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Logarithmic corrections to thermodynamics of accelerating black holes
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As pointed out in recent research, the near extremal black hole entropy with one-loop effect exhibits
universal log T behavior at sufficiently low temperature. In this paper, we discuss the low-temperature
quantum corrections to the thermodynamics of four-dimensional accelerating black holes with rotation and
charges by using the method of Euclidean path integral. The one-loop path integral for the black hole
thermal partition function near extremality is dominated by zero modes defined with respect to the extremal
background. For the accelerating black holes without rotation, the near horizon extremal geometry is a
direct product of two dimensional anti-de Sitter space (AdS,) and two sphere (S?) with warping factors, and
the gravitational zero modes contain both tensor and vector types, with the respective contributions to the
near extremal black hole entropy being (3/2)log 7 and (1/2)log T. While in the presence of rotation, the
near horizon extremal geometry is a warped and twisted product of AdS, and S? and the gravitational
vector modes are absent. For the accelerating black holes with charges, we also consider the one-loop path
integral of the gauge field, where the photon zero modes are found to contribute an additional (1/2)log T

term to the near extremal black hole entropy.

DOI: 10.1103/zcs5-mxr5

I. INTRODUCTION

Black holes are fascinating thermal objects with their
own laws of thermodynamics that are analogous to those of
classical thermodynamics. From the semiclassical analysis,
the temperature is determined by the surface gravity and the
entropy is proportional to the area of the horizon of the
black hole [1-4]. However, black holes are distinct from
ordinary thermal systems. As two of the Killing horizons
converge, the temperature of a charged or rotating black
hole can become very small, while the entropy remains
finite value since the black hole horizon has nonvanishing
area in the extremal limit. This phenomenon indicates there
exists a large amount of ground-state degeneracy with the
density of black hole states proportional to the exponential
of its horizon area. For supersymmetric black holes in
string theory, the thermal entropy in the extremal cases are
well-understood by the microscopic state counting [5,6].
For nonsupersymmetric black holes like those in our
Universe, such a large degeneracy need further explan-
ations. Whether there exists an unknown symmetry pro-
tecting mechanism at low temperature to ensure the ground
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state degeneracy or it is simply a result of the semiclassical
approximation remains an open question for thorough
investigation.

One step forward is to incorporate quantum corrections
into the calculation of the black hole entropy when going
beyond the semiclassical approximation in the gravitational
path integral. For extremal black holes, the leading quantum
correction to the entropy is found to take a universal form of
logarithm of the horizon area [7-10], without invoking the
explicit ultraviolet structure of the underlying quantum
theory of gravity. In the nonextremal cases, a complete
profile of the finite temperature quantum correction still
hide in mist. Once the temperature is very small, the near
horizon geometry of any near extremal black hole in four
dimensions universally takes the form as a product of two
dimensional anti-de Sitter space (AdS,) and two sphere
(S?). With this property, the quantum fluctuations above the
extremal or near extremal configurations exhibit control-
lable behaviors. As pointed out in [11-15], the quantum
fluctuations in the near horizon region of higher-
dimensional extremal or near extremal black holes are well
captured by the two-dimensional Jackiw-Teitelboim (JT)
gravity [16,17] through dimensional reduction and the low
energy physics is described by a Schwarzian theory [18,19]
with certain boundary conditions of the AdS, factor in the
near horizon geometry. By using the path integral of the
Schwarzian theory at low temperature, log 7 corrections are
found in the thermal entropy of the theory, which is different
from the logarithm of the horizon area correction to the
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extremal entropy. The log T term in entropy is essential to
resolve the mass gap puzzle [20] appears in the low-
temperature region of nonextremal black holes under the
semiclassical approximation. Without quantum corrections,
the black hole thermal energy above extremality scales
quadratically in small temperature while the average energy
of the Hawking radiation scales linearly in temperature. This
means that the black hole can not radiate even a single
Hawking quantum at sufficiently low temperature. The
log T quantum correction to the entropy in turn corrects
the thermal energy above extremality with a term linear in
small temperature, and thus address the issue involved in the
mass gap puzzle.

The log T corrections can also be figured out by using
the Euclidean path integral without resorting to the dimen-
sional reduction. In Ref. [21], the authors evaluate the one-
loop partition function for the near extremal black hole in
the Einstein-Maxwell theory by using the Euclidean path
integral. A set of zero modes with zero eigenvalues of the
kinetic operator of small fluctuations are found to contrib-
ute leading quantum corrections in the path integral. In their
analysis, the near extremal black holes are viewed as small
temperature deviations form the extremal ones. The small
temperature perturbation regularize the divergent contribu-
tion from the zero modes path integral on the extremal
background and result a log 7 term in the logarithm of the
partition function. The same logic also applies to the Kerr
black holes [22], where the near horizon extremal Kerr
(NHEK) geometry plays a crucial role in determining the
zero modes in the Euclidean path integral. Interestingly,
these zero modes are generated by the vector fields which
are asymptotic to those large diffeomorphisms in the Kerr/
CFT correspondence [23-25]. See [26,27] for the discus-
sions of the universality of the low-temperature quantum
corrections for the asymptotically anti—de Sitter (AdS) and
de Sitter (dS) black holes by using the gravitational path
integral method. For charged black holes with additional
gauge fields, the quantum corrections from the gauge fields
path integral should also be taken into account. It is found
in [28] that the gauge zero modes also contribute in the
Euclidean path integral and lead to additional logT
corrections to the thermal entropy. Thus, the coefficient
of the log T term depends on the near horizon geometry of
the extremal black hole as well as the field contents in the
gravity theory.

In this paper, we will follow the spirit of [22] and
consider the low-temperature quantum corrections for
accelerating black holes. An accelerating black hole is
usually known as the C-metric which describes a pair of
black holes constantly accelerating away from each other
[29-36]. Without specifying the range of the polar angle,
the metric of an accelerating black hole contains deficit
angles at the north and south poles. Therefore, its accel-
eration can be effectively viewed as the result of cosmic
strings attached at the poles with tensions determined by

the deficit angles. Much like the Kerr case, a rotating black
hole with acceleration also has an infinite near horizon
region at extremality. For example, the extremal accelerat-
ing Kerr-Newmann black hole is shown to acquire a warped
and twisted product of AdS, and S? near horizon scaling
region, where the asymptotic symmetry analysis can be
applied to realize a 2D conformal field theory (CFT) dual
[37]. The thermodynamic properties of accelerating black
holes have been widely explored [38—51]. We will use the
Euclidean path integral to figure out the low-temperature
quantum corrections to the thermodynamics of accelerating
black holes, considering both rotating and charged cases.
The existences of the AdS, factor in their near horizon
extremal geometry entails that a similar statement regarding
the low-temperature quantum corrections holds true in
these cases. We will highlight the effect due to the
acceleration in comparing with the nonaccelerating cases.

This paper is organized as follows. In Sec. I, we first
review the thermodynamics of the accelerating Kerr black
hole, and the low-temperature behaviors of the thermody-
namic quantities. We carry out the near horizon geometry
of the near extremal accelerating Kerr black hole with an
infinite scaling coordinate transformation and solve the
zero modes of the kinetic operator in the one-loop
Euclidean path integral on the extremal background.
Then we perturb the extremal background with the first-
order temperature perturbation and calculate the finite
temperature corrections to the eigenvalue of the zero
modes. These finite and nonvanishing eigenvalues deter-
mine the leading one-loop quantum corrections to the
logarithm of the partition function as (3/2)logT.
Section III is for the case where there is a gauge field
present while the black hole remains static, i.e., the
accelerating Reissner-Nordstrom black hole. In the absence
of rotation, the near horizon extremal geometry is a direct
product of AdS, and S?> with warping factors, and the
gravitational zero modes correspondingly are divided into
tensor and vector modes. We introduce the finite temper-
ature perturbation to the eigenvalue problem of the tensor
and vector modes and find their contributions to the one-
loop path integral of the logarithm of the partition function
as (3/2)logT and (1/2)logT, respectively. In addition,
the gauge field fluctuation contains photon zero modes and
their path integral gives another (1/2)logT term to the
logarithm of the partition function. In Sec. IV, we consider
the accelerating Kerr-Newmann black hole. The presence
of rotation sets the near horizon extremal geometry as a
warped and twisted product of AdS, and S?. Similar to the
accelerating Kerr case, the gravitational zero modes defined
on the extremal background only contains tensor type
modes, and their contribution to the logarithm of the
partition function is (3/2)logT. The gauge field fluc-
tuation also contains photon zero modes and produce a
(1/2)1og T term to the logarithm of the partition function.
With all the three cases analyzed, we can see a pattern that
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the zero modes structure is highly dependent on the near
horizon extremal geometry as well as the field contents in
the theory. The log T quantum correction to the logarithm
of the partition function at low temperature is a universal
result with coefficient 3/2 resulting from each tensor type
zero modes and 1/2 from each vector type zero modes.

II. ACCELERATING KERR BLACK HOLE

We begin with the accelerating Kerr black hole, namely,
a four-dimensional rotating black hole with acceleration.
This is a solution to the pure Einstein gravity, with its
metric in Boyer-Lindquist coordinates taking the following
form [33-35]:

A, [dt ) 2 p?drr d&?
ds? = — 7, (Z - as1n29d¢> + ﬁ (A A,
Aga’sin®6 (dr  1* +a’
— d 2.1
where
H=1-arcosé, p> = r? 4 a’cos®0,
Ay = 1 —2amcos 0 + a*a*cos’0,
A, =(1-a*r?)X, X =7r*=2mr+ a* (2.2)

m, a, a are the black hole mass, angular momentum and
acceleration parameters, respectively. In addition, b is the
time scaling parameter which is included for normalizing the
horizon generator to obtain correct thermodynamics [43].
This solution of the vacuum Einstein equation characterises a
pair of rotating black holes uniformly accelerating away
from each other under the action of cosmic strings repre-
sented by conical singularities along the axis of symmetry.
Near the north (6 = 0) and south (6 = x) poles, the constant
t, r, @ lines are small spatial circles with the ratio of
circumference to radius given by

2 2
a —220,, lim—~_ [l

=270_,
O—n | sin 9| Goo

01—>r% | sin 9| ggg
(2.3)

where ®, = 1 F 2am + a?a® and we set the period of the
polar angle ¢ to be 2z. Note that we can introduce a constant
factor K to the polar angle ¢/K so that one of the conical
singularities can be removed. As we will see, such a constant
will be canceled in the calculation of the eigenvalues of the
zero modes since the zero modes are normalized. So, here we
keep the range of the polar angle as 2z for simplicity. The
deficit angles 6, = 27 — 2720 at the poles are effectively
induced by the cosmic strings attached on the poles with
tensions y. = 6. /(8x). In terms of the black hole param-
eters, we have

1 1
Uy = Z(Zam a*a®), ju_= Z(—2am —a’a?), (2.4)
and their difference is the net string tension
H=py —p_=ma, (2.5)

that causes the acceleration of the black hole. A, is the
horizon polynomial whose zeros indicate the radius of
horizons. The outer and inner horizon radius r, and r_
are given by

r+:m+\/m2—a2, r_=m-— mz—az,

which are zeros of X. The remaining positive zero point of
A, labels the accelerating horizon at r, = 1/a.

The thermodynamic quantities, for example, the mass M,
temperature 7, entropy S, angular velocity €, angular
momentum J and thermodynamic lengths 1. conjugate
to the string tensions y, defined with respect to the outer
horizon, are given by [43]

(2.6)

Cm(l-@@) . (re-r)(1-a2)
~ b(1 +a%a?)’ C dab(rl +a?)
S n'(ri +a?)
1= 0!2 2
0—0. 0O — a a*a
TR T b (R +a?) b1+ dfa?)’
J = ma,
M 2
s Tt - (2.7)

- - + .
b(1 Fary) 1+a*a®> " b(1+ a*a?)

Providing that the time scaling parameter is chosen as

poYiaa 2.8
BT 29

the thermodynamic quantities (2.7) and the string tensions
(2.4) satisfy the first law of black hole thermodynamics

dM = TdS + QdJ — Ao, — I_p_. (2.9)

A. Near extremal thermodynamics and geometry

We will focus on the near extremal thermodynamics
where the outer and inner horizons are close to each other.
In the extremal case, these two horizons are coincide, i.e.,
r, =r_=ry where ry, denotes the extremal horizon
radius. The accelerating horizon is still set far away from
the extremal horizon. We will consider the near extremal
case by introducing small deviations of r, and r_ from
their extremal value ry.
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The accelerating Kerr black hole (2.1) is parametrized by
m, a, a, so there are three independent thermodynamic
quantities that can be used to describe all the other
thermodynamic quantities. We take this triple as the
temperature 7, angular momentum J and net string tension
u. The black hole temperature 7" in (2.7) vanishes in the
extremal case. A small temperature therefore parametrizes a
small deviation from extremality. The angular momentum
Jo = r} in (2.7) and the net string tension yy = roa (2.5)
are freely chosen as fixed at their extremal values. Thus in
the near extremal case, the other thermodynamic quantities
can be expanded as power series in terms of the small
temperature. By using relations (2.6) and (2.7), we find that
the horizon radius r, and r_ can be expanded as

4rr} 4r3(5 + 3ud) -
VI—uh (T4 ug) (1= pug)?
327°rg (4 4 14u3 + 11ug + 3uf)
(1+ug)3(1 = )2

ry =To+

3 + O(T%),

(2.10)

darg . 4nry(3 + 5u3) -
(1 + ) (1 = 5)?
3227 rg(2 + 1245 + 13pg + 5u)
(1+ )3 (1 = )

3 + O(T%),
(2.11)

and the black hole mass M and entropy S take the following
expansions:

\/1_,% "’2#0 )Tz
\/1+Mo (I‘H‘o) (1-ud)

3273 rg (1 + 2u3 —

) T° + O(TY),

(2.12)
(1 +p5)*(1 = ﬂo)
g_ 2713 Sﬂzrgx/l—uéT
T=wg (1=p3)
167°r4(3 4
7753 + 945 + ”O)T2+O(T3) (2.13)

(14 p5)(1 = p5)*

Note that the outer horizon is inside the accelerating horizon,
so we have 0 < yy = roa < 1. The first term on the right
side of (2.12) is understood as the thermal energy at
extremality, while the second term is the leading thermal
energy above extremality which scales quadratically with the
temperature of the black hole. However, the typical energy of
a quantum of Hawking radiation scales linearly with the
temperature. Below the temperature where these two energy
scales meet, the semiclassical analysis gives problematic
low-temperature behaviors of the thermodynamic quantities

since the emission of a single Hawking quantum could carry
away all of the thermal energy available in the black hole
system. This is known as the mass gap puzzle first discussed
in [20].

In order to resolve this puzzle, one need to go beyond the
semiclassical analysis and introduce vital quantum correc-
tions to the thermodynamics at low temperature. From the
perspective of thermal partition function, quantum correc-
tions are introduced by the Euclidean path integral over
quantum fluctuations around a given semiclassical saddle-
point. Since we are considering the quantum corrections for
low-temperature thermodynamics, the saddle-point here
should be chosen as the extremal geometry of the black
hole. To obtain the extremal geometry, we perform the
following scaling transformation:

4rrd 1+uf t
= Ty =), t=-—i ,
Pt 1 — g b=1 l 1—/42271'T
@ N . T
= - T -0,
L T e AR gy ”
(2.14)

where 7 is the Euclidean time with period 2z, y > 1 and ¢ is
identified as

@~@+2r(1—ud). (2.15)

This transformation enables us to zoom into the infinite
near horizon region of the near extremal accelerating Kerr
black hole with a small temperature. Using the expansions
(2.10), (2.11), and the coordinate transformation (2.14), the
black hole metric (2.1) can be written as a power series of
T. The leading O(T°) term of the metric describe the

extremal geometry, which is
2 1 29 d 2
32 = ro(1 + cos’0) <(y - 1)ds? —l— - 1)

(1= p3)(1 = pocos 0)?
r3(1 + cos?0)

(1 = pgcos0)*
4rsin’0

(1 —u3)?(1 + cos?0

S (dp—iy- 1)de)?2, (2.16)

and the subleading O(T) metric is given by

5(ds*) 87ropgy cos 6 .
T T=ri(l - pocosd)
+91(y,0)de* + g2(v, 0)dy* + g3(v, 0)d6”
+ (94(y.0)dg + g5(v. 0)dr)(dg — i(y — 1)dr),
(2.17)

where
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_ 8arg[(1 4 ug) (1 + cos’0) — (v +y) (45 + cos’0)](y — 1)

9(y.0) = : (2.18)
(1= p3)*\/1 = ug(1 = g cos 0)*
8rd[—(1 + p3) (1 + cos?8) + (y*> + y)(1 + p3cos?d
12(0,6) = BRI+ 000 + (2 + )1 + 400 210
(1= p5)* /1 = (1 = pocos 0)*(y* = 1) (y + 1)
8arly
,0) = - , 2.20
50:0) = = B (2.20)
8rriysin?(20)
94(y.0) = 0 : (2.21)
) (1= 3)° /T = (1 + cos’6)®
8rirgsin®0
gs(v,0) = —(1 = p2)2(y*> = 1)(1 + cos?0)?
50.9) (1—/4(2))3\/1—/13(1—ﬂ0C059)2(1+C0829)2[ ( ol ) )
+ (1= pocos 0)*(2y*(1 = pg) = 5 = 3pg — ((26% = 49)(1 = pg) + 5 + 3pg)cos*0)]. (2.22)
|
The metric (2.16) describes the near horizon extremal written as
geometry of the accelerating Kerr black hole, which is a
warped and twisted product of AdS, and S?. The near 7~ L0z / Dh B / FeZh AR
horizon near extremal geometry ds” + 5(ds?) is obtained ~exp(=Iglg)) [ [Dh]exp Vg Alglh ).
by adding the first-order low-temperature perturbation (2.25)

(2.17). In the following discussion, the near extremal
configuration will be used as the perturbed background
in the Euclidean path integral and determines the leading
quantum corrections to the thermodynamic quantities of the
accelerating Kerr black hole.

B. Euclidean path integral near extremality
and zero modes

The Euclidean path integral formally determines the
partition function of the theory by integrating over all
possible Euclidean configurations. For the Einstein gravity
in four dimensions, the partition function is given by

Z- / D) exp(~Ig[g).

1
IE[g] — —E//M d4x\/§R + IB. + IG.F.? (223)

where R is the Ricci scalar. The boundary term Ig. is
included for the consistency of the variational principle
under certain boundary conditions and the gauge fixing
term I is introduced for removing part of the gauge
redundancy of the theory.
To evaluate the partition function, one can expand the
metric around a saddle-point g
g=g-+h, (2.24)
where £ is the quantum fluctuation of the metric. Then the
one-loop approximation of the partition function can be

where * denotes complex conjugation. The first-order term
vanishes as the classical equations of motion are satisfied.
The linearized kinetic operator A[g] in (2.25) depends on
the saddle-point as well as the gauge fixing condition. We
will use the harmonic gauge condition in the following
discussion with the Lagrange density of the gauge fixing
term given by

1. Y K@ g a X7 B 1_u
Lor = 30, Iw <vah # —EV"h a) (Vﬁhﬁ —EV hﬂﬂ>.

(2.26)

For the harmonic gauge, the linearized kinetic operator
acting on h,,, takes the form [52],

1

) pp——
aff [g] uv 167

1 — 1 _
* _ moufu _ _safmuv
haﬁ<4gagﬁD g7 g

1. 1. 1-
+ 5Rar/,t/h/ + ER(lﬂgﬁy _ ERaﬂg;w

1. 1.
-2 W@"wg}egaﬂgﬂv)hﬂy. (2.27)

Once the saddle-point g is given, the one-loop partition
function (2.25) is determined by the eigenvalues of the
linearized kinetic operator A[g]. We will use the saddle-
point (2.16), which is the near horizon extremal geometry
and satisfies the vacuum Einstein equation, to evaluate the
one-loop partition function of the extremal accelerating
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Kerr black hole. The resultant quantum corrections to the
black hole partition function help to resolve the mass gap
puzzle discussed in Sec. I A.

The modes h,, with vanishing eigenvalues of the
operator A[g], which are called zero modes, play crucial
roles in the one-loop approximation of the path integral. As
we will see in the next subsection, zero modes contribute
leading quantum corrections to the partition function in the
low-temperature limit. Zero modes are usually associated to
the background symmetry that are not removed by the
gauge fixing. In the harmonic gauge (2.26), zero modes are
necessary to satisfy the transverse and traceless conditions
and thus are generated by large diffeomorphisms. In other
words, a zero mode can be written as a Lie derivative of the
background geometry along a certain vector field £ which
has nontrivial behavior at the boundary. For the saddle-
point (2.16), we take the following ansatz for the vector
field:

‘ 0 0 0
e e (R0 gt KO gt b)) ez

(2.28)

The Euclidean time 7 has period 2z due to the horizon
smoothness condition, so here n takes integer values. The
possible zero modes thus can be written as h,, = L:g,, up
to normalization. To find their specific forms, we need to
solve the functions f.(y), f,(v). f,(y) by using the trans-
verse and traceless conditions or the zero eigenvalue
condition of the operator defined in (2.27). We start from
the traceless condition 4%, = 0, from which it is easy to find

) =0

n

(2.29)

Next, recalling (2.29) and using the operator (2.27), we
find that

1—//!0 1
1+ po 2(1 + ug)
« fy(y) = (= Df») = nf,(y).

The zero eigenvalue condition is satisfied given that

9o (A[g)h) ol + 99(A[g]h) yglo—z

(2.30)

L) =0=-DfK)
y) = ,

n

n#0.

Tl (2.31)

Finally, recalling (2.29), (2.31), and using the transverse
condition Vlh”” =0, we have

o 2
Vahy o (v = 1) 5 (y) + 25 f3(y) = <2 + yzn_ 1>f ()

=0, (2.32)

which is a second-order differential equation of f,(y) and
is solved by the following general solution:

(2.33)

where C; and C, are arbitrary constants. The above solution
is valid for any integer n # 0. However, one should set
C, =0forn > 0and C; =0 for n < 0 for the sake of the
regularity of the vector field £ on the horizon y = 1. So
equivalently, one can rewrite the regular solution as

-1\%
fy(y)—CnG—) (In| + ), nez,

- (2.34)

with C bing an arbitrary constant. Note that an additional
n factor is incorporated in (2.34) for recovering the n = 0
case. Thus, the vector field & can be written as

. Ce,-m<y— 1>%<i<|n|<|n| +y)+y =10

y+1 y: -1 or
0 |n|—n2+y+1a)
+n(n+y)—+—-7F"F7—"—1. 2.35
(1 +3) 5+ (235)

with integer valued n. These vector fields are large diffeo-
morphisms since they have nontrivial behaviors at the
asymptotic boundary y — +oo,

. 7} 0 0
Ce" | i— —+—, Z, 2.36
E— Ce <lar+ny0y+0(p) ne (2.36)

which correspond to the boundary time reparametrizations
with fixed boundary curve length [19].

The zero modes generated by (2.35) then take the
following forms:

hff,f) dx*dx*

BI040 e070) (31’
=e
87/T+ u3(1 — o cos 0)>(y> — 1) \y + 1

i

1
X (—(y2 - 1)d1'2 + 2i—dzdy + 2—dy2) ,
n ye—1
In| > 2, (2.37)
where the arbitrary constant C in (2.35) is chosen so that

hfﬁ) are orthonormalized

/ dx Gl g = . (2.38)

Note that the n = 0, =1 zero modes vanish due to the fact
that their corresponding vector fields & are Killing vectors
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of g thus do not contribute. One can directly check that the
fluctuations (2.37) satisfy (A[g]h("),, = 0.

However, due to the vanishing of the eigenvalues and the
infinite volumes of the zero modes, a direct calculation of
the path integral over the zero modes leads to an infrared
divergence of the one-loop partition function,

Z x / [Dh] - .
zero modes

One way to regularize the one-loop partition function is to
deform the extremal background by turning on slightly the
temperature of the black hole, which in turn will corrects
slightly the eigenvalues of the zero modes. In the next
subsection, we will use the near extremal configuration
given by (2.16) and (2.17) to calculate the leading correc-
tions to the eigenvalues of the zero modes. We will see that
these slightly corrected nonvanishing eigenvalues alter the
partition function dramatically with a leading low-temper-
ature effect.

(2.39)

C. Quantum corrections to the entropy

Since the one-loop partition (2.25) is a standard Gaussian
integral, the result is controlled by the functional determi-
nant and thus the eigenvalues of the linearized kinetic
operator (2.27). Denoting 2" and A,, as the eigenstates and
eigenvalues of A[g], respectively, i.e., A[g]h") = A, A",
then the one-loop partition function scales as Z ~ [ [,, A AnY 2
up to an overall factor. It is clear that for the zero modes
with A, = 0, we have Z — co.

Now let us regularize the divergence in the one-loop
partition function by departing slightly the eigenvalues of the
zero modes from zeros. The way is to heat up the geometry
by adding the O(T) perturbation (2.17) to the extremal
geometry (2.16). Such a deformation of the background
geometry,

9= g+ég, (2.40)
will change the eigenspectrum problem to
(A[g] + 6A[g, 6g]) (™) + sh™)
= (A, + M) (A" + sh™), (2.41)

where 5A[g, 5g] is the perturbed linearized kinetic operator

and (6h\", 8A,,) is the perturbed eigenspectrum. And it will
also change the scaling of the one-loop partition function to

Z~[[A, +06A,)7

1 -
logZ = —Ezn:log (A, +6A,) + (2.42)

Note that 5A,, are small corrections to the eigenvalues which
depend linearly on 7, for nonzero modes with A, # 0,
the corrections are purely polynomial in 7,

I I 5A, T)2
logZ =~ S l0g &, - L3579 (T)
o8 22; 08Ty A,, 4Z

T (2.43)

While for zero modes with A,, = 0, small §A,, will produce
leading log T correction to the entropy,

SlogZ = —%Z log (8A,(T)), (2.44)

and correspondingly produce O(T) correction to the black
hole mass at low temperature. So zero modes are the essential
objects to resolve the mass gap puzzle addressed in Sec. IT A.

The eigenvalue corrections 6A,, for the zero modes can
be figured out by using perturbation theory. Taking the
inner product on both sides of (2.41) with R we have

5An = <h

N / d*x\/Gh) 8A[g. 691y (2.45)

"[5A[g, 691h ")

where we used the fact that A[g] is self-adjoint, i.e.,
(h™|A[g)6h™) = (A[g]h"™)|6h™) and A" are orthonor-
malized. It is worthwhile to mention that the conical
singularities induced by the improper range of the polar
angle ¢ are inherited to the near horizon extremal geometry
(2.16) through (2.15). However this effect will not affect the
calculation of the eigenvalue corrections (2.45). The range
of the polar angle ¢ is canceled given that the zero modes
satisfying the orthonormal condition (2.38). The integration
in (2.45) is highly nontrivial. One way to carry out the
integrand is to substitute the full perturbed metric g+ dg
into the linearized kinetic operator (2.27) and keep the
leading O(T) term. The variation of the operator itself is
intractable but it simplifies dramatically when contracting
with the zero modes. Here we print the result we find

sn =)t

" 6drg/1+ 42

Thus, from (2.44), (2.46) and using the zeta function
regularization,

LOM),  |n|>2. (2.46)

HP

n>2

(2.47)

for real p, we find the contribution of the zero modes to the
near extremal entropy,
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1
slogZ =~ > log(8A,) = —log [ J(8A,)

n[>2 n>2

3 T 3 /3

/ 2
T, = rov I+ (2.49)

o-wyr

where

T, can be viewed as the critical temperature below which
the low-temperature quantum corrections become impor-
tant. From (2.49), it is clear that the critical temperature
rises as the acceleration of the black hole increases.
However, this is not necessarily indicating that the high
temperature quantum corrections are significant for a black
hole with large acceleration. The mechanism presented here
is working for the first-order low-temperature perturbation
theory. The corrections from the levels that beyond the first
order are still unknown at present stage.

Taking into account the contribution from the zero
modes, the near extremal partition function can be approx-
imately written as

Z(T) ~ T2¢% + higher order terms. (2.50)
Therefore, the entropy and mass of the near extremal
accelerating Kerr black hole are shifted according to

3
S=S8y+ S +0O(T), s =3logT, (2.51)
M =My+M + O(T?), M = /TdS’ = %T,
(2.52)

where S and M, are the extremal entropy and mass listed as
the first terms on the right sides of (2.13) and (2.12),
respectively. So taking into account the quantum corrections
at low temperature, the black hole thermal energy above
extremality (2.52) scales linearly with the temperature. This
in turn relieve the tension between the thermal energy
available for the black hole and the energy carried away by
the Hawking radiation at sufficiently low temperature.

III. ACCELERATING REISSNER-NORDSTROM
BLACK HOLE

We next turn to the accelerating Reissner-Nordstrom
black hole. Compered to the previous case, the absence of
rotation and the presence of the gauge field both give rise to
aricher zero modes structure. The charged C-metric and the
electric gauge filed of the accelerating Reissner-Nordstrom
black hole in the Boyer-Lindquist coordinate system take

the following forms [32,34,35]:

A Agr’sin?0

2 (4 de?
ds? = ———1 _di* + = £ d¢?.
e T\ A Ty, T
(3.1)
A=-Lar v @ar, (3.2)
rb
where
H=1-arcos0,
Ay =1 —2amcos 0 + a*q*cos®0,
A, =(1-a*r?)X, X=r=2mr+q¢. (3.3)

m, q, a are the black hole mass, electric charge and
acceleration parameters, respectively. b is the time scaling
parameter introduced for achieving consistent black hole
thermodynamics [43]. @ is the electric potential at the
horizon, which ensures that the electric gauge field A
vanishes on the horizon. The accelerating of the charged
black hole is induced by the cosmic string attached on the
north (8 = 0) and south (8 = x) poles. The string tensions
are represented by the conical defects at each poles.
Following the same argument in Sec. I, the string tensions
at the north p, and south u_ poles can be expressed as

1
pe = 5 Cam =),

1
po=g (=2am — a*q?), (3.4)
where the period of the polar angle ¢ is set to be 2z. Their
difference gives the net string tension,
p=Hy —p = ma, (3.5)
that cause the acceleration of the black hole. The outer and
inner horizon radius r, and r_ are given by

re=m+\/m?—q, r_=m—/m*—-q* (3.6)

and the accelerating horizon is still fixed at r, = 1/a. The
thermodynamic quantities; mass M, temperature 7, entropy
S, electric potential @, electric charge Q and thermodynamic
lengths A, conjugate to the string tensions y,, formulated
with respect to the outer horizon, are given by [43]

M:ﬂ, T:(m—r_)(lz—azri), G m’% ’
b 4rbrl 1—a?rk
q ry M
b =—, =q, Ay = - .
br, =4 bl Tarn) 1+ a2
(3.7)

The above thermodynamic quantities are well defined and
the thermodynamic first law holds, i.e.,
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dM =TdS +®dQ — A p, —A_p_, (3.8)
given that
b=1/1+a*q (3.9)

A. Near extremal thermodynamics and geometry

The near extremal thermodynamics fucus on the situation
that the two horizon radius r and r_ depart a little bit from
their extremal value r,. Similar to the rotating case, there are
three independent thermodynamic quantities which can be
chosen as the temperature 7', electric charge Q and net string
tension u. In the near extremal expansions, we take the
temperature as a small parameter and keep the electric charge
Qo = ry and the net string tension 0 < uy = roa < 1 fixed
at their extremal values.

By using relations (3.6) and (3.7), we find the following
near extremal expansions for the horizon radius r, and r_:

272r3(5 + 4ud — )

ro=r T?
e p =)
647314 (1 4 a2 )}
P MO s 4 o4, (3.10)
(=)
2ari/1 4+l 277 (3 + 4pud + 1)
r_=ry— 1 5 T - I 3 T
~Ho (1= m5)
323 74(1 233
_L:'S”O)zﬁ + O, (3.11)
(1= u5)

and the black hole mass M and entropy S can be expanded
as

162°rg(1 + 15) -4

223 /1 2
ro + ﬂ'ro +IMOT2—|-

M =
Vitw (=) (1= ug)*
+O(T*), (3.12)
§— nr} N 4n°ri/1 +/4%T . 873§ (3 + 4ud + pg) 7
L—pwg (=) (1—p5)°
+O(T?). (3.13)

From (3.12), it is clear that the thermal energy above
extremality scales quadratically with the temperature, so
there is still a mass gap between the thermal energy and the
energy carried away by the Hawking radiation which scales
linearly with the temperature. Quantum corrections are thus
necessary to be included to fill the gap.

The quantum corrections near extremality are introduced
by using the Euclidean path integral with the saddle-point
chosen as the extremal configuration. To find the near
horizon near extremal configuration, we therefore perform

the following coordinate transformation:

27124/ 1 + u?
=+ ! 2 HOT(y_l)’
1= pg
b T

V142 2aT

where 7 is the Euclidean time with period 2z and y > 1.
This infinite scaling transformation enables us to zoom into
the near horizon region of the near extremal accelerating
Reissner-Nordstrom black hole with a small temperature.
Using the expansions (3.10), (3.11) and the transformation
(3.14), we find the leading O(T°) terms of the metric (3.1)
and the gauge field (3.2),

r=ry

t=—i T -0,

(3.14)

r dy*
d—2 — 0 2 _ Nd 2
YT (= @)1= uycos6)? <(y )z +y2—1>
2
md&z + r(z)sinzé’d(ﬁz, (315)
— M0
- j —1
Ao_inb=1, (3.16)

1 — 4
and their subleading O(T) terms,
8(ds*)  Amropgy/1 + pgycos

T (1—ug)(1 = o cos6)
+ 92(y, 0)dy* + g5(y, 0)d6* + g4 (v, 0)dg?,

ds* + g,(y.0)d7*

(3.17)
T (- ) " '
where
01 (3.0) = _Aarg /14 pp(y? =3y +2) (3.19)
- — U COS '
H (1= u3)*(1 = pgcos 0)>
amr/T+ @y +2
% (y.0) = 2”20 +”°(yt ) 5, (3.20)
(1= pg)> (1 = pocos 0)*(y + 1)
Arrd/1 + uy
,0) = 0 0 , 3.21
900 = T —meosey OV
4 3 1 2032
g (y, 0) = L0V HpVSIn o (3.22)

1= 4

The metric (3.15) characterize the near horizon extremal
geometry of the accelerating Reissner-Nordstrom black
hole, which is a direct product of AdS, and S? with warping
factors. Equation (3.16) is the extremal gauge field, which
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vanishes explicitly on the horizon y = 1. When combined
with the subleading terms (3.17) and (3.18), we get the near
horizon near extremal configurations ds + 8(ds?) and
A+ 5(A) up to O(T).

B. Euclidean path integral near extremality
and zero modes

For the Einsten-Maxwell theory in four dimensions, the
partition function is given by the following Euclidean path
integral:

Z= / [Dglexp(~Ig[g. Al]),

Ig[g. A] = - d4x\/_(R F?)+1Ig +1Igg, (3.23)

167

where R is the Ricci scalar, F? = F,F* and F,, is the
field strength of the gauge field. /. is the boundary term
and I is the gauge fixing term.

The one-loop approximation of the partition function
includes contributions from both the metric and the gauge
field quantum fluctuations. Expand the metric and the
gauge field as

g=g-+h, a, (3.24)
where 7 and A are saddle-points of the metric and the gauge

field, respectively, & and a are their quantum fluctuations,
then the one-loop partition function can be written as

Z ~ exp(~15[3.4]) / [DH][Da]

X exp {_ / x50 Bl Al

+a*Plg, Ala + (h*Oylg. Ala +H.c.))|, (3.25)

where * denotes complex conjugation. The explicit forms
of the one-loop kinetic operators A[g,A], P[g,A] and
Oini[7.A] in (3.25) are sensitive to the gauge fixing
condition. In the following discussion, we will use the
harmonic gauge for the metric fluctuation and the Lorentz
gauge for the gauge field one, i.e., the Lagrange density of
the gauge fixing term is given by

Loy = Luewic T Egauge’ (326)

where

1 1= = 1—
Lmetric = n gﬂy <vah(m _ 5 v#haa> <V(,h“” _ 5 vuhua> ,

(3.27)

/ 2
ﬁgauge = E( ’aﬂ) . (328)

With these gauge fixings, the one-loop kinetic operators for
the Einstein-Maxwell theory take the following forms [28]:

hy g A%+ (g, Alh

i

1 1 — 1 — 1.
h* gl — — g®P v 4 — RoHbv
~16x < g0 - 973 0+
1 1
bR — RO — R+ R
+ 3'_ F2 ap gﬁ' _ F2 af g/u/ Faypﬂb
- ZFO‘VF”yQﬂ” + Faypﬂyguu> h, (3.29)
* paf[= A 1 Suy
ay P[5, Ala, = ~ 337 % (g O - R*)a,, (3.30)
x APUT= A 1 " ol B .
haﬂOir{t”[gv A]aﬂ = Ehaﬂ(“'g( Wk Fulp 4 Fr ﬁ)V
(3.31)

The one-loop partition function (3.25) therefore scales as
the functional determinant of the matrix operator,
Alg. Al Ouwlg.

Z~det< z _ ]> :.
01,[9. 4] P[g Al

which necessitates the joint diagonalization of the operators
Alg,A], P[g,A], and Oy, [7,A]. Inspired by the previous
accelerating Kerr black hole case, we will focus on the path
integral over zero modes of the saddle-points (3.15) and
(3.16), which hopefully produces the leading quantum
correction to the partition function at low temperature.
Terminologically, the zero modes of the matrix operator in
(3.32) can be divided into graviton zero modes and photon
zero modes.

The graviton zero modes, which satisfy (A[g. A]R),, = 0,
are generated by the large diffeomorphisms that are not
removed by the harmonic gauge. We take the following
ansatz for the vector fields associated to the large diffeo-
morphisms,

(3.32)

4 d d 0
e= e (R0 gt 0 gt o) 35). ez

(3.33)

Given the extremal geometry (3.15) and the functions
f:()s fy(y)s fy(y), the graviton zero modes are then
explicitly determined by &, = L.g,, up to normalization.
In the harmonic gauge, the traceless condition 4%, = 0 of
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the zero modes gives

fT(y) = lf/y<y> 2

n

n# 0. (3.34)

Combined with the above relation, the transverse condition

V,h*, = 0 gives

_ 2

Tty o (07 = D700 + 200300 = (247 ) 1,09
=0, (3.35)

from which one can derive the solution

y—1\%
+1>2(|n|—|—y), nez, (3.36)

fy(y) = C1"<

with an arbitrary constant Cy, that is regular on the horizon
and vanishes for n = 0. Note that in deriving the above
solution, we do not resort to the form of the function f;(y),
which is different form the rotating black hole case
analyzed in Sec. II B. This is highly due to the near horizon
extremal geometry (3.15) is simply a direct product of
AdS, and S? with warping factors. The function £, (y) can
be solved independently from

|

hL(Jl) dx*dx’ = e™*

2

Vahy & (v = 1)f " (0) + 2004 (0) = 5 [o(») =0
(3.37)
The regular solution takes the form,
_1\4
o) =G, (y - 1) ., nez,  (3.38)

where C, is an arbitrary constant. So the graviton zero
modes are now generated by the following vector fields:

"\
gzeinr y_l | C (|n[(|n|—|—y) yz_l)i
y+1 ! v -1 or

d 3}
C C
el +) 5+ Cap).

(3.39)

with integer valued n. These vector fields are indeed large
diffeomorphisms since they do not die off at the asymptotic
boundary y — oo and thus can not be gauged away. The
existence of the two arbitrary constants C; and C, indicates
that there are two linearly independent graviton zero modes.

The graviton zero modes which are generated by the
& with C, = 0 and C; # 0 are call tensor modes. By proper
choosing the nonzero constant Cy, the explicit forms of the
tensor modes are

V3nl(n® = 1)(1 - p5)

y—1 bl
2V27m\/3 + 13 (1 —,uocose)z(yz— 1) \y ( 1)

x (—(yz_ dr® +2i

drdy +—dy ) n| > 2, (3.40)

and these rank-2 tensors satisfy the following orthonormal condition:

/d4x\/§h;(’é")*§aygﬂuh;l(:l> — §mn

(3.41)

The n = 0, =1 modes are excluded because the corresponding vector fields are Killing vectors on the background and do not
produce fluctuations. The graviton zero modes which are generated by the £ with C; = 0 and C, # 0 are called vector modes,

whose explicit forms can be written as

h;l(,") dx*dxt = e

inu3sin®6

2v/27+/|n| (1o (arctanhy )

X <(y2 — 1)drdgp — lded¢>

—p5) (> = 1) (y :F D

n| > 1. (3.42)

Here the nonzero constant C, is chosen so that the vector modes are orthonormalized,

[ iy gn

(3.43)

Note that for the vector modes, we have || > 1. The n = 0 mode vanishes due to the fact that d,, is the rotational Killing
vector of the background. One can check that both (3.40) and (3.42) belong to the kernel of the operator A[g, A]. It is worth
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noting that in the absence of acceleration, the Reissner-
Nordstrom black hole has three sets of vector modes since
there are three independent Killing vectors on S? [21,28].
The presence of acceleration deforms the S? and kills two of
the Killing vectors, leaving only the translational symmetry
along ¢. So there is only one set of the vector modes (3.42)
in the accelerating case.

In addition to the graviton zero modes, we also have
photon zero modes. The photon zero modes, which satisfy
(P[g.Ala), =0, are the residual gauge transformations
under the Lorentz gauge. For this reason, we can write the
ansatz for the photon zero modes as
a

=0,®(z,y), nez,

(3.44)

y D(z,y) = ™ f(y),

with a function f(y) to be determined. The Lorentz gauge
then requires

2

fy)=0.
(3.45)

Vo (02 = D) 425 0) = 3

The solution to the above equation that is regular on the
horizon can be written as

- y—1 5
f(y)—c3<y+1> )

nez, (3.46)

where Cj is an arbitrary constant. Using (3.44) and (3.46),
we find the photon zero modes

iny/1T— 2 ) (y— 1)%

alVdxt = e

227/ |nfro(y? = 1) \y + 1
X ((y2 —1)dr — imdy>, |n| > 1, (3.47)
n
with orthonormal property
d4x = (m)x—yy (n) _ cmn
ga,  gay’ =& (3.48)

It is straightforward to check that (3.47) is in the kernel of
the operator P[g, A]. For a torsion free theory, the photon
zero modes determined by (3.44) always give symmetric
Wﬂa,,. It is obvious that the mixing term (3.31) vanishes for
such zero modes. So the previous derived tensor, vector,
and photon zero modes indeed belong to the kernel of the
matrix operator in (3.32).

The path integral over the zero modes on the extremal
background still leads to an infrared divergence of the one-
loop partition function,

7 / (Dh] / (DhY] / Da]
tensor modes vector modes photon zero modes

— 0. (3.49)
To get finite quantum corrections, we need to perturb the
background extremal configuration to the near extremal
one, so that the eigenvalues of the zero modes acquire small
perturbations and the path integral of the zero modes
remains finite.

C. Quantum corrections to the entropy

The one-loop partition function for the Einstein-Maxwell
theory (3.25) requires the functional integrations over
metric and gauge field fluctuations. If one perform the
path integral of the metric fluctuation # first, then the one-
loop partition function behaves like

Z~det(R) / Da]
- 1. - _
X eXp [—/d4x ga* <P—ZOi}mA_IOim> ] (3.50)

It is clear that the one-loop corrections to the partition
function are determined by the eigenvalues of the operators
A and P — (O] A~'0,,)/4. For the zero modes (3.40),

nt
(3.42), and (3.47), their corresponding eigenvalues vanish
and the one-loop partition function diverges.

To regularize the divergence, one should take into
account the O(T) corrections (3.17) and (3.18) to the
extremal metric (3.15) and the extremal gauge field (3.16),
respectively,

g— g+ 9g, A — A+ 5A. (3.51)
This will perturb the operators A and P — (O] A~'0y,,)/4
and correct the eigenvalues of the zero modes to nonzero
ones. According to the perturbation theory at first order, the
eigenvalue correction can be evaluated as the expectation
value of the perturbed operator with respect to the original
orthonormal eigenstates. However, from (3.31), it is
obvious that the photon zero modes (3.47) satisfy

03, Ala, = 0.

int (3.52)
So the variation of the operator (O] A~'0y,)/4 will not
contribute to the first-order eigenvalue correction. Thus, to
figure out the eigenvalue corrections, we only need to
consider the variations of the operators A and P. Given the
orthonormalized zero modes (3.40), (3.42), and (3.47), the
corrections to their eigenvalues can be formulated as

SA! = / d*x/Ghly SAP ) (3.53)
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AL = / d*x /Gl SAT Y (3.54)

5h, = / d*xy/Gal 5P al? (3.55)

where we denote Al,, A} and 1, as the eigenvalues of the
tensor modes A’ vector modes h*™ and photon zero

modes a(), respectively. The above integrations are
straightforward. After some algebra, we find

3|n|(1 = u2)\/T + 142
sar, = = #o) T4 or?),

n| > 2,
1676(3 + 12) Inl 2
(3.56)
SA = |n|ﬂ(3) \% 1 +/"(2) T+ 0<T2)
" 48r(1 — pp) (arctanhug — o) ’
In| > 1, (3.57)

51, = nllwo = (1 — ppJarctanbyiy) /1 + i 1. o),
8romo
n| > 1. (3.58)

By summing up the contributions from the three classes
of zero modes in the path integral and using the zeta
function regularizations,

P o _
gn %\/QE 1:[1 V2r

(3.59)

for real p and o, we get the leading quantum correction to
the near extremal entropy,

1 1 _
SlogZ = > log (8A}) — 3 > log (M)

[n|>2 [n|>1
——Zlog (84,) (3.60)
‘n‘>1
= —log [ [(6As) —log [ J(6AL) = log [ J(84,)  (3.61)
n>2 n>1 n>1
3 tog 4+ Liog L 4 Liog L 41 3 (1Y
= —10 b— (o) (0]
2 087 TR T 0% 08 2048
4o, (3.62)
where

T — 70(34—/,{%)
T -1+

ro(1 = g) (arctanhug — po)

TO = ,
! o/ 1+ 1
! = il (3.63)

(1o — (1 — g )arctanhyug) /1 + g3

Hence, the near extremal partition function of the accel-
erating Reissner-Nordstrom black hole is corrected as
Z(T) ~ T3¢ + higher order terms, (3.64)
where S is the extremal entropy. Note that the temperature
dependence in the leading term of (3.64) is different from
that in the accelerating Kerr case (2.50). This is because the
absence of rotation and the presence of the gauge field each
leads to additional zero modes and contributes 7'/? factor
in the partition function. Accordingly, the black hole
thermal energy above extremality in this case is dominated
by a term scaling as (5/2)T at low temperature which
replace it on the same footing as the Hawking radiation.

IV. ACCELERATING KERR-NEWMANN
BLACK HOLE

We finally analyze the low-temperature quantum cor-
rections to the thermodynamics of the C-metric with both
rotation and charge. As we will see, by turning on the
rotation, the gravitational zero modes of vector type for the
accelerating Reissner-Nordstrom black hole are no longer
the case. The spacetime line element and the U(1) gauge
field for the accelerating Kerr-Newmann black hole in the
Boyer-Lindquist coordinate system take the following
forms [33-35]:

A, [dt 2 dr’  de*
2 _ B (42
ds® = ) (b asin 9d¢> 7z (A + Aa)

Apa’sin®0 (dt  r* +d? 2
— d 4.1
Hp? <b ¢) &
__gr(dt 2
A= AV asin“d¢ | + ddt, (4.2)
where
H=1-arcos?, p? = r* + a’cos?6,
Ag = 1-2amcos 0 + (a*a* + a*q*)cos0,
A, = (1-a*r?)X, X=r-2mr+ada®+q¢*. (43)

m, a, q, and « are the black hole mass, angular momentum,
charge and acceleration parameters, respectively. b is the
time scaling parameter and @ is the charge potential at
the horizon. The outer and inner horizon radius r, and r_
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are now given by

r+:m+\/m2—a2—q2,

r_=m—\/m?—a®-q’.

(4.4)

The relevant thermodynamic quantities of the accelerating Kerr-Newmann black hole are listed as the following [43]:

_m(l—a’a’) _(=r)-aR)  _alh+d)
b(l +a*a®)’ 4zb(r2 + a?) 1-a?r
a a*a qr
Q= - , J = ma, d=—T+ —gq.
b(ri +a*) b(1+a?a?) ma NGCEYD Q0=gq
r M 2 |
Ay = - - + , (2 2,2 2,2 45
T bl Fary) 1+d*d*+ ¢ b(l +a*d?) Bt = 4( am —a*a” = a*q’) (4.5)

Here the notations of the symbols above follow their earlier
definitions. The net string tension u satisfies an equation
analogous to Newton’s second law,

H=p—p = ma. (4.6)

The thermodynamic first law holds for the above quantities,
1.€.,
dM =TdS + QdJ +®dQ — A, du, —A_du_, (4.7)

given that

V=1 1 @ + )

b:
1+ a2a?

(4.8)

A. Near extremal thermodynamics and geometry

The near extremal expansions are now performed by
taking the temperature 7" as small parameter while keeping

ro = (rs = qa)mg | 27°(45

= 2r) (r§ + ripg — r5(2q0 —

the angular momentum, charge and net string tension at
their extremal values,

_ /2 2
Jo = ro\/ 15— o>

where r, is the extremal horizon radius and ¢, denotes the
extremal charge. In this canonical ensemble, the horizon
radius, black hole mass, and entropy have the following
small temperature expansions:

QO = 40 Ho = 7oA, (49)

re = ro 21y (215 — 43) \/qoﬂo (1 +p5) +’0(1—ﬂo)T
(r5 + (5 — g0 m5) (1 = g)
+0(7?). (4.10)
r=ry— 2xry (215 — q3) \/‘10/‘0 (1 + p) +ro(1—ﬂo)T
(r5 + (15— g0 mp) (1 = )
+0(T?). (4.11)

56Ioro + 3”0):“0 ( (2) -

M =

L+ ug (g + (3

G n(2ry—q3)  4n*(2r}

— qd)ud) (1 = p3))*/ (rg — (15

W4 12 o), (@412
e T S (%), (4.12)

~ V(=7 -

a3)ug) (1 + ug)

1 —u

(1—pud)’?

T + O(T?). (4.13)

As a consistency check, the chargeless limit g, — O of the above expansions recover the accelerating Kerr black hole case
(2.10), (2.11), (2.12), and (2.13) while the static limit g, — r, reproduce the accelerating Reissner-Nordstrom black hole

case (3.10), (3.11), (3.12), and (3.13).

To compute the low-temperature quantum corrections to the thermodynamic quantities, we need to figure out the near
extremal configuration which can be obtained by the following coordinate transformation:

- 27ry 2ro
r=r,

@)V adud (1 + pd) + rd(1 — g

/"0) T(y _ l),

(’"o (o

qo)ﬂo)(l - /40)

(4.14)
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P e G )/
ro+/(r3 = (r3 — @3)wd)(1 + p3) 27T

SV R Tt R e e A A L e S

¢ = @ —1 + i T,
) 25— a5 /(= (7 — ad)wd) (1 + ud) 2zroT (215 — q) (1 = i)

t=-

(4.15)

(2r5 = q3) (1 — g
where 7 is the Euclidean time with period 2z, y > 1 and ¢ is identified as

s TG00~ 1)
When substituting the transformations (4.14), (4.15), and (4.16) into the metric (4.1) and the gauge field (4.2) and taking the

small-temperature limit with fixed angular momentum, charge and net string tension at their extremal values, we find the
leading O(T°) terms

(4.17)

ds2 — g +2(r% - 93)005292 <(y2 —1)di® + . d 2> n 15+ (rg = 93)004529d92
(1= u5)(1 = pgcos 6) y =1 (1 = pgcos0)
Arg(rg — gp)sin’0
dg —i(y - 1)dr)?, 4.18
- (1 = p3)(rd + (r} — g3)cos®0) (dg —i(y - 1)dz) (4.18)
A= O < 2ol — diysin'y dp —i(y — 1)dT>- (4.19)

(1= ug)(rg + (r5 — q5)cos*0) \(2r5 — q§)(r§ — (r§ — q§)cos?0)

The subleading O(T) perturbation of the metric is

8(ds®) _ 4n(2rg — qi)po/ (g — (r5 — a5 ug) (1 + ug)y cos 0
T (r5 4 (r5 — a§)ud) (1 — ) (1 — g cos 6)
+ g1 (y.0)de* + g2 (v, 0)dy* + g5(y. 0)d0* + (94(y.0)dg + g5(y.0)dr)(dp — i(y — 1)dr),  (4.20)

ds?

where

4/ (g = (g — @d)md) (1 + 1) (y = 1)

91(y.0) = (—(2(r} — a3)r3ud + r3ad) (* + )
1 (r5 + (r§ = qo)ug) (1 = g)* (1 = po cos @)>° "0 FOT0T0 7 7070
+ (1§ — q5)(2r§ — qgmp) (v* + y)cos*0 + 2(rg(1 + ug) — qgug) (rg + (5 — 45)cos0)], (4.21)
A r2_ r2_q2 HZ 1+ﬂ2
0 (y.0) = V{5 = (15 — o)) 1+ 1) (3213 = a3)(* +y)

(r3+ (i3 — ad)ud) (1 = u3)* (3> = D (y + 1)(1 — pg cos 0)?
+ (2r5 — q3) (5 — g (> + y)cos?0 — 2(r§ (1 + ug) — qgud) (5 + (13 — g3)cos?0)]. (4.22)

oy 0) = 027 @)/ (15 = (5 = ag)pg) (1 + 43y
(r5 + (r5 — a3)mp) (1 = ) (1 = pg cos 0)*

(4.23)

auly.0) = 87005 = a0) /(15 = (5 — g0 )a) (1 + o)y (1 = 45) sin’ (20) +2sin’ )
(2 + (3= R (P73 + (13— ad) cos20)?

(4.24)
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45(5,0) = — 4Wo o= a0)/ (rg — —zq%)ﬂzﬁ)(l ;Lﬂ%z) sin? 6 :
1§+ (r§ — ag)ug) (1 — pg)* (5 + (5 — q§) cos® 0)*(1 — g cos 6)
x [=2(1 = pg)* (> = 1) (r5 + (15 = q5) c0s> 0)% + roqo(=1 + g — 2(1 = pg) (v* = 2)) (1 = g cos 6)°
— (2r5(5 + 3ug — 2(1 = ug)y*) + q5(rg — q5) (1 = g — 2(1 = pg)y*) cos® 0) (1 — g cos )
= 2r5(r5 = 45)(5 + 3po + 2(1 = p5) (v* = 2)) (1 = pg cos 6)* cos 4], (4.25)

and the O(T) perturbation of the gauge field is

S(A
% — ay(y,8)dz + ay(y,0)dg, (4.26)
where
0 (5. 6) = _7”’040\/ (ro(1 = p3) + 610/40)(1 + )

(2r5 = q5)(r§ + (r§ — qg)mug) (1 = u5)* (5 + (15 — g§)cos?0)?
x [2r§((1 = pg) (—4y* + 4y) + 5p5 + 3) + 15q5((1 = 1) (8y* = 12y) = 2145 = 3)
+1r0q0((1 = ) (=29 + 4y) + 95 — 1) = 2r5g5(r5 — ) (1 = ) (12y* — 8y) + 9 — 1)cos’0
—8r3(r§ = q3) (1 — ) (=3y* + 2y 4 1)cos0 — g (r5 — q5) (1 — ) (—6y* + 4y) — 9ug + 1)cos*0
45)* (= )

= 2r5(r§ — q3)*(=4(1 = ug)y + pg + 7)cos*0 + g5 (r§ — q5)* (—4(1 — ug)y + 3uf + 5)cos*6], (4.27)

4”roclo( — @)1 — ud) + adud (1 + 1)y (rg — (r§ — q3) cos® 0) sin® 6

0= (R(1+ 1) = )1 = (73 + (73 = ) o O

(4.28)

B. Euclidean path integral near extremality and zero modes

The one-loop partition function of the accelerating Kerr-Newmann black hole shares the same form as (3.25) with path
integral over metric and gauge field fluctuations. The saddle-point here is the extremal configurations given by (4.18)
and (4.19).

For the same reason as discussed in the previous sections, among all the possible fluctuations, zero modes contribute
leading quantum corrections to the partition function at low temperature. The zero modes are divided into graviton zero
modes satisfying (A[g, AJh),, = 0 and photon zero modes satisfying (P[g, A]a), = 0. The graviton zero modes here are
generated by the same vector fields given by (2.35). This can be easily checked by setting the same ansatz (2.28) for the
large diffeomorphisms and successively consider the following constraints of the zero modes:

h*, =0, (4.29)

(215 —q3)(1 = u5) im 7 % Zi g
95(A[g, Alh) plp_o + ——%——3,5(Alg, Alh) |y = 0, 4.30
(F%(l +//lo) _q(z))(l +ﬂ0) 9( [g ] )y6|970 + r(z)(l +//l(2)> _q(z) 9( [g ] )_}0|€72 ( )
V.h, =0, (4.31)

By taking the Lie derivative of the metric (4.18) along (2.35), one finds the following orthonormalized graviton zero modes:
In

V3In](n? = 1)(1 = i) (r§ + (15 — q3)c0s’0) (377) 2
2V27\/(2r5 — ¢5) (4r5(1 + ) — a5(1 +3u5)) (1 = pg cos 6)* (> — 1)

x <—(y2— 1)d12+2i% 2), n| > 2. (4.32)

h,(u, dxtdx’ = e

In the chargeless limit gy — 0, the above metric fluctuations coincide with the zero modes (2.37) in the accelerating Kerr
case. The static limit g, — r( of the above metric fluctuations only reproduce the tensor modes (3.40) in the accelerating
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Reissner-Nordstrom case. We do not find vector modes
here in the rotating case. This is highly related to the
near horizon geometries of the extremal black hole.
When turning on the rotation, the near horizon geometry
of the extremal black hole becomes a warped and
twisted product of AdS, and S? rather than a direct
product, and the ¢ components of the large diffeo-
morphisms are no longer independent of their z and y
components. So there is no independent vector mode in
the rotating case.

In addition to the graviton zero modes, we also need to
consider the contribution from the photon zero modes due
to the presence of the gauge field (4.2). Since we are using
the Lorentz gauge, the determination of the photon zero
modes follows the same procedure in Sec. III B. For the
background extremal geometry (4.18), the orthonormalized
photon zero modes can be written as

. I TNIL]
iny/T— 3 (457)2
2V2r\/In|\/2r% — 3 (3* = 1)

x ((y2 —1)dr - i|Z—|dy), In| > 1. (4.33)

a,(l")dx/‘ = e

It is clear that the static limit ¢, — r, of the above gauge
fluctuations reproduce the photon zero modes (3.47) in the
accelerating Reissner-Nordstrom case. The mixing term
(3.31) also vanishes here, so the fluctuations (4.32) and
(4.33) are zero modes of the matrix operator defined in (3.32).

C. Quantum corrections to the entropy

Finite quantum corrections to the partition function are
obtained by adding the finite temperature corrections (4.20)
and (4.26) to their extremal configurations (4.18) and (4.19)
in the path integral over the zero modes (4.32) and (4.33).
The corrections to the eigenvalues of the graviton and photon
zero modes are given by the formulas (3.53) and (3.55),
respectively. After substituting the zero modes and the near
extremal configurations into (3.53) and (3.55) and retaining
all the O(T) terms, the integrations yield

sa = 3nlro(l = o) V/r5(1 = ) + s (1 + 45) o
" 16(4r3(1 + ud) — qf(1 + 34}
(4r5(1 + ug) — q5(1 + 3ug))
+0(1?),  |n| =2,

(4.34)

oAy =

7|25 = gm0/ (r5 = (15 — ad)p) (1 + k)

8ro(rg + (r5 — ad)ud) (r5(1 + u3) — ad)\/ 1% — 4

X [(Zr% — g3)arccot (%),uo —ro\/ 15— q3(1 — ,u%)arctanhyo} T +O(T?), |n| > 1, (4.35)

D — 490

where A and 61, are the corrections to the eigenvalues of the graviton zero modes 4" and the photon zero modes a(™,
respectively. The leading quantum correction to the near extremal entropy can be obtained by summing up the contributions
from the two classes of zero modes with the zeta function regularizations

where

q

qg =

1 1
slogZ = - > log(8A,) — 3 > log (84,) (4.36)
In]>2 [n|>1
= —log [ [(6A,) —log [ [ (5, (4.37)
n>2 n>1
3T 1. T 3 /3
=Zlog—+=log——+log (=—— /= | +---. 4.38
2°ng+2°gT§+°g<256n 2>+ (4.38)
g _ 4rg(1 + pg) — go(1 + 345 (4.39)
ro(1 = ug)\/r5(1 = ) + agmp (1 + wj)
o Tolrg + (6 = a3)m) (r3 (1 + #5) — 90) /75 — 45
(215 = ag)mo/ (5 — (r5 — ag)ug) (1 + )
-1
>,uo —ro\/rs — q3(1 — /t(z))arctanh,uo} . (4.40)
o = 4o

,
X {(Zr% — g3)arccot (%
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Accordingly, the thermal partition function of the accel-
erating Kerr-Newmann black hole acquires low-temper-
ature quantum corrections of the form

Z(T) ~ T?e% + higher order terms,  (4.41)
where S is the extremal entropy. The power of T in the
leading term of (4.41) lies in between the neutral rotating

(2.50) and the charged static (3.64) cases due to absence of
the gravitational vector modes.

V. SUMMARY AND DISCUSSION

In this paper, we systematically study the low-temper-
ature quantum corrections to the thermodynamics of the
near extremal rotating and charged black holes with
acceleration in four dimensions. The quantum corrections
originate from the zero modes, which are the residual gauge
fluctuations of the fields under gauge fixing, in the
Euclidean path integral. Depending on the near horizon
extremal geometry and the field contents, the zero modes
have different behaviors. The metric fluctuations under
large diffeomorphisms are known as the gravitational zero
modes and the pure gauge fluctuations of the gauge field
are specified as the photon zero modes. Each class of the
zero modes is found to contribute a universal logarithmic
term to the black hole thermal entropy at low temperature.

We first consider the accelerating Kerr black hole. As
discussed in Sec. II, the thermodynamic quantities defined
by using semiclassical analysis exhibit problematic low-
temperature behaviors, since the black hole has no adequate
thermal energy to radiate even a single Hawking quantum
once its temperature drops to sufficiently small values. The
way to resolve the inconsistency between the thermal
energy and the Hawking radiation at low temperature is
to incorporate quantum corrections to the black hole
thermal partition function. Among all the fluctuations in
the Euclidean path integral of the partition function, zero
modes are found to contribute leading quantum corrections
at low temperature. Invoking the harmonic gauge, the zero
modes in the accelerating Kerr black hole case are those
metric fluctuations on the extremal background that satisfy
the transverse and traceless conditions. At low temperature,
the Euclidean path integral of these zero modes produce a
(3/2)log T term correction to the black hole entropy and a
(3/2)T term correction to the black hole mass. The critical
temperature below which these quantum corrections
become important is found to depend on the extremal
horizon radius as well as the acceleration of the black hole.
For fixed horizon radius, the critical temperature gets
higher as the acceleration of the black hole increases.

We next consider the accelerating Reissner-Nordstrom
black hole case. As presented in Sec. III, the small temper-
ature expansion of the black hole mass from semiclassical
analysis still points to the mass gap puzzle. Compared to the

neutral rotating case, the zero modes structure becomes
richer in this charged static case. The near horizon extremal
geometry is a direct product of AdS, and S? with warping
factors. This structure consequently enables us to divide the
large diffeomorphisms into two linearly independent classes:
one consists of the diffeomorphisms on the AdS, which
generate the gravitational zero modes of tensor type, and the
other includes the deformations of the S? along the AdS,
which correspond to the gravitational zero modes of vector
type. It is worth noting that in the absence of acceleration, the
Reissner-Nordstrom black hole has three sets of vector
modes since there are three independent Killing vectors
on the sphere. The presence of acceleration kills two of them
with only translation along the polar angle remaining. So
there is only one set of the vector modes in the accelerating
case. At low temperature, the path integral of the tensor
modes produce a (3/2)log T term correction to the black
hole entropy while the vector modes contribute a (1/2) log T
term correction to the entropy. In addition, we also have the
photon zero modes from the gauge field, which are the large
gauge transformations under the Lorentz gauge fixing. The
path integral of the photon zero modes gives another
(1/2)1log T term correction to the black hole entropy. The
total contribution from the zero modes to the black hole
entropy in the accelerating Reissner-Nordstrom case at low
temperature is therefore (5/2)logT.

We finally discuss the low-temperature quantum correc-
tions to the accelerating Kerr-Newmann black hole in
Sec. IV. Its near horizon extremal geometry shares a similar
structure to the accelerating Kerr case, which is a warped
and twisted product of AdS, and S?. This determines that
the gravitational zero modes are purely tensor type. The
path integral of the gravitational tensor modes therefore
contributes a (3/2)log T term correction to the black hole
entropy at low temperature. Since this is a charged black
hole, the gauge field contains also the photon zero modes,
whose path integral leads to a (1/2) log T term correction in
the low-temperature expansion of the entropy. So the total
contribution from the zero modes to the black hole entropy
in the accelerating Kerr-Newmann case at low temperature
is 2logT.

It seems that the log T corrections to the entropy of near
extremal black holes in Einstein gravity are universal with
coefficients depending on the class of the zero modes. For
each gravitational zero modes of tensor type, the integer n
which labels the infinite tower of the zero modes satisfies
|n| > 2, and the coefficient of the corresponding logarith-
mic correction term is 3/2. For each gravitational zero
modes of vector type, the integer n satisfies |n| > 1, and the
coefficient of the corresponding logarithmic term is 1/2.
For the zero modes from gauge field, the infinite tower is
also labeled by integers |n| > 1, hence the corresponding
coefficient is also 1/2. For rotating black holes there is no
gravitational vector modes.
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To sum up, we worked out the universal log 7" corrections
to the low-temperature thermodynamics of accelerating
black holes. The results are similar to those in the non-
accelerating cases like Kerr and Reissner-Nordstrom black
holes. The acceleration affects the near horizon extremal
geometry with warping factors and therefore changes the
number of independent Killing vectors on the deformed
sphere. This in turn changes the number of sets of inde-
pendent gravitation vector modes which are induced by the
large diffeomorphisms on the deformed sphere.
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