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1. Introduction

The concept of a Hopf algebra contains a symmetry between its algebraic structure,
and its coalgebraic structure and has many important applications (see [1-4]). A theory of
linearly recursive sequence-related Hopf algebras was first studied in 1980 by Peterson and
Taft (see, [5]) and later investigated in the papers [6-9].

The theory of braided Hopf algebras can be used to obtain a structure of Radford’s
biproduct, which has an important application in the classification of finite-dimensional
pointed Hopf algebras (see [10]) and can provide a solution to the quantum Yang-Baxter
equation (see [1,2]).

Over the last few years, there have been substantial developments in non-associative
Hopf algebras (see [11,12]), non-coassociative Hopf algebras (see [11,13]), quantum quasi-
groups (see [14,15]), and so on. These have motivated some initial moves toward a unifica-
tion of these two topics, non-associative and non-coassociative Hopf algebras, since none
of the non-associative objects or the non-coassociative objects proposed up to now have
been able to maintain the self-duality of the Hopf algebra concept. More recently, there
have been developments in topics related to these Hopf algebras (see [16-21]).

The aim of the current paper is to study the Sweedlers” duality of a braided Hopf
quasigroup in a symmetrical category and related Radford’s biproducts. We also give
an application of our theory to binary linearly recursive sequences. Our paper has three
different settings from [6]: 1. we consider the Yetter-Drinfeld category over a quasigroup G,
and not the left module category of G; 2. we consider binary linearly recursive sequences as
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an application, not linearly recursive sequences; and 3. we consider Hopf (co)quasigroups,
not Hopf algebras. This article is organized as follows.

Background on quasigroups and loops, symmetric monoidal categories, the Yetter—
Drinfel’d category and Hopf (co)quasigroups is provided in Section 2. In particular, we
show that the Hopf (co)quasigroups are unital H-bialgebras (see Proposition 1).

In Section 3, we study the notion of a braided Hopf coquasigroup H (see Definition 3)
and the related Radford’s biproduct H [J G (see Theorems 2 and 3).

In Section 4, we mainly study Sweedler’s duality of the braided Hopf coquasigroup
to obtain a new braided Hopf quasigroup, as investigated in [11]. The main result can be
found in Theorem 5. Finally, we show in Section 5 that the space of binary linearly recursive
sequences is closed under the quantum convolution product of binary linearly recursive
sequences (see Theorems 6 and 7), generalizing the main result in [6] for the linear case.

Throughout this paper, let IF be a fixed field. We will work over F. Let C be a
coalgebra with a coproduct A. Throughout, we will use the Heyneman-Sweedler’s notation
(see [4]), A(c) := Ycq)y ®c(y) forall ¢ € C, for a coproduct, or, we will simply write
A(C) =) c1 Q0.

2. Preliminaries
2.1. Symmetric Monoidal Categories

Recall from [22] that a monoidal category C = (C,®,k,a,1,r) is a category C armed
with a functor @ : C x C — C (the tensor product), an object k € C (the unit object) and
natural isomorphisms a = ayyw : (URV)QW — U (VW) forallU,V,W € C
(the associativity constraint), and invertible morphisms [ = Iy : k@ U — U, r = ry :
U® K — U for any U € C (the left unit constraint) and the right (unit constraint,
respectively) such that the following two identities are satisfied forall U, V, W, X € C:

auvwexausyv,w,x = (idu ® ayw x)auyvew x(auyw ® idx); (1)
(ru®idy) = (idy ® ly)ay,1,v- (2)

A monoidal category C is strict when all the constraints are identities. It is well known
that each monoidal category is equivalent to a strict monoidal category. By (C, ®, k), we
denote a strict monoidal category. For every object M in C, there are two endofunctors:
M® —:C— Cand — ® M : C — C. The category C is braided if for every object M in
C we have natural isomorphisms:

by_ :M®———®M, b_j:—OM— M®—

which verify the following:

b_y(W) =b_w(V),
bV®W,— = (bvﬁ X W) o (V & bW,—)/
b_yew =(V@b_w)o(b_yaW).
As a consequence, it is easy to determine that by ; = by y = idy. The category C is
called a symmetric braided monoidal category (simply, symmetric category) if

bV,W ObW,V =1id, vV V,WeC.

Throughout, C denotes a symmetric category (C, ®, k) with the braided b. We will
work on C.



Mathematics 2024, 12, 3384

30f23

We denote LSy as the category of linear spaces and linear maps over F. Then,
(LSp, ®r, F) is a symmetric category.

2.2. Hopf (Co)quasigroups

The notions of (co)algebras in this subsection refer to the paper [12].

A coalgebra (C, A) is a vector space C equipped with a linear map A: C — C® C.
The coalgebra (C, A) is called coassociative if (id ® A)A = (A ® id)A. A counital coalgebra
(C, A, ¢) is a vector space C equipped with two linear maps A : C — C®Cande: C — F
such that (id ® e)A = id = (e ® id)A.

Recall from [11] that a Hopf quasigroup H is a counital coassociative coalgebra
(H, A, ¢) and unital algebra (H,V, i) (not necessarily associative) armed with a linear
map S : H — H (called antipode) such that

Y S(hay) (h2)8) = e(h)g =Y h1)(S(h2))8), 3)

Y (hg1))S(82)) = he(g) =Y _(hS(8(1)))82) (4)

forany h, g € H.

Dually, an algebra (A, m) is a vector space A equipped with a linear map m : A ®
A — A. The algebra (A, m) is called associative if m(id @ m) = m(m ® id). It is customary
to write m(a ® b) = ab, Va,b € A. A unital algebra (A, m, it) is a vector space A equipped
with two linear maps m : A® A — Aand y : F — A such that m(id ® y) = id =
m(p @ id). Generally, we write 1 € A for u(1p).

Recall from [11] that a Hopf coquasigroup H is a unital associative algebra (H, m, jt)
and a counital coalgebra (H, A, €) (not necessarily coassociative) equipped with a linear
map S : H — H (called antipode), such that A is an algebra homomorphism and the
following formulas hold:

Y S(hay)h@)a) @ haye) =1@h =) ha)S(ha)a)) @ ho)), ()
Y By h(l)( Phigy =h@1 =3 haya) @hay2)S(h) (6)

forallh € H.

Remark 1. A Hopf (co)quasigroup is a Hopf algebra if and only if its (co)product is (co)associative.
There are two important sources for this generalized Hopf algebra, as follows.

Definition 1 ([12], Definition 2). An H-bialgebra (H,m,A,¢,\, /) is a counital bialgebra
(H,m, A, €) with two extra bilinear operations, the left and right divisions:

N:HxH-—H,(x,y)—x\y, and /: Hx H— H,(x,y) = x,/y

such that

Y xa \(xa) = e(x)y = ¥xg 7)
Y (yxq)/xp) = e(x)y = Zy/x ®)

A unital H-bialgebra (H,m,1,A, €\, /) is a unital counital bialgebra (H, m,1, A, €) such
that (H,m, A, ¢, \, /) is an H-bialgebra.

Proposition 1. (1) Any Hopf quasigroup with antipode S is a unital coassociative H-bialgebra.
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(2) Any Hopf coquasigroup with antipode S is a unital associative H-bialgebra.
Moreover, in these two cases, x\y = S(x)y and x,/y = xS(y).

Proof. (1) The natural candidate for the left division is x\y = S(x)y. Actually, through
Equation (3), we have Equation (7). Similarly, define a right division x,/y = xS(y), then
Equation (4) implies Equation (8).

(2) Similar to (1), one lets x\\y = S(x)y and x,/y = xS(y). By applying (id ® ¢) to
both sides of Equation (5), we have that

Y. S(hayh) = e(l) = Y _ha)S(h)
and by the associativity, we have that
2L.5(h)(hgya) = e(h)a =} 1y (S(hiz)a)

and so, Equation (7) holds. The same applies to Equation (8).
Recall from [23] that a quasigroup is a non-empty set G with a product, identity e and
with the property that for each g € G thereis g~! € G such that

¢ Ygh)=h  (hg)g'=h  forallheG.

A quasigroup is flexible if g(hg) = (gh)g for any g,h € G and alternative if also
g(gh) = (gg)h,g(hh) = (gh)h for all g, h € G. Itis called Moufang if g(h(gl)) = ((gh)g)!
forall g, h,I € G. It is easy to see that in any quasigroup G, one has unique inverses and

(¢ H =g  (gh)'=hlgl,  forallgheG.
O

Example 1. (i) Given that Gs = {1,2,3,4,5}, then Gs is a quasigroup with product - given by
the following Cayley table Table 1).

Table 1. Cayley table of a quasigroup Gs.

Q| | W | DN |-

Q| W[N] =]~
Bl W o=, [NN
W O | R, || W] W
N| =N ||
=IN| | WO O

(ii) Let G be a quasigroup. Then, it follows from ([11], Proposition 4.7) that H = F|G]
is a Hopf quasigroup with a linear extension of the product and A(h) = h@ h,e(h) = 1 and
S(h) = h™1 on the basis of element h € G. Moreover, H is Moufang if G is.

For example, consider Gs in the item (i), where we have a Hopf quasigroup F[Gs| with
A(i) =i®i,e(i) =1and S(i) = i withi € Gs.

(iii) In (ii), if G is a finite quasigroup, then (F[G])* is a Hopf coquasigroup (see [11]).
Explicitly, a basis of (F[G])* is the set of projections {py | § € G}, that is, for any ¢ € G and
x = Ypeg anh € F[G], pg(x) = ag € F. The set {pg} consists of orthogonal idempotents whose



Mathematics 2024, 12, 3384

50f23

sum is 1. The coproduct of (F[G])* is given by A(pg) = Lne Pgn-1 © pu, and the counit is given
by e(pg) = 61,4 (where & denotes the Kronecker delta) (see [19]).

(iv) For (L, [,]), a Maltsev algebra over k is not of characteristic 2, 3, whereby the enveloping
algebra U(L) in [19] is a Moufang Hopf quasigroup with the structure maps A : U(L) —
U(L)®@ U(L),e : U(L) — k defined by A(x) = x®@1+1®@xand e(x) = 0forallx € L
extended to U(L) as algebra homomorphisms, and S : U(L) — U(L) defined by S(x) = —x that
is extended as an antialgebra homomorphism (see [11], Propositions 4.8 and 4.9).

2.3. Yetter—Drinfeld Modules over Quasigroups

Let H be a Hopf quasigroup. Recall from [13] that we say that (M, -) is a left H-
quasimodule if M is a vector space and - : H ® M — M is a linear map (called the
quasi-action) satisfying

1-m=m, and Y hi-(S(hp)-m) =Y _S(h)-(hy-m)=e(h)m ©9)

forallh € Hand m € M.

Given two left H-quasimodules (M, ) and (N, '), a linear map f : M — N is a
morphism of left H-quasimodules if f(h-m) =h- f(m) forallh € Hand m € M.

The notion of a left H-comodule is exactly the same as for ordinary Hopf algebras
since it only depends on the coalgebraic structure of H. That is, we say that (M, pj) is a
left H-comodule if M is a vector space and ppy : M — HQ® M (m — Ym_;) ® mp) is a
linear map (called the coaction) satisfying the comodule conditions (see [4]).

We shall denote by g M Q the category of left H-quasimodules and we will denote by
H M the category of left H-comodules.

Let H be a Hopf quasigroup. Recall from [13] that we say that M is a left-left Yetter—
Drinfeld quasimodule over H if M is an object in ;M Q with the action - and an object in
H M with the coaction p, which satisfies the following equalities:

Y (a1 -m)(_yya2 @ (a1 -m)o = ) aym(_y) @ az - mo, (10)
)

2111(,1) (ab) @ mg = Z(m(,l)a)b & my, (11)

Y a(m_q)b) @mg =Y (am_1))b @ mg (12)

foralla,b € H and m € M. The first equation in the above three equations is equivalent to
the following equation:

Y (a-m)_qy @ (a-m)o =) (a1m(_1))S(a3) @ az - mo

foralla,b € H and m € M. In fact, if Equation (10) holds, then we have

Y(a-m)qy®(a-myo = ) (a-m)_y)e(az) @ (ar-m)o
W Y (arm)1y2]S(as) @ (a1 - m)g

1.10
(L Y (a1m(_1))S(a3) @ ay - mg

and so, we obtain the result. Conversely, it is also true.

Let M and N be two left-left Yetter-Drinfeld quasimodules over H. We say that
f : M — N is a morphism of left-left Yetter-Drinfeld quasimodules if f is a morphism of
H-quasimodules and H-comodules.
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We shall denote by £YDQ the category of left-left Yetter-Drinfeld quasimodules over
H. Moreover, if we assume that M is a left H-module, we say that M is a left-left Yetter—
Drinfeld module over H. Obviously, left-left Yetter—Drinfeld modules with the obvious
morphisms is a subcategory of £YDQ. This subcategory will be denoted by #YD.

Theorem 1 ([13], Proposition 1.8). If H is a Hopf quasigroup over F with a bijective antipode, then
BYDQ is a braided monoidal category with braiding given by a linear map bpyny : M@ N —
N ® M, defined by

byn(m®n) =Y m_q)-n®mg (13)

forallm € Mandn € N.

Let G be a quasigroup. By Example 1 (ii), F[G] is a Hopf quasigroup. Then, the
category Eg} YDQ of left-left Yetter-Drinfeld quasimodules over F[G] is the category of left
F[GJ-quasimodules (denoted by M Q), which are G-graded vector spaces V = @c Vg
such that each V, is stable under the quasi-action of G, i.e.,, h-v € Vg forallh € G,v € V.
The G-grading gives rise to a left k[G]-comodule structure on V viap : V. — F[G]® V
given by p(v) = ¢ ® v for any v € V,. This forms a category of left F[G]-comodules

(denoted by ©M). The morphisms of Eg} YDQ are the G-linear maps f : V — W with

f(Vg) C W forall g € G. We denote the category EE YDQ simply by SYDO.
As a corollary of Theorem 1, we have the following proposition.

Proposition 2. Let G be a quasigroup. Then, YD Q is a symmetric category with the following
monoidal structures:

QMC: g-(g7'-v)=g¢g1-(g-v)=0v,YoeEV;

YDCI: xg®g-v=8x®g-v, Vv € Vy;

YDC2: (ug)y®@v =u(gy)®o, Yo € Vy;

YDC2: g(uy)®@v=(gu)y®@v, Yo € Vy;

MCI1: g¢-(v@w):=(g-v)®(g -w),YveV,weW,

MC2: (VO W)= Dy Vi @ Wy

BC: b: VoW —WeV,blvew):=(g-w)®v, Vo VeweW

forany V,W € gyDQ and g, x,y,u € G.

Remark 2 ([13], Example 2.13). Let G be a quasigroup. Define

A(G);={u e Glu(gy) = (ug)yforall gy € G},
A(G)n ={u € G|gluy) = (gu)yforall g,y € G },
A(G)y ={u € G| (gy)u=g(yu)forall g,y € G }.

The sets A(G);, A(G)m and A(G); are called the left-, middle- and right-associators (nuclei)
of G, respectively (see [14]). The intersection of these three sets is called the associator (nucleus) of
G and will be denoted by A(G).

3. Braided Hopf Coquasigroups

In this section, G denotes a quasigroup. We will study the notion of a Hopf coquasi-
group in $YDQ.
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We have the following important example: We denote by G the character quasigroup
of all quasigroup homomorphisms from G to the multiplicative group F* = [F\ {0}.

Definition 2. Let V € gyDQ. If there is a basis x;,i € I,of Vand g; € G, x; € @for allie ]
such that
g xi=xi(g)xi and x; € Vg,

then we say V is of quasi-diagonal type.

Example 2. (i) Note that if F is algebraically closed of characteristic 0 and G is finite, then any finite-
dimensional V € EYDQ is of diagonal type. For the braiding, we have b(x; ® x;) = x;(8i)%j ® x;
for1 <i,j < 6. Hence, the braiding is determined by the so-called braiding matrix of V

(bi]')léi,jée = (Xj(gi))lgi,jge-

(ii) We use ]F§ to denote the vector space F with coaction x — ¢ ® x and action h - x = x(h)x
forx € F,h € Gand x € G. Then, F} € SYDQ if and only if

x(h)gh = hgx(h)

for h,g € G. Conversely, any one-dimensional Yetter-Drinfeld module over G arises in this way. If
V € SYDQ, then Vg denotes the isotypic component of V of type ng,‘ .

Similar to ([13], Definition 1.1), we recall the monoidal version of the notion of a Hopf
coquasigroup introduced in ([11], Definition 4.1).

Note that a counital coalgebra (H, A, ¢) in $YDQ means that A = {A, : H, —
Hy ® Hg}oec and e : H; — F such that e is counital and A is not necessarily coassociative.

Definition 3. Let G be a quasigroup, H € gyD Q, and let H be of quasi-diagonal type. We say
that H is a braided Hopf coquasigroup if it is a unital associative algebra (H, m,1) and a counital
coalgebra (H, A, €) such that the following axioms hold:

(1) H is G-graded vector spaces H = @4 Hg such that Hy is an algebra and HyHg = 0
with x # g.

(2) The morphisms Ay and ey are algebraic morphisms, i.e.,

e(l)=1, A(Q)=1®1, ¢(ab)=e(a)e(b), (14)
Alxy) =Y x1xi(8)y1 ® x2y2 (15)

forany a,b € Hyand x € He,y € Hg, with g, 8; € G.
(3) There exists a morphism S : H — H in gyDQ (called the antipode of H) such that

S = {Sy: Hy — Hy}, (16)
Y S(m)ha1 @ hyy =1@h =Y h1S(hy) @ ha, (17)
Y h1 ®@S(hp)hy =h®@1 =) hiy ® h13S(h2) (18)

forall h € Hg with g € G.

A morphism between braided Hopf coquasigroups H and B is a morphism f : H — B
which is both an algebraic and coalgebraic morphism. Note that a braided Hopf coquasi-
group is coassociative if and only if it is a braided Hopf algebra (see [2]).
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Remark 3. (i) Let H be a Hopf quasigroup in (G;yD Q. Then the antipode S is unique, antimulti-
plicative, anticomultiplicative and leaves the unit and the counit invariable.
(i) If H = (H,m,1,A,¢,S) is a Hopf coquasigroup in 8))D Q, then soare H = (H,m,1,
A,e,5°P) and H = (H,m,1, AP, ¢, S°P).
(iii) Given two Hopf coquasigroups H and B in gyD Q, one has the algebra HQB with the
following multiplication:
(xy)(asb) = x(g - a)@yb

for x,a € Handy,b € By.

Proposition 3. Let G be a quasigroup and H an algebra. If G quasi-acts on H, i.e., g - (ab) =
(g-a)(g-b)and g- 1y = 1y witha,b € H and g € G, then there is a unital non-associative
algebra (called skew quasigroup algebra) H x G = H ® F[G] as a vector space with a product
given by

(axx)(bxy) =a(x-b)*xy (19)

foranya € H,b € Hgand x,y € G.

Proof. Since G is a quasigroup, the product given by Equation (19) is also non-associative.
Forany b € H and y € G, we compute

(u*1c)(b*y) = (1g-b)xy =bxy =bly - 1u) xy = (b*y)(1n *1c).
This ends the proof. [

For example, when we consider the polynomial algebra A = F[x] in one variable x
and the quasigroup Gs = {1,2,3,4,5} given in Example 1, we define a quasi-action of Gs
on A as follows: i - x™ = x" with i € G5 and m € N. Thus, we have the skew quasigroup
algebra F[x]| * Gs = F[x| ® F[Gs] with a product given by

(XM i) (2" %) = XM ij

foranyi,j € Gs and and m,n € N.

Proposition 4. Let G be a quasigroup and let H = @qec Hg be a G-graded counital non-
coassociative coalgebra with a coproduct A = {Ag : He — Hg ® Hg} o and counit e : Hy —
F. Then, there is a counital non-coassociative coassociative coalgebra H o G = H @ F[G] =
Deec(Hg @ F[< g >]) as a vector space with a counite = ey ®eg : H10G — k, a® g —
ep(a) and with a coproduct given by

Alaox) =) (a1 0gx) ® (a2 0 x) (20)
forany x,¢ € Gand a € Hg.

Proof. It is obvious that ¢ is a counital for A given by Equation (20). In fact, for any x € G
and a € Hy, we have

(e@id)A(aox) = ) (e ®
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and

(idRe)Alaox) = Z(”lox)®(€H®€c)(a2<>x)
= Z(”l ox)ep(az)eg(x) =aox.

This finishes the proof. [J

Recall from [12] that a bialgebra (A, A) is an algebra (A, m) and a coalgebra (A, A)
such that A(ab) = A(a)A(b) for alla,b € A. A unital bialgebra (A, m, u, A) is a coalgebra
(A, A) and a unital (A, m, i) such that A(ab) = A(a)A(b) and A(1) =1forallx,y € A. A
counital bialgebra (A, V, A, €) is a counital coalgebra (A, A, ) and an algebra (A, m) such
that A(ab) = A(a)A(b) and e(ab) = e(a)e(b) for all a,b € A. A unital counital bialgebra
(A, A, e,m, ) is both a unital bialgebra (A, A, m, i) and a counital bialgebra (A, A, e, m)
such thate(1) = 1.

A Hopf algebra always means a unital counital associative coassociative bialgebra
with an antipode ([4]). A Hopf quasigroup as introduced in Section 2.2 always means a
unital counital non-associative coassociative bialgebra with an antipode; and similarly, a
Hopf coquasigroup always means a unital counital associative non-coassociative bialgebra
with an antipode ([11]).

With the conditions given in Propositions 3 and 4, define H ® G = H ® F[G] as a vector
space with the product given by Equation (19) and the coproduct given by Equation (20).

Theorem 2. Let G be a quasigroup. Suppose H = @qcc Hy is a unital associative algebra in
cMQ such that Hq is an algebra and HyHy = 0 with x # g, and a counital non-coassociative
coalgebra in © M. Then, the following are equivalent:

(a) H ® G is a unital counital non-associative non-coassociative bialgebra.

(b) H is a unital associative algebra in M and a counital non-coassociative coalgebra in
cMQ, ey is an algebra map, Ay (1) = 1® 1, and the identity

A(ab) = 2&11 (g . b]) ® axby, (21)
(8- (x-b))o(xy) = (gx-b)o(gx)(gy), (22)

forany g, x,y € Ganda € Hg,b € H.

(c) The counit e and the left F[G]-comodule structure map p on H are algebra maps;
the module structure map -p : F[G] ® H — H is a coalgebra map, Agy(1) = 1® 1; and
Equations (21) and (22) hold.

Proof. (i) We claim that ¢ = ey ® ¢ is an algebra map if and only if e is multiplicative
and ey is an algebra map and ey (g-a) = egy(a) holds for ¢ € Gand a € H. In fact,
if e[(axx)(bxy)] = e(axx)e(b*y) for any a,b € Hy and x,y € G, we have egfa(x
b)leg(xy) = ep(a)ey(b)eg(x)ec(y) which proves the claim.

(ii) We have that A(1¢1) = (101)® (1¢1) if and only if p(1) = 1®1 and
Ag(l)=1®1.

(iii) Assuming that p(1) = 1 ® 1. It is straightforward to check that A is multiplicative
if and only if

~(x- 1)) o (xy)) ® (a2(x - by) o xy)
(gx-b1) o (gx)(gy)] @ [a2(x - b2) © xy]

Yo
= Ll
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from which it follows Equations (21) and (22).

(b) <= (c) is clear. (a) = (b) follows from the preceding calculations, so it remains
to show that (b) = (a). Assume that (b) holds. Then, the equations of (i), (ii) and (iii) are
valid. By (i), € is an algebra map, and by (iii), to show that A is an algebra map, we only
need to show that A is multiplicative. But for this, it suffices to show by (iii) that

Al(aox)(boy)] = Y (

(a1(g- 1) ¢ (xy)
(a1(g - (x- bl o (xy)
[a1(gx - b1) o (gx)(gy)] ® [a2
[(a1 0 gx) (b1 0 gy)] ® [(az 0 x) (b2 0 )]

Y (a108x) @ (a2 0 x)][} (b1 08y) ® (b2 oy)]
(aox)A(boy),

a

X
= L
X
X

I
>

forany a,b € Hg and x,y,¢ € G. This completes the proof of the theorem. [

In the above theorem, we have derived necessary and sufficient conditions for H ® G to
be a unital counital non-associative non-coassociative bialgebra with the algebra structure
of H * G and the coalgebra structure of H ¢ G. In case H ® G is a unital counital non-
associative non-coassociative bialgebra, we say that the pair (G, H) is quasi-admissible and
denote this a unital counital non-associative non-coassociative bialgebra by H ¢ G.

Remark 4. If (G, H) is a quasi-admissible pair, then Ay is not necessarily multiplicative.
In what follows, for a quasi-admissible pair (G, H), we show that the mapping system H ‘:}ZH
HoG <:>Z;G G characterizes H ® G, where G means k[G].

Definition 4. Let (G, H) be a quasi-admissible pair and suppose that A is a unital counital non-
associative non-coassociative bialgebra. Then, H SJH A 2 G is a quasi-admissible mapping
system if the following conditions are satisfied:

(QAP1)I1oj=idgand moi = idg.

(QAP2) i and 7t are bialgebra maps, j is an algebra map, and 11 is a coalgebra map.

(QAP3) Il is a G-bimodule map (A is given the G-bimodule structure via pullback along i,
and H is given the trivial right G-module structure).

(QAP4) j(H) is a sub-G-bicomodule of A and I1|;yy) is a bicomodule map (A is given the
G-bicomodule structure via pushout along 7, and H is given the trivial right G-comodule structure).

(QAP5) (joIl) * (iom) = id.

Our next result gives two mapping descriptions of H ¢ G.

Theorem 3. Let (G, H) be a quasi-admissible pair.

(@) HS HH Ho G < G G is a quasi-admissible mapping system.

Let A be a umtal coumtal non-associative non-coassociative bialgebra and let H ‘:}7 AZTG
be a quasi-admissible mapping system.

(b) There exists a unique unital non-associative algebra map ® : H o G — A such that

(i))@ojy=jand O@oig =i;

(ii) [To® = Ilg and mo ® = 7mg, and © is a unital counital non-associative non-
coassociative bialgebra isomorphism.

(c) There exists a unique unital non-coassociative coalgebra map Y : A — H o G such that
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(i) IlgoY =Iland mgo Y = 71;
(iv)Yoj=jgand Yoi =ig,andY is a unital counital non-associative non-coassociative
bialgebra isomorphism.

Proof. (a) is straightforward. In fact, in H S}?{H HoG :’IZG G, we have IIy(acg) = a;
ju(a) =aol; ng(bog) =¢ep(b)g ic(g) =1lgogforalla € H,b € Hy and g € G. We will
check all conditions (QAP1)-(QAP5) in Definition 4 as follows:

For (QAP1), we compute (I o jy)(a) =IIg(ael) = a =idy(a) and (g oig)(g) =
nc(lnog) =en(ln)g = idg(g).

For (QAP2) ig(gx) = 1gogx = (1gec(g)lnogy) = (1u(g-1u)ogx) = (lpog)(ln
x) = ig(8)ic(x) with g, x € G, and (Acig)(g) = A(lpog) = (luo(1-8)) ® (1nog)
(since 1y € Hy) = (ic ®ig)Ag(g), and so, ig is a bialgebra map.

Similarly, g((a¢ g)(box)) = ng(a(g-b)ogx) = en(a(g-b))gx = en(a)en(g-
b)gx = ep(a)ey(b)gx = mg(aog)mg(box) withg,x € Ganda,b € Hg,and (Ag o i) (ao
§) = en(a)Ag(g) = en(a)g®g = Lrg(m)en(a2)g§®g = Lmg(ar o g)mg(azog)) =
Y (e ®mg)((a108)) ®(a208)) = (mg @ mg)A(ao g) forany ¢ € G and a € Hy, and 7
is a bialgebra map.

Furthermore, jy(ab) = abo1 = (a(1-b)o1) = (ao1)(bo1) = jy(a)jy(b) with
a,b € H, and so, jy is an algebra map. We also have (AgolIly)(acg) = Y m ®ay =
YTy @ Iy)[(a 0xg) @ (a2 08)] = (Mg @ I1g)A(aog) withx,¢ € Gand a € Hy, and
so, 1y is a coalgebra map.

AS for (QAP3), we check that I1g is a G-bimodule map. We note that H ¢ G is given
the G-bimodule structure via pullback along ig, i.e., g - (a0ox) = (Igog)(aox) =g-aogx
and (aox)-g= (aox)(lgog) =aoxg. Infact, we have ITy[g- (a0 x)] =Iy(g-acgx =
g-a=g -Ilg(aox)and Ily[(aox)-g] =Ilg(aoxg) =a=a-g=1Ily(acox) - gsince H
is given the trivial right G-module structure.

As for (QAP4), we check that ji (H) is a sub-G-bicomodule of H ¢ G and ITy|;, (g is
a bicomodule map. One notes that H ¢ G is given the G-bicomodule structure via pushout
along 71g, ie., p'(a0g) = (a0g)®1and p'(acg) = xg® (a0 g) witha € Hyand g,x € G.
Actually, (p" o jy)(a) =p"(acl) = (ao1)®1 = (jg®id)(a®1) = (jg ®id)p"(a) since H
is given the trivial right G-comodule structure, and (o’ o ji)(a) = p'(ao1) = x® (ao1) =
(id @ ju) (x ® a) = (id @ ju)p' ().

Finally, for (QAP5), we need to check (jp o ITy) * (ig o 71g) = id. We compute

[(jr o I1y) * (ig o 76)|(a o Q)
= Y (juolly)(ay o xg)(ig o ) (a2 0 g)
= Z]H )i (en(a2)g)
= (aol)(log) =(acyg)

foranya € Hyand g, x € G.

b)) f © : Ho G — A is an algebra map, then (i) holds if and only if

(i) . . o

Oacg) = Bao1)O(log) = B(ao1)0(10g) = (O(ju(a)))(O(ic(8))) = j(b)i(g)
holds foranya € Hand g € G.

IfY: A— HoGisacoalgebra map, then (iii) holds if and only if Y(p) = Y.(jg o
i) (Y(p1)) i © 76) (Y(p2)) (by (QAPS) of (@)= D(TTa (Y(p1)) o 1) (10 7c(¥(p2)) &
Y.II(p1) ¢ (p2) holds for p € A. Therefore, we have the uniqueness of ® and Y.
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Let © and Y be defined as above. Then, through calculations, we can show that © and
Y are inverses. Thus, the proof will be complete once we show that © is an algebra map
and Y is a coalgebra map. These checks are similar to those of proofing (a).

The proof of the remaining is straightforward and is left to the reader.

This completes the proof. [

The remainder of this section is devoted to studying basic properties of H ® G; in
particular, we derive necessary and sufficient conditions for H ® G to be a unital counital
non-associative coassociative Hopf coquasigroup.

Proposition 5. Suppose that (G, H) is a quasi-admissible pair.

(a) H o G is commutative if and only if H and G are commutative and the module structure
map is trivial.

(b) H o G is co-commutative if and only if H and G are co-commutative and the comodule
structure map is trivial.

Proof. The proof of this proposition is straightforward. O

Proposition 6. Suppose that (G, H) is a quasi-admissible pair.

(a) If H o G is a unital counital non-associative coassociative Hopf coquasigroup with antipode
S, then S satisfies Equations (17) and (18). Furthermore, the identity idy has an inverse in the
convolution algebra End(H).

(b) If Sy satisfies Equations (5) and (6), then H ¢ G is a unital counital non-associative
coassociative Hopf coquasigroup with antipode A described by

)\(a<> )_ (10871)(5H(ﬂ)01), when a € Hy;
o7 0, when a # H;.

Proof. (a) is left to the reader since it is a straightforward calculation.
(b) We need to check that Equations (17) and (18) hold. For Equation (17), in fact,
we have

2/\((“8 1) ﬂ<>8)( (1) @ (@0 8)2)2)
= Y Magyog)(ap) ©8)a) @ (a2)©8) )
= Z/\(ﬂ 8)(a2)1)°8) ® (a2)2) ¢ 8)

) (1 ( ( an ))01)]( 21)°8) ® (a2)2)©8)

8 Sulapy) o8 N (ap)m)©8) @ (a2)2) ©8)

(87" Sulag)) (" (aya))] 08 '8) ® (ap)@2) 0 8)
(g7 (Sulag)y)apya))) © )] © (ap)@2)© )

g Dol)]@(aog)
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foranya € Hyand g € G, and

Y (aog (1)/\(ﬂ<>8) 2)(1) ® (40 8)2)(2)
= Y(aq)o)Map o)) (ap) ©8)(2)
= Y.(aq)o A a8 @ (A ©8)
= ) (aq 08)((108 )(SH(ﬂ(z)(l)) D)@ (a2 ©8)
= Y(a@y o) (g7 - Sulapay) 08" @ (ap)p) ©8)
= Y(awlg- (87" Sulapa))]ogg ™) ® (ap) @) ©8)
= Y (awSulap ())01) (a2)2)©8)
= (lel)®(aog).

Equation (18) can be proven in a similar way.
This completes the proof. [

Corollary 1. Let G be a quasigroup. Let B € 837DQ and let B be Hopf algebra of quasi-diagonal
type with an antipode Sp. Then, we have a unital counital non-associative coassociative Hopf algebra
B © G with the Hopf algebraic structures as follows:

(a0x)(bOy) =axe(g)b®xy, fora,b € Bg,x,y,8 € G;
Ala®x) =Y (11 ©gx) ® (a2 ®x), fora € Bg,x,y,8 € G;
E=¢EpEG,

(1og 1)(Sy(a)o1), whena € By;
A =
(aog) { 0, when a # Bj.

4. Duality of Braided Hopf Coquasigroups of Quasi-Diagonal Type

Recall form [4] the notion of the Sweedler’s duality of an associative algebra. Let
(A, my, ua) be a unital associative algebra. Then, we have the counital coalgebra A° given
by Sweedler, as follows:

AY = { f € A* | Kerf contains a cofinite ideal }

where A* is the linear dual space of A, and a cofinite ideal is an ideal | in A, wherein A/]
is finite-dimensional.

For f € A*and a,b € A, one sets (a — f)(b) = f(ba); similarly, (f < a)(b) = f(ab).
Then, one obtains that A* is an A-A-bimodule. The following lemma follows from Sw.

Lemma 1. With the above notations, the following states are equivalent for any f € A*:
(1) f e AY = (my) "1 (A* @ A*);

(2) dim(A — f) < oo;

(3) dim(f — A) < oo;

(4) dim(A — f — A) < 0.

Since the duality of an algebra is not generally a coalgebra, the duality of a Hopf
algebra is not usually a Hopf algebra. But, if A is a Hopf algebra, A has a natural Hopf
algebraic structure, which was described in [4] (Section 6.2). We can describe the Sweedler’s
duality in the setting of Hopf coquasigroups as follows:
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Theorem 4. Let A be a Hopf quasigroup. Then, A° forms a braided Hopf coquasigroup in LS.
Conversely, if A is a Hopf coquasigroup, then A° is a braided Hopf quasigroup in LSy.

Proof. Let A be a Hopf quasigroup. By the dual theory in [4] (Chapter 6), we only check
Equations (5) and (6) from Equations (3) and (4). For instance, for Equation (5), we have

< LS80y iy ) © My 0 @b >
= ) < S(Hy)) iy 1y 8 >< iy ), b >
= Y <SUhy)), a1 >< iy ) a2 >< iy ), b >
= ) < h?l),S(al) >< h‘()z),azb >

= 2<h0,5(01)(ﬂ2b)>
= <K b>e)=<exhaxb>,

for any W e A%and a,b € A, and so, the first equation in Equation (5) holds. The same
applies to other equations in Equations (5) and (6).
Conversely, the proof is similar. [

Let A be a Hopf coquasigroup in $YDQ.

Lemma 2. With the above notation,
(1) The — is a left G-linear;
(2) The + is a right G-linear.

Proof. Straightforward. [

Lemma 3. A% is a G-submodule of A*.

Proof. Forany g € Gand f € A%, a € A, we notice that
(8- f)(a) = f(g™" -a).

From this formula, we can finish the proof. [

Proposition 7. A is a subalgebra of A*.

Proof. Let f,g € A*. Fora € Ay, b € Awithx € G, we compute

((fg) — a)(b) = (fg)(ab) = (f ® g)A(ab)
aby) = f(x-[(S!(x - a1)by])g(azb2)

= Ax-(f—a)®g— a)](b)

where we apply that A is a G-module algebra to the third equation above and use Lemma 2
to get the final equation.
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Therefore, we have

(fg) =A < NG (f—A)@g—A]
C A(G-f) = A)og— Al
By f € A and Lemma 3, one obtains G- f € AY. Applying f, g € AY, and the
left-hand side of the above containment is finite-dimensional, so, fg € A". Finally, it is
straightforward to show that €% (1) € A°.
This concludes the proof. O

Lemmad. ioT: (A*)PR(A*)P — (A®A)*P is a homomorphism as an algebra in 8D Q.
Proof. It follows the definition of the coaction of G on A*. O

Theorem 5. Assume that (A, ma, yia, A, €4, Sa) is a Hopf coquasigroup in SYDQ. Then, (A°,
(M 40)°F, &%, (A p0)°P, uy, S%) is a braided Hopf quasigroup in EYDQ.

Proof. Following [6], Theorem 3.4, we have to finish checking the following steps:

(Step 1) AV is a G-subcomodule of A*.

(Step 2) Observe that (m,0)? = A% cioT: A°® A — A*. It is a morphism in
gyDQ. Obviously, e, : F — AV is. Thus, (A?, (m 40)°7, €%) is a unital non-associative
algebra in the category ¢ M Q.

(ioT)~1

(Step 3) Note that (A 40)°7 is the composite map A° m—i\) i(A'® A%) "— A0 ® AC.
This is a morphism in SYD Q. % : A — F. So, (A%, (A 40)°%, %) is a counital coassocia-
tive coalgebra in the category ¢ M Q.

(Step 4) (A 40)°F : (A%)P — (A?)°P®(AL)% as an algebra map.

(Step 5) S% (A?) C AC.

(Step 6) (1140)P (573 @id 40) (B p0)°F = € p7y and (m 40)° (id go © Sy ) (A 4o)F = €414

These checks are straightforward. We omit them here and leave the readers. [

As a straightforward result of Theorem 5, we have the following.

Corollary 2 ([6], Theorem 3.4). Let G be a group. Given a quasitriangular Hopf algebra
(F[G], R) with a bijective antipode S, when (A, ma, s, Aa,€4,54) is a braided Hopf algebra
M, (A, (m40)°F, &%, (A 40)°F, 'y, S%) is also a braided Hopf algebra in g M.

Corollary 3. Let G be a group. Given a coquasitriangular Hopf algebra (F[G], |) with a bijective an-
tipode S, when (A, ma, pa, A, ea,Sa) isabraided Hopf algebra © M, (A°, (m 40)°P, %, (A 40)°P,
w, S%) is also a braided Hopf algebra in © M.

Finally, as an application, let A = F[x, y| be the bialgebra with an x group-like element
and with y (x,1)-primitive. Consider a cyclic group G =< ¢ > of order n. One has
a Hopf algebra H = F[G] with a g group-like element for any ¢ € G. Moreover, H is
quasitriangular with R = (1/n) sz;lo p~(g' ® ¢/), where p is a primitive nth root of unity
in F (see [6] or [2]). Thus, gy M is a braided monoidal subcategory of g)}D. We can study
Sweedler’s duality A° = F[x, y]°.



Mathematics 2024, 12, 3384

16 of 23

5. Binary Linearly Recursive Sequences

Consider the polynomial algebra A = [F[x] in one variable x. It has a bialgebraic
structure given by A(x) = x® 1+ 1® x and ¢(x) = 0. On the one hand, we can identify
an element f in the dual space A* with the sequences (f,)n,>0 = (fo, f1, f2,- - - ), where
fu = f(x") for n > 0. On the other hand, A has a dual coalgebra A = {f € A* | f(J) =0
for some cofinite ideal | of A, i.e., A/] is finite-dimensional. Since a cofinite ideal | of
A = F[x] is just a nonzero ideal generated by a monic polynomial h(x) = x" — hyx’ ! —
-+ — hy, the condition f(J) = 0 means that f, = hyf,—1 + -+ hyfu—y for all n > r. This
means that f is linearly recursive, satisfying the recursive relation i(x). Thus, the space of
linearly recursive sequences has a Hopf algebraic structure.

Let g # 0in F. In 1997, Ng and Taft [6] showed that the space of linearly recursive
sequences is closed under the quantum convolution product (f,) *4 (§x) = (ha); here,
n

hn =Yg < ;
We now consider the bialgebra A = F[x,y] with x group-like element and with y

) fign—i when g is a root of unity.

(x,1)-primitive. A = F[x] ® F[y] as an algebra, and thus A? = F[x]° ® F[y]° as a coalgebra.
We identify each f in A* as a binary-sequence (f;;) for i,j > 0, where f;; = f (x'y)). A row
of such a binary-sequence is a sequence {f;, | p > 0} for a fixed i > 0, which we say is
parallel to the y-axis, or a sequence {f,; | p > 0} for a fixed j > 0, which we say is parallel
to the x-axis.

Let f be in A, f(]) = 0O for a cofinite ideal | of A. For each i, j, the powers of x (y)
span a finite-dimensional space in A/], so there is a minimal monic #;(x) (h;(x)) in F[x]
such that each row of f parallel to the y (x)-axis satisfies ;(x) (h;(x)). Thus, ] contains the
cofinite elementary ideal I generated by h;(x)h;(y).

Given a g # 0in k and an integer n > 0, one knows

(”)q=q”—1/q—1:1+q+,“+qn71.
The g-factorial of 7 is given by (0)!; = 1 and

(q—-D(@*-1)--- (9" -1)
(-1

if n > 0. It is a polynomial in g with coefficients in Z. Moreover, it has value at 4 = 1 equal

(n)lg = (1)q(2)q o (n)g =

tonl.
The Gaussian polynomials is given by for 0 <i <mn

Let x and y be variables subject to the quantum plane relation yx = gxy. Then, for any
n > 0, we have

(x+y)"= ) (?)qxiy”i- (23)

0<i<n

Let g = 1. Then, we have that (:) is the ordinary binomial coefficient.
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Proposition 8 ([6], Lemma 5.2). Let q be a primitive nth root of 1. For integers a > b > 0, write
a=an+r,b=0bn+sfor0<rs <n. Then,

(2),-(5)(0),
where(:)q:Oifr<s.

We will let A = Fy[x,y] with yx = gxy; here, 0 # q € F. Then, f € A* is regarded as

the binary sequences (fun)mn>0 = (fo,0, fo1, -+ for f1,00 =+ s fimr s fm0r = s funr =)
where

S = FOY) =g " f (Y ) =47 fam,

for all m,n > 0. We call them the g-binary sequences. A has a bialgebra structure with
a group-like element x and with an (x, 1)-primitive y, i.e., we have a comultiplication A
given by the following:

Alx)=x®x, Ay)=x®y+y®1l
e(x) =1, e(y) =0,

requiring A to be an algebra homomorphism from A to A ® A. Thus, one has

A(xmyn) _ Z < Z ) xm+kyn7k®xmyk’ (24)
0<k<n q

for any m,n > 0. Therefore, the quantum convolution product on A* is given by f» *4

n
k ) fmtkn—k @ gmx form,n > 0.
q

By a cofinite ideal | of A = [F;[x, y] we mean a nonzero ideal generated by a monic

Smn = M, where hy = Yo<k<n (

binary polynomial:

h(x,y) — xrys _ hl,Oxr_l]/S L hr,Oys
_ho,lxrysfl _ hl,lxrflysfl L hr,lysfl
—hopX "2 = hypx" TR = — By R

1

r r—
_hO,sx - hl,sx — = By

By the condition f(]) = 0, we have the following cases:
Case 1: If f(x™ "h(x,y)y"°) = 0, then we have a binary linearly recursive sequence
f = (fmn)m>rn>s satisfying the recursive relation h(x,y), where

fm,n = hl,()fmfl,n + hZ,Ofmfz,n + -+ hr,Ofm—r,n
+hopfmn—1+hafm1n-1+ - +hifimrn
+h0,2fm,n72 + hl,me—l,n—Z +-- hr,mefr,n72

+h0,sfm,n—s + hl,sfmfl,nfs +--- hr,sfm—r,n—s-
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Case 2: If f(x™ "y"*h(x,y)) = 0, then we have a parameterized binary linearly
recursive sequence f = (fmn)m>rn>s satisfying the recursive relation h(x,y), where

fur = g i+ 32 oo o+ AT g fn e
+ hopfun—1+ 3 "I fue ot + 02 o fueo
ot g f e
+ hopfun—2ta I fuin2+ 0 2" s fnono
o I o o
+ hosfun—s + 3 "I s fuoines + 02" s fuon—2
NI q_r(n_s)hr,sfmfr,nfs.

Case 3: If f(h(x,y)x™ "y"=%) = 0, then we have a parameterized binary linearly
recursive sequence f = (fmn)m>rn>s satisfying the recursive relation h(x,y), where

fmn = Mofm—inthoofm—on+-+hofm—rn
9" o fun1 + 3" im0 o o
4ot qf(mir)hrllfmfr,n—l
+ g 2 g fn + a2 fn w2+ 42" o o2
SRR Ul FPY S

_|_

+ qis(mir)ho,sfm,n—s + qis(mir)hl,sfmfl,n—s R qis(mir)hf,sfm—ﬁ"—s‘

Remark 5. (1) Set hf,]- = q_i(”_s)hi,j in Case 1. We then have a new monic binary polynomial

W (x,y) as follows:
h’(JC,]/) = xrys _ qnfshll’oxrflys L qr(nfs)hiloys
_h6,1xry571 _ qnfshll,lxrflysfl . qr(nfs)h;,lysfl
7h6,2xry5_2 o qn_shll,Zxr_lys_z L qr(n—s)h;’Zys_z
_l’l(/),sxr _ qnishlllsxril . qr(n—s)hirs.

In this situation, we obtain a new binary linearly recursive sequence f' = (fy, ,)m>rn>s satisfying
the recursive relation h'(x,y), where

fifl’l,i’l = h/l,ofm—l,n + h/z,ofmfln +et h;,ofm*r,n
"’"h{),lfm,nfl + h/1,1fm71,n71 +--- 4+ h;,1fmfr,n71
+h6,2fm,n—2 + h,1,2fm71,n72 + 4+ h:f,zfm—r,n—Z

+h6,sfm,ﬂ*5 + h’l,sfm—l,n—s +--+ h:f,sfmfr,nfs,

which satisfies the relation h' (x,y).

(2) Similarly, set h’ = q77 (m’r)hi,]- in Case 2. We then have a new monic binary polynomial
W' (x,y); hence, we can obtain a new binary linearly recursive sequence f" = (fu ) m>rn>s
satisfying the recursive relation h" (x,y).
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Example 3. Let h(x,y) = (x —a)(y — b) for any a,b € k. Then, we have a binary linearly
recursive sequence

fm,n = bfm,nfl + afmfl,n - abfmfl,nfl/

satisfying h(x,y), forall m > 1 and n > 1. If we take foo = 1, fo; = 0and f;o = 0 for all
i € N, then one obtains a binary linearly recursive sequence: (1,0,0,---,0, —ab, —ab®, —ab3,- - -,
0, —ab, —a?b?, —ab3,- - -).

Remark 6. In the case of ¢ = 1, Case 1, Case 2 and Case 3 are the same.

Let g = 1. Then, we have f;,, = fum for any m,n > 0 and ( Z ) is the ordinary

binomial coefficient. In this section, we will study the binary linearly recursive sequence in
Case 1 satisfying the recursive relation h(x,y).
In what follows, by a method similar to that in [6], we can consider A = Flx,y] in
gM via
g - (Fyhy = p* xRyl forall xF,yl € A, ¢' € H. (25)

It is not difficult to verify that A is an algebra in M. By (2) and (5), we have
T4 ("Y' @ x°y")

LR N A
= Xy eg ()
i,j=0
LR i i) kD) (st o ko
= (X p eyt ooty
i,j=0
L i s b o k]
= LY exty)
i,j=0
1 n-1 = n=-1 1
= LML Py ey,
ij=0  j=0
where we writes +t =an+r,k+1 =bn +uforsome0 <r,u < n.
If i # r, then Z}:Ol p/"=) = 0. Therefore, Tp 4 (x*y' @ x°yt) = pETOEHD (xoyt @ xkyl).
Thus, we have a braided algebra A#A with

(xklyll#x51yf1)(xkzylz#xszytz) — p(51+t1)(k2+lz)(xk1+k2y11+12#x51+52yf1+t2), (26)

for all Xfiyhigxsiyh, xkayhgxsayts € A#A.

Note that ¢ = 1, so xy = yx. It follows from (6) that (x#y)(y#1) = p(xy#y) =
p(y#1)(x#y). If we regard A as a bialgebra in the category yM, then by Majid’s bosoniza-
tion, this requires A to be an algebraic morphism in M. Note that (x#y)! = p%l(lﬂ) (x#yh),
and so, by (1) and (6), we have

Ay = Y (;{) IR kD) 211)] g1k g 27)
0<k<I 14

form,l > 0.
Notice that x™ is not a group-like element since A(x™) = p%m(’”“) (x™#y™), and y"

is (x",1)-primitive, i.e., A(y") = x"#y" + y"#1 since ( Z ) =0forl <k<n-—1.The
P
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counit € of A is given as usual by e(x™) = 1,e(y¥) = §y. It is easy to check that A and ¢ are
morphisms in M. But, A is not a Hopf algebra in M unless x?> = 1 with S(x) = x and

S5(y) = —xy.
In what follows, Theorem 6 shows that the space A° of binary linearly recursive
sequences is a bialgebra in gy M. The quantum convolution product in A* is given as

(fm,l) *p (gm,l) = (hm,l), where
l A — —
By =) ( L ) p%[(l DUt 2] £ o) 8)
0<k<I p

Thus, we have the following.

Theorem 6. Let p be a root of unity in k. Then, the binary linearly recursive sequences are closed
under the quantum convolution product (fu,1) *p (§m1) = (M,1), where hy, | is given by (8).

Remark 7. (1) If x = 1in A = k[x,y], then by (7), we have

Ay = Y (;{)pyk#yl_k,

0<k<I

forall I > 0. Hence, we can obtain the result in [6], Theorem 4.1.
(2)Ify =1in A = k[x,y|, then by (7), one has

A(xm) _ p%m(m+1) (xm#ym)'

In this case, we have
1
hy = sz(mﬂ)fmﬂfkgm- (29)

It should be noted the algebraic structure of linearly recursive sequences under the
Hadamard product was described in [24]. We call the product given by (9) a quantum
Hadamard product. Then, we have the following corollary.

Corollary 4. The linearly recursive sequences are closed under the quantum Hadamard product
(fm) *p (gm) = (M), where hy, is given by (9).

Next, we give a direct proof of Theorem 6. First, we have the following lemma.

Lemma 5. Let f = (f,,;) be the binary linearly recursive sequence over k satisfying the relation
h(x,y). Let ay, -+ ,a; B1,- -+ , Bu be the roots of h(x,y) in k, the algebraic closure of k. Then, for
any i,j > 0,s,t > 0, the subsequence f“1)4) given by

f(irj)(srt) = (](i,s/fi,s+t’fi/3+2t’ T

ﬂ+f'5’ﬁ+j/5+tffi+j,s+2t,' o

fivajss firojsits fivojstatr

is a binary linearly recursive sequence over k, satisfying the relation hie(x,y) = (x—af) -+ (x =

) (y—BL) - (v — BL).
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Proof. It suffices to show h,(x,y) — f (1)) = 0 in order to verify that f(1/)(5!) satisfies
his(x,y); here, — is defined by (a — f)(b) = f(ba) fora,b € A, f € A*, because Aisa
commutative algebra.

Note that fODED (x0y©) = fi o = f(xFoy+e) for v,w > 0. So, for all
g(x,y) € k[x,y], fIDED (g(x,y)) = f(x'y*g(¥/y")). Thus, we have

hje(x,y) = fODED (2y®)

= SOy ()

= fy Ty (o, y'))
f( 1+v]ys+wth (x]’yt))

For h]t(x],y ) = I(x,y)h(x,y) for some I(x,y) € k[x,y], and h(x,y) — f = 0, one has
fys 0 (o0, yt)) = (h(x,y) = f)(xT2y* @1 (x,y)) = 0, concluding the proof. [

Example 4. In Example 2, we have the subsequence

FADCA = (fi3, fi7, fri1,-
f3,3/ f3,7/f3,11/ o
f53: f5,7, f5,1, -+ ),

satisfying ho 4(x,y) = (x — a®)(y — b*). Explicitly, one has a binary linearly recursive sequence
Smn = b Q1+ a2 g1 — a2b* g1 1 satisfying hy 4(x,y), and (g n)m>1n>1 is the same
as f(l,z)(3,4)_ For example, go0 = f13 = —ab?, o1 = fi7 = —ab’, 810 = f33 = —adb3, and it
follows from the formula gy, , that

g1 = bgio+a°g01 — a*bigop
= v(—a®b®) + a®(—ab’) — a®b*(—ab®)
= —a% =¥ + a3 = -V,

which equals to f37.

Theorem 7. Let p be a primitive nth root of unity. Let f = (fy, ) and § = (g, 1) be binary linearly
recursive sequences, satisfying h(x,y) = TT;j(x —a;)™(y — B;)" and J(x,y) = TTk,(x —
Vi) (y — Ay )", respectively. Then, the quantum product (fu,1) *p (§m1) = (hu,) where hy, |
is given by (8) is a binary linearly recursive sequence, satisfying W(x",y"); here, W(x,y) =
TTigirlx = (@ + )" Y[y — (B + A7),
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Proof. For0 < a,b <nandc,d > 0, we have

h(a,n) (bn) (xcyd) = ha+cn,b+d"

_ h+d”< b+dn ) p [0 dn ) (0dn 1) + (o) (a+ 20 (c+ 2 +1)]

u=0 u %
fa+b+(c+d)n—u,ugtl+cn,b+dn7u (by (8))

. i i( b+dn ) pp}(b=5) =) (b =5) =)+ 1]+ (a2 e 24)+1])
s=0j=0 \ St /,

fa-l—h—s-i—(c+d—j)n,s+jnga+cn,b—s+(d—j)n

_ i i( d )( b ) pH(0=3)+ (@l [(0=)+ A=)+ T+ (aren) o420+ (c+2)n+1])
s=0;=0 J 5 p
fa+bfs+(c+d7j)n,s+jnga+cn,bfs+(dfj)n

b b 1
_ ( ) p((0=5) (1—s+1) +a(a+26+1)
S/

d _ .
< ‘ )(f(aer S,n)(S,n))(C+d7]',j) (g(a,n)(b S'n))(c,dfj))

Therefore,

b
plam) (bn) — 5 ( b ) p%[(bfs)(hfs+1)+a(a+2b+1)f(a+bfs,n)(s,n) *g(a,n)(bfs,n),
P

s=0 5

where * is the usual convolution product (refer to Formula (4) for ¢ = 1). It follows

from Lemma 2 that f(#+0=s") (1) and ¢(@"(b=s1) are binary linearly recursive sequences,

satisfying hu (¥, y) = ITij(x — af)"(y — )" and Jun(x,y) = Iir(x = 7)%(y — A7),

respectively. Hence, Theorem holds. In fact, / is the interlacing of the sequences #(0)(01),

pOm)@n) . pOn)(n=Ln) .. p(Ln)On) . pAn)n=1n) .. pe=1n)On) . p(n=1n)(n—1n)
This finishes the proof. [

Remark 8. This paper studied the quantum convolution product of binary linearly recursive
sequences. But what about the case of multi-linearly recursive sequences? We are sure that this
topic is related to the polynomial algebra A = F[x1,x2,- - -, x,| in n-variable x1, x5, - - - , Xp.
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