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As pointed out in recent research, the near extremal black hole entropy with one-loop effect exhibits
universal logT behavior at sufficiently low temperature. In this paper, we discuss the low-temperature
quantum corrections to the thermodynamics of four-dimensional accelerating black holes with rotation and
charges by using the method of Euclidean path integral. The one-loop path integral for the black hole
thermal partition function near extremality is dominated by zero modes defined with respect to the extremal
background. For the accelerating black holes without rotation, the near horizon extremal geometry is a
direct product of two dimensional anti-de Sitter space (AdS2) and two sphere (S2) with warping factors, and
the gravitational zero modes contain both tensor and vector types, with the respective contributions to the
near extremal black hole entropy being ð3=2Þ logT and ð1=2Þ logT. While in the presence of rotation, the
near horizon extremal geometry is a warped and twisted product of AdS2 and S2 and the gravitational
vector modes are absent. For the accelerating black holes with charges, we also consider the one-loop path
integral of the gauge field, where the photon zero modes are found to contribute an additional ð1=2Þ logT
term to the near extremal black hole entropy.
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I. INTRODUCTION

Black holes are fascinating thermal objects with their
own laws of thermodynamics that are analogous to those of
classical thermodynamics. From the semiclassical analysis,
the temperature is determined by the surface gravity and the
entropy is proportional to the area of the horizon of the
black hole [1–4]. However, black holes are distinct from
ordinary thermal systems. As two of the Killing horizons
converge, the temperature of a charged or rotating black
hole can become very small, while the entropy remains
finite value since the black hole horizon has nonvanishing
area in the extremal limit. This phenomenon indicates there
exists a large amount of ground-state degeneracy with the
density of black hole states proportional to the exponential
of its horizon area. For supersymmetric black holes in
string theory, the thermal entropy in the extremal cases are
well-understood by the microscopic state counting [5,6].
For nonsupersymmetric black holes like those in our
Universe, such a large degeneracy need further explan-
ations. Whether there exists an unknown symmetry pro-
tecting mechanism at low temperature to ensure the ground

state degeneracy or it is simply a result of the semiclassical
approximation remains an open question for thorough
investigation.
One step forward is to incorporate quantum corrections

into the calculation of the black hole entropy when going
beyond the semiclassical approximation in the gravitational
path integral. For extremal black holes, the leading quantum
correction to the entropy is found to take a universal form of
logarithm of the horizon area [7–10], without invoking the
explicit ultraviolet structure of the underlying quantum
theory of gravity. In the nonextremal cases, a complete
profile of the finite temperature quantum correction still
hide in mist. Once the temperature is very small, the near
horizon geometry of any near extremal black hole in four
dimensions universally takes the form as a product of two
dimensional anti-de Sitter space (AdS2) and two sphere
(S2). With this property, the quantum fluctuations above the
extremal or near extremal configurations exhibit control-
lable behaviors. As pointed out in [11–15], the quantum
fluctuations in the near horizon region of higher-
dimensional extremal or near extremal black holes are well
captured by the two-dimensional Jackiw-Teitelboim (JT)
gravity [16,17] through dimensional reduction and the low
energy physics is described by a Schwarzian theory [18,19]
with certain boundary conditions of the AdS2 factor in the
near horizon geometry. By using the path integral of the
Schwarzian theory at low temperature, logT corrections are
found in the thermal entropy of the theory, which is different
from the logarithm of the horizon area correction to the
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extremal entropy. The logT term in entropy is essential to
resolve the mass gap puzzle [20] appears in the low-
temperature region of nonextremal black holes under the
semiclassical approximation. Without quantum corrections,
the black hole thermal energy above extremality scales
quadratically in small temperature while the average energy
of the Hawking radiation scales linearly in temperature. This
means that the black hole can not radiate even a single
Hawking quantum at sufficiently low temperature. The
logT quantum correction to the entropy in turn corrects
the thermal energy above extremality with a term linear in
small temperature, and thus address the issue involved in the
mass gap puzzle.
The logT corrections can also be figured out by using

the Euclidean path integral without resorting to the dimen-
sional reduction. In Ref. [21], the authors evaluate the one-
loop partition function for the near extremal black hole in
the Einstein-Maxwell theory by using the Euclidean path
integral. A set of zero modes with zero eigenvalues of the
kinetic operator of small fluctuations are found to contrib-
ute leading quantum corrections in the path integral. In their
analysis, the near extremal black holes are viewed as small
temperature deviations form the extremal ones. The small
temperature perturbation regularize the divergent contribu-
tion from the zero modes path integral on the extremal
background and result a logT term in the logarithm of the
partition function. The same logic also applies to the Kerr
black holes [22], where the near horizon extremal Kerr
(NHEK) geometry plays a crucial role in determining the
zero modes in the Euclidean path integral. Interestingly,
these zero modes are generated by the vector fields which
are asymptotic to those large diffeomorphisms in the Kerr/
CFT correspondence [23–25]. See [26,27] for the discus-
sions of the universality of the low-temperature quantum
corrections for the asymptotically anti–de Sitter (AdS) and
de Sitter (dS) black holes by using the gravitational path
integral method. For charged black holes with additional
gauge fields, the quantum corrections from the gauge fields
path integral should also be taken into account. It is found
in [28] that the gauge zero modes also contribute in the
Euclidean path integral and lead to additional logT
corrections to the thermal entropy. Thus, the coefficient
of the logT term depends on the near horizon geometry of
the extremal black hole as well as the field contents in the
gravity theory.
In this paper, we will follow the spirit of [22] and

consider the low-temperature quantum corrections for
accelerating black holes. An accelerating black hole is
usually known as the C-metric which describes a pair of
black holes constantly accelerating away from each other
[29–36]. Without specifying the range of the polar angle,
the metric of an accelerating black hole contains deficit
angles at the north and south poles. Therefore, its accel-
eration can be effectively viewed as the result of cosmic
strings attached at the poles with tensions determined by

the deficit angles. Much like the Kerr case, a rotating black
hole with acceleration also has an infinite near horizon
region at extremality. For example, the extremal accelerat-
ing Kerr-Newmann black hole is shown to acquire a warped
and twisted product of AdS2 and S2 near horizon scaling
region, where the asymptotic symmetry analysis can be
applied to realize a 2D conformal field theory (CFT) dual
[37]. The thermodynamic properties of accelerating black
holes have been widely explored [38–51]. We will use the
Euclidean path integral to figure out the low-temperature
quantum corrections to the thermodynamics of accelerating
black holes, considering both rotating and charged cases.
The existences of the AdS2 factor in their near horizon
extremal geometry entails that a similar statement regarding
the low-temperature quantum corrections holds true in
these cases. We will highlight the effect due to the
acceleration in comparing with the nonaccelerating cases.
This paper is organized as follows. In Sec. II, we first

review the thermodynamics of the accelerating Kerr black
hole, and the low-temperature behaviors of the thermody-
namic quantities. We carry out the near horizon geometry
of the near extremal accelerating Kerr black hole with an
infinite scaling coordinate transformation and solve the
zero modes of the kinetic operator in the one-loop
Euclidean path integral on the extremal background.
Then we perturb the extremal background with the first-
order temperature perturbation and calculate the finite
temperature corrections to the eigenvalue of the zero
modes. These finite and nonvanishing eigenvalues deter-
mine the leading one-loop quantum corrections to the
logarithm of the partition function as ð3=2Þ logT.
Section III is for the case where there is a gauge field
present while the black hole remains static, i.e., the
accelerating Reissner-Nordström black hole. In the absence
of rotation, the near horizon extremal geometry is a direct
product of AdS2 and S2 with warping factors, and the
gravitational zero modes correspondingly are divided into
tensor and vector modes. We introduce the finite temper-
ature perturbation to the eigenvalue problem of the tensor
and vector modes and find their contributions to the one-
loop path integral of the logarithm of the partition function
as ð3=2Þ logT and ð1=2Þ logT, respectively. In addition,
the gauge field fluctuation contains photon zero modes and
their path integral gives another ð1=2Þ logT term to the
logarithm of the partition function. In Sec. IV, we consider
the accelerating Kerr-Newmann black hole. The presence
of rotation sets the near horizon extremal geometry as a
warped and twisted product of AdS2 and S2. Similar to the
accelerating Kerr case, the gravitational zero modes defined
on the extremal background only contains tensor type
modes, and their contribution to the logarithm of the
partition function is ð3=2Þ logT. The gauge field fluc-
tuation also contains photon zero modes and produce a
ð1=2Þ logT term to the logarithm of the partition function.
With all the three cases analyzed, we can see a pattern that
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the zero modes structure is highly dependent on the near
horizon extremal geometry as well as the field contents in
the theory. The logT quantum correction to the logarithm
of the partition function at low temperature is a universal
result with coefficient 3=2 resulting from each tensor type
zero modes and 1=2 from each vector type zero modes.

II. ACCELERATING KERR BLACK HOLE

We begin with the accelerating Kerr black hole, namely,
a four-dimensional rotating black hole with acceleration.
This is a solution to the pure Einstein gravity, with its
metric in Boyer-Lindquist coordinates taking the following
form [33–35]:

ds2 ¼ −
Δr

H2ρ2

�
dt
b
− asin2θdϕ

�
2

þ ρ2

H2

�
dr2

Δr
þ dθ2

Δθ

�

þ Δθa2sin2θ
H2ρ2

�
dt
b
−
r2 þ a2

a
dϕ

�
2

; ð2:1Þ

where

H ¼ 1 − αr cos θ; ρ2 ¼ r2 þ a2cos2θ;

Δθ ¼ 1 − 2αm cos θ þ α2a2cos2θ;

Δr ¼ ð1 − α2r2ÞX; X ¼ r2 − 2mrþ a2: ð2:2Þ

m, a, α are the black hole mass, angular momentum and
acceleration parameters, respectively. In addition, b is the
time scaling parameter which is included for normalizing the
horizon generator to obtain correct thermodynamics [43].
This solution of the vacuumEinstein equation characterises a
pair of rotating black holes uniformly accelerating away
from each other under the action of cosmic strings repre-
sented by conical singularities along the axis of symmetry.
Near the north (θ ¼ 0) and south (θ ¼ π) poles, the constant
t, r, θ lines are small spatial circles with the ratio of
circumference to radius given by

lim
θ→0

2π

j sin θj
ffiffiffiffiffiffiffi
gϕϕ
gθθ

r
¼ 2πΘþ; lim

θ→π

2π

j sin θj
ffiffiffiffiffiffiffi
gϕϕ
gθθ

r
¼ 2πΘ−;

ð2:3Þ

where Θ� ¼ 1 ∓ 2αmþ α2a2 and we set the period of the
polar angle ϕ to be 2π. Note that we can introduce a constant
factor K to the polar angle ϕ=K so that one of the conical
singularities can be removed. As we will see, such a constant
will be canceled in the calculation of the eigenvalues of the
zeromodes since the zeromodes are normalized. So, herewe
keep the range of the polar angle as 2π for simplicity. The
deficit angles δ� ¼ 2π − 2πΘ� at the poles are effectively
induced by the cosmic strings attached on the poles with
tensions μ� ¼ δ�=ð8πÞ. In terms of the black hole param-
eters, we have

μþ ¼ 1

4
ð2αm − α2a2Þ; μ− ¼ 1

4
ð−2αm − α2a2Þ; ð2:4Þ

and their difference is the net string tension

μ ¼ μþ − μ− ¼ mα; ð2:5Þ

that causes the acceleration of the black hole. Δr is the
horizon polynomial whose zeros indicate the radius of
horizons. The outer and inner horizon radius rþ and r−
are given by

rþ ¼ mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p
; r− ¼ m −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p
; ð2:6Þ

which are zeros of X. The remaining positive zero point of
Δr labels the accelerating horizon at rα ¼ 1=α.
The thermodynamic quantities, for example, the massM,

temperature T, entropy S, angular velocity Ω, angular
momentum J and thermodynamic lengths λ� conjugate
to the string tensions μ�, defined with respect to the outer
horizon, are given by [43]

M ¼ mð1 − α2a2Þ
bð1þ α2a2Þ ; T ¼ ðrþ − r−Þð1 − α2r2þÞ

4πbðr2þ þ a2Þ ;

S ¼ πðr2þ þ a2Þ
1 − α2r2þ

;

Ω ¼ ΩH −Ω∞ ¼ a
bðr2þ þ a2Þ −

α2a
bð1þ α2a2Þ ;

J ¼ ma;

λ� ¼ rþ
bð1 ∓ αrþÞ

−
M

1þ α2a2
� αa2

bð1þ α2a2Þ : ð2:7Þ

Providing that the time scaling parameter is chosen as

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2a2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2a2

p ; ð2:8Þ

the thermodynamic quantities (2.7) and the string tensions
(2.4) satisfy the first law of black hole thermodynamics

dM ¼ TdSþΩdJ − λþμþ − λ−μ−: ð2:9Þ

A. Near extremal thermodynamics and geometry

We will focus on the near extremal thermodynamics
where the outer and inner horizons are close to each other.
In the extremal case, these two horizons are coincide, i.e.,
rþ ¼ r− ¼ r0, where r0 denotes the extremal horizon
radius. The accelerating horizon is still set far away from
the extremal horizon. We will consider the near extremal
case by introducing small deviations of rþ and r− from
their extremal value r0.
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The accelerating Kerr black hole (2.1) is parametrized by
m, a, α, so there are three independent thermodynamic
quantities that can be used to describe all the other
thermodynamic quantities. We take this triple as the
temperature T, angular momentum J and net string tension
μ. The black hole temperature T in (2.7) vanishes in the
extremal case. A small temperature therefore parametrizes a
small deviation from extremality. The angular momentum
J0 ¼ r20 in (2.7) and the net string tension μ0 ¼ r0α (2.5)
are freely chosen as fixed at their extremal values. Thus in
the near extremal case, the other thermodynamic quantities
can be expanded as power series in terms of the small
temperature. By using relations (2.6) and (2.7), we find that
the horizon radius rþ and r− can be expanded as

rþ ¼ r0 þ
4πr20ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ40

p T þ 4π2r30ð5þ 3μ20Þ
ð1þ μ20Þð1 − μ20Þ2

T2

þ 32π3r40ð4þ 14μ20 þ 11μ40 þ 3μ60Þ
ð1þ μ20Þ

5
2ð1 − μ20Þ

7
2

T3 þOðT4Þ;

ð2:10Þ

r− ¼ r0 −
4πr20ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ40

p T −
4π2r30ð3þ 5μ20Þ
ð1þ μ20Þð1 − μ20Þ2

T2

−
32π3r40ð2þ 12μ20 þ 13μ40 þ 5μ60Þ

ð1þ μ20Þ
5
2ð1 − μ20Þ

7
2

T3 þOðT4Þ;

ð2:11Þ

and the black hole massM and entropy S take the following
expansions:

M ¼ r0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ20

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p þ 4π2r30ð1þ 2μ20 − μ40Þ
ð1þ μ20Þ

5
2ð1 − μ20Þ

3
2

T2

þ 32π3r40ð1þ 2μ20 − μ40Þ
ð1þ μ20Þ2ð1 − μ20Þ3

T3 þOðT4Þ; ð2:12Þ

S ¼ 2πr20
1 − μ20

þ 8π2r30
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ40

p
ð1 − μ20Þ3

T

þ 16π3r40ð3þ 9μ20 þ 4μ40Þ
ð1þ μ20Þð1 − μ20Þ4

T2 þOðT3Þ: ð2:13Þ

Note that the outer horizon is inside the accelerating horizon,
so we have 0 < μ0 ¼ r0α < 1. The first term on the right
side of (2.12) is understood as the thermal energy at
extremality, while the second term is the leading thermal
energy above extremality which scales quadratically with the
temperature of the black hole. However, the typical energy of
a quantum of Hawking radiation scales linearly with the
temperature. Below the temperature where these two energy
scales meet, the semiclassical analysis gives problematic
low-temperature behaviors of the thermodynamic quantities

since the emission of a single Hawking quantum could carry
away all of the thermal energy available in the black hole
system. This is known as the mass gap puzzle first discussed
in [20].
In order to resolve this puzzle, one need to go beyond the

semiclassical analysis and introduce vital quantum correc-
tions to the thermodynamics at low temperature. From the
perspective of thermal partition function, quantum correc-
tions are introduced by the Euclidean path integral over
quantum fluctuations around a given semiclassical saddle-
point. Since we are considering the quantum corrections for
low-temperature thermodynamics, the saddle-point here
should be chosen as the extremal geometry of the black
hole. To obtain the extremal geometry, we perform the
following scaling transformation:

r ¼ rþ þ 4πr20ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ40

p Tðy − 1Þ; t ¼ −ib

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20
1 − μ20

s
τ

2πT
;

ϕ ¼ φ

1 − μ20
− i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20
1 − μ20

s
τ

4πr0T
þ i

τ

1 − μ20
; T → 0;

ð2:14Þ

where τ is the Euclidean timewith period 2π, y ≥ 1 and φ is
identified as

φ ∼ φþ 2πð1 − μ20Þ: ð2:15Þ

This transformation enables us to zoom into the infinite
near horizon region of the near extremal accelerating Kerr
black hole with a small temperature. Using the expansions
(2.10), (2.11), and the coordinate transformation (2.14), the
black hole metric (2.1) can be written as a power series of
T. The leading OðT0Þ term of the metric describe the
extremal geometry, which is

ds̄2 ¼ r20ð1þ cos2θÞ
ð1− μ20Þð1− μ0 cos θÞ2

�
ðy2 − 1Þdτ2 þ dy2

y2 − 1

�

þ r20ð1þ cos2θÞ
ð1− μ0 cos θÞ4

dθ2

þ 4r20sin
2θ

ð1− μ20Þ2ð1þ cos2θÞ ðdφ− iðy− 1ÞdτÞ2; ð2:16Þ

and the subleading OðTÞ metric is given by

δðds2Þ
T

¼ 8πr0μ0y cos θffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ40

p ð1 − μ0 cos θÞ
ds̄2

þ g1ðy; θÞdτ2 þ g2ðy; θÞdy2 þ g3ðy; θÞdθ2
þ ðg4ðy; θÞdφþ g5ðy; θÞdτÞðdφ − iðy − 1ÞdτÞ;

ð2:17Þ
where
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g1ðy; θÞ ¼
8πr30½ð1þ μ20Þð1þ cos2θÞ − ðy2 þ yÞðμ20 þ cos2θÞ�ðy − 1Þ

ð1 − μ20Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ40

p ð1 − μ0 cos θÞ2
; ð2:18Þ

g2ðy; θÞ ¼
8πr30½−ð1þ μ20Þð1þ cos2θÞ þ ðy2 þ yÞð1þ μ20cos

2θÞ�
ð1 − μ20Þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ40

p
ð1 − μ0 cos θÞ2ðy2 − 1Þðyþ 1Þ ; ð2:19Þ

g3ðy; θÞ ¼
8πr30yffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − μ40
p

ð1 − μ0 cos θÞ4
; ð2:20Þ

g4ðy; θÞ ¼
8πr30ysin

2ð2θÞ
ð1 − μ20Þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ40

p
ð1þ cos2θÞ2 ; ð2:21Þ

g5ðy; θÞ ¼
8πir30sin

2θ

ð1 − μ20Þ3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ40

p
ð1 − μ0 cos θÞ2ð1þ cos2θÞ2 ½−ð1 − μ20Þ2ðy2 − 1Þð1þ cos2θÞ2

þ ð1 − μ0 cos θÞ2ð2y2ð1 − μ20Þ − 5 − 3μ20 − ðð2y2 − 4yÞð1 − μ20Þ þ 5þ 3μ20Þcos2θÞ�: ð2:22Þ

The metric (2.16) describes the near horizon extremal
geometry of the accelerating Kerr black hole, which is a
warped and twisted product of AdS2 and S2. The near
horizon near extremal geometry ds̄2 þ δðds2Þ is obtained
by adding the first-order low-temperature perturbation
(2.17). In the following discussion, the near extremal
configuration will be used as the perturbed background
in the Euclidean path integral and determines the leading
quantum corrections to the thermodynamic quantities of the
accelerating Kerr black hole.

B. Euclidean path integral near extremality
and zero modes

The Euclidean path integral formally determines the
partition function of the theory by integrating over all
possible Euclidean configurations. For the Einstein gravity
in four dimensions, the partition function is given by

Z ¼
Z

½Dg� expð−IE½g�Þ;

IE½g� ¼ −
1

16π

Z
M

d4x
ffiffiffi
g

p
Rþ IB: þ IG:F:; ð2:23Þ

where R is the Ricci scalar. The boundary term IB. is
included for the consistency of the variational principle
under certain boundary conditions and the gauge fixing
term IG:F: is introduced for removing part of the gauge
redundancy of the theory.
To evaluate the partition function, one can expand the

metric around a saddle-point ḡ

g ¼ ḡþ h; ð2:24Þ

where h is the quantum fluctuation of the metric. Then the
one-loop approximation of the partition function can be

written as

Z ≈ expð−IE½ḡ�Þ
Z

½Dh� exp
�
−
Z

d4x
ffiffiffī
g

p
h�Δ̄½ḡ�h

�
:

ð2:25Þ

where � denotes complex conjugation. The first-order term
vanishes as the classical equations of motion are satisfied.
The linearized kinetic operator Δ̄½ḡ� in (2.25) depends on
the saddle-point as well as the gauge fixing condition. We
will use the harmonic gauge condition in the following
discussion with the Lagrange density of the gauge fixing
term given by

LG:F: ¼
1

32π
ḡμν

�
∇αhαμ −

1

2
∇μhαα

��
∇βhβν −

1

2
∇νhββ

�
:

ð2:26Þ

For the harmonic gauge, the linearized kinetic operator
acting on hμν takes the form [52],

h�αβΔ̄αβ;μν½ḡ�hμν ¼ −
1

16π
h�αβ

�
1

4
ḡαμḡβν□ −

1

8
ḡαβḡμν□

þ 1

2
R̄αμβν þ 1

2
R̄αμḡβν −

1

2
R̄αβḡμν

−
1

4
R̄ḡαμḡβν þ 1

8
R̄ḡαβḡμν

�
hμν: ð2:27Þ

Once the saddle-point ḡ is given, the one-loop partition
function (2.25) is determined by the eigenvalues of the
linearized kinetic operator Δ̄½ḡ�. We will use the saddle-
point (2.16), which is the near horizon extremal geometry
and satisfies the vacuum Einstein equation, to evaluate the
one-loop partition function of the extremal accelerating
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Kerr black hole. The resultant quantum corrections to the
black hole partition function help to resolve the mass gap
puzzle discussed in Sec. II A.
The modes hμν with vanishing eigenvalues of the

operator Δ̄½ḡ�, which are called zero modes, play crucial
roles in the one-loop approximation of the path integral. As
we will see in the next subsection, zero modes contribute
leading quantum corrections to the partition function in the
low-temperature limit. Zero modes are usually associated to
the background symmetry that are not removed by the
gauge fixing. In the harmonic gauge (2.26), zero modes are
necessary to satisfy the transverse and traceless conditions
and thus are generated by large diffeomorphisms. In other
words, a zero mode can be written as a Lie derivative of the
background geometry along a certain vector field ξ which
has nontrivial behavior at the boundary. For the saddle-
point (2.16), we take the following ansatz for the vector
field:

ξ ¼ einτ
�
fτðyÞ

∂

∂τ
þ fyðyÞ

∂

∂y
þ fφðyÞ

∂

∂φ

�
; n∈Z:

ð2:28Þ

The Euclidean time τ has period 2π due to the horizon
smoothness condition, so here n takes integer values. The
possible zero modes thus can be written as hμν ¼ Lξḡμν up
to normalization. To find their specific forms, we need to
solve the functions fτðyÞ; fyðyÞ; fφðyÞ by using the trans-
verse and traceless conditions or the zero eigenvalue
condition of the operator defined in (2.27). We start from
the traceless condition hαα ¼ 0, from which it is easy to find

fτðyÞ ¼
if0yðyÞ
n

; n ≠ 0: ð2:29Þ

Next, recalling (2.29) and using the operator (2.27), we
find that

1 − μ0
1þ μ0

∂θðΔ̄½ḡ�hÞyθjθ¼0 þ
1

2ð1þ μ20Þ
∂θðΔ̄½ḡ�hÞyθjθ¼π

2

∝ fyðyÞ − ðy − 1Þf0yðyÞ − nfφðyÞ: ð2:30Þ

The zero eigenvalue condition is satisfied given that

fφðyÞ ¼
fyðyÞ − ðy − 1Þf0yðyÞ

n
; n ≠ 0: ð2:31Þ

Finally, recalling (2.29), (2.31), and using the transverse
condition ∇αhαμ ¼ 0, we have

∇αhαy ∝ ðy2 − 1Þf00yðyÞ þ 2yf0yðyÞ −
�
2þ n2

y2 − 1

�
fyðyÞ

¼ 0; ð2:32Þ

which is a second-order differential equation of fyðyÞ and
is solved by the following general solution:

fyðyÞ ¼ C1

�
y − 1

yþ 1

�n
2ðnþ yÞ

þ C2

�
y − 1

yþ 1

�
−n
2ð−nþ yÞ; n ≠ 0; ð2:33Þ

where C1 and C2 are arbitrary constants. The above solution
is valid for any integer n ≠ 0. However, one should set
C2 ¼ 0 for n > 0 and C1 ¼ 0 for n < 0 for the sake of the
regularity of the vector field ξ on the horizon y ¼ 1. So
equivalently, one can rewrite the regular solution as

fyðyÞ ¼ Cn

�
y − 1

yþ 1

�jnj
2 ðjnj þ yÞ; n∈Z; ð2:34Þ

with C bing an arbitrary constant. Note that an additional
n factor is incorporated in (2.34) for recovering the n ¼ 0
case. Thus, the vector field ξ can be written as

ξ ¼ Ceinτ
�
y − 1

yþ 1

�jnj
2

�
iðjnjðjnj þ yÞ þ y2 − 1Þ

y2 − 1

∂

∂τ

þ nðjnj þ yÞ ∂

∂y
þ jnj − n2 þ yþ 1

yþ 1

∂

∂φ

�
; ð2:35Þ

with integer valued n. These vector fields are large diffeo-
morphisms since they have nontrivial behaviors at the
asymptotic boundary y → þ∞,

ξ → Ceinτ
�
i
∂

∂τ
þ ny

∂

∂y
þ ∂

∂φ

�
; n∈Z; ð2:36Þ

which correspond to the boundary time reparametrizations
with fixed boundary curve length [19].
The zero modes generated by (2.35) then take the

following forms:

hðnÞμν dxμdxν

¼ einτ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3jnjðn2 − 1Þ

p
ð1 − μ20Þð1þ cos2θÞ

8π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p ð1 − μ0 cos θÞ2ðy2 − 1Þ

�
y − 1

yþ 1

�jnj
2

×

�
−ðy2 − 1Þdτ2 þ 2i

jnj
n
dτdyþ 1

y2 − 1
dy2
�
;

jnj ≥ 2; ð2:37Þ

where the arbitrary constant C in (2.35) is chosen so that

hðnÞμν are orthonormalizedZ
d4x

ffiffiffī
g

p
hðmÞ�
αβ ḡαμḡβνhðnÞμν ¼ δmn: ð2:38Þ

Note that the n ¼ 0;�1 zero modes vanish due to the fact
that their corresponding vector fields ξ are Killing vectors
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of ḡ thus do not contribute. One can directly check that the
fluctuations (2.37) satisfy ðΔ̄½ḡ�hðnÞÞμν ¼ 0.
However, due to the vanishing of the eigenvalues and the

infinite volumes of the zero modes, a direct calculation of
the path integral over the zero modes leads to an infrared
divergence of the one-loop partition function,

Z ∝
Z
zero modes

½Dh� → ∞: ð2:39Þ

One way to regularize the one-loop partition function is to
deform the extremal background by turning on slightly the
temperature of the black hole, which in turn will corrects
slightly the eigenvalues of the zero modes. In the next
subsection, we will use the near extremal configuration
given by (2.16) and (2.17) to calculate the leading correc-
tions to the eigenvalues of the zero modes. We will see that
these slightly corrected nonvanishing eigenvalues alter the
partition function dramatically with a leading low-temper-
ature effect.

C. Quantum corrections to the entropy

Since the one-loop partition (2.25) is a standard Gaussian
integral, the result is controlled by the functional determi-
nant and thus the eigenvalues of the linearized kinetic
operator (2.27). Denoting hðnÞ and Λ̄n as the eigenstates and
eigenvalues of Δ̄½ḡ�, respectively, i.e., Δ̄½ḡ�hðnÞ ¼ Λ̄nhðnÞ,
then the one-loop partition function scales as Z ∼

Q
n Λ̄

−1=2
n

up to an overall factor. It is clear that for the zero modes
with Λ̄n ¼ 0, we have Z → ∞.
Now let us regularize the divergence in the one-loop

partition function by departing slightly the eigenvalues of the
zero modes from zeros. The way is to heat up the geometry
by adding the OðTÞ perturbation (2.17) to the extremal
geometry (2.16). Such a deformation of the background
geometry,

ḡ → ḡþ δg; ð2:40Þ

will change the eigenspectrum problem to

ðΔ̄½ḡ� þ δΔ½ḡ; δg�ÞðhðnÞ þ δhðnÞÞ
¼ ðΛ̄n þ δΛnÞðhðnÞ þ δhðnÞÞ; ð2:41Þ

where δΔ½ḡ; δg� is the perturbed linearized kinetic operator
and ðδhðnÞ; δΛnÞ is the perturbed eigenspectrum. And it will
also change the scaling of the one-loop partition function to

Z ∼
Y
n

ðΛ̄n þ δΛnÞ−1
2;

logZ ¼ −
1

2

X
n

log ðΛ̄n þ δΛnÞ þ � � � : ð2:42Þ

Note that δΛn are small corrections to the eigenvalues which
depend linearly on T, for nonzero modes with Λ̄n ≠ 0,
the corrections are purely polynomial in T,

logZ ¼ −
1

2

X
n

log Λ̄n −
1

2

X
n

δΛnðTÞ
Λ̄n

þ 1

4

X
n

δΛnðTÞ2
Λ̄2
n

þ � � � : ð2:43Þ

While for zero modes with Λ̄n ¼ 0, small δΛn will produce
leading log T correction to the entropy,

δ logZ ¼ −
1

2

X
n

log ðδΛnðTÞÞ; ð2:44Þ

and correspondingly produce OðTÞ correction to the black
hole mass at low temperature. So zero modes are the essential
objects to resolve the mass gap puzzle addressed in Sec. II A.
The eigenvalue corrections δΛn for the zero modes can

be figured out by using perturbation theory. Taking the
inner product on both sides of (2.41) with hðmÞ, we have

δΛn ¼ hhðnÞjδΔ½ḡ; δg�hðnÞi

¼
Z

d4x
ffiffiffī
g

p
hðnÞ�αβ δΔ½ḡ; δg�αβ;μνhðnÞμν ; ð2:45Þ

where we used the fact that Δ̄½ḡ� is self-adjoint, i.e.,
hhðmÞjΔ̄½ḡ�δhðnÞi ¼ hΔ̄½ḡ�hðmÞjδhðnÞi and hðnÞ are orthonor-
malized. It is worthwhile to mention that the conical
singularities induced by the improper range of the polar
angle ϕ are inherited to the near horizon extremal geometry
(2.16) through (2.15). However this effect will not affect the
calculation of the eigenvalue corrections (2.45). The range
of the polar angle φ is canceled given that the zero modes
satisfying the orthonormal condition (2.38). The integration
in (2.45) is highly nontrivial. One way to carry out the
integrand is to substitute the full perturbed metric ḡþ δg
into the linearized kinetic operator (2.27) and keep the
leading OðTÞ term. The variation of the operator itself is
intractable but it simplifies dramatically when contracting
with the zero modes. Here we print the result we find

δΛn ¼
3jnjð1 − μ20Þ

3
2

64r0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p T þOðT2Þ; jnj ≥ 2: ð2:46Þ

Thus, from (2.44), (2.46) and using the zeta function
regularization,

Y
n≥2

ρ

n
¼ 1

ρ
3
2

ffiffiffiffiffiffi
2π

p ; ð2:47Þ

for real ρ, we find the contribution of the zero modes to the
near extremal entropy,
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δ logZ ¼ −
1

2

X
jnj≥2

log ðδΛnÞ ¼ − log
Y
n≥2

ðδΛnÞ

¼ 3

2
log

�
T
Tq

�
þ log

�
3

512

ffiffiffiffiffiffi
3

2π

r �
þ � � � ; ð2:48Þ

where

Tq ¼
r0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
ð1 − μ20Þ

3
2

: ð2:49Þ

Tq can be viewed as the critical temperature below which
the low-temperature quantum corrections become impor-
tant. From (2.49), it is clear that the critical temperature
rises as the acceleration of the black hole increases.
However, this is not necessarily indicating that the high
temperature quantum corrections are significant for a black
hole with large acceleration. The mechanism presented here
is working for the first-order low-temperature perturbation
theory. The corrections from the levels that beyond the first
order are still unknown at present stage.
Taking into account the contribution from the zero

modes, the near extremal partition function can be approx-
imately written as

ZðTÞ ≈ T
3
2eS0 þ higher order terms: ð2:50Þ

Therefore, the entropy and mass of the near extremal
accelerating Kerr black hole are shifted according to

S ¼ S0 þ S0 þOðTÞ; S0 ¼ 3

2
logT; ð2:51Þ

M ¼ M0 þM0 þOðT2Þ; M0 ¼
Z

TdS0 ¼ 3

2
T;

ð2:52Þ

where S0 andM0 are the extremal entropy and mass listed as
the first terms on the right sides of (2.13) and (2.12),
respectively. So taking into account the quantum corrections
at low temperature, the black hole thermal energy above
extremality (2.52) scales linearly with the temperature. This
in turn relieve the tension between the thermal energy
available for the black hole and the energy carried away by
the Hawking radiation at sufficiently low temperature.

III. ACCELERATING REISSNER-NORDSTRÖM
BLACK HOLE

We next turn to the accelerating Reissner-Nordström
black hole. Compered to the previous case, the absence of
rotation and the presence of the gauge field both give rise to
a richer zero modes structure. The charged C-metric and the
electric gauge filed of the accelerating Reissner-Nordström
black hole in the Boyer-Lindquist coordinate system take

the following forms [32,34,35]:

ds2 ¼ −
Δr

H2r2b2
dt2 þ r2

H2

�
dr2

Δr
þ dθ2

Δθ

�
þ Δθr2sin2θ

H2
dϕ2;

ð3:1Þ

A ¼ −
q
rb

dtþΦdt; ð3:2Þ

where

H ¼ 1 − αr cos θ;

Δθ ¼ 1 − 2αm cos θ þ α2q2cos2θ;

Δr ¼ ð1 − α2r2ÞX; X ¼ r2 − 2mrþ q2: ð3:3Þ

m, q, α are the black hole mass, electric charge and
acceleration parameters, respectively. b is the time scaling
parameter introduced for achieving consistent black hole
thermodynamics [43]. Φ is the electric potential at the
horizon, which ensures that the electric gauge field A
vanishes on the horizon. The accelerating of the charged
black hole is induced by the cosmic string attached on the
north (θ ¼ 0) and south (θ ¼ π) poles. The string tensions
are represented by the conical defects at each poles.
Following the same argument in Sec. II, the string tensions
at the north μþ and south μ− poles can be expressed as

μþ ¼ 1

4
ð2αm − α2q2Þ; μ− ¼ 1

4
ð−2αm − α2q2Þ; ð3:4Þ

where the period of the polar angle ϕ is set to be 2π. Their
difference gives the net string tension,

μ ¼ μþ − μ− ¼ mα; ð3:5Þ

that cause the acceleration of the black hole. The outer and
inner horizon radius rþ and r− are given by

rþ ¼ mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

q
; r− ¼ m −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

q
; ð3:6Þ

and the accelerating horizon is still fixed at rα ¼ 1=α. The
thermodynamic quantities; mass M, temperature T, entropy
S, electric potentialΦ, electric chargeQ and thermodynamic
lengths λ� conjugate to the string tensions μ�, formulated
with respect to the outer horizon, are given by [43]

M ¼ m
b
; T ¼ ðrþ − r−Þð1 − α2r2þÞ

4πbr2þ
; S ¼ πr2þ

1 − α2r2þ
;

Φ ¼ q
brþ

; Q ¼ q; λ� ¼ rþ
bð1 ∓ αrþÞ

−
M

1þ α2q2
:

ð3:7Þ

The above thermodynamic quantities are well defined and
the thermodynamic first law holds, i.e.,
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dM ¼ TdSþΦdQ − λþμþ − λ−μ−; ð3:8Þ

given that

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2q2

q
: ð3:9Þ

A. Near extremal thermodynamics and geometry

The near extremal thermodynamics fucus on the situation
that the two horizon radius rþ and r− depart a little bit from
their extremal value r0. Similar to the rotating case, there are
three independent thermodynamic quantities which can be
chosen as the temperature T, electric chargeQ and net string
tension μ. In the near extremal expansions, we take the
temperature as a small parameter and keep the electric charge
Q0 ¼ r0 and the net string tension 0 < μ0 ¼ r0α < 1 fixed
at their extremal values.
By using relations (3.6) and (3.7), we find the following

near extremal expansions for the horizon radius rþ and r−:

rþ ¼ r0 þ
2πr20

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
1 − μ20

T þ 2π2r30ð5þ 4μ20 − μ40Þ
ð1 − μ20Þ3

T2

þ 64π3r40ð1þ μ20Þ
3
2

ð1 − μ20Þ5
T3 þOðT4Þ; ð3:10Þ

r− ¼ r0 −
2πr20

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
1 − μ20

T −
2π2r30ð3þ 4μ20 þ μ40Þ

ð1 − μ20Þ3
T2

−
32π3r40ð1þ μ20Þ

5
2

ð1 − μ20Þ5
T3 þOðT4Þ; ð3:11Þ

and the black hole mass M and entropy S can be expanded
as

M ¼ r0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p þ 2π2r30
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
ð1 − μ20Þ2

T2 þ 16π3r40ð1þ μ20Þ
ð1 − μ20Þ4

T3

þOðT4Þ; ð3:12Þ

S ¼ πr20
1 − μ20

þ 4π2r30
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
ð1 − μ20Þ3

T þ 8π3r40ð3þ 4μ20 þ μ40Þ
ð1 − μ20Þ5

T2

þOðT3Þ: ð3:13Þ

From (3.12), it is clear that the thermal energy above
extremality scales quadratically with the temperature, so
there is still a mass gap between the thermal energy and the
energy carried away by the Hawking radiation which scales
linearly with the temperature. Quantum corrections are thus
necessary to be included to fill the gap.
The quantum corrections near extremality are introduced

by using the Euclidean path integral with the saddle-point
chosen as the extremal configuration. To find the near
horizon near extremal configuration, we therefore perform

the following coordinate transformation:

r ¼ rþ þ 2πr20
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
1 − μ20

Tðy − 1Þ;

t ¼ −i
bffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ μ20
p τ

2πT
; T → 0; ð3:14Þ

where τ is the Euclidean time with period 2π and y ≥ 1.
This infinite scaling transformation enables us to zoom into
the near horizon region of the near extremal accelerating
Reissner-Nordström black hole with a small temperature.
Using the expansions (3.10), (3.11) and the transformation
(3.14), we find the leading OðT0Þ terms of the metric (3.1)
and the gauge field (3.2),

ds̄2 ¼ r20
ð1 − μ20Þð1 − μ0 cos θÞ2

�
ðy2 − 1Þdτ2 þ dy2

y2 − 1

�

þ r20
ð1 − μ0 cos θÞ4

dθ2 þ r20sin
2θdϕ2; ð3:15Þ

Ā ¼ −
ir0ðy − 1Þ
1 − μ20

dτ; ð3:16Þ

and their subleading OðTÞ terms,

δðds2Þ
T

¼ 4πr0μ0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
y cos θ

ð1 − μ20Þð1 − μ0 cos θÞ
ds̄2 þ g1ðy; θÞdτ2

þ g2ðy; θÞdy2 þ g3ðy; θÞdθ2 þ g4ðy; θÞdϕ2;

ð3:17Þ

δA
T

¼ 2ir20
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
ðy2 − 1Þ

ð1 − μ20Þ2
dτ; ð3:18Þ

where

g1ðy; θÞ ¼ −
4πr30

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p ðy3 − 3yþ 2Þ
ð1 − μ20Þ3ð1 − μ0 cos θÞ2

; ð3:19Þ

g2ðy; θÞ ¼
4πr30

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p ðyþ 2Þ
ð1 − μ20Þ3ð1 − μ0 cos θÞ2ðyþ 1Þ2 ; ð3:20Þ

g3ðy; θÞ ¼
4πr30

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
y

ð1 − μ20Þð1 − μ0 cos θÞ4
; ð3:21Þ

g4ðy; θÞ ¼
4πr30

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
ysin2θ

1 − μ20
: ð3:22Þ

The metric (3.15) characterize the near horizon extremal
geometry of the accelerating Reissner-Nordström black
hole, which is a direct product of AdS2 and S2 with warping
factors. Equation (3.16) is the extremal gauge field, which

LOGARITHMIC CORRECTIONS TO THERMODYNAMICS OF … PHYS. REV. D 113, 026014 (2026)

026014-9



vanishes explicitly on the horizon y ¼ 1. When combined
with the subleading terms (3.17) and (3.18), we get the near
horizon near extremal configurations ds̄2 þ δðds2Þ and
Āþ δðAÞ up to OðTÞ.

B. Euclidean path integral near extremality
and zero modes

For the Einsten-Maxwell theory in four dimensions, the
partition function is given by the following Euclidean path
integral:

Z¼
Z

½Dg�expð−IE½g;A�Þ;

IE½g;A� ¼−
1

16π

Z
M

d4x
ffiffiffi
g

p ðR−F2Þþ IB:þ IG:F:; ð3:23Þ

where R is the Ricci scalar, F2 ¼ FμνFμν and Fμν is the
field strength of the gauge field. IB. is the boundary term
and IG:F: is the gauge fixing term.
The one-loop approximation of the partition function

includes contributions from both the metric and the gauge
field quantum fluctuations. Expand the metric and the
gauge field as

g ¼ ḡþ h; A ¼ Āþ 1

2
a; ð3:24Þ

where ḡ and Ā are saddle-points of the metric and the gauge
field, respectively, h and a are their quantum fluctuations,
then the one-loop partition function can be written as

Z ≈ expð−IE½ḡ; Ā�Þ
Z

½Dh�½Da�

× exp
�
−
Z

d4x
ffiffiffī
g

p ðh�Δ̄½ḡ; Ā�h

þ a�P̄½ḡ; Ā�aþ ðh�Ōint½ḡ; Ā�aþ H:c:ÞÞ
�
; ð3:25Þ

where � denotes complex conjugation. The explicit forms
of the one-loop kinetic operators Δ̄½ḡ; Ā�, P̄½ḡ; Ā� and
Ōint½ḡ; Ā� in (3.25) are sensitive to the gauge fixing
condition. In the following discussion, we will use the
harmonic gauge for the metric fluctuation and the Lorentz
gauge for the gauge field one, i.e., the Lagrange density of
the gauge fixing term is given by

LG:F: ¼ Lmetric þ Lgauge; ð3:26Þ

where

Lmetric ¼
1

32π
ḡμν

�
∇αhαμ −

1

2
∇μhαα

��
∇αhαν −

1

2
∇νhαα

�
;

ð3:27Þ

Lgauge ¼
1

32π
ð∇μaμÞ2: ð3:28Þ

With these gauge fixings, the one-loop kinetic operators for
the Einstein-Maxwell theory take the following forms [28]:

h�αβΔ̄αβ;μν½ḡ; Ā�hμν
¼ −

1

16π
h�αβ

�
1

4
ḡαμḡβν□ −

1

8
ḡαβḡμν□þ 1

2
R̄αμβν

þ 1

2
R̄αμḡβν −

1

2
R̄αβḡμν −

1

4
R̄ḡαμḡβν þ 1

8
R̄ḡαβḡμν

þ 1

4
F̄2ḡαμḡβν −

1

8
F̄2ḡαβḡμν − F̄αμF̄βν

− 2F̄αγF̄μ
γ ḡβν þ F̄αγF̄β

γ ḡμν
�
hμν; ð3:29Þ

a�μP̄αβ½ḡ; Ā�aμ ¼ −
1

32π
a�μðḡμν□ − R̄μνÞaν; ð3:30Þ

h�αβŌ
αβμ
int ½ḡ; Ā�aμ ¼

1

16π
h�αβð4gα½μF̄ν�β þ F̄μνḡαβÞ∇μaν:

ð3:31Þ

The one-loop partition function (3.25) therefore scales as
the functional determinant of the matrix operator,

Z ∼ det

 
Δ̄½ḡ; Ā� Ōint½ḡ; Ā�
Ō†

int½ḡ; Ā� P̄½ḡ; Ā�

!−1
2

: ð3:32Þ

which necessitates the joint diagonalization of the operators
Δ̄½ḡ; Ā�, P̄½ḡ; Ā�, and Ōint½ḡ; Ā�. Inspired by the previous
accelerating Kerr black hole case, we will focus on the path
integral over zero modes of the saddle-points (3.15) and
(3.16), which hopefully produces the leading quantum
correction to the partition function at low temperature.
Terminologically, the zero modes of the matrix operator in
(3.32) can be divided into graviton zero modes and photon
zero modes.
The graviton zero modes, which satisfy ðΔ̄½ḡ; Ā�hÞμν ¼ 0,

are generated by the large diffeomorphisms that are not
removed by the harmonic gauge. We take the following
ansatz for the vector fields associated to the large diffeo-
morphisms,

ξ ¼ einτ
�
fτðyÞ

∂

∂τ
þ fyðyÞ

∂

∂y
þ fϕðyÞ

∂

∂ϕ

�
; n∈Z:

ð3:33Þ

Given the extremal geometry (3.15) and the functions
fτðyÞ, fyðyÞ, fϕðyÞ, the graviton zero modes are then
explicitly determined by hμν ¼ Lξḡμν up to normalization.
In the harmonic gauge, the traceless condition hαα ¼ 0 of
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the zero modes gives

fτðyÞ ¼
if0yðyÞ
n

; n ≠ 0: ð3:34Þ

Combined with the above relation, the transverse condition
∇αhαμ ¼ 0 gives

∇αhαy ∝ ðy2 − 1Þf00yðyÞ þ 2yf0yðyÞ −
�
2þ n2

y2 − 1

�
fyðyÞ

¼ 0; ð3:35Þ

from which one can derive the solution

fyðyÞ ¼ C1n

�
y − 1

yþ 1

�jnj
2 ðjnj þ yÞ; n∈Z; ð3:36Þ

with an arbitrary constant C1, that is regular on the horizon
and vanishes for n ¼ 0. Note that in deriving the above
solution, we do not resort to the form of the function fϕðyÞ,
which is different form the rotating black hole case
analyzed in Sec. II B. This is highly due to the near horizon
extremal geometry (3.15) is simply a direct product of
AdS2 and S2 with warping factors. The function fϕðyÞ can
be solved independently from

∇αhαϕ ∝ ðy2 − 1Þfϕ00ðyÞ þ 2yf0ϕðyÞ −
n2

y2 − 1
fϕðyÞ ¼ 0:

ð3:37Þ
The regular solution takes the form,

fϕðyÞ ¼ C2

�
y − 1

yþ 1

�jnj
2

; n∈Z; ð3:38Þ

where C2 is an arbitrary constant. So the graviton zero
modes are now generated by the following vector fields:

ξ ¼ einτ
�
y − 1

yþ 1

�jnj
2

�
C1

iðjnjðjnj þ yÞ þ y2 − 1Þ
y2 − 1

∂

∂τ

þ C1nðjnj þ yÞ ∂

∂y
þ C2

∂

∂ϕ

�
; ð3:39Þ

with integer valued n. These vector fields are indeed large
diffeomorphisms since they do not die off at the asymptotic
boundary y → ∞ and thus can not be gauged away. The
existence of the two arbitrary constants C1 and C2 indicates
that there are two linearly independent graviton zero modes.
The graviton zero modes which are generated by the

ξ with C2 ¼ 0 and C1 ≠ 0 are call tensor modes. By proper
choosing the nonzero constant C1, the explicit forms of the
tensor modes are

htðnÞμν dxμdxν ¼ einτ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3jnjðn2 − 1Þ

p
ð1 − μ20Þ

2
ffiffiffi
2

p
π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ μ20

p
ð1 − μ0 cos θÞ2ðy2 − 1Þ

�
y − 1

yþ 1

�jnj
2

×

�
−ðy2 − 1Þdτ2 þ 2i

jnj
n
dτdyþ 1

y2 − 1
dy2
�
; jnj ≥ 2; ð3:40Þ

and these rank-2 tensors satisfy the following orthonormal condition:Z
d4x

ffiffiffī
g

p
htðmÞ�
αβ ḡαμḡβνhtðnÞμν ¼ δmn: ð3:41Þ

The n ¼ 0;�1 modes are excluded because the corresponding vector fields are Killing vectors on the background and do not
produce fluctuations. The graviton zero modes which are generated by the ξwith C1 ¼ 0 andC2 ≠ 0 are called vector modes,
whose explicit forms can be written as

hvðnÞμν dxμdxν ¼ einτ
inμ20sin

2θ

2
ffiffiffi
2

p
π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijnjðμ0ðarctanhμ0Þ − μ20Þ

p ðy2 − 1Þ

�
y − 1

yþ 1

�jnj
2

×

�
ðy2 − 1Þdτdϕ − i

jnj
n
dydϕ

�
; jnj ≥ 1: ð3:42Þ

Here the nonzero constant C2 is chosen so that the vector modes are orthonormalized,Z
d4x

ffiffiffī
g

p
hvðmÞ�
αβ ḡαμḡβνhvðnÞμν ¼ δmn: ð3:43Þ

Note that for the vector modes, we have jnj ≥ 1. The n ¼ 0 mode vanishes due to the fact that ∂ϕ is the rotational Killing
vector of the background. One can check that both (3.40) and (3.42) belong to the kernel of the operator Δ̄½ḡ; Ā�. It is worth
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noting that in the absence of acceleration, the Reissner-
Nordström black hole has three sets of vector modes since
there are three independent Killing vectors on S2 [21,28].
The presence of acceleration deforms the S2 and kills two of
the Killing vectors, leaving only the translational symmetry
along ϕ. So there is only one set of the vector modes (3.42)
in the accelerating case.
In addition to the graviton zero modes, we also have

photon zero modes. The photon zero modes, which satisfy
ðP̄½ḡ; Ā�aÞμ ¼ 0, are the residual gauge transformations
under the Lorentz gauge. For this reason, we can write the
ansatz for the photon zero modes as

aμ ¼ ∂μΦðτ; yÞ; Φðτ; yÞ ¼ einτfðyÞ; n∈Z;

ð3:44Þ

with a function fðyÞ to be determined. The Lorentz gauge
then requires

∇μaμ ∝ ðy2 − 1Þf00ðyÞ þ 2yf0ðyÞ − n2

y2 − 1
fðyÞ ¼ 0:

ð3:45Þ

The solution to the above equation that is regular on the
horizon can be written as

fðyÞ ¼ C3

�
y − 1

yþ 1

�jnj
2

; n∈Z; ð3:46Þ

where C3 is an arbitrary constant. Using (3.44) and (3.46),
we find the photon zero modes

aðnÞμ dxμ ¼ einτ
in

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ20

p
2
ffiffiffi
2

p
π
ffiffiffiffiffiffijnjp

r0ðy2 − 1Þ

�
y − 1

yþ 1

�jnj
2

×

�
ðy2 − 1Þdτ − i

jnj
n
dy

�
; jnj ≥ 1; ð3:47Þ

with orthonormal property

Z
d4x

ffiffiffī
g

p
aðmÞ�
μ ḡμνaðnÞν ¼ δmn: ð3:48Þ

It is straightforward to check that (3.47) is in the kernel of
the operator P̄½ḡ; Ā�. For a torsion free theory, the photon
zero modes determined by (3.44) always give symmetric
∇μaν. It is obvious that the mixing term (3.31) vanishes for
such zero modes. So the previous derived tensor, vector,
and photon zero modes indeed belong to the kernel of the
matrix operator in (3.32).
The path integral over the zero modes on the extremal

background still leads to an infrared divergence of the one-
loop partition function,

Z ∝
Z
tensor modes

½Dht�
Z
vector modes

½Dhv�
Z
photon zero modes

½Da�

→ ∞: ð3:49Þ

To get finite quantum corrections, we need to perturb the
background extremal configuration to the near extremal
one, so that the eigenvalues of the zero modes acquire small
perturbations and the path integral of the zero modes
remains finite.

C. Quantum corrections to the entropy

The one-loop partition function for the Einstein-Maxwell
theory (3.25) requires the functional integrations over
metric and gauge field fluctuations. If one perform the
path integral of the metric fluctuation h first, then the one-
loop partition function behaves like

Z∼ detðΔ̄Þ−1
2

Z
½Da�

×exp
�
−
Z

d4x
ffiffiffī
g

p
a�
�
P̄−

1

4
Ō†

intΔ̄−1Ōint

�
a
�
: ð3:50Þ

It is clear that the one-loop corrections to the partition
function are determined by the eigenvalues of the operators
Δ̄ and P̄ − ðŌ†

intΔ̄−1ŌintÞ=4. For the zero modes (3.40),
(3.42), and (3.47), their corresponding eigenvalues vanish
and the one-loop partition function diverges.
To regularize the divergence, one should take into

account the OðTÞ corrections (3.17) and (3.18) to the
extremal metric (3.15) and the extremal gauge field (3.16),
respectively,

ḡ → ḡþ δg; Ā → Āþ δA: ð3:51Þ

This will perturb the operators Δ̄ and P̄ − ðŌ†
intΔ̄−1ŌintÞ=4

and correct the eigenvalues of the zero modes to nonzero
ones. According to the perturbation theory at first order, the
eigenvalue correction can be evaluated as the expectation
value of the perturbed operator with respect to the original
orthonormal eigenstates. However, from (3.31), it is
obvious that the photon zero modes (3.47) satisfy

Ōαβμ
int ½ḡ; Ā�aμ ¼ 0: ð3:52Þ

So the variation of the operator ðŌ†
intΔ̄−1ŌintÞ=4 will not

contribute to the first-order eigenvalue correction. Thus, to
figure out the eigenvalue corrections, we only need to
consider the variations of the operators Δ̄ and P̄. Given the
orthonormalized zero modes (3.40), (3.42), and (3.47), the
corrections to their eigenvalues can be formulated as

δΛt
n ¼

Z
d4x

ffiffiffī
g

p
htðnÞ�αβ δΔαβ;μνhtðnÞμν ; ð3:53Þ
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δΛv
n ¼

Z
d4x

ffiffiffī
g

p
hvðnÞ�αβ δΔαβ;μνhvðnÞμν ; ð3:54Þ

δλn ¼
Z

d4x
ffiffiffī
g

p
aðnÞ�μ δPμνaðnÞν ; ð3:55Þ

where we denote Λt
n, Λv

n and λn as the eigenvalues of the
tensor modes htðnÞ, vector modes hvðnÞ and photon zero
modes aðnÞ, respectively. The above integrations are
straightforward. After some algebra, we find

δΛt
n ¼

3jnjð1 − μ20Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
16r0ð3þ μ20Þ

T þOðT2Þ; jnj ≥ 2;

ð3:56Þ

δΛv
n ¼

jnjμ30
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
48r0ð1 − μ20Þðarctanhμ0 − μ0Þ

T þOðT2Þ;

jnj ≥ 1; ð3:57Þ

δλn ¼
jnjðμ0 − ð1 − μ20Þarctanhμ0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p
8r0μ0

T þOðT2Þ;

jnj ≥ 1: ð3:58Þ

By summing up the contributions from the three classes
of zero modes in the path integral and using the zeta
function regularizations,

Y
n≥2

ρ

n
¼ 1

ρ
3
2

ffiffiffiffiffiffi
2π

p ;
Y
n≥1

σ

n
¼ 1

σ
1
2

ffiffiffiffiffiffi
2π

p ; ð3:59Þ

for real ρ and σ, we get the leading quantum correction to
the near extremal entropy,

δ logZ ¼ −
1

2

X
jnj≥2

log ðδΛt
nÞ −

1

2

X
jnj≥1

log ðδΛv
nÞ

−
1

2

X
jnj≥1

log ðδλnÞ ð3:60Þ

¼ − log
Y
n≥2

ðδΛt
nÞ − log

Y
n≥1

ðδΛv
nÞ − log

Y
n≥1

ðδλnÞ ð3:61Þ

¼ 3

2
log

T
Tt
q
þ 1

2
log

T
Tv
q
þ 1

2
log

T
Tp
q
þ log

�
3

2048

�
1

π

�3
2

�

þ � � � ; ð3:62Þ

where

Tt
q ¼

r0ð3þ μ20Þ
ð1 − μ20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p ;

Tv
q ¼

r0ð1 − μ20Þðarctanhμ0 − μ0Þ
μ30

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p ;

Tp
q ¼ r0μ0

ðμ0 − ð1 − μ20Þarctanhμ0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ20

p : ð3:63Þ

Hence, the near extremal partition function of the accel-
erating Reissner-Nordström black hole is corrected as

ZðTÞ ≈ T
5
2eS0 þ higher order terms; ð3:64Þ

where S0 is the extremal entropy. Note that the temperature
dependence in the leading term of (3.64) is different from
that in the accelerating Kerr case (2.50). This is because the
absence of rotation and the presence of the gauge field each
leads to additional zero modes and contributes T1=2 factor
in the partition function. Accordingly, the black hole
thermal energy above extremality in this case is dominated
by a term scaling as ð5=2ÞT at low temperature which
replace it on the same footing as the Hawking radiation.

IV. ACCELERATING KERR-NEWMANN
BLACK HOLE

We finally analyze the low-temperature quantum cor-
rections to the thermodynamics of the C-metric with both
rotation and charge. As we will see, by turning on the
rotation, the gravitational zero modes of vector type for the
accelerating Reissner-Nordström black hole are no longer
the case. The spacetime line element and the Uð1Þ gauge
field for the accelerating Kerr-Newmann black hole in the
Boyer-Lindquist coordinate system take the following
forms [33–35]:

ds2 ¼ −
Δr

H2ρ2

�
dt
b
− asin2θdϕ

�
2

þ ρ2

H2

�
dr2

Δr
þ dθ2

Δθ

�

þ Δθa2sin2θ
H2ρ2

�
dt
b
−
r2 þ a2

a
dϕ

�
2

; ð4:1Þ

A ¼ −
qr
ρ2

�
dt
b
− asin2θdϕ

�
þΦdt; ð4:2Þ

where

H ¼ 1 − αr cos θ; ρ2 ¼ r2 þ a2cos2θ;

Δθ ¼ 1 − 2αm cos θ þ ðα2a2 þ α2q2Þcos2θ;
Δr ¼ ð1 − α2r2ÞX; X ¼ r2 − 2mrþ a2 þ q2: ð4:3Þ

m, a, q, and α are the black hole mass, angular momentum,
charge and acceleration parameters, respectively. b is the
time scaling parameter and Φ is the charge potential at
the horizon. The outer and inner horizon radius rþ and r−
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are now given by

rþ ¼ mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2 − q2

q
; r− ¼ m −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2 − q2

q
: ð4:4Þ

The relevant thermodynamic quantities of the accelerating Kerr-Newmann black hole are listed as the following [43]:

M ¼ mð1 − α2a2Þ
bð1þ α2a2Þ ; T ¼ ðrþ − r−Þð1 − α2r2þÞ

4πbðr2þ þ a2Þ ; S ¼ πðr2þ þ a2Þ
1 − α2r2þ

;

Ω ¼ a
bðr2þ þ a2Þ −

α2a
bð1þ α2a2Þ ; J ¼ ma; Φ ¼ qrþ

bðr2þ þ a2Þ ; Q ¼ q;

λ� ¼ rþ
bð1 ∓ αrþÞ

−
M

1þ α2a2 þ α2q2
� αa2

bð1þ α2a2Þ ; μ� ¼ 1

4
ð�2αm − α2a2 − α2q2Þ: ð4:5Þ

Here the notations of the symbols above follow their earlier
definitions. The net string tension μ satisfies an equation
analogous to Newton’s second law,

μ ¼ μþ − μ− ¼ mα: ð4:6Þ

The thermodynamic first law holds for the above quantities,
i.e.,

dM ¼ TdSþ ΩdJ þΦdQ − λþdμþ − λ−dμ−; ð4:7Þ

given that

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − α2a2Þð1þ α2a2 þ α2q2Þ

p
1þ α2a2

: ð4:8Þ

A. Near extremal thermodynamics and geometry

The near extremal expansions are now performed by
taking the temperature T as small parameter while keeping

the angular momentum, charge and net string tension at
their extremal values,

J0 ¼ r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − q20

q
; Q0 ¼ q0; μ0 ¼ r0α; ð4:9Þ

where r0 is the extremal horizon radius and q0 denotes the
extremal charge. In this canonical ensemble, the horizon
radius, black hole mass, and entropy have the following
small temperature expansions:

rþ ¼ r0 þ
2πr0ð2r20 − q20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20μ

2
0ð1þ μ20Þ þ r20ð1 − μ40Þ

p
ðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þ

T

þOðT2Þ; ð4:10Þ

r− ¼ r0 −
2πr0ð2r20 − q20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20μ

2
0ð1þ μ20Þ þ r20ð1 − μ40Þ

p
ðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þ

T

þOðT2Þ; ð4:11Þ

M ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − ðr20 − q20Þμ20

1þ μ20

s
þ 2π2ðq20 − 2r20Þðr60 þ r60μ

2
0 − r20ð2q40 − 5q20r

2
0 þ 3r40Þμ40 þ ðr20 − q20Þ3μ60Þ

ððr20 þ ðr20 − q20Þμ20Þð1 − μ20ÞÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p T2 þOðT3Þ; ð4:12Þ

S ¼ πð2r20 − q20Þ
1 − μ20

þ 4π2ð2r20 − q20Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p
ð1 − μ20Þ3

T þOðT2Þ: ð4:13Þ

As a consistency check, the chargeless limit q0 → 0 of the above expansions recover the accelerating Kerr black hole case
(2.10), (2.11), (2.12), and (2.13) while the static limit q0 → r0 reproduce the accelerating Reissner-Nordström black hole
case (3.10), (3.11), (3.12), and (3.13).
To compute the low-temperature quantum corrections to the thermodynamic quantities, we need to figure out the near

extremal configuration which can be obtained by the following coordinate transformation:

r ¼ rþ þ 2πr0ð2r20 − q20Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20μ

2
0ð1þ μ20Þ þ r20ð1 − μ40Þ

p
ðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þ

Tðy − 1Þ; ð4:14Þ
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t ¼ −i
b
r0

r20 þ ðr20 − q20Þμ20ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p τ

2πT
; ð4:15Þ

ϕ ¼ 2r0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − q20

p
ð2r20 − q20Þð1 − μ20Þ

φ − i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − q20

p
2r20 − q20

r20 þ ðr20 − q20Þμ20ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p τ

2πr0T
þ i

2r0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − q20

p
ð2r20 − q20Þð1 − μ20Þ

τ; ð4:16Þ

where τ is the Euclidean time with period 2π, y ≥ 1 and φ is identified as

φ ∼ φþ πð2r20 − q20Þð1 − μ20Þ
r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − q20

p : ð4:17Þ

When substituting the transformations (4.14), (4.15), and (4.16) into the metric (4.1) and the gauge field (4.2) and taking the
small-temperature limit with fixed angular momentum, charge and net string tension at their extremal values, we find the
leading OðT0Þ terms

ds̄2 ¼ r20 þ ðr20 − q20Þcos2θ
ð1 − μ20Þð1 − μ0 cos θÞ2

�
ðy2 − 1Þdτ2 þ 1

y2 − 1
dy2
�
þ r20 þ ðr20 − q20Þcos2θ

ð1 − μ0 cos θÞ4
dθ2

þ 4r20ðr20 − q20Þsin2θ
ð1 − μ20Þðr20 þ ðr20 − q20Þcos2θÞ

ðdφ − iðy − 1ÞdτÞ2; ð4:18Þ

Ā ¼ q0ðr20 − ðr20 − q20Þcos2θÞ
ð1 − μ20Þðr20 þ ðr20 − q20Þcos2θÞ

�
2r20ðr20 − q20Þsin2θ

ð2r20 − q20Þðr20 − ðr20 − q20Þcos2θÞ
dφ − iðy − 1Þdτ

�
: ð4:19Þ

The subleading OðTÞ perturbation of the metric is

δðds2Þ
T

¼ 4πð2r20 − q20Þμ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p
y cos θ

ðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þð1 − μ0 cos θÞ
ds̄2

þ g1ðy; θÞdτ2 þ g2ðy; θÞdy2 þ g3ðy; θÞdθ2 þ ðg4ðy; θÞdφþ g5ðy; θÞdτÞðdφ − iðy − 1ÞdτÞ; ð4:20Þ

where

g1ðy; θÞ ¼
4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ
p ðy − 1Þ

ðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þ3ð1 − μ0 cos θÞ2
½−ð2ðr20 − q20Þr20μ20 þ r20q

2
0Þðy2 þ yÞ

þ ðr20 − q20Þð2r20 − q20μ
2
0Þðy2 þ yÞcos2θ þ 2ðr20ð1þ μ20Þ − q20μ

2
0Þðr20 þ ðr20 − q20Þcos2θÞ�; ð4:21Þ

g2ðy; θÞ ¼
4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p
ðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þ3ðy2 − 1Þðyþ 1Þð1 − μ0 cos θÞ2

½r20ð2r20 − q20Þðy2 þ yÞ

þ ð2r20 − q20Þðr20 − q20Þμ20ðy2 þ yÞcos2θ − 2ðr20ð1þ μ20Þ − q20μ
2
0Þðr20 þ ðr20 − q20Þcos2θÞ�; ð4:22Þ

g3ðy; θÞ ¼
4πr20ð2r20 − q20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p
y

ðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þð1 − μ0 cos θÞ4
; ð4:23Þ

g4ðy; θÞ ¼
8πr40ðr20 − q20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p
yððr20 − q20Þ sin2ð2θÞ þ 2 sin2 θÞ

ðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þ3ðr20 þ ðr20 − q20Þ cos2 θÞ2
; ð4:24Þ
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g5ðy; θÞ ¼
4πir20ðr20 − q20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ
p

sin2 θ
ðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þ4ðr20 þ ðr20 − q20Þ cos2 θÞ2ð1 − μ0 cos θÞ2
× ½−2ð1 − μ20Þ2ðy2 − 1Þðr20 þ ðr20 − q20Þ cos2 θÞ2 þ r0q0ð−1þ 9μ0 − 2ð1 − μ20Þðy2 − 2yÞÞð1 − μ0 cos θÞ2
− ð2r40ð5þ 3μ20 − 2ð1 − μ20Þy2Þ þ q20ðr20 − q20Þð1 − 9μ20 − 2ð1 − μ20Þy2Þ cos2 θÞð1 − μ0 cos θÞ2
− 2r20ðr20 − q20Þð5þ 3μ0 þ 2ð1 − μ20Þðy2 − 2yÞÞð1 − μ0 cos θÞ2 cos2 θ�; ð4:25Þ

and the OðTÞ perturbation of the gauge field is

δðAÞ
T

¼ a1ðy; θÞdτ þ a2ðy; θÞdφ; ð4:26Þ

where

a1ðy; θÞ ¼
−πir20q0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20ð1 − μ20Þ þ q20μ

2
0Þð1þ μ20Þ

p
ð2r20 − q20Þðr20 þ ðr20 − q20Þμ20Þð1 − μ20Þ3ðr20 þ ðr20 − q20Þcos2θÞ2

× ½2r60ðð1 − μ20Þð−4y2 þ 4yÞ þ 5μ20 þ 3Þ þ r40q
2
0ðð1 − μ20Þð8y2 − 12yÞ − 21μ20 − 3Þ

þ r20q
4
0ðð1 − μ20Þð−2y2 þ 4yÞ þ 9μ20 − 1Þ − 2r20q

2
0ðr20 − q20Þðð1 − μ20Þð12y2 − 8yÞ þ 9μ20 − 1Þcos2θ

− 8r40ðr20 − q20Þð1 − μ20Þð−3y2 þ 2yþ 1Þcos2θ − q40ðr20 − q20Þðð1 − μ20Þð−6y2 þ 4yÞ − 9μ20 þ 1Þcos2θ
− 2r20ðr20 − q20Þ2ð−4ð1 − μ20Þyþ μ20 þ 7Þcos4θ þ q20ðr20 − q20Þ2ð−4ð1 − μ20Þyþ 3μ20 þ 5Þcos4θ�; ð4:27Þ

a2ðy; θÞ ¼ −
4πr20q0ðr20 − q20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20ð1 − μ40Þ þ q20μ

2
0ð1þ μ20Þ

p
yðr20 − ðr20 − q20Þ cos2 θÞ sin2 θ

ðr20ð1þ μ20Þ − q20μ
2
0Þð1 − μ20Þ2ðr20 þ ðr20 − q20Þ cos2 θÞ2

: ð4:28Þ

B. Euclidean path integral near extremality and zero modes

The one-loop partition function of the accelerating Kerr-Newmann black hole shares the same form as (3.25) with path
integral over metric and gauge field fluctuations. The saddle-point here is the extremal configurations given by (4.18)
and (4.19).
For the same reason as discussed in the previous sections, among all the possible fluctuations, zero modes contribute

leading quantum corrections to the partition function at low temperature. The zero modes are divided into graviton zero
modes satisfying ðΔ̄½ḡ; Ā�hÞμν ¼ 0 and photon zero modes satisfying ðP̄½ḡ; Ā�aÞμ ¼ 0. The graviton zero modes here are
generated by the same vector fields given by (2.35). This can be easily checked by setting the same ansatz (2.28) for the
large diffeomorphisms and successively consider the following constraints of the zero modes:

hαα ¼ 0; ð4:29Þ

ð2r20 − q20Þð1 − μ20Þ
ðr20ð1þ μ0Þ − q20Þð1þ μ0Þ

∂θðΔ̄½ḡ; Ā�hÞyθjθ¼0 þ
r20

r20ð1þ μ20Þ − q20
∂θðΔ̄½ḡ; Ā�hÞyθjθ¼π

2
¼ 0; ð4:30Þ

∇αhαy ¼ 0; ð4:31Þ

By taking the Lie derivative of the metric (4.18) along (2.35), one finds the following orthonormalized graviton zero modes:

hðnÞμν dxμdxν ¼ einτ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3jnjðn2 − 1Þ

p
ð1 − μ20Þðr20 þ ðr20 − q20Þcos2θÞðy−1yþ1

Þjnj2
2
ffiffiffi
2

p
π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2r20 − q20Þð4r20ð1þ μ20Þ − q20ð1þ 3μ20ÞÞ

p
ð1 − μ0 cos θÞ2ðy2 − 1Þ

×

�
−ðy2 − 1Þdτ2 þ 2i

jnj
n
dτdyþ 1

y2 − 1
dy2
�
; jnj ≥ 2: ð4:32Þ

In the chargeless limit q0 → 0, the above metric fluctuations coincide with the zero modes (2.37) in the accelerating Kerr
case. The static limit q0 → r0 of the above metric fluctuations only reproduce the tensor modes (3.40) in the accelerating
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Reissner-Nordström case. We do not find vector modes
here in the rotating case. This is highly related to the
near horizon geometries of the extremal black hole.
When turning on the rotation, the near horizon geometry
of the extremal black hole becomes a warped and
twisted product of AdS2 and S2 rather than a direct
product, and the φ components of the large diffeo-
morphisms are no longer independent of their τ and y
components. So there is no independent vector mode in
the rotating case.
In addition to the graviton zero modes, we also need to

consider the contribution from the photon zero modes due
to the presence of the gauge field (4.2). Since we are using
the Lorentz gauge, the determination of the photon zero
modes follows the same procedure in Sec. III B. For the
background extremal geometry (4.18), the orthonormalized
photon zero modes can be written as

aðnÞμ dxμ ¼ einτ
in

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ20

p
ðy−1yþ1

Þjnj2
2
ffiffiffi
2

p
π
ffiffiffiffiffiffijnjp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2r20 − q20
p

ðy2 − 1Þ

×

�
ðy2 − 1Þdτ − i

jnj
n
dy

�
; jnj ≥ 1: ð4:33Þ

It is clear that the static limit q0 → r0 of the above gauge
fluctuations reproduce the photon zero modes (3.47) in the
accelerating Reissner-Nordström case. The mixing term
(3.31) also vanishes here, so the fluctuations (4.32) and
(4.33) are zero modes of the matrix operator defined in (3.32).

C. Quantum corrections to the entropy

Finite quantum corrections to the partition function are
obtained by adding the finite temperature corrections (4.20)
and (4.26) to their extremal configurations (4.18) and (4.19)
in the path integral over the zero modes (4.32) and (4.33).
The corrections to the eigenvalues of the graviton and photon
zero modes are given by the formulas (3.53) and (3.55),
respectively. After substituting the zero modes and the near
extremal configurations into (3.53) and (3.55) and retaining
all the OðTÞ terms, the integrations yield

δΛn ¼
3jnjr0ð1 − μ20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20ð1 − μ40Þ þ q20μ

2
0ð1þ μ20Þ

p
16ð4r20ð1þ μ20Þ − q20ð1þ 3μ20ÞÞ

T

þOðT2Þ; jnj ≥ 2; ð4:34Þ

δλn ¼
jnjð2r20 − q20Þμ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p
8r0ðr20 þ ðr20 − q20Þμ20Þðr20ð1þ μ20Þ − q20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − q20

p
×

�
ð2r20 − q20Þarccot

�
r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r20 − q20
p �

μ0 − r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − q20

q
ð1 − μ20Þarctanhμ0

�
T þOðT2Þ; jnj ≥ 1; ð4:35Þ

where δΛ and δλn are the corrections to the eigenvalues of the graviton zero modes hðnÞ and the photon zero modes aðnÞ,
respectively. The leading quantum correction to the near extremal entropy can be obtained by summing up the contributions
from the two classes of zero modes with the zeta function regularizations

δ logZ ¼ −
1

2

X
jnj≥2

log ðδΛnÞ −
1

2

X
jnj≥1

log ðδλnÞ ð4:36Þ

¼ − log
Y
n≥2

ðδΛnÞ − log
Y
n≥1

ðδλnÞ ð4:37Þ

¼ 3

2
log

T
Tg
q
þ 1

2
log

T
Tp
q
þ log

�
3

256π

ffiffiffi
3

2

r �
þ � � � ; ð4:38Þ

where

Tg
q ¼ 4r20ð1þ μ20Þ − q20ð1þ 3μ20

r0ð1 − μ20Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20ð1 − μ40Þ þ q20μ

2
0ð1þ μ20Þ

p ; ð4:39Þ

Tp
q ¼ r0ðr20 þ ðr20 − q20Þμ20Þðr20ð1þ μ20Þ − q20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − q20

p
ð2r20 − q20Þμ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr20 − ðr20 − q20Þμ20Þð1þ μ20Þ

p
×

�
ð2r20 − q20Þarccot

�
r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r20 − q20
p �

μ0 − r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20 − q20

q
ð1 − μ20Þarctanhμ0

�
−1
: ð4:40Þ
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Accordingly, the thermal partition function of the accel-
erating Kerr-Newmann black hole acquires low-temper-
ature quantum corrections of the form

ZðTÞ ≈ T2eS0 þ higher order terms; ð4:41Þ

where S0 is the extremal entropy. The power of T in the
leading term of (4.41) lies in between the neutral rotating
(2.50) and the charged static (3.64) cases due to absence of
the gravitational vector modes.

V. SUMMARY AND DISCUSSION

In this paper, we systematically study the low-temper-
ature quantum corrections to the thermodynamics of the
near extremal rotating and charged black holes with
acceleration in four dimensions. The quantum corrections
originate from the zero modes, which are the residual gauge
fluctuations of the fields under gauge fixing, in the
Euclidean path integral. Depending on the near horizon
extremal geometry and the field contents, the zero modes
have different behaviors. The metric fluctuations under
large diffeomorphisms are known as the gravitational zero
modes and the pure gauge fluctuations of the gauge field
are specified as the photon zero modes. Each class of the
zero modes is found to contribute a universal logarithmic
term to the black hole thermal entropy at low temperature.
We first consider the accelerating Kerr black hole. As

discussed in Sec. II, the thermodynamic quantities defined
by using semiclassical analysis exhibit problematic low-
temperature behaviors, since the black hole has no adequate
thermal energy to radiate even a single Hawking quantum
once its temperature drops to sufficiently small values. The
way to resolve the inconsistency between the thermal
energy and the Hawking radiation at low temperature is
to incorporate quantum corrections to the black hole
thermal partition function. Among all the fluctuations in
the Euclidean path integral of the partition function, zero
modes are found to contribute leading quantum corrections
at low temperature. Invoking the harmonic gauge, the zero
modes in the accelerating Kerr black hole case are those
metric fluctuations on the extremal background that satisfy
the transverse and traceless conditions. At low temperature,
the Euclidean path integral of these zero modes produce a
ð3=2Þ logT term correction to the black hole entropy and a
ð3=2ÞT term correction to the black hole mass. The critical
temperature below which these quantum corrections
become important is found to depend on the extremal
horizon radius as well as the acceleration of the black hole.
For fixed horizon radius, the critical temperature gets
higher as the acceleration of the black hole increases.
We next consider the accelerating Reissner-Nordström

black hole case. As presented in Sec. III, the small temper-
ature expansion of the black hole mass from semiclassical
analysis still points to the mass gap puzzle. Compared to the

neutral rotating case, the zero modes structure becomes
richer in this charged static case. The near horizon extremal
geometry is a direct product of AdS2 and S2 with warping
factors. This structure consequently enables us to divide the
large diffeomorphisms into two linearly independent classes:
one consists of the diffeomorphisms on the AdS2 which
generate the gravitational zero modes of tensor type, and the
other includes the deformations of the S2 along the AdS2
which correspond to the gravitational zero modes of vector
type. It is worth noting that in the absence of acceleration, the
Reissner-Nordström black hole has three sets of vector
modes since there are three independent Killing vectors
on the sphere. The presence of acceleration kills two of them
with only translation along the polar angle remaining. So
there is only one set of the vector modes in the accelerating
case. At low temperature, the path integral of the tensor
modes produce a ð3=2Þ logT term correction to the black
hole entropy while the vector modes contribute a ð1=2Þ logT
term correction to the entropy. In addition, we also have the
photon zero modes from the gauge field, which are the large
gauge transformations under the Lorentz gauge fixing. The
path integral of the photon zero modes gives another
ð1=2Þ logT term correction to the black hole entropy. The
total contribution from the zero modes to the black hole
entropy in the accelerating Reissner-Nordström case at low
temperature is therefore ð5=2Þ logT.
We finally discuss the low-temperature quantum correc-

tions to the accelerating Kerr-Newmann black hole in
Sec. IV. Its near horizon extremal geometry shares a similar
structure to the accelerating Kerr case, which is a warped
and twisted product of AdS2 and S2. This determines that
the gravitational zero modes are purely tensor type. The
path integral of the gravitational tensor modes therefore
contributes a ð3=2Þ logT term correction to the black hole
entropy at low temperature. Since this is a charged black
hole, the gauge field contains also the photon zero modes,
whose path integral leads to a ð1=2Þ logT term correction in
the low-temperature expansion of the entropy. So the total
contribution from the zero modes to the black hole entropy
in the accelerating Kerr-Newmann case at low temperature
is 2 logT.
It seems that the logT corrections to the entropy of near

extremal black holes in Einstein gravity are universal with
coefficients depending on the class of the zero modes. For
each gravitational zero modes of tensor type, the integer n
which labels the infinite tower of the zero modes satisfies
jnj ≥ 2, and the coefficient of the corresponding logarith-
mic correction term is 3=2. For each gravitational zero
modes of vector type, the integer n satisfies jnj ≥ 1, and the
coefficient of the corresponding logarithmic term is 1=2.
For the zero modes from gauge field, the infinite tower is
also labeled by integers jnj ≥ 1, hence the corresponding
coefficient is also 1=2. For rotating black holes there is no
gravitational vector modes.
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To sum up, we worked out the universal logT corrections
to the low-temperature thermodynamics of accelerating
black holes. The results are similar to those in the non-
accelerating cases like Kerr and Reissner-Nordström black
holes. The acceleration affects the near horizon extremal
geometry with warping factors and therefore changes the
number of independent Killing vectors on the deformed
sphere. This in turn changes the number of sets of inde-
pendent gravitation vector modes which are induced by the
large diffeomorphisms on the deformed sphere.
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