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1 Introduction and summary

Supersymmetric indices encode the spectra of the BPS operators in supersymmetric field
theories and play a central role in understanding various open questions in theoretical physics
and mathematics. In particular, for the low-energy effective world-volume theories on branes
in string and M-theory, the indices can describe the spectra of quantum fluctuations of gravity
theories according to the AdS/CFT correspondence [1].

The low-energy effective theories on the world-volume of a stack of N coincident M2-branes
(resp. M5-branes) propagating in flat space are 3d N' = 8 (resp. 6d (2,0)) superconformal
field theories and they are the holographically dual descriptions of M-theory on AdSy x S”
(resp. AdS7 x S*). The supersymmetric indices for these theories in the large N limit agree
with the indices of the Kaluza-Klein (KK) modes of the massless fields in the supergravity
background. The finite N correction can be interpreted as the contributions from excitations
of giant gravitons [2], which carry large angular momenta and behave as a configuration
of wrapped branes in the supergravity description. Recently it has been proposed that the
supersymmetric indices can admit the “giant graviton expansions” [3-5], that is expansions
of the ratios of the finite N indices to the large N indices with respect to the fugacities for



the angular momenta carried by the giant gravitons. While several giant graviton expansions
have been proposed, most of them are only checked by numerical methods. It is extremely
desirable to have exact closed-forms for the indices to have more detailed study of the giant
graviton expansions, including their rigorous proofs and the wall-crossing phenomena [5-7].
In this paper, we examine the giant graviton expansions of the Coulomb indices and
the Higgs indices for the theories of M2-branes probing the A-type singularities, including
the ADHM theory [8, 9] and ABJ(M) theory [10-13] as well as the Higgs indices for N’ =8
and super Yang-Mills (SYM) theories. Remarkably, the finite N corrections of the M2-brane
indices can lead to understanding of the indices for mysterious M5-brane theories and vice
versa. By means of the grand canonical analysis for the Coulomb indices in [14, 15], we obtain
the closed-form expressions for the 1/4-BPS (resp. 1/3-BPS) indices of the M5-brane giant
gravitons wrapping 5-cycles as intersections of holomorphic surfaces with S7 (resp. S7/7;).!
Upon the change of variables they can be understood as certain special fugacity limits, which
we call the twisted limit, of the indices for 6d (2,0) theories as supersymmetric partition
functions on S x 8% (resp. S! x $%/7;). Quite beautifully, the twisted indices also have the
giant graviton expansions as inverse transformations in that the expansion coefficients are
given by the indices of M2-brane giant gravitons which are obtained from the ADHM Coulomb
indices upon the appropriate change of variables. From the giant graviton expansions of
the Higgs indices for the ADHM theory with [ flavors, we find the exact form of index for
a single Mb5-brane giant graviton. It is given by a product of the index for an M5-brane
giant graviton with [ = 1 and the vacuum character of the SU(1); WZW model of level 1.
This is similar to the WZW model emergent from the M5-branes wrapped on Taub-NUT
space [18, 19]. Moreover, we also study the giant graviton expansions of the Higgs indices for
N =8 SYM theories which describe N multiple D2-branes in Type ITA string theory. We
find the closed-form expressions for the dual indices in terms of certain infinite products. It
follows that they also admit the giant graviton expansions as inverse transformations. They
provide us with prospective candidates for the indices of D4-brane giant gravitons.

1.1 Future works

e While we demonstrate the giant graviton expansions for the Coulomb and Higgs indices
for M2-brane SCFTs which are associated with the 1/4-BPS Mb5-brane giant gravitons
and the 1/3-BPS orbifold M5-brane giant gravitons, it is desirable to figure out the giant
graviton expansions for the 1/8-BPS Mb5-brane giant gravitons [20] and the 1/6-BPS
orbifold M5-brane giant gravitons [17] by examining the giant graviton expansions for
full supersymmetric indices.

e We are interested in studying the giant graviton expansions of supersymmetric indices for
more general M2-brane SCFTs, including N = 4 supersymmetric U(N), x U(N )gg (p=1)
x U(N)_x quiver Chern-Simons matter theories describing a stack of N M2-branes
probing (C?/Z, x C?)/Zj. [21] whose large N Higgs indices are calculated in [22].

!Since the Coulomb index of the U(N) ADHM theory with [ flavors is equivalent to that of the N' = 6
U(N); x U(N)—; ABJM theory [14], the giant graviton expansions can lead to the indices for the 1/4-BPS
M5-brane giant gravitons [16, 17] in the AdSs x S”/Z; that is holographically dual to the ABJM theory.



o It would be intriguing to study the giant graviton expansions of the line defect indices
for the M2-brane SCFTs. Such giant graviton expansions for line defect indices in N' = 4
SYM theory have been recently studied in [23-29]. We expect that the closed-form
formulas of the Wilson line defect indices of the ADHM theories presented in [15] are
crucial to proceed to further analysis.

e It would be interesting to directly derive our results on the gravity side. For the
half-BPS D3-brane giant gravitons, the giant graviton expansions are addressed from
the half-BPS bubbling geometry solutions [30] in Type IIB string theory by using the
covariant quantization methods in [31].

1.2 Structure

The paper is organized as follows. In section 2 we review the M2- and Mb-brane giant
gravitons in M-theory. In section 3 we introduce the supersymmetric indices for the effective
theories of M2-branes and Mb-branes and their special fugacity limits. In section 4 we study
the giant graviton expansions of the indices for the M2-brane SCFTs. We present giant
graviton expansions for the Coulomb indices and half-BPS indices for 3d N' =4 U(N) ADHM
theories and find the closed-form expressions for the indices for the 1/4-BPS M5-brane giant
gravitons in S7 and the 1/3-BPS orbifold M5-brane giant gravitons in S7/Z;. Consequently,
we find the exact forms of the twisted limits for the M5-brane indices. Also we find the
giant graviton expansions of the Higgs indices for 3d N' = 8 SYM theories as well as the
index of single M5-brane giant graviton for 3d N/ = 4 U(N) ADHM theory with [ flavors.
In appendix A we provide a heuristic argument to obtain the single sum giant graviton
expansions of the Coulomb/Higgs indices of the M2-brane SCFTs analytically from the grand
canonical indices. In appendix B we elaborate how to obtain the leading giant graviton
coefficient in the Higgs indices of 3d N' = 4 ADHM theory with [ flavors.

2 Ma2-giants and M5-giants

It was observed by McGreevy, Susskind and Toumbas [2] that gravitons in the near-horizon
geometries produced by branes carrying large angular momenta behave as extended branes.
They are called the giant gravitons. For AdS,, x S™ geometries the maximally supersymmetric
giant gravitons are (n — 2)-branes carrying angular momentum P and wrapping S"~? in the
S™ in such a way that they are expanded into the spherical part of the background geometry
as stable configurations. The stable configurations are characterized by a fixed size and an
angular momentum P and saturate the BPS bound E = P/L for the energy F where L is
the radius of the S™. The angular momentum has a maximum value given by the quantized
flux N of the n-form field strength in the background geometry.

2.1 Mb5-brane giants

When (m,n) = (4,7), the 11d supergravity background geometry includes AdSy space, which
is holographically dual to the M2-brane SCFT. For AdSy x S” geometry with N units of
7-form fluxes on S” there exist spherical giant gravitons as M5-branes wrapping S° C S” [2].
As they preserve half of the supersymmetry, they are called the half-BPS Mb5-brane giant



gravitons. More generally, one finds 1/4- and 1/8-BPS configurations of giant gravitons
wrapping supersymmetric cycles in S7 as intersections of the holomorphic surfaces with S7
in C* [20]. We denote flat complex coordinates on C* by 21, 22, 23 and 24 and describe S7
as |21]2 + |22|? + |23|% + |24]> = 1. The holomorphic surface is described by the holomorphic
equation of the form

4
f(z1,29,23,24) = Z Cazq =0, (2.1)
a=1

where ¢, are homogeneous coordinates on CP3. In other words, it is given by the zero locus
of the holomorphic function. For the holomorphic equations depending only on two variables
e.g. f(z1,23) =0, one finds the configuration of the 1/4-BPS M5-brane giant gravitons. For
those with three or four variables, e.g. f(z1,22,23) = 0 or f(z1,22,23,24) = 0, we obtain
the 1/8-BPS Mb5-brane giant gravitons. The direction of motion of the giant gravitons is
induced by the complex structure of C2.

2.2 M2-brane giants

For (m,n) = (7,4), the 11d supergravity background contains AdS7 factor, which is dual to
6d SCFT describing N coincident M5-branes. The AdS7 x S* geometry has a 4-form flux of N
quanta on the S* and it involves M2-brane giant gravitons wrapping S? C S%. Such spherical
configurations are the half-BPS M2-giant gravitons preserving half of the supersymmetry.
Also there exist the 1/4-BPS M2-giant gravitons associated with the holomorphic surface [20].
We denote the coordinates on C? by Z; and Z and embed S* into R® = C2 x R. When
one considers three-dimensional cylinders of the form C x R in C? x R where C is a generic
holomorphic curve, the M2-giant gravitons wrapping the intersection of the cylinder with
S4 can preserve 1/4 of the supersymmettry.

2.3 Orbifold giants

Next consider the orbifold AdSy x S7/Z; geometry. The metric of S” can be written as a
Hopf fibration S7 <= CP? over CP3

0 0 2
ds%7 = <d7‘ — sin? ¢dy + cos? ¢ cos® Eldgpl — sin? ¢ cos? ;dg)g) + ds?cpg, (2.2)

where the fiber 0 < 7 < 27 can be thought of as the overall phase of the complex coor-
dinates z, and

0 0 2
dsépg, = d¢? 4 cos? (sin? ¢ <dx + cos? Eldgpl + cos? ;dwg)
L 9 2 | 2 2 L. o 2 2 2
+ 7% ¢ (d@l + sin Hldgol) + 7 5in ¢ <d02 + sin 02d4p2) (2.3)

is the Fubini-Study metric of CP? with radial coordinates (, 61, 0) and angular coordinates

(X7 ©1, 802)
The orbifold S7/7Z; can be constructed as the orbifold identification on the Hopf fibre

with 7 ~ 74 QT” It is argued in [17] that it can support M5-brane giant gravitons wrapping



the intersections of the holomorphic surfaces in C*/Z; with the orbifold space S7/Z; (see
also [10, 16]). They are called the “orbifold giant gravitons”. Since 7 := I7 has the usual 27
periodicity, it is identified with an effective orbifold fibre. This is compatible with the fact
that the M5-brane giant graviton carries the mod ! wrapping number and the 7-form flux in
the presence of the Z; orbifold action is [ times as the ordinary flux. As we will see in section 4,
the supersymmetric indices for M2-branes probing the Z; orbifold has expansions with respect
to giant gravitons of the mod [ wrapping numbers so that the expansion coefficients can be
identified with the supersymmetric indices for the orbifold M5-brane giant gravitons.

On the world-volume of the orbifold giant gravitons the multi-valued Killing spinors
are supported and some of the supersymmetry of M5-brane giant gravisons are killed. For
generic holomorphic surface of the form (2.1) they preserve 1/6 of the supersymmetry, 4
supercharges. However, when the holomorphic equations only depend on certain two variables,
i.e. f(21,23) = 0, they have enhanced 1/3 of the supersymmetry? and when they only involve
a single variable, the M5-brane giant graviton becomes the 1/2-BPS configuration [17]. These
giant gravitons should capture the finite N corrections of the supersymmetric indices for
the M2-brane SCFTs. In fact, we will find the BPS indices for the orbifold M5-brane giant
gravitons with enhanced supersymmetry as the coefficients in the giant graviton expansions
of the supersymmetic indices for the M2-brane SCFTs.

2.4 D4-brane giants

Upon the compactification of M-theory geometry AdS; x S7/Z; on the fibre of the Hopf
fibration S7 <> CP? over CP?, one obtains Type IIA string theory on AdS; x CP? [32]. The

orbifold M5-brane giant gravitons can result in D4-branes®

carrying D0O-brane charge and
angular momentum in the projective space. Although there still remain many open questions
about the detailed properties of these objects, several interesting examples are investigated
in the literature [10, 13, 16, 17, 33-37]. For example, the 1/2-BPS maximal M5-brane giant
gravitons become D4-branes wrapping CP? ¢ CP? and their dual operators are identified
with the dibaryon operators [10, 33, 34]. In the following, we will also find the giant graviton
expansions of the Higgs indices for N'= 8 SYM theories, whose expansion coefficients are

expected to be interpreted as the indices for the D4-brane giant gravitons.

3 Supersymmetric indices

We introduce conventions and definitions for supersymmetric indices for M2-brane SCFTs
and Mb5-brane SCFTs. New features in our discussion include the “twisted limit”, that is a
special fugacity limit of the supersymmetric indices of 6d (2,0) theories which generalizes
the unrefined limit [38].

2Note that there also exist 1/6-BPS orbifold M5-brane giant gravitons associated with the holomorphic
equations with two variables [17].

3 Although the orbifold M5-brane giant gravitons may become motionless NS5-branes with non-trivial
DO-brane charge, they will have no interpretation as giant gravitons.



3.1 MZ2-brane indices

The low-energy effective theory of a stack of N coincident M2-branes probing C* is a 3d N = 8
maximally superconformal field theory. The 3d N' = 8 superconformal group is OSp(8|4)
whose bosonic subgroup is USp(4) x SO(8) = SO(2,3) x SO(8). There is a rotation generator
ji2 of SO(3) C SO(2,3), the Hamiltonian h of SO(2) C SO(2,3) and four Cartan generators
T12, T34, T's56, 778 of the SO(8) R-symmetry.

The supersymmetric index of the M2-brane SCFT can be defined by [39]

TM2SCETICY N (8, 2, 73 q)

= Tr(_1)qu12+i(7'12+7'34+7’56+T78)t—T12+T34—T56+T78 57127756 1. T34 7178 (3'1)
The states which contribute to the index saturate the BPS bound

. 1
{Q, QT} ~h—ji2 — 5(7’12 + 734+ 156 +178) = 0, (3.2)

where the charges of the chosen supercharge Q are given by

|h ji2 712 T34 756 T8

of-I11 11
2 2 2 2 2 2

(3.3)

The world-volume theories of a stack of N M2-branes probing the quotient singularity
C2%/T, where I is a discrete subgroup of SU(2), preserve N’ = 4 supersymmetry and SU(2) i x
SU(2)¢ € SU(4) R-symmetry. We define the N = 4 supersymmetric index by

TM2SCETIC? 5 C2 /T N|(t, 2,03 q) 1= Tr(—1)F gle 1 WO H=Cologfu — (3.4)

Here H and C are the Cartan generators of the SU(2)y and SU(2)¢. fc and fg are the
Cartan generators of the topological symmetry G¢o and the flavor symmetry Gy .
Note that the index (3.1) can be rewritten as the N’ = 4 supersymmetric index with

C = ri2 + 756, H :=r34 + 13,

fc =112 — 736, fro =134 — 178, (3.5)

In fact, one can get the index (3.1) from /' =4 ADHM theory of gauge group U(N) with
one flavor.

3.1.1 Coulomb and Higgs limits

N > 4 supersymmetric field theories contain two types of half-BPS local operators. One
is the Coulomb branch operator consisting of adjoint scalar fields in the vector multiplet
and the monopole operators. The other is the Higgs branch operator as gauge invariant
polynomial in the scalar fields in the hypermultiplet.

“See [14, 40] for the definition and convention.



The indices for the spectra of the Coulomb and Higgs branch operators can be obtained
by taking the following fugacity limits of N = 4 supersymmetric indices [41]:

TM2SCFT(¢ 2y . lim TMZSCET (4 o 4o ), (3.6)
t=q4t!:fixed,
q—0,t—0,

TMESCFT (¢ 2y .= lim  ZMZSOFT(¢ 2 2:¢). (3.7)

1
t=q4 t:fixed,
q—0,t—00,

The Coulomb index (3.6) (resp. Higgs index (3.7)) depends on a pair of fugacities t and z
(resp. t and z). In the unflavored limit z — 1 (resp. x — 1), the Coulomb (resp. Higgs)
indices become the unrefined Hilbert series for the chiral rings of the holomorphic functions
on the Coulomb (resp. Higgs) branches [42-44]. Instead of these fugacities, we also introduce

rp =tz x9 =tz (3.8)

for the Coulomb indices and
xp =tz L x9 = tx (3.9)

for the Higgs indices.
The unflavored limit is obtained by taking

o — I1. (3.10)

Furthermore, when zo — 0, the Coulomb or Higgs index reduces to the half-BPS index [45]

IM2 SCFT ($1) .

M2 SCFT
1BPS,C/H m 7,

Icjn (x1;x2). (3.11)

=l

Tro—r
While the half-BPS limits obtained from the Coulomb and Higgs indices are generically
different, they give rise to the same indices for self-mirror theory.

3.1.2 N=1

There exist several dual UV descriptions which describe a single M2-brane moving in C*.
For example, it can be described by a free matter theory consisting of hypermultiplet and
twisted hypermultiplet. The index is given by [39]

Ifree matter[(cél; N = 1](157 2, T q) — PE[ifree matter[C4; N = 1] (t, 2,; Q)], (3‘12)
where

1 1 _ 1 _ 1 _
Z-free matter[(cll;N — 1](t,z,x;q) — q4t(1 B q2t 2)(‘T +T 1)1+ q4t 1(1 * q2t2)(z+ < 1)
—4q

(3.13)

and PE is the plethystic exponential

PE[f(2:)] = exp (i :Lf(x?)> . (3.14)
n=1



The index (3.12) can be written as the infinite product

3 3 _ 3 3., _
(9712, 9)oo(q 1tz @)oo (g1t 25 )0 (g1t 2715 @)oo

(@712 0) oo (@111 2715 Q) oo (47125 ) oo (q T2 1 @)oo (319
where
n—1 ]
(390 = [ (1 — ¢") (3.16)
=0

is the g-Pochhammer symbol.
Since the theory is self-mirror, the Coulomb index is equivalent to the Higgs index.
One finds

Igee matter[(c4; N = 1](1»17 332) = Igee matter [(C4; N = 1](.%1, $2)
1

= ) 3.17
(1*.’E1)(1*l‘2) ( )
The half-BPS index is simply given by
ree m. T 1
78 B‘})S atter[cd, N = 1](z;) = T (3.18)

This agrees with the result in [46].

3.1.3 Large N

In the large N limit the index for N M2-branes propagating in C* encodes the spectra for
the KK modes of supergravitons on the supergravity background AdSy x S7. The spectrum
of the supergravitons was addressed in [47-50]. The supergravitons belong to the supershort
multiplets of the superconformal algebra osp(8]4). It is given by [39]

TA X STRRICE N = oo (1, 2, 23 ) = PE[IA 5T KK[CL N = o)t 2,259)], (3.19)
where
jAdSs x S7 KK[(CZL; N = 0|(t, z,x;q)
(1—qitz)(1—qitz" A —git )1 —git"la™!)  1-g+¢° (3.20)
(1- qit_lz)(l — qit_lz_l)(l - qitac)(l - qita:_l)(l —q?) (1—q)? ‘
is the single particle index.
In the Coulomb limit or equivalently Higgs limit the large N index becomes
Igd&; x S7 KK[(C47 N = OO](.Tl,.TQ) — IAdS4 x S7 KK[(C4 N = OO]($1, CUQ)
Ty ITIT 1
xlf’«"g Z0n— 3 ( fU?anUQ )(1 — af l'gmrn)
(3.21)
The half-BPS index is evaluated as
AdSy x 87 KK
7i BP;X [CYH N = o0( 1 - (3.22)
n=

Again this reproduces the result in [46].



3.2 Mb5-brane indices

The low-energy effective theory of a stack of coincident M5-branes probing R? is a 6d (2,0)
maximally superconformal field theories. The superconformal group of 6d (2,0) theory is
OSp(8*|4) whose bosonic subgroup is SO*(8) x USp(4) = SO(2,6) x SO(5). There are three
rotation generators Jia, Js4, Js6 of SO(6) C SO(2,6), the Hamiltonian H of SO(2) C SO(2,6)
and two Cartan generators Ria, Rsq of the SO(5) R-symmetry.

We define the supersymmetric index of M5-brane SCFT by [39]

= Tr(—1)Fp%(Rlz+R34)+J12+J34+J56uRlQ_R34yi]12y5134y§]56’ (3.23)

where y1y2y3 = 1. The states that contribute to the index obey the BPS bound
{Q7 QT} ~ H — (Ji2 + J3a + J56) — 2(Ra2 + Rsa) = 0, (3.24)
where the chosen supercharge () carries the following charges

H Jio J34 J56 Ri2 Raa
‘ T 1 1 _1 1 1° (3.25)
Q‘ 2 "2 72 72 2 2

The index can be viewed as a supersymmetric partition function on S' x §® with a twisted
periodicity. Motivated from the ideas of [51, 52], the index was computed in [38, 53-55]
from the partition function of 5d N = 1* theory on a squashed S°, where the fugacity u
corresponds to a mass parameter m for the adjoint field while the fugacities y1, y2 and ys
describe squashing parameters coupled to the Cartan generators of the isometry group of S°

Furthermore, the general index was proposed as a supersymmetric partition function
on S' x §%/7Z; [55, 56].

3.2.1 Twisted limit

There exist an interesting limit of the general M5-brane index (3.23) that plays a significant
role in the giant graviton expansions of the Coulomb/Higgs indices of the M2-brane SCFTs.
We introduce

IO T R N (215 w2) 1= lim MO SCET R N(u, y1, 2, y33p),  (3.26)

twist 3
x1=p2 u:fixed,

xg:piéuflygzﬁxed,

P,Y1,y3—0,u,y2—00
which we call the twisted limit. In the twisted limit we fix ratios p% Ju~! and p/yy L py first
introducing z; = p%u and x9 = p_%u_lyg and keep them finite while taking ¢,vy1,y3 — 0
and u,ya — 0o. One way to realize this limit is to specialize the fugacities (u,y1,y2,ys3;p) as

1o, 2 1 1421 5 1 1 4 12
M5 SCFT[RE’;N](t*za:fa:; 3wy Py Sty t3y Pu, Oty ), (3.27)
and take the limit ¢ — 0 while x;, 22 kept finite. As we will see in section 4 (see (4.5)),

this parameterization arises naturally in the holographic interpretation of the giant graviton
expansion of the Coulomb limit of the M2-brane indices [57].



The resulting twisted index depends on a pair of fugacities 1 and xo so that it gives more
information than the unrefined limit [38]. The unrefined limit is simply obtained by specializing
9 to 1 or equivalently setting yo to p%u. Indeed, according to the original definition (3.23)
with trace over the states, the M5-brane index specialized as (3.27) is written as

1 4 2 1 4 _1 _1 4

1 s _1 _1 2 1 1 1
TMB SCETIRS. N (¢~ 2020y t5a, oy Ot 303w ta, Suy Ostaaia

N coln

)

_ Tr(—1)th{cz’,(@')*}fz{Q,Q*}${212+J34x§R34+%+J34+%7 (3.28)
where ' is another supercharge carrying the following charges
‘H Ji2 J34 Js6 Rio R34‘R12 + J34‘2334 + 22 4 Jyy + %‘
M1 1T 1 1 1 _1 ; (3.29)
Az 3 -3 3 3 -3 0 | -1
which satisfies
{Q' (@)1} ~ H + J12 — Jsa + Jsg — 2R12 + 2Rz (3.30)

Since Ry2 4 J34 commutes with both @ and @', the M5-brane index (3.27) with x5 set to 1 is

actually independent of the parameter ¢ controlling the twisted limit. Namely, for zo = 1, the

M5-brane index in the twisted limit (3.26) is the same as the M5-brane index before taking
1

the limit (3.27) for x5 = 1 and any choice of ¢. In particular, by setting ¢t = 27 we obtain

M5 SCFTIRS. N(21) = IM3 SCFTRS: N(21, 1)

unref twist

N

= M3 SCFT (RS, N(2,2,1,1,1; 1), (3.31)
which reproduces the unrefined limit proposed in [38].

Also, when we only keep x1 finite and take p — 0, u — oo of the M5-brane index, we
find the half-BPS index [39]

SC . SC
Tigps R N)(z1) = lim T SCUR N (u, g1, 2, ysi p)- (3.32)

x1=p?2 u:fixed
p—0,u—00
The result turns out to be independent of the values of yi,y2,y3. For the maximally
supersymmetric configuration of M5-branes, it counts the BPS states with 16 supercharges.

3.22 N=1

For N = 1 we have the world-volume theory on a single M5-brane as the 6d (2,0) theory
of a free tensor multiplet. The index reads [39]

Ifree tensor [RE); N = 1](11,, Y1, Y2, y3;p) _ PE[ifree tensor [RS; N = 1](11,, U1, Y2, yg;p)], (333)

where

3 _ _ _ _
plut+u™t) —pXyrt oyt +yst) + P

free tensor [mp5H
R N =1 p) =
? [ ) ](’LL, yl’y27y37p) (1 —py1)(1 _py2)(1 _py3)

(3.34)
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In the twisted limit the single particle index (3.34) reduces to

it R N = 1(wysm) = 7——— _x;m. (3.35)
Hence we get

a 1

Itfgﬁe;ttensor[RS;N — 1](561;%2) — H T (336)
In the unrefined limit one finds [38]
f 5 - 1
Thnd BN = 100) = [] = (3.37)
n=1

In the half-BPS limit the single particle index (3.34) simply becomes z;1. Hence the
half-BPS index is given by [45]

1
1—.1‘1.

Ifree tensor [RS; N = OO](I‘l) —

1BPS (3.38)

In [55] the general index for the 6d (2,0) free tensor multiplet theory on S! x S°/Z,
was addressed from the partition function on lens space S°/Z; via the supersymmetric
localization. It takes the form

Ziree tensor ZiRS: N = 1] (u, y1, Yo, y3; p) = PE[I™ *5r 2R N = 1](u, y1, y2, y3; )], (3.39)

where
f z Pl
tree tenser BURS: N = 1)(u, y1, Y2, Y3 ) = dinst (U, Y1, Y2, Y33 p) =
L =7y
+ (Y1, 92,93 = y2,43,51) + (Y1, 42, Y3 = Y3, 41, Y2)
(3.40)
and
. 1oy =B - BE)
Zins‘c(u7 Y1, 92, y3;p) =p 2u 1yl 2 yf/g yzf (341)
(1= =)
Y1 Y1
is the single particle index for a half-BPS instanton on R*! [58].
In the twisted limit, the single particle index (3.40) becomes
l..0-1
S PR N = 1] (ry) = A2 (3.2

Note that the twisted index is simply obtained from (3.35) by performing the Z; projection [59]
1 -1

i ™ AR N = 1 (wswa) = 7 D ik ™RGN = 1](e T anse T wy). (3.43)
m=0

However, we expect that the general index has more structures. Since the lens space has
non-trivial homotopy group m1(S°/Z;) = Z; that results in [ degenerate vacua, the total
partition function on lens space S°/Z; will be given by a sum of [ separate sectors where
each sector is distinguished by a certain phase factor. From the giant graviton expansion
we will see the expected form of the general index in the twisted limit.
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3.2.3 Large N

The large N index for the 6d (2,0) Ay_; theory describing N Mb-branes in flat space is
identified with the index for the KK modes on the supergravity background AdS; x S*. The
supergravitons fit into supermultiplets of the superconformal algebra osp(8*|4). The spectrum
was investigated in [49, 50, 60]. It is given by [39]

4 . 4
TAdST x5 KK[RS: N = 00] (u, y1, ya, y3; p) = PE[4%57 X 5 KE[RS: N = o0](u, y1, y2, y3: p)],

(3.44)
where
. 4
A4S ST KRR N = o0](u, 1, 42, Y35 p)
3 _ _ _ _ 9 _
prlutu) —pP(yr +yp +ys ) Pyt ye +ys) —p2(utut) (3.45)
- 3 3 . .
(1 —up2)(1 —u=1p2)(1 — py1)(1 — py2)(1 — pys)
In the twisted limit, we obtain the single particle index
[AdS7 x ST KK p5. ny o) — 1 3.46
Liwist [ ) OOK'Tlv‘T2) (1 — .Tl)(l — 931$2) ( : )
and the multiparticle gravity index
AdS7 x S T T 1
KK
Itwist7 * [RE)a N = OO](CL’l, :1:2) = ]}—[1 1—[[) 1— I.nJrkx'g : (347)
=1 n=

The unrefined large N index is given by the MacMahon function or equivalently the

generating function for plane partitions

4 a 1
I{ﬁiﬁ{? x S KK[]R57 N = OO] (p) = H m (348)
n=1
The large N half-BPS index is given by [45]
4 e 1

4 Giant graviton expansions

While the large N limits of the supersymmetric indices of the gauge theoreis for a stack of
N coincident branes in string/M-theory exactly coincide with the gravity indices for the
Kaluza-Klein (KK) excitations of the supergravitons on the supergravity background, for
finite N the gravity indices should contain the contributions from the giant gravitons whose
angular momenta are of order N. The giant graviton expansions are the expansions of
the ratios of the finite N supersymmetric indices to the large N indices with respect to
the fugacities coupled to the angular momenta carried by the giant gravitons [3-5]. Such
expansions are highly non-trivial as most of them are merely checked by the numerical
methods except for the case with the exact forms.
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In this section, we address the exact forms of the indices for the M5-brane giant gravitons
by means of the giant graviton expansions of the Coulomb indices and the Higgs indices for
the M2-brane SCFTs. Furthermore, we obtain from the expansions the exact form of the
twisted indices of the M5-brane SCFTs and find that they also admit the giant graviton
expansions with respect to the indices of the M2-giants as inverse transformations.

The M5-brane (resp. M2-brane) SCFTs on the boundary of AdS7 (resp. AdSs) are
essentially the same as the those on the wrapped giant M5-branes (resp. giant M2-branes)
in AdSy x S7 (resp. AdS7 x S*). The indices of these theories are related with each other
under changes of fugacities.

To identify the concrete transformation rules of the fugacities, let us first consider a
spherical M5-brane giant graviton wrapping S° as an intersection of the plane z; = 0 with S”
in the dual geometry AdS; x S” (see section 2 for notation). This configuration preserves
half of the supersymmetry which commutes with h — 12, and the remaining subalgebra
contains as the bosonic subalgebra

u(l)h_ru X 5u(2[4), 511(2‘4) D) 50(3)jij,i,j:1,273 X 50(6)rab,a,b:3,m 8 X u(l)h—%rlg (4.1)

generated by the operators in the subscripts. As argued in [57], there is an isomorphism
between the symmetry algebra (4.1) preserved by the Mb5-brane giant graviton and the
subalgebra of Mb5-brane SCFT preserved by a spherical M2-brane giant graviton configuration.
If we choose the M2-giant graviton as the one with Z; = 0 (see section 2 for notation),® the
bosonic subalgebra of the remaining symmetry algebra in the M5-brane SCFT is

50(2)i—Ri, X 5U(4]2),  su(4]2) D su(4)s;,05=1,- .6 X SW(2) Ry ab=34,5 X W(1)H 2R, (4.2)

By matching the subalgebras (4.1) and (4.2), we find [57]

H
h:——3R12,
2 2

Ji2=Rs4, T2 =—Ri2, r3a=Jia, 7156 =134, 7178 =Js6. (4.3)

The transformation of the fugacities for the M5-brane giant gravitons associated with
z1 = 0 can be obtained by substituting the generators (4.3) to the supersymmetric index
of the M2-brane SCFT (3.1) and rewriting it in terms of the supersymmetric indices of
the M5-brane SCFT (3.23). We find

z N u=4q

2 1 _
z2, yp=1t3z3x, yYya=1

oojut

23zl (4.4)

=
Wl
N|=
I

p= qit t
As reviewed in section 2, the M5-brane giant graviton preserving less supersymmetry can
wrap more general supersymmetric cycles as intersections of the holomorphic surfaces (2.1) in
C* with S7 so that the holomorphic surfaces involve other zeros of the holomorphic equations
with four variables. The identification (4.4) of the parameters allows for a single sum giant
graviton expansions of the M2-brane indices with less superseymmetry in such a way that
the expansion coefficients are viewed as the indices of M5-brane giant gravitons with the
same amount of supersymmetry.

SDifferenct choice of the M2-brane giant graviton at this step results in the same conclusion (4.4) since the

supersymmetric index of M5-brane SCFT (3.23) is symmetric under the exchange u — u™*.
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For the M5-brane giant graviton associated with z3 = 0, we find the corresponding
fugacity transformation

[NIES
N
W=
8

27, oy =tz e, =t (4.5)

1 _5
23, u=4q 8t

N
[

p=qit

This allows us the single sum giant graviton expansion of the M2-brane indices with respect
to a different variable.

It is argued in [3] that the leading terms in the giant graviton expansion of the su-
persymmetric indices for the SCFTs dual to the bulk AdS geometries correspond to the
ground state configuration characterized by the supersymmetric surface wrapped by the giant
graviton. For the Mb5-brane giant graviton we have the following ground state contributions
to the M2-brane index:

S5 ground state contributions

21=0 (qizt_l)N

2 =0 (qrat)N . (4.6)
23=0 (qiz_lt_l)N

24 =0 (qim_lt)N

In particular, the coefficient of (qiztfl)mN (resp. (q%zfltfl)mN) in the giant graviton
expansion of the Coulomb index is expected to be given by the supersymmetric index of the
fluctuation modes of 1/4-BPS Mb5-brane giant gravitons of wrapping number m associated
with z; = 0 (resp. z3 = 0) which will also be calculated as the 6d supesymmetric index (3.23)
for m Mb-branes upon a proper identification of the Cartan generators.

Hence we conclude that the coefficients of (qizt_l)mN (resp. (qiz_lt_l)mN) in the
giant graviton expansion of the supersymmetric indices of the M2-brane SCFT should
be interpreted as the supersymmetric indices of m Mb-branes (3.23) with the fugacities
(u,y1,y2,y3;p) substituted with (4.4) (resp. (4.5)). In particular, if we take the Coulomb
limit (3.6) with 71 = tz=! and 3 = tz, we find that the coefficients are respectively given by

coefficient of 7V — o {ItM5 SCETIRS: ) (1 xg)},

wist
coefficient of 25"V — oy {IMN‘;’SECFT [R5 m) (1 xg)}, (4.7)
with ZM2 SCFTIRS: im](x1; 2) the twisted limit defined as (3.26) and
o1 T — mfl, To — T1T2, (4.8)
g9 1 — T1x2, $2—>.€C2_1.

Note that o1 0 01 = 09 0 09 = id.

For the orbifold Mb5-brane giant gravitons wrapping the Z; homology cycle or the
intersections of the holomorphic surfaces in C*/Z; with the orbifold S7/Z;, one finds mod I
wrapping number [10, 17]. Therefore the coefficients of (qiztfl)lmN (resp. (qizfltfl)lmN)
in the giant graviton expansions of the Coulomb indices for the theories of M2-brane probing
the orbifold will be identified with the supersymmetric indices of the 1/3-BPS orbifold

Mb5-brane giant gravitons.
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4.1 Coulomb indices

We examine the Coulomb indices of 3d ' = 4 U(XN) ADHM theories with [ flavors [8, 9]. They
enumerate the BPS local operators, which are responsible for the description of the geometries
C2/Z; probed by a stack of N M2-branes. They also arise from the supersymmetric indices
of the U(N); x U(N)_; ABJM theories [10] or the U(N); x U(N +1)_; ABJ theories [11-13]
in either the Coulomb limit or the Higgs limit [14]. They can be regarded as the refined
Hilbert series for the N-th symmetric products of C2/Z;.

4.1.1 C2

Let us consider the U(N) ADHM theory with a single hypermultiplet in the fundamental
representation that describes a stack of N M2-branes in flat space C*. In this case, the
theory has enhanced N' = 8 supersymmetry and it is dual to the U(N); x U(1)_y ABJM
theory [61]. The gravity dual geometry is AdSy x ST in M-theory.

Since the theory is self-mirror, the Coulomb index is equivalent to the Higgs index. The
Coulomb index encodes the spectrum of the Coulomb branch operators describing the C2
probed by a stack of N M2-branes. In terms of the fugacities (x1,x2), it is given by [15]

U(N) ADHM-[1] ($1$2)2|>“gj2n()\)7zi )\;2
Wi, o) = |
Ic [C* N](21;22) = ZA @20 N 1) Lot (1 20 )ms (0 (4.10)
1NN

where the sum is taken over the partitions A of || whose lengths [(\) are not greater than N.

While the formula (4.10) involves an infinite sum over the partitions, another useful
formula as a finite sum over the partitions of IV can be derived by means of the Fermi-gas
method [14]. In the Fermi-gas method it is convenient to introduce the grand canonical index

=C (k215 2) Z oW APEM-I 02 o 02 N (24 ) Y. (4.11)
It can be evaluated as [14]
ES (k213 22) = exp i 70 e mCQ/Zg, U 25)
m=1
- 1 s 1
N m[IO 1 — ra'zy’ nHl e e S

As the grand canonical index (4.12) can be viewed as the Fredholm determinant, the index
is given by

4 . mi
Z—g(N) ADHM-[1] [(C4; .%'17 x2) Z H Z)\ (C )\mlfr{fl’ z2) ) (4'13)

IAI N

where
1
(1—af)(1 — x5

Zi[C* N)(z1;20) = (4.14)
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and A = (AT A3 - A" is a partition of integer N with A\ > Xg > -+ > A\ > Ay =0
and > ;_;m;A; = N. When N = 1 and N = oo the Coulomb index (4.10) or (4.13)
reproduces (3.17) and (3.21) respectively.

The single sum giant graviton expansion of the Coulomb index (4.10) was proposed by
Gaiotto and Lee [5], which takes the form

ADHM-[1] c*:

U(N) 00

I N](x1;2) Z Nm f£C2?

~ = D a1 " Ey (21;w2), (4.15)
Ic( JAPEIMA 04, N = oo](21;22) s

where

m oo
FC (31;32) H H (4.16)
k=1n=0 * — 951 Ty
is identified with the index of the 1/4-BPS Mb5-brane giant gravitons of wrapping number m.
The single sum giant graviton expansion (4.15) can be checked by expanding the both sides
in the fugacity z2 and then comparing each of the coefficients of the terms in the expansion
as a functions of the remaining fugacity x;.
For example, the index of a single 1/4-BPS Mb5-brane giant graviton is
bl 1

EE (21;29) = 11 —

e (4.17)
0 1—a7 x2

Notice that it is simply obtained from the twisted index (3.36) for a single M5-brane under
the transformation (4.8)

twist

B (21;00) = o1 [Thee o [R5 N = 1) (w15 22)] (4.18)

as expected. When N = 1, the giant graviton expansion (4.15) can be stated as the
following identity

[e.e] o0 oo oo
H (1 —2atzy) H(l—xl )(1—z5) H H 1 — 2 (1 — 2y ™)
n=1 n=2 m=1n=1

o)

Z S — . (4.19)

m=0 (z1 7x2) (77%572) 00 -+ (75 72) 00

Upon the variable change (4.8), we obtain the closed-form expression for the twisted
index for 6d (2,0) theory describing N coincident M5-branes

T GO R; N) (215 29) = 01 [F}%Q(xl;@)}

= H H 1— n+k (4'20)

When we set 21 to p and x5 to 1, the dual index (4.20) becomes the unrefined index
of the M5-brane SCFT

6d (2,0)
Iunrvgf RS H H 1— n+k:’ (421)
k=1n=0
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which agrees with the results [38, 62], as anticipated. It is identified with the vacuum character
Xw(gi(v)) (p) of the W-algebra W(gl(V)) as the protected chiral algebra of 6d (2,0) theory
of type g is conjectured to be isomorphic to the W-algebra W(g) [62].

Here we observe that the M5-brane index (4.20) also has the giant graviton expansion

6d (2,0) 5 -
T R°: N . .

T RO NNwri02) P G ), )
Tiwist RN = o0](x1;522)  m=0

where C;’Sf can be viewed as the index for M2-giants of wrapping number m. It is simply
obtained from the Coulomb index (4.10) for the U(m) ADHM theory with one flavor under
the transformation (4.8)

GS; (130) = o1 [Ig(m) ADHM-[1] [C*; N] (m;wz)] (4.23)

It is instructive to take the specialization of the indices. We note that the expansion (4.22)
still holds in the unrefined limit (3.31), for which the M5-brane indices become the vac-
uum characters of the W-algebra and the expansion coefficients are given by the Coulomb
index (4.10) with the specialization 21 — p~!, 3 — p

1-6d (2,0) R5;N oo R
et BN g e ) (420
Iunref7 [RS;N = OO] (p) m=0

where CA?%Q (p) = Ig(N) ADHM-[1] [C* N](p~';p). While the leading coefficients in the giant
graviton expansion of the unrefined index of the 6d (2,0) theory describing a stack of N M5-
branes was addressed in [63], our formula (4.24) now gives rise to all the expansion coefficients
in terms of the Coulomb/Higgs indices of the ADHM theory with one flavor. For example,

GT (p) = —(17’#)2, (4.25)
GS (p) = = q;]g) — (4.26)
G5 (p) =~ i ;Z%tig; (]f)_ 5 (4.27)
Gi (p) = (1218;:3);1421—;21)8?12 jﬁf;ag_nggz’ (4.28)
GS(p) = p'L(3 + 8p + 15p% + 20p® + 28p* + 20p° + 15p5 + 8p” + 3p®) (4.20)

(1=p)?(1=p?)*(1 = p?)?(1 = p*)>(1 - p°)?
Next we turn to the half-BPS indices. When we take the half-BPS limit of (4.10) (or
equivalently (4.13)) and (4.20), we get

N
U(N) ADHM-[1 1
Ty o ek V@) = T1 = (4.30)
2 n=1 3
6d (2,0) N 1
T s [R% N](z1) = [ T (4.31)
n=1
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The half-BPS index for the theory of N M2-branes probing C* and that for the theory of N
M>5-branes probing R® have the same form. The giant graviton expansion of the half-BPS
indices are given by

I1( ) ADHM-[1] [C4; N(z1)

1BPS N C2
111(313% AP0, N = oo)(z1) )

Tispe R N(z1)

— Z 2V (), (4.33)

LB<2 VRS N = oo)(x1) o
where
( ) m(WQH-l)
AT2 -1y —
) = W 1131(3250)[R5’m](x11) (4.34)
and
( ) m(WzH_l)
AC2 —1)"w ADHM-[1 _
g @) =L =Ty IS ml@) (4:35)

are the index for the half-BPS Mb5-brane giant gravitons of wrapping number m and that for the
half-BPS M2-brane giant gravitons of wrapping number m respectively. The expressions (4.34)
and (4.35) are exactly same as the index for the half-BPS D3-brane giant gravitons [5, 31, 64,
65]). This is consistent with the semiclassical analysis [65] of the half-BPS giant gravitons
based on the brane actions where the spectra are addressed from the Lagrangian for quadratic
fluctuations of a spherical D3-brane, M2-brane and Mb5-brane in the AdS,, x S™.

As the indices contain two variables corresponding to the two planes z; = 0 and z3 = 0,
let us now turn to the double sum expansions. For each pair (mj, mg) of wrapping numbers
the expansion coefficients will consist of the indices (4.16) for the M5-brane giant gravitons.
Besides, the configuration will generally involve M2-branes stretched between them whose
contributions will be independent of the background flux N. Assuming that the both two
variables 1 and z9 are small enough within a unit torus, we find that these indices admit
the double sum expansions in a similar manner as for the expansion of the Schur index [4].
We find that

ZUN) ADHMU . o o
U(og) ADHM-[1] 4[ Ml rz) - Z Z oy My "2 (z@g) ™™
Ic [CH N = o0l(z1;72)  mi=0ma=0
x BS (w15 00) ES. (19 71). (4.36)

The factor (z1x2)™ ™2 will be interpreted as the contributions from the M2-branes suspended
between the Mb-brane giant gravitons.
Analogously, we find that the twisted index can be expanded a double sum of the form

Z Z me1 Nm2 9311‘2)m1m2

I6d.(2 O)DRE) N = OO](I'l,iEQ) mi= 0m2 0

twist
x GS (21;29)GS, (w95 21). (4.37)

704 2 0)[R5 N](x1;x2)

twist
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We note that the expansions are not unique and there will be other form of the expansions
depending on the regions of the expanded fugacities. It would be interesting to figure out the
full structure of the admissible expansions and their physical meaning, such as wall-crossing
phenomena and the associated brane configurations.

4.1.2 C2/Zy

Next consider the case with [ = 2. The U(N) ADHM theory preserves N = 4 supersymmetry
and the gravity dual geometry is AdSy x S7/Zs in M-theory. The Coulomb index is the
refined Hilbert series for the N-th symmetric product of C2/Zs. It also agrees with the
Coulomb or Higgs index of the U(N)2 x U(N)_o ABJM theory [14].

Let us define the grand canonical Coulomb index of the U(N) ADHM theory with
two flavors by

2
Eg /22 (,{; 71 $2 Z IU(N) ADHM- [2][ (CZ/Z2’ ](xl; ;UQ)/QN, (438)
N=0

It can be computed as [14]

0o U(1) ADHM-[2] v 27 . m
Egz/zg(ﬁ;wl;m) = exp Z [C? x C?/Z; 1)(a"; 2y ),{m
m=1 m
00 1 00 1
- H 1 — rxMal? H (1 — g2 mY (] 2y’ (4.39)
m=0 142 p= RTq T )( KT Ts )
where
7U() ADEM-2] 1 2 1 — 2223
[C? x C*/Zo; 1) (w15 2) = (4.40)

(1= a1z2)(1 — 2)(1 — 23)

is the Coulomb index for the Abelian theory with NV = 1. The canonical index reads

VA CQ T . m;
IC(N) ADIM-(2 o (27 N (21 ) Z H 1\ [C? x /\/mi;,ﬁf](m,m) C(a41)
A '
where
1+ xizt
Z;|[C? x C2?/Zy; N(z1;22) = 172 4.42
S I (e T ) e
In the large N limit the Coulomb index is given by [14]
1
H mQTnHOnI_[l 1— 2P ) (1 — ey ™20)

We find that the Coulomb index of the U(N) ADHM theory with two flavors admits
the following single sum giant graviton expansion:
oM APENERYC2 5 €27 N) (w15 20) &2

= 3" 2N EC T2 (g 0, (4.44)
Ig(oo) ADHM-[2] [C2 x C2/Zy; N = oo|(x1;x2) mZ:o '
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where

1
F(CZ/Zz (x1;2 4.45
1;%3) kl_[ml_[o 1— I1—2kx%n)(1 _ $1—2k+1x§n+1) ( )

will be identified with the 1/3-BPS index for the M5-brane giant gravitons wrapping a 5-cycle
in the S7/Zy. Unlike the case with one flavor, the expansion (4.44) has contributions only
from the giants of even wrapping numbers 2m with m = 0,1,---.

For m = 1 corresponding to the Mb5-brane giant graviton with wrapping number 2,
the single particle index is
2

—1 —
Ty @2 T

/\C2/
2 2+1_

1 (T15T2) =

o (4.46)

The twisted index for N M5-branes wrapping S°/Zsy will be obtained under the variable
change (4.8). We get

A2
z“@m%w5]@um%=mF£“7MWM

twist

1
= H H . (447)
SR x%n+2k 2n)(1 _x%n—i-le,gn—&-l)
For example for N = 1, we have
6d (2,0) Z a 1
7, 2R3 N = 1](z1;20) = 4.48
twist [ ]( 1 2) 7};[0 (1 Qj‘%n+2 %n)(l - x%n+2$§n+1) ( )
and the corresponding single particle twisted index reads
2
xix
R0 P RSN = 1w 02) = 1 (14 237, (4.49)
—I1x

We observe that the single particle index (4.49) is given by a sum of two parts with the
common factor 23z /(1 —x223) corresponding to the Zs-projection of the twisted index for the
6d (2,0) Abelian theory (see (3.42) for I = 2). They are distinguished by a phase factor x5

Consider the giant graviton expansion for the twisted index (4.47) of the form

thst _ 2Nm AC? /7, .
d 7 = Z 27 "G 72 (2 22). (4.50)
It6W15(t2 0 2[R5 N = OO] (wﬂ x2) m=0

We have confirmed that the index of the M2-giant gravitons is beautifully obtained from
the ADHM index with two flavors under the variable change (4.8)

GE I (w13 00) = 0 [T APIMRIC? 5 €225 00) (w15 ) (4.51)

Note that the expansion (4.50) has the unrefined limit in such a way that the expansion
coefficients are given by the specialized Coulomb index (4.41) with zo — xl_l. In the half-BPS
limit, we have

N
ADHM-[2 1
Tipeso IC < €/Zoi Nl(wn) = 1T 1=z (4.52)
n=1
6d (2,0) Z N 1
IlBPs ‘R N)(21) = 1:[1@ (4.53)
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Again the half-BPS index for the M2-brane SCFT is equal to that for the M5-brane SCFT.
It is straightforward to show that they have the giant graviton expansions of the form

V) ADEM-R) 02 o 027, N(ay)

1BpS,C c- FC?
2 ’ = x%Nmfc /22 (1), (4.54)
7)) APINBle2 o 2/ N = o0 (1) mZ:O :
2 b
6d (2,0) Z2 15
7° [R°; N](21) o
iBPS o 2Nm AC?/Zs
— N 2NmC T gy (4.55)
I;}(fsj O Z2(R5; N = oo](21) mgo "
where
- —qymgmm D) 6d (2,0) Z -
fg /72 (21) = (()212 = IlBlgé ) 2[R5;m](1'1 1) (4.56)
:C17 xl)m 2

is identified with the index for the half-BPS Mb5-brane giants of even wrapping number
2m in S7/Zy and
m(m+1)

C2/2 (=) L U(m) ADHM-[2] (2 _ 2 jrp . 1

ar) 2(3:'1) = W = I%BPS,C [C x C /ZQ,m](xl ) (457)
can be viewed as the index for the half-BPS M2-brane giants of even wrapping number 2m
in $%/Zy as the half-BPS index (4.53) is equal to the half-BPS index for the M5-branes
probing the orbifold geometry R?/Zs.

In addition, we find that the indices have the double sum giant graviton expansions

U(N) ADHM-[2 o oo

IC( ) [ }[CQ X CQ/ZQ;OO](l'l;:Ug) B 2Nm, 2Nm2( B
U(co) ADHM-[2] g 5 = Z Z Ty ¥ T112)

1 [C2 x C?/Za;00](21;72)  m1=0ma=0

x EC 72 (31, 29) ES /2 (19; 11) (4.58)
and
6d (2,0) Z
Itwis(t ) Q[RE);N}(xl;x?) _ i i 2Nmq 2Nm2( )m1m2
6d (2,0) Z2 s - L1 Lo T1T2
Itwist [R ;N = OO}(xl;xQ) m1=0mo=0
X égfl/% (z1; xg)é%Z/Z? (x2;21). (4.59)
4.1.3 C2%/7,

Now consider general U(N) ADHM theory with [ fundamental hypermultiplets. The theory
describes a stack of N coincident M2-branes probing C? x C?/Z;. The gravity dual geometry
is AdSy x S7/Z; in M-theory. The Coulomb index is the refined Hilbert series for the N-th
symmetric product of C%/Z;. Since the theory is mirror to the U(N)®! necklace quiver gauge
theory [9], it is equal to the Higgs index of its mirror theory [14, 42]. In addition, since the
Coulomb or Higgs branch operators in the U(N); x U(N)_; ABJM theory are responsible
for the description of the geometry C2/Z; C C*/Z; probed by N M2-branes, it agrees with
the Coulomb or Higgs index for the ABJM theory [14].
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The grand canonical Coulomb index is given by [14]

2
E((Cj/ "(kyx1;22) Z IC ) ADHM-| }[ 2 % (CQ/ZZ;N](xl;a:Q)nN
1 PIIE? « €2 1) (o )

Hm

= exp Z

m=1 m
a 1
— , 4.60
rrlL_:[O 1 — ka'xl? 711_[1 1— nxﬂ“”"az%”)(l K] x%”””) ( )
where
1— 1,0
Ic( ) ADHM- [l][ % (CZ/Zl, 1(1; x2) = T1T9 (4.61)

(1 = 2122)(1 = 2f) (1 — 2b)

is the Coulomb index for the Abelian ADHM theory with [ flavors. The canonical index
is given by

Z C2/Zy; N)(z1; x2)™
IC( ) ADHM: m[ X (C2/Zlv xlva Z H A X )\{nz7l;1| ](xl’ x2) P (4-62)
|,\| N '
where
(1 xllez)
Z;|C% x C?/Zy; N(z1; x2) = A=sa) _1$2)(1 7 (4.63)
172 1 2
In the large N limit one finds [14]
7o AP 5 €274 N = 0] (215 22)
bad 1
= - — — (4.64)
1;[ 1= ajas 7111101“:!1 L=y * zy")(1 — 2y $2+l )

The finite N correction of the ADHM Coulomb index will be controlled by the Mb5-giant
gravitons with mod [ wrapping number. We propose the giant graviton expansion of the
Coulomb index of the U(N) ADHM theory with [ flavors of the form

UN) ADEMA (2 L, 2 /1. N o
U(Iog) ADHM[]] © x /2 NMosz) > N ES P (24 ). (4.65)
Ze [C2 x C2/Z;; N = oo](z1;22)  m=0

The expansion coefficient in (4.65) is identified with the index of the 1/3-BPS orbifold
Mb5-brane giant gravitons of wrapping number ml supported on a supersymmetric 5-cycle
as an intersection of holomorphic surface defined by f(z1,23) = 0 in C*/Z; with the S7/7Z,;.
We find that it is given by

2/ m [—1 oo 1
By /Py ae) = [T 11 H Rt (4.66)
k=1i=0n= 0 Ty Ty ")

— 922 —



Furthermore, the twisted index for 6d (2,0) theory on S! x S°/Z; will be obtained upon
the transformation (4.8). We find

I6d (2,0) Z [R5; N] (r1;12) = 0y |:F§2/Zl (21; :EQ)}

twist
N -1 1
_ _ (4.67)
I Gy

For example, for N = 1, one finds from (4.67) the single particle twisted index for the (2,0)
theory of the free tensor multiplet on S' x S°/7Z;

l,.0-1

rix _ _ 1
[R%; N = 1](21;x9) = 1_17;[1%,2 (1+azt a4+ (4.68)

.6d (2,0) 7Z;
twist

We see that there are [ terms in (4.68) corresponding to | degenerate vacua. Each has
the common factor 2z ™! /(1 — 24 xb) that is equivalent to (3.42), the Z-projection of the
twisted index. Each of them is distinguished by the phase factor z5 ! which is the fugacity
corresponding to the squashing parameter of S°.

Conversely, we propose the giant graviton expansion of the twisted index (4.67) in the
following form:

6d (2,0) Z 00
Itwis(t ) '[R% N](z1; 22) _ leleGCz/Zl(wl‘xg). (4.69)
Tt 2O RS N = oo](x1;02) o
We find that
GE P (@rs20) = o [Tg ) APIMC? o €224 m) (15 2)) - (4.70)

In other words, the index of the M5-giants of wrapping number Im in the S°/7Z; is beautifully
given by the Coulomb index of the U(m) ADHM theory under the transformation (4.8)!

The giant graviton expansion (4.69) is well-defined in the unrefined limit where the
expansion coefficients are given by the Coulomb index (4.62) with the specialization zo —
:Ufl. Also, the expansion holds in the half-BPS limit. It follows that the half-BPS index for
the M2-brane SCFT is equal to that for the M5-brane SCFT. We find

N
U(N) ADHM-[! 1
2 ' n=1+ 11
6d (2,0) Z N 1
) 1 5. _
I%BPS [R 7N](.T1) —nl;[lm (472)
It can be shown that they have the giant graviton expansions of the form
2y AP 2 5 27, N (a1) %0 .
(o) ADHVL] =Y 2 (), (4.73)
Lippsc [C? x C?/Zy; N = oof(x1)  m=0
789 20 ZRs. N () %
3BPS ' S INm AC2 /2,
- 1 9m (xl)v (474)
IECIIBSS’O) YIRS N = oo](x1)  m=o
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where

m(m+1)
JU (=1)mx, 2 6d (2,0) Z -
Fl ) = oy = T ) (4.75)
1»~1/m
and
(1,
o2 —1)"x U(m) ADHM-[I —
e = s = T e ez mlerY) (@76)
1»+~1/m

are the index for the half-BPS M5-brane giants of mod ! wrapping number Im in S”/Z; and
that for the half-BPS M2-brane giants of mod | wrapping number im in S*/Z; respectively.
In addition, the indices have the double sum giant graviton expansions

A -1l
Ig(N) DHM [][(CQ X (CQ/ZZ; ](xl-am _ Z Z INmy le2 (1)1
7U(0) ADIM-I o 2 /7 7 12
C [ X / I OO]('TI 332) m1=0ma=0

x EC /7 (213 09) ES P (95 21)  (4.77)

and
6d (2,0) Z; rp5. o oo
Itw1st DR ](xl;d:?) Z Z INm1 _INmso mim
= xy "M (x129)™ ™2
Tot O RS N = oo](21;22) gm0 mamo
X CAT‘SZ/Zl (x1; SCQ)GSZ/Z" (x2;21). (4.78)
4.1.4 C2/D,

When a stack of N M2-branes probes the D-type singularity, one has the effective theory
on the M2-branes with orthogonal or symplectic gauge group. For USp(2N) ADHM theory
with a hypermultiplet in the antisymmetric representation as well as 6 flavors, one has a dual
description as the U(N) ADHM theory with 4 flavors [8]. We have [14]

PPN rasymel6i02 o €2 By s N (5 20) = To ) APPMIC2 0 €2 /245 N (215 20). (4.79)

Therefore, it also admits the giant graviton expansions. However, unlike the theories with
unitary gauge group, the Coulomb indices do not contain the topological fugacity in general.
4.2 Higgs indices

Now we present the giant graviton expansions of the Higgs indices.

4.2.1 N =8 U(N) SYM theory

Our starting point of the Higgs indices is N' = 8 U(N) SYM theory. The theory is a
world-volume theory on a stack of N D2-branes in Type ITA string theory [66]. The classical
moduli space of vacua is (R7 x S1)V /Sy where R” is parameterized by seven adjoint scalar
fields corresponding to the 7 transverse directions of the D2-branes, S' is parameterized
by dual photons corresponding to the M-theory circle and Sy is the symmetric group. As
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the radius of the torus of the moduli space is proportional to the coupling constant g2, the
moduli space becomes [67]

My = Sym™(CH) (4.80)

in the strong coupling limit. The factor C* corresponds to the spacetime transverse to the
lifted M2-branes in M-theory.

While the supersymmetric indices for ' = 8 SYM theory are not simply computed from
the localization formula as the associated infinite sums over the magnetic fluxes are not
convergent, one can get the well-defined Higgs indices which enumerate the gauge invariant
BPS local operators consisting of an adjoint hypermultiplet. The Higgs index of N' = 8
U(N) SYM theory is given by [15]°

k

N
N =8 U(N) i

: | _ ' 4.81
o (z1;22) I;) (@15 21)k (725 22) Nk o

In the large N limit it becomes

N =8 U(c0) . 1
T (.%'1;.%2) = n P (4.82)
" };[1(1_951)(1_%)
It admits the giant graviton expansion of the form
N =8 U(N) o0
T T1; X2 m 2(A)m
.I/gf:SU(oo)( ) = Z lev ]:](—[) (z1;72), (4.83)
Ty (z1322)  m=0
where
1)ym—1 m(WQlil) 00 —ml
7(A)m _ . _ Sl Sl
F r1;22) = (22;22)00 . 4.84
i) = (@2e) (T321)m—1 15 (@25 22)0 (4.84)
Under the changes (4.8) of variables we find
.FISA)N(xl;xQ) =0 [ﬁ[({A)N (x1; 1’2)}
_ (71725 172) 0 ‘ (4.85)

(961; 961)N—1 (HJ{V; $1$2)oo

It would be tempting to explore any other approach to derive the dual index (4.85). Taking
into account the fact that the giant graviton M5-branes wrapping S° can reduce to D4-branes
wrapping CP? after the reduction of M-theory to Type IIA string theory, it may be natural
to expect that the index (4.85) has an interpretation in terms of a certain supersymmetric
partition function of 5d SYM theory on S' x CP2. We leave it to an interesting future work.
Conversely, let us consider the giant graviton expansion of the dual index (4.85)

]:(A)N

o e < mA(A)m
% = Z zy gé‘,“) (z1;72). (4.86)
Fi " (x1322)  m=o

5We note that the expression coincides with the large N normalized two-point function of the (anti)symmetric
Wilson line operators in A =4 U(N) SYM theory [68, 69].
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We find that the giant graviton index which encodes the finite N correction is again given
by the Higgs index (4.81) for N' = 8 U(m) SYM theory

Gy (wrzez) = o1 [Ty~ T (@isa)|. (4:87)

When we take the half-BPS limit, the Higgs index (4.81) becomes

N
N =8 U(N 1
Lipps M) =11 1— a2t (4.88)
n=1 1
and the dual index (4.85) becomes
(A)n 1
F r1) = ——. 4.89
%BPS,H( 1) (21;21) N (4.89)

Since they coincide with the half-BPS index (4.30) of N M2-branes and the half-BPS
index (4.31) of N Mb-branes respectively, they admit the giant graviton expansions with
the same structures as (4.32) and (4.33).

Also we have the double sum giant graviton expansions

D YD M PP
Ty (931,96‘2) m1=0mo=0

X ]-](LI )ml( T1;T )-Fj(q) 2 (zo; 1), (4.90)
and

A
fl(—l )N(x1;$2 . SL'le Nmz SL’ x )mlmg
(oo (.. Z 12
’FH (mlaxQ) m1=0mo=0

X gﬁﬁ? (21 952).@,(7?2) (225 21). (4.91)
4.2.2 N =8 USp(2N), SO(2N + 1); and O(2N)4 SYM theories

Next consider N' = 8 SYM theory with other gauge groups. We note that N' =8 By =
SO(2N + 1), Cy = USp(2N) and Dy = O(2N); SYM theories” have the same moduli
space in the strong coupling limit [71]

Mpep = Sym” (C*/Z,). (4.92)

Accordingly, the Higgs indices of SO(2N + 1) theory with x = +, USp(2N) theory and
O(2N) theory with x' = + agree with each other

= 7N =8 O0CN (31, (4.93)

"Here the subscript of SO(2N + 1) gauge group stands for the discrete fugacity y = + for the Zs charge
conjugation symmetry ZS, while the subscript of O(2N) gauge group indicate the discrete fugacity x’ = + for
which the gauge invariant minimal monopole operator is charge conjugation even [70].
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The SO(2N + 1), USp(2N) or O(2N) theory appears as an effective theory of a stack of

N D2-branes in the background of 027, 02 or O2~. The factor C*/Zy in the moduli

space (4.92) corresponds to the Zs orbifold geometry transverse to the lifted M2-branes.
To proceed, let us introduce the grand canonical Higgs index defined by

o0
E(BCD)(E;$l;x2) _ Z 1—}/}/’:8 BCDN(xl;xQ)ﬁN

N=0
00 I./\/': 8 BCD1/ .m. . .m
= exp Z H (:1:1 ) Lo )K,m ’ (494)
m=1 m
where
_ 1 —
TN =8 BODy (5 00y — + 122 — T172(71 + T2) (4.95)

(1 —a3)(1 —23)

is the Higgs index of N' = 8 USp(2), SO(3)+ or O(2)+ SYM theory. The grand canonical
index (4.94) can be evaluated as

o0 0 1 _ x2n+2 2m+1 )(1 o $2n+1$2m+2li)
=EBOD) (kg zy320) = [] ] | T (4.96)
- 2n+1,.2m+1 : '
’ n=0m=0 %m“)(l — 1"y k)

We find that the Higgs index has the single sum giant graviton expansion

N =8 BCD 0
Ty M(21;22) 22N (BCD)pm,
II/}/ =8 BODx (4. 1) = ZO mFy O (2 29), (4.97)
) m=
where
00 2b+2, 2c+1 2b+1, 2c+2
N'=8 BCDoo 1 (1—27 2" ) (1~ )
b,e>0 b,c=0 1 2
(b.0)£(0.0) ‘
and
m o —2k+1 2 2%+2. . 2
FLm(@r00) = [ (71 2k$2’x2) (Jgiﬂ x2’2$2)°° (4.99)
k=1 (w7 al‘z)oo( Ly -752?%)00

Again the expansion coefficients in the giant graviton expansion (4.97) will be interpreted
as the BPS indices of D4-brane giant gravitons. We see that the D4-brane giant graviton
carries the Zg charges. This is consistent with the fact that it is lifted to M-theory on the
Zo orbifold geometry which can support the orbifold Mb5-brane giant gravitons wrapping
a non-trivial Zs homology cycle.

The dual index is

JT"I({BCD)N(JIE (Eg) =01 [ﬁ(BCD)N(xl; 1:2)}

N 2k 2k—
k=1 I1 ’371%) (l’%kx% 3511’%)
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We find that the dual index also obeys the inverse relation

FUECDIN(
FIECD)(

. oo
T1;%2) S 2NmGBODIm (1), (4.101)
T1342)  m=0

where
G5 = o [P ). e

In the half-BPS limit, the Higgs index (4.93) and the dual index (4.100) reduce to

N
N =8 BCD 1
Tigps (@) = 11 Tt (4.103)
n=1 1
(BCD) N 1
]:%BPS N(Zﬂl) = Hl ﬁ (4104)
n=

They agree with the half-BPS index (4.52) for N M2-branes probing the orbifold geometry
involving C2?/Zy and the half-BPS index (4.53) of N M5-branes on the orbifold space S°/Z
respectively. Thus they have the giant graviton expansions with the same structures as (4.54)
and (4.55).

Also we find that it has the double sum giant graviton expansions

IN:8 BCDN(

%ZSBCD .%'17-%'2 Z Z iL‘Zle 2Nm2($1x2)m1m2
Ty ; T2) m1=0ma=0

~(BCD)m, BCD)m,

X Fy (z1; )]:'( (x9;21). (4.105)
and
(BCD)N
(BCD)OO( 1. 2) _ Z Z eV N () ™2
fH (51:1,$2) m1=0mo=0
x Gy P @) Gy O (s ). (4.106)

4.2.3 N =8 SO(2N) SYM theory

We consider giant graviton expansions of the Higgs index of the 3d A/ = 8 SO(2N) SYM
theory. The SO(2N) theory can be viewed as a “parent theory” of O(2N) theory since
O(2N) theory is obtained by gauging the Zy charge conjugation symmetry Z¢ of SO(2N)
theory. Holographically, the ungauging procedure of the discrete Zy symmetry in the O(2N)
gauge theory can be obtained by taking the vanishing Dirichlet boundary condition for the
1-form Zs gauge field in the supergravity background [72]. One remarkable feature of the
SO(2N) theory is that it has the Pfaffian operator, a gauge invariant chiral primary operator
consisting of IV scalar fields. The number of Pfaffian operators is conserved modulo 2 so that
the moduli space of the 3d N/ = 8 SO(2N) SYM theory is given by

Mson) = Sym™ (C4/Z2) X Lo, (4.107)
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which is different from (4.92). Accordingly, the index of the 3d N'=8 SO(2N) SYM theory
depends on an additional discrete fugacity x for Z¢ and therefore it is different from that of
the 3d /=8 O(2N) SYM theory considered in section 4.2.2. For x = + the index should
have contributions from the Pfaffian operators.

The grand canonical Higgs index of the 3d N' = 8 SO(2N) SYM theory with y = +
is defined by

290+ (kywy;a0) = 1 + Z = 880(2]\7)*(:1:1;3;2)/41\7, (4.108)
N=1
where Z]j}[_s SON)+ *(z1;22) is the Higgs index of the 3d /' =8 SO(2N) SYM theory with

X = +. We propose that the grand canonical Higgs index (4.108) is given by

nm%mwx%nH) (1 — mc%mﬂacg””)

HSOJr (
=50 (an2) = [ I
2m+1, 2n+1
me0n—0 (1 — rz3mx3") (1 — gyt ) ( )
4.109
1— Im%mﬂm%nﬂ) (1 _ Hm2m+2x2n+2)

— 1.

oo
+ H H ( (1 —ﬁx%m$§n+l) (1 2m+1 %n)

m=0n=0 RI7

The index IN 8 SO )(xl; x2) in the limit N — oo is the same as the one in (4.98). We find

that the Higgs index has the single sum giant graviton expansion

N=8 SO(2N) + 0o —2m 2
Ty (z1;72) 2mN< N (@ " 2300 ) #(BCD)m

- =Nz 1+ — F "(z1522), (4.110)
II/}LS SO(OO)*(ml;:rg) mz::o (5131 I A

where the second term in the curly bracket is the expected contributions from the protected
sector with the Pfaffian operators.
In the half-BPS limit the Higgs index becomes

N-1
N=8 SO(2N)+

A 4111
3BPS (z1) T 1- oV nl;[l 1—a? ( )

One can show that it has the following giant graviton expansion
N'=8 SO(2N)4
Il ("B]_)
S
A (1+ a2 § j 3mN FBCD)m (), (4.112)

N 8 SO(o0) 1BPS
I%BPS (o)

Here the second term in the curly bracket corresponds to the protected sector containing
the Pfaffian operator.

4.2.4 U(N) ADHM theories

Let us consider the supersymmetric index for the U(N) ADHM theory with [ flavors in the
Higgs limit (3.7). For [ = 0 and [ = 1, this setup reduces respectively to the N'= 8 U(N)
SYM theory considered in section 4.2.1 and the U(N) ADHM theory with one flavor in the
Coulomb limit considered in section 4.1.1. For [ > 2 it is more difficult to derive the giant
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graviton expansions since the closed-form expressions for the Higgs indices are not known
for general N. Nevertheless it is possible to generate the Higgs indices for first a few N’s
either in the closed form or in the small t expansion to a sufficiently high order by using the
relation between the Higgs index and the instanton partition function of 5d ' =1 SU(I)
Yang-Mills theory with instanton number N (B.1). By using such data we find the leading
coefficient of the giant graviton expansion as

TIAPEMTC2 o €27 N (21; 20)

Ty COAPEM 02 5 €277, N = o0] (1 22)

=1+ :levf"l(l) (z1;29) + O(23N), (4.113)

where we have set the fugacities y, for the flavor symmetry to y, = 1. Here the leading
giant graviton coefficient Fl(l)(xl;acg) is given by®

~ (1 1
]:1( )(551§5U2) = mxgl(l)l(ﬂﬂz), (4.114)
1 » o0
where
1 S mg
Xan, (@) = ot > o 2 (4.115)
' my,e m€

mi+me+--+m;=0

is the vacuum character of the SU(l); WZW model of level 1. As the WZW model admits
the coset construction

(4.116)

the vacuum character (4.115) can be also obtained from a system of [ free fermions coupled
to the U(1) Chern-Simons theory with level —I

ds ! -1

(s10)5 (5715 @) (4.117)

Xa, (@) = (@ Qoo P 5
This is nothing but a level-rank duality between SU(l); and U(1)_;. After multiplying the
character (4.115) by the generation function for the ordinary partitions, i.e. 1/(q;q)oco, it
can be also viewed as a generating function for the generalized Frobenius partitions c¢;(n)
of n with [ colors [73].

Note that when [ = 1, the leading term (4.114) in the giant graviton expansion (4.113)
has no contribution from the WZW character (4.115) so that it reduces to the index (4.17) for
a single M5-brane giant graviton wrapped on the 5-cycle in S7. Thus the appearance of the
WZW model stems from the A;_; singularity due to the presence of [ > 1 KK monopoles [74]
in M-theory. In fact, a similar configuration of M5-branes described by the WZW model or
the free fermion systems can be found in the literature [18, 19, 75-80]. The transverse space
to the [ KK monopoles is described by an I-centered multi-centered Taub-NUT space T'N;
that admits a triholomorphic U(1) symmetry preserving the hyper-Kéahler structure. The
U(1) action acts on the T'N; except for two-dimensional fixed point locus ¥.. When a system

8See appendix B for the detail.
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of Mb-branes is wrapped on T'IN;, the anomalous gauge transformation of the topological
term induces the SU(l) WZW model of level 1 on ¥ [19]. The M-theory configuration is
equivalent to Type IIA string theory involving D4-branes intersecting with [ D6-branes
on the two-dimensional surface 3, which is referred to as the I-brane [75]. The massless
modes of D4-D6 strings are chiral fermions supported on the I-brane which realize the WZW
model [18]. It would be interesting to extend the analysis to the cases with more than a
single Mb5-brane giant graviton.

Besides, we can obtain the exact form for the Higgs indices in the half-BPS limit by
making use of the orthogonality of the Hall-Littlewood functions [81] in the integral formula.
One finds that

1

"
]._:1:1

1Bp%. B (4.118)

N
W) ADENA 02 5 27,0 N(21) = ]

n=1
As the theories are not self-mirror for [ > 2, the expression (4.118) is not equal to the half-BPS
limit (4.71) of the Coulomb index for the same theory, but rather coincide with the half-BPS
limit (4.30) of the Coulomb index or equivalently the Higgs index of the U(N) ADHM theory
with one flavor. In other words, the half-BPS limits of the Higgs indices of the ADHM
theories are independent of . Therefore the indices have the giant graviton expansions of the
form (4.32), which indicates the contributions from the spherical half-BPS giant gravitons
of wrapping numbers being arbitrary non-negative integers.

Acknowledgments

The authors would like to thank Hai Lin, Satoshi Nawata and Shingo Takeuchi for useful
discussions and comments. The work of H.H. is supported in part by JSPS KAKENHI
Grand Number JP23K03396. The work of T.O. was supported by the Startup Funding
no. 4007012317 of the Southeast University. The work of T.N. was supported by the Startup
Funding no. 2302-SRFP-2024-0012 of Shanghai Institute for Mathematics and Interdisciplinary
Sciences. Preliminary results of this paper were presented in the international conferences
“Satellite conference of 2024 International Congress of Basic Science in Mathematical Physics”
held at Fudan University, Shanghai, China and “7TH INTERNATIONAL CONFERENCE
ON HOLOGRAPHY AND STRING THEORY IN DA NANG” held at Duy Tan University,
Da Nang, Vietnam. Part of the results was computed by using the high performance
computing facility provided by Yukawa Institute for Theoretical Physics (Sushiki server).

A Grand canonical indices and expansion formulas

In this appendix we present several remarks on a useful approach to find giant graviton
expansions using the grand canonical indices.

A.1 Coulomb indices

Let us start with the Coulomb index of U(N) ADHM theory with [ flavors, whose grand
canonical index is given as (4.60). We can formally invert the relation to write the Coulomb
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index as

ZUON) ADHM-U (02 27 N () ) = d | —NC?/Z KT 7). Al
c omin . C
7'('7»/{

Here the integration contour is a circle around the origin which is sufficiently small so that
all the poles of the grand canonical index at k # 0 are outside of the contour. To guarantee
that there is a choice of such contour for which all of the inifite set of the poles kK = 27 ™25 ™
with m > 0 and k = 2™ "y ™, o7 ™2y ™™ with m > 0,n > 1 are outside of the contour,
let us consider the parameter regime |z| = 1 and |t| < 1. In this regime the right-hand side
can be evaluated by collecting the residues at the poles outside the contour. Dividing both

sides by Ig(oo) ADHM-{] [C? x C?/Zy; N)(z1;72) (4.82), we find

oW APEM 2 o €27, N)(21; 29)

U(oo) ADHM-[I] [(C2 x (CQ/ZZ_ OO](xl; x2)
=1+ Z (z122) mNF + Z Z( m+nl . m NF7(nZ’)n + (x?lxgz-l-nl)NFTgi)n)’ (A.2)
m=0 m=0n=1
with
F(l):< )( — : ) A3
" ml’_£1 L= (z1ap) ™™ mlf_[mlf_[1 1= (zra2) ™2™ 1 — (z122) ™2l (4.3)
@) m+nl—1 1 nl—1 n—1bl—1 1
F?) =
o o 1-— (mlxg)“—mxl_"l al;lo 1- (wlxg) o e bl_[l al_[l 1 — (z122)0 U2y
nl—1 2n—1 1 1
X
al:ll blgﬂ 1- (xlfUQ Ja—nly bl 1:[1 1— (b n)l nl bl
m—1 oo
1 1
X
al_[o 1)1_[1 1— (mlm)a—mx(b—n)l 1— (xlxz)a—mxl—nlxgl
- 1
x : (A.4)
a_HnlJrlb HQH 1- (xle )l H — (a7 )™
@) m+nl—1 nl—1 1 n—1bl—1 )
FP) =
m,n al;[() 1-— (3311:2 a My nl H 1-— (aj‘1$2)a($2—lxl)nl Pt ie] 1— (xle)a—blxlfl

nl—1 2n—1 1 1
X
zzl_‘[l - ];[H 1— (.ZUlJfQ a nl bl 1:[1 1— (b n)l 1—2x nlxlil
m—1 oo
1 1
X
c:Ll—[O bl_{ 1— ($1$2)a m(L‘(b n)l 1— (xle)afmxgnl:EI{l

1

1- wlfl(xQ T1)"

(A.5)

< T T —

a=—nl+1b=1+2n (xlm

blH
1

For the single sum giant graviton expansion with respect to x;, terms which contain

E

an infinite product of the form

(A.6)
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with a,(z1) any function of z1 and b, positive integers, should not contribute since it is
proportional to z5°. See [7] for a similar discussion.

Among the above expansion coefficients F( ) Fr(n2 )n, Fy (3) we find only Fé 72 does not suffer
from such factor. Hence we can conclude that the smgle sum giant graviton expansion is
given by the right-hand side of (A.2) with only FO(2) kept. Namely, we have

,n

IC( ) ADHM- [l][ x (CQ/Zl, ](1,1;1_2) B 0o T
U(o0) ADHML]] =1+ «1"VE (A7)
I [C2 x C?/Zy; 0] (x1; x2) n=1
with
@) m [—1 oo 1
Fom = [T11I H ki dntiy (A.8)
1 i=0n=0 ( 1 z5""")

which precisely reproduces the single sum giant graviton expansion (4.65).

A.2 Higgs indices

We can repeat the same analysis for the Higgs indices of N' = 8 SYM theories considered
in section 4.2. For the Higgs index of N' = 8 U(N) SYM theory, the grand canonical
index is given by [15]

1

(K15 2100 (K 22) 00

—N=8U(N
Ex ( )(f@;xl;mg) =

(A.9)

By collecting the residues at k = ;"™ with m > 1 and x = ;™ with m > 0 in the inverse
transformation similar to (A.1), we find

Ty =SV (2 0) mN (1) mN p(2)
N=8U(0) =1+ Z o E Z 2 I (4.10)
Ty (z1;22) m=1 m=1
with
F(l) _ Hn 1(1 — xg) F(Z) _ Hn 1(1 — .’L'rf) )
" ot (L= 2" ey (1 — 2y ™) " ot (L= 2™ T2y (1 — 23 ™at)

(A.11)

When we expand the right-hand side in x first, only F,Sll ) survives, which reproduces the
single sum giant graviton expansion (4.83).

For the Higgs index of N/ =8 USp(2NN) SYM theory, the grand canonical index is given

2n —2m —2n— 1 2m— 1
)

by (4.96). By collecting the residues at k = x; with m,n > 0 and k = ]

with m,n > 0 in the inverse transformation, we find

x1;%2) 2b,,. 2 N 1) 2b+1 2+1 N ()
O =1+ > (@) F/+ ) (= ¢ Fy (A.12)

L1522 b,e>0 b,c>0
(b,0)7(0,0)
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with IﬁfngCD"O (z1;22) given as (4.98) and

F(l) B b oo (1_x—2b’+2 2c’+1)(1 —2b’+l 20'+2)
be — H H (1 —2b’x2 )(1 —2b’+1 20+1>

Ty Ly

0o ¢ (1— x%b +2x§2c’+1)(1 _ x%b’+1m520 +2)

(1 o x2b’x—20’)(1 - x%b’+1x2—2c’+1)

b'=0c'=1
b ¢ 72b’+2 —2¢ +1)(1 _ $72b’+1x720’+2)
X H H —20 2—2 —211/ 1 —22/ n (A.13)
b=1c=1 1_37 28)(1— a2t
! _ / o
F(Z) B lo_O[ 1 $2b +1 IO_O[ H 1 o .Z‘2b +1 226 )(1 _ ZL‘%b +23§‘2 2¢ +1)
- T opi11 1 _ / — ¢! —
b,c ot 1— x%b—i—l 21 Oc’ ] (1 _x2b’ 26)(1 _ﬁb +1x220 1)
y lo_o[ 1— x2c +1 H H (1— x—zb +1, 2c +2)(1 _ $I2b’x§c’+1)
—1 20/ +1 —2b’ —20'—1_2c/+1
ol—x 2CJr b=1c'= 23) (1 —x; x5 )
72b +1 720 +1
X 1_331 1352_1 bH1 —2b’ Ty H 1 x_l 20T
—20 41, —2 —20 _—2¢'+1
HH — T +5‘726)(1_951 Lo C+) (A.14)
1 _ $_2bl$2_26/)<1 _ xl—Qb’—le—QC’—l) ’ ’

b=1c= l

When we expand the right-hand side with respect to xo first, only Fb(})) survives, which
reproduces the single sum giant graviton expansion (4.97).

For the Higgs index of the N'= 8 SO(2N) SYM theory, the grand canonical index is given

s (4.109). By collecting the residues at x = 27 Pay 26, oy 20 ey 27 gy Pag 2o g2 gy

(b,c > 0), we find

I}/L\I/:a; SO(2N) (21 7)

_ % 2 ,. 211 2e+1\ N -(2) /.
=1+ > (331 3720) Fyl(wyya2) + ) (‘7“1 g ) Byo(@ize)  (p g5
b,c>0 b,c>0
(b,c)#(0,0)
N N
+ ) (ﬂﬁbl‘%cﬂ) Fb(,i)(fﬁ;ffz)—i' > (x%ﬂxg(:) FC(,?,)($2;$1),
b.e>0 bre>0

—9b / _op/ /
oo (1 — a7 2b +2x%c +1> (1 — a3 2b +1x%c +2)

b

1)

b,c 1,42 _op! _op! /
b—=1 ¢/—0 (1—:5 2 x%c/) (1—:1;1 2b chgcﬂ)

2
—_ 90 / _o9n
P (1 s ) (1 — g2l 2 +1)
—92b —92¢ _op/ _ 9.
b e (1 — 13 2b +2x2 2¢ +1> (1 — 13 2b +1$2 2c +2)

X
H H (1 . x—2b'$—2d> (1 . $—2b’+1$—2c’+1) !
= 1 2

/ _ / _ 9.
o ¢ (1_$%b+2x 20+1) (1—35%1’“.7022’3*2)

(A.16)

1 2
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—2b' 2c +1 —2b'+1_.2¢
ORI | 3 ) N i A0 | G it
xl x2 / / /
Vel o= (1 — x_2b x3¢ ) (1 — :cl_% _11’%‘3 'H)
_ / o
1— x%b’% 2 +1) (1 . x%b +1$2 2¢ )

—2¢c/ / _ 90l —
b'=0c/'=1 (1 — oy ) (1 — " e 1)

c 1 _ x—2b’$—20’+1 1 _ x—?b/+1x—26/ 00 1 20 +1 00 2b/+1

<11 sy 11 [
1 -2 .2 (1 —2p'—1_—2¢/—1 1— —1 22 +1 Y
vV=1c=1 1 =21 T2 - T2 =0 T2 y= 1 2
b c

1 1 1
X 1 — 11 {_ 201 1 H 1 1201 (A.17)

1 T2 oy Ty Lo~ o= )

b oo (1 _ xl—Qb’-&-lx%c’) (1 _ x1—2b'+2m%c'+1)
b'=1¢'=0 (1 - xl_zb/l‘%d) (1 - x1_2b/+1xgcl+1)
o ¢ (1 m%b +1$52c) (1 _ $%b’+2$520’+1>
Pyt (1 _ x%b/x2—2c’) (1 _ x%b/HxQ_QC'_I)
c (1 _ $—2b'+1x2—20’) (1 _ $1—2b'+2x2—2c’+1) oy oov

7/7/ 941 —9¢ — H 26’171
(1_1, 2b 20)(1_$12b+1x22c 1) o1z + x5

1 Lo

X H —2b’+1 T
(A.18)

Fb(i:) (x1;x2) and Fb(i) (x1;x2) are the same as (A.13) and (A.14) respectively. When we expand
the right-hand side of (A.15) in terms of x9 and truncate the series at some order, only the
(1)

terms with F ;' (z1;22) and FO(‘? (z2; 1) appear at the finite order of z2. Hence we obtain
the single sum expansion as (4.110).

B Nekrasov formulas for Higgs indices of U(IN) ADHM theories

In this appendix we explain how we obtain the leading terms in the giant graviton expansions
of the Higgs indices of U(N) ADHM theory with [ flavors (4.114). First, the Higgs indices of
these theories can be calculated by the JK residue sum [82], which result in the Nekrasov
formula for the instanton partition function of 5d N' = 1 Yang-Mills theory with gauge group
SU(I) and the instanton number N [83-85], up to an overall factor, as

1 l 1
IH( YADHM- [l][ C2/Zl, ](331;1’2) =7 Z H B (Bl)
($1332) A LAD a,p=1 NA(“)J\(’B) (%)
RN

where y, are the fugacities coupled to the flavor charges and

Nop(u) = TT(1 = uay & a5 Oy TT (1 = waleer@gyome@=h (B
OeX O'ep
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Using this formula we can generate IE(N)ADHM'[Z] (r1 = 271, 29 = xt) in small t expansion
for various [ and N. Hereafter we set the fugacities y, for the flavor symmetry to y, = 1.

Dividing the Higgs indices by the Higgs indices at N = oo [86]

- 1 S 1
g I a=mrosy

and expanding it again in t, we obtain

I}?{(N)ADHM_[Q] [C2xC?/Zy; N|(z1 =2~ ;20 = xt) Y |:<_ $N+2—x_N_2)t
r—x

IEI(OO)ADHM'[Q] [C2xC2/Z;; N = oo](x1 =2~ ;00 = 2t) -

n (_ (2243427 2) (2N -~ N1 )t2

z—z~1
N (244322 +5+42 2+~ ) —(z =27 1) 3
+< r—x~1 )
N (25 +323 + 52+ 1127 492 3+ 2427 — (z — 27 1) )t4
+<_ z—z1
+< :cN(x6+3x4+5x2+11+22x*2+19x*4+10x*6+4x*8+x*10)—(:c—>x*1)>t5
r—x~1
Tl
+ |- — (xN(x7+3x5+5x3+11m+22:v_1+38x_3—|—38w_5+23x_7+10x_9+4x_11+x_13)
L T—X
f(x%xfl))]t(;
T 1
+|-—— (xN(xS+3x6+5:r,4+113:2+22+38x_2+67x_4+70x_6+47x_8+24x_10+10x_12
L T—X
+4z714+x716)7(x%m71)>}t7
[ ]. 5
+|-—— (xN(x9+3x7+5x°+11x3+22x+38x*1+67x*3+113x*5+123x*7+90x*9+51x*11
r—x
+24x713+1Oz715—|—4:c717+x719)—(x—>xil))}ts
T 1
+|——— (xN(z1°+3x8+5x6+11x4+22x2+38+67x*2+113x*4+185x*6+209x*8+164m*10
L T—X
—|—99x712—&—523:7144—241"716+10x718+4x720+x722)—(x%mfl))}tg
r 1 . .
+|-—— (xN(z“+3x9+5x7+11x5+22x3+38x+67z*1+113x*3+185z*5+299x*7+345x*9
L T—X

42842~ 11852713 41032715 4520717+ 242710 410272 40~ 2 42— )
—(z— x_l))} 10

1
[~ (N (@2 8210+ 55 + 11054220 13822 + 67+ 11322 + 1850+ 20920 447107
r—x

+5552 710+ 4792712439292 714 41942719+ 1042 18 +520720 4+ 242722 + 102~

+4r7 0427 (2 — 1:71))} !

+O(t”)] +O(ENH), (B.4)
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Ty MIAPEM-Bl (2 3 027, N (21 = 2~ 20 = at) 14N {(_ xN+2—x_N‘2)t
T—x

IE(OO)ADHM'[S} [C2xC2/Z;; N = oo|(x1 =21t 05 = t) !

N (7 :CN(acSJerer’l)l— (r— x*1)>t2

rT—T

N (244822 +184- 92 2+ ) — (z —>x‘1)>t3
r—x1

1

N (7 oV (2°+823+18x+550 1 +272 3492 P +a 7)) — (z — ;fl))t4

T—I
n oV (254824 + 1822+ 55+1252 24812 4 +282 64928+ 2710)) —(z — 2~ 1) )t5
x—xt
1
|- (2™ (@7 82+ 1807 4550+ 1250 2792 419820 4+002 T +280 0 4921
r—x

2 B —(z— m_l))} {6

1
+ [— (xN(:c8+8:c6+18m4+55x2+125+279x—2+569x—4+458:c—6+225x—8+91x—10

+2827 124927 M4 2710 —(z — xil))} t7—|—(’)(t8)} +O(EN ), (B.5)

IE(N)ADHM'M] [C2xC?/Zy; N)(z1 =2~ ;20 = ) N+2_g—N-2

T (o) ADHM-[4] =14t {( — )t
Ty [C2xC2/Z;; N =o0|(z1 =2~ ;20 = xt) T—x
N (@3 + 152+ ) —(z =271
+(_ x—x~1 )t

+< oV (24 + 1522452+ 162 2 +274) — (z —» 2 71) >t3
x—x~!
+< xN(x5+15x3+52:v+188m_1+68x_3+16x_5+x_7))—(33—>x_1)>t4
x—x~1
+< o (25 + 1524 45222+ 1884521272+ 25524+ 69264+ 162 8 +2710)) — (z — :1771)){5
rx—x~!

]. 2 =4
+ {}—x—l (xN(:N+15x5+52x3+188x+521x*1+1383x*3+761x*0+271x*7+69x*9

+162~ M 42713 — (2 —m—l))] t6+(9(t7)] FO(EN), (B.6)

THWNIAPEMY 2 3 €27, N (21 = 2~ 120 = 2t) 1N {(_ acN+2—x_N_2)t
IE(OO)ADHM'[S} [C2xC2/Z;; N =o0|(z1 =2~z =1xt) z—z!

N (23 + 24z 427 ) —(z = 271)
+(- = )t

T—x
n (_ oV (2442422 41254252 2+~ — (z — 27 1) )t3
r—x~1
+< oV (25 +2423 41252452521+ 15022 +252 2 427 7)) — (x %x71)>t4
x—x~1
[ (2™ (o8 240t 125074525+ 177502 46742 +15100 42507
T—T

+x_10)) —(;v—>x_1)}t5+(’)(t6)} FO(RNF, (B.7)
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From these results we observe that the coefficients of tV take the following form for any
[ (including I = 0,1):

U(N)ADHM-[I] [ ~2 2
Z C* x C*/Zy; N|(x1; @ .
U(of)ADHM-[l] | / rim) + aNFD (21 w0) + 2 FO (w3 1)
Iy [C2 x C2/Z; N = oo](z1; 72)
+0(8), (B.8)
where
. 130
]:1(”(351;332) =0 (z2) (B.9)
(:1:1 ;xQ)oo

with h")(z3) some function depending only on zy = xt.
Once we assume the structure (B.9), we can read off h(!)(z3) even from the expansion

U(N)ADHM-[(] (a1

coefficients of the Higgs indices in the unrefined limit Z; = x9 = t), which can

be obtained realtively easily by evaluating the Nekrasov formula (B.1) numerically at a high
precision. Suppose that the coefficient of t/V in the unrefined limit is

7, MOAPINIIC? €22y N () = 2p =
:ﬁwmwﬂwx@muxm—m—o

= Z (anN + b )" + OEY)  (B.10)

with some coefficients {ay,b,}. Then, from (B.8) and (B.9) it follows that

> (anN + by)
n=1
= lim (—me(-%xo+x F(xt27 1)
B (n+ 1)1 t dh(xh) ]
_< i e 1>h( )[N+1+ Z ( T ) O del e’ (B.11)
(n#1) (n#)
Hence we obtain h(zy) as
h(z2) = —(1 — z2) H 1—2x3) Z anry L. (B.12)
n=1 =

Here we list the final results for [ < 14

W= (29) = (22:22) oo

R (29) =1,

nt= 2)(:52)—1+3x2+4x2+7x2+13x2+19x2+29x2+43x2+62x2+90x2+126x +174x3! 4239212
+325233 +43523% 4580257 4769225 + 1007247 + 1313228+ 1702227+ - - |

RU=3) (19) = 14820+ 1722 4+ 4623 + 9825419825 + 37125 + 69227 + 120525 + 208225 4+ 3463250 + 567825
+9085x52 4+ 1437025 42227323 +3417823° + 51674230 +- 77362287 + 114452258 +-1679162:3°

R (29) = 1+15x2+51x2+172x2+453332—|—1128x2+2539x2+5505x2—|—11238x2+22259x2+42438x20
+78909x5' +14277023
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RU=5) (29) = 14249+ 12422 + 50023 + 162525 +475225 + 1252425 + 3100025 + 7225025 + 161000
4344378230 + 712548z +- - |

hU=9) (29) = 143529 +26023 + 125525 +491025 + 1656625 +-5017525 +14014027 + 36656525 +90816525
feee,

RU=D) (29) = 1+ 4829 +-48923 + 284225 + 1308325 +-5052025 + 17336225 + 54145225 +157191925 + - - |

RU=8) (29) = 146329 +84723 + 593625 + 3166825 413906925 + 53516425 + 185550525 + 593184925 +- -+ |

RU=9) (29) = 148029+ 137623 4+ 1159223 + 7102813 + 35250425 + 151027225 + 577770425 42021847325
oo,

RU=10) (29)) = 149929+ 212422 + 2137523 + 14962525 + 83425525 + 395852125 + 1662374725
+6337687525+ - -,

AU (29) = 1412020 4 314522 + 3751023 + 29887025 + 186255425 + 974715525 + 44740840
418510701025 4+ - - ,

RU=12) (22) = 141439 + 449922 + 6305223 + 57005325 + 395392825 + 2274097125 + 11368652925
450876061525+ - -,

RU=13) (29) = 1416829 +625222 + 10207625 + 104391325 + 803071225 + 5060738825 + 27471271217
+132597991525+ - -,

RS (25) = 1419520 + 847622 + 1598875 + 1843478 x4 4 1568338225 + 10799379525 + 6349064802
4329723126225+ - . (B.13)

Interestingly, we observe that h()(z5) agree with the vacuum character of the SU(l); WZW
model [87]

1 =t
=—— > xQEPl 2. (B.14)
($2§$2)oo mi, M EZ
mi+ma+--+m;=0
After multiplication by the generating function for the ordinary partitions, it becomes the

generating function for the generalized Frobenius partitions c¢;(n) of n with [ colors [73]

o0 [e.9]

n 1
Zc¢l(n)q = H 1_ nXsAu(l)l(Cﬂ
n=0 n=1 q
dz 1 N —1 _i+1\!
=P5 H(1+zq) (I14+2""¢")". (B.15)
i=0
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