy4 in the Poincaré coordinates, the Christoffel symbols are

2

Substituting these into (3.43), the metric fluctuation simplifies to:

2

J
A A z ¢z A
5gmn = 3ngn3 + 275m5n3 . (3.53)

The correlation function is computed from the variation of the M2-brane action due to
background field fluctuations. As mentioned above, the Wess-Zumino term does not contribute,
so the action variation is

1
0Sm2 = T2 / oy detgabigabaaXMabXNngﬁNYA ) (3.54)

— 12 —



where the induced metric §o = 9, XM 0, XN gprn has components:
Goo = cot? ot G11 = sec’ ol oo = 4. (3.55)

The contraction yields,
2 2 2 1
gabaaXMabXNng}\AJN = —§J3A - gJSA + JQH@SA + §JSA
z
= —Jsin? o154, (3.56)

leading to the action variation

cos o1

sin? oy

1
0Sm2 = Tmez /d30 <2 ) 5(—J sin? o) sAYA

= —JTMQ/CZSUCOSUlSAYA. (3.57)

Using the AdS/CFT dictionary, the correlation function reads

(W[C104(y)) _ OSDBI
(WIChVNo — 3sp(y)
_ 281 /7(2A+ 1) RA A

= JTMg/d?’UcosalGA(y;:c,z)YA

Y N , (3.58)
where we have used (3.3), (3.15) and (3.48). We define the OPE coefficients Cpa as
(WICI0A(y)) R> L4
S =Cpa—x Y, 3.59
WojVio ot )

and obtain

98+1 /m(2A + 1
Con = 2 VTC2AFD) (3.60)

kA
4 Field theory results from localization

4.1 The case of (W[L]T,,)/(W|[L])

In this subsection, we compare our holographic computation of (W[L]T},,)/(W[L]) with field

theory result. Symmetry fixes this correlation function to the form (2.26) up to a scaling

function Ay (k, N), which is known to be related to the Bremsstrahlung function B(k, N) by®
B(k,N)

hay (k, N) = === (4.1)

The Bremsstrahlung function for ABJM theory has been determined non-perturbatively in
M-theory limit [61] based on [54], and its large N expansion (with finite k) takes the form

1 [N 1 on 1

8This is first conjectured in [59] for general spacetime dimensions and proved for four-dimensional A/ = 2
theories [77].
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Consequently, the scaling function hy (N, k) in the M-theory limit is given by

how (b, N) | sy = 4;/\/% + O(NY). (4.3)

This matches precisely with the holographic result (3.40).

4.2 The case of (O)wc;

In this subsection, we review the localization computation of the correlation function of

a Wilson line and a CPO with conformal dimension A = 1 [60] and compare it with the

holographic result.” Following [60], we consider the ABJM theory on R? with Euclidean

signature. The half-BPS Wilson line is placed along the x3-axis at (x!, 22, 23) = (0,0, s) and

the polarization vector a; in the definition of the Wilson loop is chosen to be a; = (1,0,0,0).°

Local operators are inserted at (r cos 7,7 sin7,0), and their polarization vectors are given by!!
1 7 1

nr = 7 (e_%T,O,e%T,O> , n = 7 (e%T,O,—e_%T,O) . (4.4)

The 1/3-BPS operator with A = 1 in the translation-twisted frame along the circle is

Oo(r) = Tr(nI(T)YI(T)fLJ(T)YJ(T)) ) (4.5)

In this frame, the propagator d;; takes the form

.5 s aip TL=T2
i1y — n(n) - n(r) _ isin ey (16)
|z(11) — o(72)|  2r|sin D572
leading to
dipdoy = — (4.7)
12421 — 4‘]”2’ .
which is independent of 7;. The two-point function of O is normalized as
(O(1)O0(12)) = Nodizda (4.8)

where N is the normalization constant.

Localization calculation. For arbitrary finite /N and k, the integrated two-point function
is given by [78, 79]

</d7’1(9(7'1) /dTQO(T2)> = _1677127"4;82312”} 7 (4.9)

9As we will show below, there is simple relation between the OPE coefficients of the Wilson line and the
Wilson loop.

The WL is put along z3 direction, instead of the z' direction as in section 2. As a result, we should
change the spinors (2.8) in the definition of the Wilson line accordingly for the computation. However, since
we are only concerned about OPE coefficients, which is spacetime independent, the changes of the conventions
do not affect the result.

1'We have adapted to our notation.
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where Z[m] is the partition function of the mass-deformed ABJM theory where m is the
mass-deformation parameter. Using localization it can be expressed as [12, 80-82]

H#] 2smh bt} HZ# 2sinh #1552 .
[1; ;2 cosh %2 cosh (% - er)

(4.11)

Using Fermi gas approach, all order perturbatrive 1/N corrections to Z[m| can be resumed.'?
The result is given in terms of the Airy function [53, 60]

ZPr ] = eACTYBAI[CY3(N - B)], (4.12)

where A, B, C are functions of k,r, m. Here we do not need the explicit expressions for A
and B. As for C, we have

2
= . 4.13
w2k(1 + 4m?2r?) (4.13)
Using the asymptotic expansion of the Airy function
2
Ai(x) ~ exp (—3:{}3/2) , (4.14)

where an irrelevant factor (1/x)'/4/(2/7) has been omitted, the large N limit of the integrated
two-point function reads

1 0%*Z
</d7'1(’) 5l /dTQO T > ~ 16 r4 T 877”[672”]

Performing the 7-integrals on both sides of (4.8) yields

2
</d7’1(9 ol /ClTQO T > NO (4.16)

Comparing (4.15) and (4.16) fixes the normalization

mNZS/Q

~ V2kN3/2

12772

(4.15)

m=0

No=—573 (4.17)
The correlation function of the Wilson line W[L] and O is given by
(WlLjo©)) _ B
— = — 4.18
Wiy e 1)

where B is the Bremsstranhlung function (4.
(

(WILo©
VNo(WIL]

2
) B
~ VNor”

)
). Including the normalization factor, we have
) _
) (4.19)

The coefficient of 1/r is

B \3m
/WO T 93/4L\1/47

which is the prediction from localization.

(4.20)

12%We omit all instanton corrections.

,15,



Comparison with holography. The holographic computation of the Wilson loop OPE
coefficient for the CPO (4.5) gives

_ 25/4\/ 3T

(O k’)\l/4 bl (421)

by setting A = 1 in (3.60). At first glance, this does not match (4.20). However, note
that the holographic correlation function for a normalized CPO of dimension A with the
Wilson line takes the form
(WIL]O)
VNo(W(L])

where r is the distance from the CPO to the line, and Y4 is the spherical harmonic factor.

=CoY4

O (4.22)

For the Wilson line considered here, the polarization vector is oy = (1,0,0,0), and the
spherical harmonic evaluates to'3

YA =nlnjaa’ =1/2. (4.23)

Thus, the holographic prediction for A = 1 is

(WILIO) _ CoYA _ V3r

VNo(WI[L]) or  93/dp)\1/4, (4.24)

which exactly matches the localization result (4.20).

The factor of 22 in the denominator of (4.22) arises from the near-line limit of the
correlation function. For a circular Wilson loop of radius R and a CPO at a generic point
(y1,Y2,y3), the correlation function takes the form in (2.23) [44, 65]

A
(W[C10)  _ & R , (4.25)
WICTVNG (02 4 7~ R + 4ei) 7
In the OPE limit L = /p? + h? > R, this reduces to
A
IVICIO0) _ ~ R (4.26)

(WIC)\WNo L2

Hence C is identified with the OPE coefficient Cp.

For the Wilson line (R — o0), the correct limit is not obtained by naively sending
R — o0, which is vanishing. Instead, we need to carefully send » = \/(p — R)? + h? — 0 with
(p — R)/h finite. The geometric meaning of this limit is that when the operator is very near
to the circle, it cannot distinguish between the circle and the straight line. This limit yields

WICIO) _ Co
WICIVAG ~ (2d)a

This explains the factor of 22 in (4.22).

(4.27)

3Recall that here the spherical harmonics is for S7/Z;, with radius 1.
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5 Conclusion

In this work, we have computed the correlation functions between a straight Wilson line
(or a circular Wilson loop) and local BPS operators. Specifically, the local operator can
be a stress energy tensor or a 1/3-BPS CPO in ABJM theory. By employing holographic
methods, we derived explicit expressions for these one-point functions in the M-theory limit
and compared them with predictions from supersymmetric localization. Our findings provide
valuable strong coupling data for defect ABJM theory and establish a concrete basis for
computing more general WL correlators holographically.

The matching between holographic and localization results underscores the power of
combining complementary non-perturbative techniques in the study of defect CFTs. On the
one hand, holography offers a geometric perspective, where WL correlators are mapped to
the response of string or brane configurations to certain fluctuations of the bulk background
fields. On the other hand, localization reduces the problem to finite dimensional matrix
integrals, enabling exact computations even at finite N and k. There are many interesting
directions one can pursue in the future.

Our work focused on half-BPS WLs in the fundamental representation of the supergroup
U(N|N). A natural extension is to study WLs with less supersymmetries and/or in higher-
rank representations, such as symmetric or antisymmetric representations. For example, one
can consider the 1/6-BPS fermionic latitude WLs [83] with a string dual given in [84]. However,
in many cases the string description can be quite complex, or probe string/brane solutions are
still lacking [52]. For bosonic 1/6-BPS WLs in the fundamental representation, the holographic
description involves smearing the string worldsheet over CP! inside CP? [48, 49]. For WLs in
the antisymmetric representation, only the 1/6-BPS D6-brane solution is known, with half-
BPS ones remaining elusive. For instance, the string dual of fermionic 1/6-BPS WLs [85, 86]
in the fundamental representation of U(N|N) involves complicated mixed boundary conditions
on the worldsheet [87]. Extending our methods to these cases would yield new insights into the
dependence of the defect correlator and its bulk duals on representation and supersymmetry. 4
Similar half-BPS Wilson loops also exist in ABJ theory [88] with gauge group U(M) x U(N).
The localization computations in [60] were actually performed in this general setting. However,
because the holographic description of ABJ theory involves discrete torsion, finding dual
gravitational descriptions for these half-BPS Wilson loops and their one-point functions
remains challenging. We therefore leave this interesting problem for future work.

The computation of WL correlators lies at the intersection of multiple non-perturbative
approaches, and further progress could be made by leveraging integrability and localization
more broadly. While our work focused on specific BPS operators, a localization formula for
generic CPO correlators would be highly desirable. Such a result could enable systematic
studies of WL one-point functions beyond the stress energy tensor and 1/3-BPS CPOs
with A = 1. In the planar limit, integrability techniques could be applied to compute
WL one-point functions for non-BPS operators. For WLs that correspond to integrable
boundary states, the OPE coefficients might be computable using the worldsheet g-function
approach [89, 90]. Preliminary steps in this direction have been taken at weak coupling [33],
but a strong-coupling analysis remains an open challenge.

Tn some cases, we would need to find the dual string/brane solutions first.
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While we focused on one-point functions, defect CFTs admit a richer class of observables,
such as two-point functions of local operators in the presence of a WL, which encode
defect operator spectra [55]. The computation of defect two-point functions are much more
challenging as it depends on the conformal cross ratios in a non-trivial way. Recently, progress
have been made in computing defect two-point functions in A" = 4 SYM theory with defects
of various co-dimensions by superconformal bootstrap [91, 92]. It is very interesting to see
whether such techniques can be generalized to the ABJM theory.
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