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1 Introduction

The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [1, 2], has funda-
mentally reshaped our understanding of quantum gravity and gauge theories. This duality
posits a deep connection between a gravitational theory in an AdS space and a conformal
field theory on the boundary of that space. Over the past few decades, AdS/CFT has become
a cornerstone of theoretical physics, offering insights into black hole physics, strongly coupled
quantum field theories, and the structure of spacetime [3, 4]. In this connection, entanglement
entropy has emerged as a crucial tool for probing quantum correlations in the boundary theory
and understanding the geometry of the bulk spacetime. The Ryu-Takayanagi formula [5, 6],
which links the entanglement entropy of a boundary region to the area of a minimal surface
in the bulk, has provided a profound geometric interpretation of quantum entanglement.!
This has led to significant insights into black hole physics as well as strongly correlated
systems. However, while entanglement entropy is well-suited for pure states, it is less effective
in capturing the entanglement structure in mixed states. To address these limitations, several
entanglement and correlation measures have been introduced in the literature, including
entanglement negativity [11, 12], reflected entropy [13], entanglement of purification [14],

'For further developments in this connection, see [7-10].



balanced partial entanglement [15]. These measures offer more nuanced insights into the
quantum correlations present in mixed states.

On a related note, TT deformation is an intriguing modification of two-dimensional
conformal field theories (CFT2) [16-18], characterized by a deformation parameter p. The
TT deformation modifies the spectrum, the entanglement structure, and the overall behavior
of the theory, making it a powerful tool for exploring the interplay between UV and IR physics
and the non-local effects in quantum field theories, they preserve integrability and remain
solvable, with exact results available for the energy spectrum, partition function, and S-
matrix [19]. Furthermore, a holographic dual for these TT-deformed CFTs was proposed [19],
characterized by AdS geometries with the asymptotic boundary located at a finite radial
distance. Some recent works in this direction include [20-32]. Specifically, this AdS geometry
mirrors the one dual to the undeformed CFT, except that the cut-off surface is shifted further
into the bulk. The proposal was further validated by matching the two-point functions,
energy spectrum, and partition function of the deformed CEF'T with holographic computations,
confirming the consistency of the duality. The entanglement structure for various pure and
mixed states has been extensively explored in the context of the TT deformations [33-44].

Interestingly, earlier studies [33, 37, 45] have found that the nature of (both spacelike
and timelike) entanglement in TT deformed theories depend heavily on the existence of a
compactified direction.? For example, in a finite temperature theory with a compact temporal
direction, the timelike entanglement entropy receives no correction due to the TT deformation,
as opposed to the spatial entanglement. Motivated by this connection with the nature of the
boundary manifold, in this article we concentrate on a CFT9 defined on a twisted cylinder with
both spatial and temporal directions compact. Endowed with a conserved angular momentum,
these theories provide an ideal framework for investigating whether the incorporation of
a conserved charge influences the nature of the irrelevant deformation. We find that the
presence of a conserved angular momentum puts strict bounds on the value of the deformation
parameter. From the perspective of the cut-off holography, this reflects that the cut-off screen
cannot be pushed arbitrarily inside the dual rotating BTZ black hole geometry. Another
motivation for considering the CFT with conserved angular momentum is that the dual
geometry is non-static and features a timelike Killing vector. Our study provides a non-trivial
test of the applicability of the Hubeny-Rangamani-Takayanagi prescription [7] in the cut-off
AdS geometries where extremal surfaces can probe the geometry behind the horizon.

The holographic characterization of the entanglement entropy in such TT-deformed
thermal CFTys with conserved charge has recently been explored in [46] utilizing the mixed
boundary conditions proposal of [47]. However, a field theoretic analysis of the same is still
elusive. In this article, we bridge this gap by investigating a perturbative replica technique
computation of the entanglement entropy and the reflected entropy. In particular, we compute
the leading order correction to the entanglement entropy and the reflected entropy for various
bipartite states in a TT-deformed CFTy with conserved angular momentum, both from
the field theory perspective and their holographic characterization, utilizing the techniques
introduced in [33, 37].

2From the perspective of the cut-off holography, this may be understood by the fact that intervals in the
compact direction are independent of the cut-off screen [42, 45].



Our approach involves a perturbative analysis of the field theory action with respect to
the deformation parameter p, under the assumption that p < 1. Within this perturbative
framework, we derive the Rényi version of entanglement and reflected entropies, identifying
the leading-order corrections for both measures. In this connection, we introduce a novel
approach to map the twisted cylinder to the usual thermal cylinder with a standalone temporal
identification, in order to evaluate specific integrals that are crucial for our analysis. This
technique is then adapted to the bulk geometry to derive the appropriate metric necessary
for implementing the cut-off AdS geometry. Later by connecting the deformation parameter
i to the new cutoff surface in the dual AdS3; geometry, we compute the length of the
Ryu-Takayanagi (RT) surface and the entanglement wedge cross-section (EWCS) in the
bulk dual geometry involving a non-extremal rotating BTZ black hole. Remarkably, our
findings demonstrate exact agreement between the bulk and field theory results. Expanding
our analysis, we also explore the timelike entanglement [48, 49] for various bipartite states
in TT deformed CFT,, thereby providing a comprehensive understanding of entanglement
in such theories.

The rest of the article is structured as follows. In section 2 we begin with an exploration
of CFTy with a conserved charge, providing a brief review of TT deformation, its dual
AdS3 geometries, and the holographic interpretation of reflected entropy. In section 3, we
compute the entanglement entropy and the reflected entropy for various bipartite state
configurations, including two disjoint intervals, two adjacent intervals, and a single interval in
a finite-temperature CF'Ty with a conserved charge. We also explore the nature of timelike
entanglement in these TT-deformed theories. In section 4, we extend our analysis to the
bulk by computing the Ryu-Takayanagi (RT) surface and the entanglement wedge cross
section (EWCS) within the context of cutoff AdSs geometries. Finally, in section 5, we
summarize our findings and present our conclusions, drawing connections between the field
theory results and their holographic duals.

2 Review of earlier literature

2.1 Conserved angular momentum in a CFT,

In this work, we will be focusing on a CFTy at a finite temperature 5! and a conserved
angular momentum J. The Euclidean partition function for the CFT5 is given by

Z(6,Q)="Tr e AH+S2pT)
= Trexp| A Lo — B-Lo| , (2.1)

where Qp = —i) is the (Euclidean) chemical potential for the “angular momentum”? J.
Note that, in the second equality, we have made use of the following identifications for the

3In this study, our primary focus will be on a non-compact spatial dimension, which means that the quantity
J is interpreted as linear momentum in this context. However, this non-compact spatial direction may be
understood as the limiting case of the circumference of a very large circle. From the bulk dual perspective,
we may regard this as a BTZ black string arising as a limit of a BTZ black hole. In this connection, we will
continue to refer to J as the angular momentum of the rotating BTZ black hole.



Hamiltonian H and the momentum J with the usual Virasoro zero modes:
H:Lo—i-f/(), J:Lo—f/o, (2.2)

and defined the (effective) temperatures associated with the left and right moving modes
as follows

B =B (1+iQp) . (2.3)

Note that this state is characterized by non-zero expectation values (E) and (J) for the
energy and momentum:
c

(B)=E++E_——=, (J)=Bs—E_, (2.4)

where F. are the eigenvalues of the Virasoro generators Lg and Lg. This thermal CFTy with
a conserved angular momentum is defined on a thermal cylinder M (with topology S! x R)
with a twisted identification, dubbed henceforth as a “twisted cylinder”, with a flat metric

dsipp = dr* + da? . (2.5)

For a holographic CFT, this state is dual to the planar rotating BTZ black hole (string). The

twisted identifications which lead to the partition sum in eq. (2.1), are given as?

(x,7) ~ (x —ifQgr, 7+ 5). (2.6)

In terms of the complex coordinates w = x 4+ i7, w = x — i7, used to describe this cylinder,
such twisted identifications corresponds to different compactifications of the holomorphic
(left-moving) and anti-holomorphic (right-moving) sectors:

(w,w) ~ (w+if+,w+ib_), (2.7)

leading to distinct left and right-moving temperatures given in eq. (2.3). For computational
purposes, in the following discussions, we conformally map the twisted cylinder (w,w) to the
complex plane with coordinates (z, z) utilizing the transformations

27

B—w — — Bgi’lf)
w—z=e’+ | w—oz=ef-

(2.8)

Under these maps, the stress-energy tensors transform as follows
2 \?2 nlc — 2r \2 - e
Twz(z)Tz—, Tw:(z)Tz—. 2.9
2.2 TT deformation and holography

In this subsection, we briefly review the salient features of a solvable irrelevant deformation
of a CF'Ts, obtained by turning on a coupling through the determinant of the stress-energy
tensor. Such theories, featuring the double-trace operator [16, 19]

(17) = é (TwT — (19)7) (2.10)

4The generators of translation along the x and 7 directions are given by —H and i.J.



not a UV fixed point

IR

Figure 1. The TT deformation is an instantaneous deformation driven by the TT operator at each
point along the deformation.

are governed by the following flow equation on flat backgrounds

dSgy o [ -
o — /d w (TT)M : (2.11)

where p > 0 is the coupling having the dimensions of length squared, and the notation (TT)
o

signifies that the operator is constructed out of the stress-tensor in the deformed theory.”
The deformed theory forms a trajectory in the 2d theory space. The initial condition on
this trajectory is given by the seed CFTs:

S(H)

= SCFT -
QFT|

-

In flat backgrounds, the T'T operator satisfies the following factorization property [16]

(17) = ¢ (T 1) — (1)) | (2.12)
leading to the trace-flow equation
(©) = 4n*u ({TN(T) - (6)%) . (2.13)

where © = Ty, = 777 is the trace of the stress-energy tensor and

1

4
T=Tww, T=Tos-

The TT deformation of a CFTy features an exactly solvable energy spectrum. For example,

for the thermal CFTy with a conserved angular momentum discussed in subsection 2.1, the
energy spectrum is given as [19, 50]

E(u, B)B = —2; (1 - \/1 + 2/i(E) +ﬁ2<J>2> . =

43
32
From eq. (2.4), when Ey = E_ = 0, we find that the ground state energy becomes ill-defined

TCp

beyond the Hagedorn temperature By = 2my/~(".

(2.14)

. . . . 65(‘1’)
5This may be achieved by replacing Thp in eq. (2.10) by Téf) = \/%T T

in the Lorentzian signa-
hab="nab
ture.



For a holographic CFTy dual to three dimensional Einstein gravity in asymptotically
AdS spacetime, its TT deformation with p > 0,° has been proposed to be dual to the same
gravitational theory in a compact region of the AdS spacetime by pushing the holographic
screen inside the bulk [19]. In other words, the holographically dual spacetime is described
by the same metric, but now satisfying Dirichlet boundary condition at a finite cut-off r.:

dr? 603 3
ds? = (344 (72 + r2habdxadxb> , r<r.= ﬁ = % ) (2.15)

where ¢ is the central charge of the undeformed CFTy related to the bulk gravitational
constant through the Brown-Henneaux relation [53]

. 3 ads
2GN

(2.16)

laqs being the AdSs radius. The subscript on the UV cut-off ¢, signifies that the dual
CF'T2 now lives on the cut-off surface at » = r.. The above holographic proposal has passed
several tests including a precise correspondence between all thermodynamic quantities, light
cone deformations, exact solutions to the RG flow as well as holographic characterization of
entanglement and correlation [19, 33, 35, 37, 41-43]. As a concrete example, the holographic
analogue of the energy spectrum (2.14) is given by the ADM energy of a rotating BTZ black
hole of mass M = (F) and angular momentum J placed inside a box r < r, with Dirichlet
boundary conditions ds?|,—., = r2dwdw [19, 54].

2.3 Holographic reflected entropy

In this subsection, we describe the mixed state entanglement measure termed as the reflected
entropy [13] and its holographic description in terms of the entanglement wedge cross-
section [14, 55]. We begin by considering a bipartite mixed state described by the density
matrix pap with support on the product Hilbert space Ha ® Hp of the individual parties.
As discussed in [13], the canonical purification of this mixed state involves the introduction of
the CPT conjugate copies of A and B, denoted as A* and B* respectively and subsequently
concocting up a pure state |\/m> on the doubled Hilbert space Ha @ Hp @ Har @ Hp+.
The reflected entropy Sgr(A : B) between the two parties may then be defined as the von

Neumann entropy of the reduced density matrix psa« = Trpp+ |1/pAB> <\/PAB’, namely
SR(A : B) = SVN(pAA*)\/m. (217)

The authors in [13] furthermore developed a novel replica technique to compute the reflected
entropy for bipartite states in integrable quantum filed theories. In order to construct the
state /pap in the replica fashion, one first considers a m-fold (m € 2Z%) replication of the
original manifold and defines the state [1,,) = | pzlé2> as the canonical purification of the
product state p'Y5. Subsequently, yet another replication in the Rényi parameter n results
in an m x n-sheeted replica manifold M,, ,,, with branch cuts present along the copies of
the subsystems A and B. Subsequently, these branch cuts are sewed under certain elements

5The bulk dual for u < 0 has recently been proposed in [51, 52] through a gluing procedure.



ga and gp of the replica symmetry group Spy,. The Rényi reflected entropy, defined as the
Rényi entropy of the reduced density matrix

P = Trppe [Ym) (Ul |

may then be obtained through a properly weighted partition function on this nm-sheeted
replica manifold as follows

1 ZIMp.m)

(A, = T3 108 g

(2.18)

Finally, the reflected entropy is obtained by analytically continuing both the replica parameters
to unity,

Sp(A:B) = lim S,(AA%),, . (2.19)

n,m—1

The authors of [13] have also established a holographic dual of the reflected entropy
through the minimal cross-section of the entanglement wedge, the codimension one bulk
region dual to the density matrix p4p [14, 55]. In particular, the holographic reflected entropy
is exactly twice the area of the minimal entanglement wedge cross-section (EWCS). In a
holographic theory, the entanglement wedge £4p is constructed as the bulk region bounded
by the extremal surface(s) I'4p computing the entanglement entropy for the bipartite state
paB, and the subsystem A U B. In the context of AdS3/CFTy correspondence, extremal
surfaces are essentially geodesics and a natural framework to compute the EWCS consists
in embedding the AdS3 spacetime in R?2:

ds® = 9 dXHdXY,  XFX,=-1, (u=1,---,4). (2.20)

In this embedding coordinate formalism, the EWCS corresponding to two disjoint subsystems
A = [X1, Xo] and B = [X3, X4] may be comprehensively obtained as [56, 57]

cosh™? <1 + ﬁ) , (2.21)

Ew(A:B)= Vo

4Gy

where v and v are defined as

" (1234 Y C14¢23
C13C2s C13Go4

(2.22)

with (;; = —X; - X; being the unique (conformal) invariant associated with the pair of points
(X4, X;). In a similar fashion, for two adjacent subsystems A = [X1, X»| and B = [X», X3],
the EWCS is given as [58]

4G N

COSh_1< 2%?3@3> . (2.23)



3 TT deformed CFT, with conserved angular momentum

In this section, we investigate the effect of T'T -deformation on the entanglement structure of
a thermal CFT5 with angular momentum defined on the twisted cylinder M. We focus on the
case with a small deformation parameter u, such that the QFT action may be perturbatively
expanded around the seed CFT,

S~ Sepr + /d2w TT - 02) 3.1
QFT CFT MM ( ) (3.1)

where (with a slight abuse of notations) 7', T and © denote the stress tensor components in
the undeformed theory. Physical quantities, such as the entanglement entropy, may now be
obtained through suitable perturbative techniques around the seed theory [33, 40-43, 59, 60].
In the following, we particularly focus on the entanglement entropy and the reflected entropy
for various bipartite states in a thermal CFTs with angular momentum deformed by coupling
with the T'T operator and subsequently study their holographic characterization in the dual
bulk theory described by a spinning BTZ black hole with Dirichlet boundary conditions
placed at a finite cut-off.

3.1 Entanglement entropy

We begin with the computation of the entanglement entropy of a subsystem A in the thermal
CFT, with angular momentum defined on the twisted cylinder M. To this end, we recall
that the replica technique to compute the n-th Rényi entropy involves the partition function
on an n-sheeted replica manifold M, with branch cuts present along copies of A which
are sewed cyclically [61, 62]:

1 ZIM,)]

Sp (A) = 1 - 3.2
(4) = plor (32)
In a TT-deformed theory, we have
(1) .
ZIM,) = [ DoeSarr(®iMil (3.3)
M

where SgF)T[CI) : M,,] denotes the action for the TT-deformed theory on the replica manifold
M,,. For a small deformation parameter y < 1, one may expand around the seed CFT,
using eq. (3.1) to obtain the following expression for the replica partition function [33, 37]

—Scrr[P]
ZIM,] iy C

ZM)" </ D@e—SCFTm)" (1 _M/Mn<TT>Mn +nu/M<TT>M +0 (ﬁ)) (3.4)
M

D TTeScrrl?]
TT)p, = 2o . 3.5
< ) DP ¢~ Scrr(®] (3:5)
My,

"Note that the trace of the stress-energy tensor © has been omitted in these expressions, since any
correlation function with a © insertion on a flat manifold vanishes identically [33].



As a result the leading order correction to the Rényi entropy S,,(A) due to the deformation
is given by [33, 37]

55 (A) = M (/ n(TT>Mn—n/M<TT>M). (3.6)

n—1
In the following we specialize to a single interval A = [(z1,¢1), (x2,t2)] on the twisted cylinder
M. To compute the expectation value (TT) = on the replica manifold, we employ the twist
operator formalism developed in [37] to obtain [61-63]

/ 1 / (T (w)T(n) (w)oy (w1, w1)on(we, Wa)) M
n M

(TT)mar = — (o (w1, 1) (w2, W2))

(3.7)

where T (w) , T (w) are the total stress energy tensors of n replica sheets, o, and &, are
the twist operators inserted at the endpoint of the interval which employ twisted boundary
conditions at their locations to cyclically sew copies of the original manifold [61, 62]. These
twist operators are conformal primaries with dimensions

he, = ho, = i <n - i) . (3.8)
In order to compute the correlation functions on the twisted cylinder M, we employ the
conformal map eq. (2.8). The resulting correlation function with stress tensor insertions
may be obtained utilizing the conformal Ward identities [37] and the conformal anomaly
in eq. (2.9). Finally we obtain

1 m2ne o \2 & he.,, 1
) e = o B on (e 5a)e [_66+2 " (Bf) 2 ((z AR 8zj>]

Jj=1

©2ne o \2 < he, 1 o i
‘ [_6,3—2 - (/3—2> Z <(5 — Ej)z * zZ— 5~azj>] {on (21, 21)0n (22, 22) -

7=1 J

(3.9)

The two-point twist correlator is given by
Cn
(Zl — 22)hgn+ho‘n (51 — 22)ho'n+ho'n

Substituting the above expression in eq. (3.9), and subsequently utilizing eq. (3.6), we may

(on(21,21)0n(22, 22))c = (3.10)

now obtain the leading order correction to the entanglement entropy by employing the
replica limit n — 1 as follows

B c\? 8t ) 22(21 — 29)? Z%(z1 — 2)°
50 ==1(53) @57 Ju ((z I CErS AN EEEA e 52>2>
4w (z+iT)
e\ st e g e (21— )
() Gk ‘”[

2w (z+iT) 2 2

A (x—1iT)

e B (21 — 52)2

+ 2w (z—iT) 2 2w (x—1iT) 2‘| ’
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Figure 2. Structure of the twisted cylinder M. The two green lines are identified which leads to the
twisted identifications in eq. (2.6).

Similar definite integrals were evaluated in [33, 37] through careful consideration of various
logarithmic branch cuts. However, in the present context, the evaluation of the above
definite integrals requires a bit more machinery and a careful investigation of the twisted
cylinder manifold. To proceed, we note that the twisted identifications in eqs. (2.6) and (2.7)
correspond to identifying 7 = Qg z with 7 = Qp x+ (14 03%) on the (7, x) plane, as depicted
in figure 2. This clearly leads to the domain of integration as in eq. (3.11). It is evident that,
if we consider a rotation by an angle y = tan~!(Qg) and redefine the x and 7 coordinates as

dY_ 1 (1 Qp)(z
<T’> 193 <—QE 1 ) <T> (3.12)

then the compactifications in the new directions correspond to the standalone thermal
identification:

T~ 814 0%, (3.13)

as depicted in figure 3. In terms of the complex coordinates (w’,w’), the earlier twisted
identifications transform to standard thermal identifications:

w ~w By 1+ 0%, W ~w =B 1+ Q% (3.14)

In other words, we now have a standard thermal cylinder on which lives a CFT5 at a finite
temperature 3. := 31/1 + 03, devoid of any angular momentum. A few comments are in order:

,10,
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Figure 3. The temporal periodicity of the thermal cylinder is obtained by identifying the two
green lines.

o First of all, the coordinate transformation in eq. (3.12) is essentially a rotation: w —
e with 6y = tan~1(Q), which is a global conformal transformation (see appendix A
for more details). Hence no information about the state is lost, only transformed to the
redefinition of the temperature.

o The bulk dual of this coordinate transformation (the Banados map) does not change
the bulk metric. Hence the underlying physics remains unaltered.

The definite integrals in eq. (3.11) reduces to the following in the rotated frame (z/,7’):

ar(z’ +ir!) 2
e P (z1—%)

7 [ ar

= x T

‘7/_00 /o 2m(a! tir!) 2/ on(l+tir))
e — 2 e :

5 +h.c (3.15)

Be

27r(ac;€+'i-r,’€)
where J = 1 is the Jacobian of the coordinate transformation and 22 =¢c Be . The
above integral was evaluated in [33, 37], with the result:®

2 / / / / =/ =/

. Be Zl + 22 Zl Zl + 22 Zl
1= ? T gl |t 2 R 1 i
T \ 2] — %5 Zo| 2] — 24 Zg

xr1—iT] | T1+iT] To—1iTy | To+iTy
<e27r(ﬁ_ +7B+ ) _ 6271’(76_ +7B+ ))

27 () —iTy) 27 (xg—iTg) 27 (xq+iTy) 27 (xo+iTo)

Transforming back to the original twisted cylinder and subsequently considering the Wick

= Be(ah — 1) (3.16)

rotation 7 = —it,Qp = —if), we obtain the following expression for the leading order

8Note that the argument of the logarithm contains the absolute value since we consider the entanglement
entropy of a boosted interval as opposed to the spatial interval considered in [37].

— 11 —
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Figure 4. Leading order correction for purely spacelike interval, in the left pannel |z21| = 20 and in
the right pannel Q = 0.5. We have set =27, py =1 and ¢ = 1.

correction to the entanglement entropy

e (x21 — Qt21) m(xo1 + t21) (291 — t21)
0S(A) = —p 1803, 5.)°7 — [coth (5+) + coth (5—)] (3.17)

As a consistency check, we find that for a vanishing angular speed, our result reduces to that
of a thermal CFTy with TT deformation [37]. For a small angular speed Q < 1 (in the bulk,
this corresponds to a very slowly spinning black hole), 6S(A) becomes

5S(A) = _HT' ((xm o) [Coth (”(9021”‘21)> + coth (”(xﬂ_tﬂ)ﬂ

1833 B B
B mc;lﬂ {@21 1) esch? <7r (t21ﬁ— 1‘21)) (a1 + 1) csch? <7T(t216+ 3321))} )
(3.18)

In the following, we analyze the behavior of (correction to) the entanglement entropy
for spacelike and timelike subsystems separately.

Purely spacelike interval. We first consider a purely spatial interval A = [(z1,t), (z2,1)].
In this case, the leading order correction to the entanglement entropy is given by

2

0S(A) = —m [coth (W;?) + coth (W;m)} (3.19)

which is always negative as the quantity inside the square braces never vanishes (recall that
2 < 1). In figure 4, we have plotted 6S(A) with respect to the subsystem size (right panel)
and the angular speed Q (left panel).

Purely timelike interval. Next we consider a purely timelike interval A = [(z,t1), (x,t2)],
for which dS(A) is given as

: 212
5S(T)( ) = prt Qg sinh [62(122;22)} (3.20)
18533(1 — 02)2 ginh (”ﬁt—il) sinh (%)

— 12 —
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Figure 5. Leading order correction for purely timelike interval, in the left pannel |t3;| = 2 and in the
right pannel 2 = 0.6. We have set § =27, y=1and c=1.

Interestingly, the leading correction to the timelike entanglement is non-vanishing for our
thermal cylinder due to the presence of angular momentum. Furthermore, contrary to the
case of spacelike interval, we find that §S(A) is always positive.” To our knowledge, this
is the first instance of a positive (leading) correction to the entanglement entropy due to
TT-deformation [33, 59]. We will have more to say about this behavior in subsection 4.1.
In figure 5, we have plotted 6S(A) with respect to the subsystem size (right panel) and
the angular speed Q (left panel).

Although the leading order corrections for a purely timelike interval remains positive,
we have verified that the total entanglement entropy for the undeformed CFT4 is always
greater than that with a 7T deformation as depicted in figure 6. Note that, in plotting
figure 6, by total entanglement entropy we mean only up to the leading order correction in
conformal perturbation theory and utilized the following result for the entanglement entropy
for an undeformed CFT;y [7]

ByB o (77(55m+7521)) sinh (M)] , (3.21)

T2€; By B

where €. is related to p according to eq. (2.15).

S(A) = 5 log

3.2 Reflected entropy

In this subsection, we compute the reflected entropy for various bipartite states in a TT-
deformed CFTy with conserved angular momentum, defined on the twisted cylinder M. A
replica technique to compute the reflected entropy in such TT-deformed theories was developed
in [43, 60], which we briefly recapitulate below. The partition function computing the Rényi
reflected entropy on the nm-sheeted replica manifold M,, ,,, may be written as follows

)

(1) .
ZIMpm) = /M D e~ Sqrrl®iMum], (3.22)

9We anticipate a non-trivial leading correction to the timelike entanglement entropy, as the presence of
finite angular momentum distorts the thermal cylinder, causing the purely timelike subsystem to no longer
align perfectly with the compact timelike direction. However, we do not yet have a conclusive explanation for
the potential positive correction. Resolving this issue likely requires a detailed analysis of the bulk construction
of timelike entanglement in the dual cut-off AdS geometry.
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2.5
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Figure 6. Comparison of the variation of entanglement entropy with subsystem size, for an undeformed
CFT, and that with 7T deformation: left- spacelike interval, right-timelike interval. We have set
Q=0.1,=2rand c= 1.

with 5’8‘ }«ET [®; M, ] being the action of the TT-deformed theory on the replica manifold M,n,.
As earlier, we consider an infinitesimal deformation around the seed CFT9, with y < 1. Then
the (normalized) replica partition function may be expanded around the seed theory to obtain

DP ¢~ Scrr[®]
Z[Mn’m] — /Mn,m ¢
(Z[Ml,m])n / D@e_SCFT[CD]
Ml,'m
X (1 —p (TT) My + 11t (TT)my,,, +O (M2>> ;o (3.23)
Mn,'m Ml,m

with (T'T) M. bearing an expression similar to eq. (3.5). Hence, the leading order correction
to the Rényi reflected entropy may be written as follows [43, 60]

55, (AA%), = P ( J 0T = [ <TT>M1,W) SR
n,m 1,m

Subsequently, performing the analytic continuation of the replica parameters n,m — 1, the
leading correction to the reflected entropy is obtained.

The expectation value of the TT operator on the replica manifold for a generic bipartite
state may be obtained by utilizing the twist operator formalism similar to case of the
entanglement entropy as follows [60]

_ B i <T(nm)(w)T(nm)(w)HiUz‘(wi,U_Ji)>M
/Mn,m <TT>Mn7m B nm /M <H10—z(wz, U_]Z)>M 5 (325)

where T("™) is the total energy tensor on the nm-replicated manifold and o; are appropriate
twist operators inserted at the endpoints of the subsystems A and B. Subsequently, the
correlation function with 7' and T insertions may be evaluated by employing the conformal
Ward identities. Similarly the expectations value for TT can be obtained for the replica
manifold M,,.
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3.2.1 Two disjoint intervals

We begin with the case of two boosted disjoint intervals A = [(z1,71), (v2,72)] and B =
[(z3,73), (x4, 71)]. Upon utilizing the conformal map (2.8) to the complex plane, the relevant
four-point twist correlators have the following large central charge structure [13, 64]

log(o) = log(oy, (21)0921 (22)0g, (23)09};1 (24))

- B 1+ /7 - L+7
~ _2th ]og(l — 7]) — 2th log(l — 77) + hgglgB log (1 — %) + hg,ZlgB log <1 — \/77

(3.26)

(21—22)(23—24)

(z1—23)(22—24) 94

corresponding to the dominant (composite) operator Tyl exchanged between Oy and og .
B

where n = is the conformal cross-ratio, h a3tes is the conformal dimension

The four-point twist correlator on the m-sheeted replica manifold may be readily obtained
from the above expression as

log(om) = log(oy,, (21)0,-1(22)0y,, (23)0,-1(24)) = 71L1_>ml log(o) . (3.27)

The conformal dimensions of these twist operators are given by [13]

nc 1 c 1
th = th = nhgm = ﬂ (m — m) y hg;lgB = E (TL — n) . (328)

Now utilizing egs. (3.25) and (3.26) and the conformal Ward identities, we may obtain the
leading order correction to the Rényi reflected entropy from eq. (3.24) as follows [43]

S 21hc [ g [(hg,—nhg, 8. (log(c)—nlog(om,))
s, =t e (PR (S )

Z—Z;

1
2y (ﬁgi—nﬁgm+azi<1og<a>—nlog<om>>>>

7—%)2 Z—%

L L6 (222 24: hy, _, B-log(o) ﬁgj,  Oslog(o)
BiB-_m\ n ~ (z—2;)? 2—2; (2—%;)? Z—Z;

2,7=1
A _

_ h 82.10g<0m>> h (9 log(om)
222 Im i Iom
”Z(<—>+ AN A=

(3.29)

Finally, taking the replica limit n,m — 1 we may obtain the leading correction to the
reflected entropy for the present configuration as follows

oy T - . 22\ (21 — 22) (21 — 23) (22 — 24) (23 — 24) .
$n(4:B) = —gory | “a / d ( o )

(3.30)

2w (x+iT) 2w (x+iT)
where, z=e¢ P+ | zZ=e #- . In order to compute the above definite integral, we again

employ the rotated frame (z2/,7') given in eq. (3.12). As a result, the definite integral under
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consideration reduces to (recall that the Jacobian of transformation is unity)

00 Be
Idisj = / dCC// d’T/
—00 0

ar(z’ +ir!)

e B \J(2h — 2)(2 — ) (2h — 2 (2 — )

27 (z! +it!) 27 (z! +it!) 27 (z! +it!) 27 (z! +it!)
e P —z)le B —zh)le B —zh)le P —2z

As earlier, we may evaluate this integral utilizing the tools developed in [33, 37] with a careful

X + c.c.

consideration of various branch cuts, resulting in

dlsjzﬂg (z1—22)(23—24) (22+21 log é +z4+Z3 log Z;} atam log ,3} z3+22 log zé)
47 (21—23)(22—2’4) zZ9—21 21 Z4—2Z3 Z3 zZ4—Z1 21 Z3—2Z9 Z9
+€2\/(%1_%2)(:3_:4) (%ﬁ%l log| 2| 212 0|21 | EtE | FatE 1% )
Ar \ (Z1—23)(Z2—24) \Z2—21 21| Za—Z3 zZ5| Za—Z Z1| Zz—Zzo 25
(3.31)
Transforming back to the original unprimed coordinates and subsequently performing the
Wick rotation 7 = —it,Qrp = —i{), the leading order correction to the reflected entropy
due to the TT-deformation may be written as
4.2
m*Be
OSR(A:B) =~ ——5—5 /; V1 (P12 + P3a — Pra — Pa3)
186282
4732
Bt~ /= _ _ _
— s P P3s — P1a — Pag ) , 3.32
1863,83\/6( 12 + P34 14 23) ( )

where we have defined the functions

Pij = (l‘ij - tijQ) coth (W) 5 75@']’ = (inj - tijQ) coth (W) (3.33)
+ —

Furthermore, in eq. (3.31), 1,7 denote the finite temperature cross-ratios:

sinh <7T(z2ﬂ17f521)) sinh (%) sinh (W) sinh (W)

+ —

sinh (%ﬁtsl)) sinh (%ﬁ“)) = sinh (W) sinh (W)

The leading correction to the reflected entropy between two boosted disjoint intervals in a

n= (3.34)

TT-deformed thermal CFT5 defined on a cylinder with temporal compactification may be re-
produced from the above expression simply by setting 8. = 6_ or = 0. A direct comparison
to the results reported in [43] serves as a strong consistency check of the above analysis.

Timelike entanglement. We now consider the case of two purely timelike intervals A =
[(z,t1), (z,t2)] and B = [(z t3), (x,t4)]. Once again, due to the presence of conserved angular
momentum, we find a non-trivial leading correction to the reflected entropy:

0Sr(A:B)
:W twcoth (52 ) ot (524 ) ~tracoh (24 —tcotn (732
% ti2¢ th( 5 )+t34coth< i > 14 Oth( 3. ) tQSCOth< ;ﬁgﬂ ;

(3.35)
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with

Ui S%Ilh (%) S?nh Uﬁt%) , o M= S%nh (722 >Smh (Tg%?)) . (3.36)
sinh (’Tﬂ"’il> sinh (%) sinh (7%31> sinh (Tgfz)

Evidently, for a vanishing angular speed 2, the leading order correction vanishes identi-
cally conforming to earlier literature [43]. However, contrary to the correction to timelike
entanglement entropy, we have found that the leading correction to the reflected entropy
for timelike subsystems is not always positive.

3.2.2 Two adjacent intervals

In this subsection, we focus on the correlation between two adjacent Lorentz boosted intervals
A =[(z1,71), (22, 72)] and B = [(x2,T2), (x3,73)]. The relevant correlation functions for the
twist operators on the replica manifolds M,, ,,, and M ,, are given, respectively, by [13]

S
I

<O'gA (Zl, 21)0_9;1193 (22, ZQ)O'ggl (2’3, 53))
—4h _ _ _ 4hg —4h
— (2m) 94 %8|z — 2z A |zy — 25| M0alz — 2] A 0a'9m (3.37)

(Om) |~ 2o (3.38)

(0g,,(21,21)0-1(23, 23)) = [21 — 22

where the conformal dimensions are given in eq. (3.28). Now utilizing the above expression in
eq. (3.25), the expectation value of the T'T operator on the replica manifolds may be readily
computed through the conformal Ward identities and the conformal map (2.8) to the complex
plane. The leading order correction to the Rényi reflected entropy for the two adjacent
intervals may now be computed from eq. (3.24) In this case using eq. (3.25) as follows [43],

55, (AA%),,

W 2mte 3 9 hg; 0, log(o) 9 h ’ 0z,log(o)

_n—l/M [_35352 (;(z ((z—gzi)Q—i_ o=z >+z EETAT AR
gm 9., log(om) =2 Egm 0z, log(om)

_Z <nz (z zz)2+ z—2z; )—nz ((2—@)24_ zZ—%; )))

=1,3
N 1672 (2222 i( hy, +3Z1.10g<0>) hy, , 95log(o)
BiB_m\ n ot (z—2;)2 z—2; (2—2]-)2 zZ—7%;
. h 0z.log(om
—nzz? Z ( gm 82110g<am>> _hgT 5+ ]_og<_a ) ) (3.39)
=13 (z—2)? Z—2 (2—%;) Z—Z;

Finally, taking the replica limit n,m — 1, we may obtain the leading order correction to the
reflected entropy from eq. (3.39) in terms of the following integral on the twisted cylinder,

SSR(A: B) = _men /M d%uw <( e = 21)(2 — 2) o+ c.c.> . (3.40)

982 52 z2—21)(z — 22)%(2 — 23
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In order to simplify the computation of the above integral on the twsited cylinder, we once
again employ the rotated frame given in eq. (3.12) to obtain

47r(:cl+i7/)

7 VAY
adJ / dfl? / dr / ( € (ZQ zl)(ZZ ZS) +c.c.

2n(z/+i7!) 27 (z/ +it!) 2 27 (z! +it!)
Be — zi e Be — zé e Be — zé

We may now evaluate the above definite integral on the regular cylinder by utilizing the

(3.41)

techniques developed in [33, 37]. After carefully addressing the branch cuts that arise during
the integration, the result we obtain for the integration is given as

/

z z z z z
Zadj:ﬂe( L+ L 1_>log/
2m \z1—29 23—21 Z1—22 2Z3—21 2]
z z z 2h
—5e< L =2 42 4 _)1g3’ (3.42)
2m \z1 —23 23— 20 Z1—Z2Z3 23— 29 2

Transforming back to the original unprimed coordinates and subsequently performing the
Wick rotation 7 = —it,QQp = —i (), the leading order correction to the reflected entropy
due to the TT-deformation may be written as

5&ﬂAJﬂ:—ﬂﬂ%%(my%mm(m&(”@m+@”>+wm(”@ﬂ_hqn

1852 57 B, B
— f:g;;g (xgg — tggg) (COth <7T(£L‘3;:—t32)> + coth (W))
B3 _
Bt B 7 (231 + t31) 7 (231 — t31)
+ 71853[3_% (x31 — t3192) (coth <5+ ) + coth (ﬁ_ >> :

(3.43)

The leading correction to the reflected entropy between two boosted adjacent intervals
in a TT-deformed thermal CFTs defined on a cylinder with temporal compactification
may be reproduced from the above expression simply by setting 4 = f_ or 2 = 0. A
direct comparison to the results reported in [43] serves as a strong consistency check of
the above analysis.

Timelike entanglement. We now consider two purely timelike intervals A = [(z, 1), (x, t2)]
and B = [(z t2), (z,t3)] in the presence of conserved angular momentum. Following the
above analysis for boosted spacelike intervals, we may compute the correction to the reflected
entropy arising from the TT deformation, which is expressed as follows,

D=8 o (£2) (22 o (22) o (22)
—t31 (Coth (gf) —coth (?)) ] .
(3.44)

Clearly the above expression vanishes identically for zero angular momentum which aligns
with the result obtained earlier [43].
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3.2.3 A single interval

Finally, we consider a Lorentz boosted single spacelike interval A = [(0,0), (¢,t)] in a CFTy
with conserved charge on the twisted cylinder M, deformed by the T'T operator. A naive guess
for the relevant correlator is a two point function of twist operators inserted at the endpoints
of the subsystem A. However, as discussed in [65, 66] in the context of an undeformed CFTy,
this requires tracing out an infinite branch cut!'® present along the complement A¢. A careful
investigation of the replica manifold reveals that such a pathology stems from a non-trivial
gluing of the replica sheets for the present configuration and hence requires the introduction
of auxiliary subsystems [65]. For the case of a deformed CFTg where the replica manifold is
essentially modified by the insertion of stress energy tensor components, one may utilize a
similar construction as in [65] and introduce two auxiliary subsystems By = [(—L, —T), (0, 0)]
and By = [(¢,t), (L, T)], adjacent to the interval A on the either sides. The leading order
correction to the reflected entropy may then be obtained with this modified setup, taking the
bipartite limit B; U By = B — A° (L — o0) as the end of calculations.

For this configuration where the interval A is sandwiched between B; and Bs, the
relevant four point correlation function of twist operators on the replica manifold M, ,,
is given as [65, 66]

<O’gB (Zl, Zl)O'gglgA (22, 22)0‘9;193 (23, 23)09; (Zzi, 54)>
i 1 fmn(n) 1 fmn(ﬁ) (3.45)
- 2h h _ 7 2h _ h 1 7
ZfZgBZ 93 9 n 94 9p Zi};nggggAlgB a 94t 9p
where, n = 17220z =20) 5 q 5 = B1=2)(EB=2) o0 the cross ratios. The functions Finm (n)

~ T (21—23)(22—24) (Z1—23)(Z2—24)
and F,,, (1) are non-universal and depend on the full operator context of the theory. These

have the following limiting values [65],
lim Frn(n) = lim Fron(7) =1, Fun(0) = Frnn(0) = Conn (3.46)
n—1 n—1

Cinn being a non-universal OPE coefficient. Now utilizing egs. (2.8), (3.24) and (3.25), the
leading order correction to the Rényi reflected entropy between A and B may be found

as follows,
6Sn(AA*)¢m
o 2rlc (on( he, | O:loglo)) | L, g 0:log(o)
n— /M[ 362 2( ; (z—zi)2+ z2—2 ; (2—2)24_ zZ—z;
h . h :
2 ( Im 2+8zz10g<0m>)_n22 Z ( 9 2+8z21_0g<_‘7m>>>
i=1,4 (Z_Zi) 2=z i=1,4 (Z_Zi) Z—Z;

1672 (2222 & hg, 9, hg — 9:1
L (”Z( sy Zog<a>> o, Belox(o)
BeB-m\ n = \(2—z) z2—2z; (2—%j) Z—Z;

, h 0z.1 m
—n 2272 ( g —|—8Z110g<0m>> ( g + J,Ogga >> >] ) (3.47)
ij=1,4

(z—2)? z—2 (z2—%;)? Z—Z;

9Such investigation in [65] was inspired by a similar pathology discussed in [67] in the context of the
entanglement negativity.

,19,



where,

log(o) = log(ay, (21, 21)0 Ty (ZQ,ZQ)Jg—lgB (23,23)0951(24,24)) (3.48)

9
log<0m> = log<0gm (2’1, 21) (24, Z4)> = _hgm 10g(2’4 - Zl) - i_Lgm log(24 - 51) . (349)

In the replica limit n,m — 1, the above expression may be simplified to obtain the following
result for the leading order correction to the reflected entropy between A and B:

5SR(A B 97;06/; / d2 Z 21,22,23,24) —I—H(Z, 21,52,23,54)) s (3.50)
Jr

where the integrand H has the following form,

1 1 1 1 1 1
e () (e e )
zZ—2z9 z—23 Z—21 Z—29 2Z—23 Z—24

Znf'(n)
— 213224(2 — 21) (2 — 22) (2 — 23) (2 — 21) ' (3.51)

2w (z+iT) 27 (x—iT) _
with, z=e %+ ,Z=-e P~ and the functions f and f are defined as,'!

C .
glogf(n) = lim ——

log[Fn ()], 5 log £ () =  lim

mn—11—n

log[Fmn ()] . (3.52)

To evaluate the definite integral, we once again apply the rotated frame (z/,7) in (3.12),
which reduces the integral into a more manageable form:

Ting = / d*w (H (2, 21, 22, 23, 24) + c.c)

27r(z +z7’)
—/ dﬂc/ dr’ [ (e Be z{,zé,zé,zfl) —|—c.c] , (3.53)

27r(z;;+i7'7€)
where z; = e~ P . Now we can compute the integral using the machinery developed
n [33, 37], leading to the result

/
Z1 Z1 z
Isin = & - - 10g =2
g /
2 Zo—21 Z1—Z23 z1
/
4
v
3

z z z
+< 2 4= ) log
29— %4 Z4—2Z3 z
23(21—24)
(23—21)(24—23)

z 2z z z
+ ( o ) log| =
Z1—XZ3 23— 29 29— Z4 Z9

21(2z9—23) , zo(z4—21) '
+ log|z1|+ log|z
<<22—zl><Z3—z1> Bl ) i) 8

24(23—22)
(24— 22) (24— 23

log |25+

)log]zﬂ)nf/(n)—kc.c (3.54)

After performing the integration, we apply the inverse map of (3.12) to return to the original
coordinate system. Next, we implement the Wick rotation and finally take the bipartite

M Note that the non-universal functions Fn, Fomn are expected to be sub-leading in the large central charge
limit [65]. However, to simplify expressions, we have extracted factors of £ and the resulting auxiliary functions
scale as f, f ~ O (%)
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limit L. — oo to obtain the first-order correction to the reflected entropy for a boosted
spacelike interval as follows,

dSR(A: A% = _M;;f;(g_m) [coth (”%j”) +coth (71—(éjt)> _2] .

The leading correction to the reflected entropy for a single Lorentz boosted intervals in a
TT-deformed thermal CFT5 defined on a cylinder with temporal compactification may be
reproduced from the above expression simply by setting 5+ = - or Q = 0, which may be
checked against the results reported in [43].

Timelike entanglement. We now consider a purely timelike interval A = [(0,0), (0,¢)] in
a thermal CFT5 in the presence of a conserved angular momentum. In this timelike scenario,
the time direction is compactified, so no auxiliary intervals appear. The relevant correlation
function in this case therefore simplifies to a two-point function. Therefore, the correction
term to the reflected entropy in a CF'Ty with a conserved charge can be computed, similar
to the case of entanglement entropy, as follows:

6SE (A A9 = MJ;;;Z_ISQ {coth (Z) — coth (g)] . (3.56)

Note that when the angular momentum vanishes, the leading order correction to the reflected
entropy becomes zero, aligning with the known result [43] for a single timelike interval.

4 Cut-off AdS holography

In this section, we investigate the holographic characterization of entanglement and correlation
in the TT-deformed CFT, with conserved angular momentum utilizing the cut-off proposal
of [19] discussed briefly in subsection section 2.2. The holographic dual of the TT-deformed
CF'T; defined on the twisted cylinder is described by a non-extremal rotating BTZ black hole
geometry in the bulk with line element (we have set the AdS radius to unity, aqs = 1)

2 2\ (2 .2 2 2
ds?=— (7“ T+) (7“ r_) dt?+ 5 5 dr?+1r? (dx— M- dt)
r2 (r2—r%) (r2—r2) r2
2 2 .2 2 .2
r o (rF—ri) 9 (r*—r2) 2
= (rz—ri) (r2—r2_)dr — (ri—r%) (redt—r_dx) +7(7ﬁ—r2_) (rode—r_dt)”. (4.1)

In the above metric, 7+ denote the outer and inner horizons respectively and the spatial
and temporal directions are compactified as follows

r~x— PR, t~t+i8, (4.2)

where the angular speed €2 and temperature 8 of the black hole are related to the horizon

radii as follows!?

2mry r_

18 ri—rz’ T+ ( )

12The ADM mass and angular momentum of the rotating black hole may also be written in terms of the
horizon radii (cf. appendix A for more details),

M:ri—&—rz_, J=2ryr_.
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One may define the effective left and right moving temperatures form the above relations:

2T

5i=5(1i9):m7'

(4.4)

According to the holographic correspondence discussed in [19], the dual field theory is
located at the asymptotic boundary r = r. (cf. eq. (2.15)) and the metric on this holographic
screen is given by

(2 12) (2 12)
d82 = —ﬁ (T+dt — 'I"deE)Q + m ('I"+dﬂf — T'fdt)2 (45)
+ - + -

Interestingly, the above metric may be recast in a conformally flat form by performing
the conformal map

1
= (ryp—rt), = (ryt—r_z). (4.6)
Ty —r T%r -r

Utilizing eq. (4.3), it is evident that this is nothing but the rotation of the twisted cylinder
given in (3.12). In these coordinates, the metric on the conformal boundary is given by'?

2
re—T

ds® ~ — (dt')* + (di')* = — (at')* + (dz')* | (4.7)

ERCIEEN]

TE—T

where, we have defined the conformal coordinate
9 9\ —1/2
ré—r
=7 <;;> . (4.8)
TZ— 14

From the periodicity of the timelike coordinate ¢/, it is evident that the boundary theory has
the effective inverse temperature'® 8, = fv/1 — Q2 conforming to our finding in eq. (3.13).

3Note that the metric ~;; of the boundary theory is not identical to the induced metric h;; on the cut-off
surface; they differ by a constant Weyl factor

hij = (re — 13 )yi; -

This is done to identify the periodicity of the physical time coordinate ¢ on the boundary, with the temperature
B of the black hole in the cut-off bulk geometry [33]. We stress on the fact that the temperature and angular
momentum of the cut-off bulk geometry are identical to those in the T'T-deformed boundary theory, as dictated
by the cut-off dictionary [19]. This is in contrast with the mixed boundary conditions prescription of [47],
where the bulk and boundary temperatures are different.

“In fact, the coordinate transformations in eq. (4.6) together with the redefinition of the holographic

coordinate r — R = /72 — 2 | the metric in eq. (4.1) may be recast into the form of a non-rotating BTZ
black hole
2 dR? 2 2 N2 201 1\2

with horizon at Ry, = /r3 —r2. This in turn, implies that the kinematics of a rotating BTZ black hole with
Hawing temperature §~! is equivalent to that of a non-rotating BTZ black hole with an effective inverse
temperature B = —=E— = 3/1 — Q2, where in the second equality, we have utilized (4.3).

NG
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The rotating BTZ black hole may be embedded in R?*? according to eq. (2.20) utilizing
the following coordinate transformations

2 _ 2
X1 = ﬁcosh (roxz—r_t),
e —rs

2 _ 2
X9 =/ ——5sinh (rot—r_x)
2T\ 22 (rs )
2 _ 2
X3 = ”ﬁsinh (rox —r_t),
+ —
r2 —r2
Xy = o) cosh (rqt —r_z) . (4.9)
+ —

In the following, we will utilize the above embedding coordinates to compute lengths of
various extremal curves (geodesics) in the cut-off rotating BTZ geometry.

4.1 Holographic entanglement entropy

In this subsection, we compute the holographic entanglement entropy utilizing the Ryu-
Takayanagi prescription [5, 6] extended to a BTZ black hole spacetime with a finite radial
cut-off. Consider the boosted subsystem A = [(z1,t1), (z2,t2)] on the twisted cylinder. The
length of the geodesic connecting these endpoints may be obtained utilizing the embedding
coordinates in eq. (4.9) as follows

£ = cosh™ (C12) = cosh™! (—=X1-Xo), (4.10)

where (12 is the unique conformal invariant associated with the endpoints X" and zf; of
our subsystem, written in the embedding coordinates. Utilizing eqs. (4.8) and (4.9) this

invariant may be computed as

7“3—7“3_ r2—r2 (r?—ri)(ri—r%)
Cla= (ri—r% cosh [\/T’_Q,_—’I“Q (té—t'l)} — 77&_ 7 cosh 2—12) |t — )

2 2 2 2 2 2

ri—r ré—rs r2—r

== —5 cosh (r_xo1 —ryte1)— [ 5——= | cosh ;7;(743521—1",2521) . (4.11)
ry—rs ri—T re—r-

where, in the second equality, we have inverted the coordinate transformation (4.6). Now using
the Ryu-Takayanagi prescription'® and the holographic dictionary in eq. (2.15), we may obtain
the holographic entanglement entropy for the single interval under consideration as follows

1 2 27 (to1 — 1219
cosh™! lﬂ(l—QQ) ( (ﬂﬁrQ (192)2> cosh {g;ll_(;l))} (4.12)

2. B 2\?2 om(xo1—121Q) | 4m2i—p2(1—-02)?
_<Q “_Tyﬂ(l_ﬂ ) )cosh[ B (1-02) J4ﬂ292ﬂ—[32(1—92)2

5Note that the RT prescription is still applicable in the cut-off AdS holography, as discussed in [38].
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where we have defined a re-scaled deformation parameter i = %. Note that the above

expression is non-perturbative in the deformation parameter ji. We have verified that the
entanglement entropy in eq. (4.12) violates the strong sub-additivity property which indicates
that the field theory is non-local. We have also computed the C-function which decreases
monotonically with the subsystem size which set the scale for the holographic renormalization
group flow, thereby validating Zamolodchikov’s C-theorem [68]. We refrain from quoting
the analytic expressions here as they do not provide significant insight.

In order to compare our holographic result in eq. (4.12), we now consider the limit of a
small deformation parameter, which corresponds to a large cut-off radius r.. The leading
order correction to the entanglement entropy due to the deformation is then given as

) = gog [ st (T2 o (e ) 419
2 o (T ) o (2=t
) 5(?_“9) (1 9%) = (1 - %) cotn (T2 ) o (T2t ]

where €. = \/fi is the UV cut-off in the dual field theory. Since the bulk rotating BTZ
black hole is dual to the deformed CFT5 in the limit of high temperatures,'® we may further
consider the limit 5 < |z91|, t21. Dropping the third term, the above expression is easily seen
to match with our perturbative field theoretic computations in eq. (3.17).

Timelike entanglement. We now consider the case of a purely timelike interval A =
[(z,0), (x,t)]. As described in [49], for a real Euclidean theory, the corresponding Lorentzian
metric becomes complex valued under the analytic continuation of the inner horizon r_ — ir_
and consequently, the entanglement entropy in eq. (4.12) also becomes complex-valued and
should be interpreted as a pseudo entropy [70]. This is manifestly seen from the perturbative
expansion in eq. (4.13), as |z21| — 0 the argument of the logarithmic term becomes negative
and hence procures a imaginary part,

ST (A) = glog [igf; sinh (;Z) sinh (;t)] + gm'

+ m [coth (;ﬁ) + coth (;i)} . (4.14)

In the above expression, the first two terms correspond to the timelike entanglement entropy
for an undeformed CFTy on the twisted cylinder [48, 49] having an UV cut-off €., while
the rest of the expression corresponds to effects of the TT-deformation as the holographic
screen is pushed inside the bulk. Utilizing the holographic dictionary (2.15), the above
expression may be straightforwardly seen to match half of the reflected entropy obtained
in eq. (3.20). Furthermore, as discussed earlier, the leading order correction due to the

'6This may be understood as the extension of the Hawking-Page phase transition [69] to the case of cut-off
AdS holography. Note that similar arguments have been utilized in earlier literature [33, 37, 41-43], in order
to match bulk and boundary answers.
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deformation remains real-valued and positive for the timelike subsystem. This seems to
reflect the spurious fact that the spacelike part of the corresponding RT surface gets larger
despite the inward displacement of the holographic screen, which may be ameliorated by the
re-scaling of the UV cut-off of the dual field theory as seen from eq. (2.15).

4.1.1 Bounds on p and Hagedorn behavior

Now we investigate the reality of the holographic entanglement entropy in eq. (4.12). In
particular, the reality puts a sharp upper bound on the (re-scaled) deformation parameter:

o B2(1 - 0?)?
B < Hmax = TA202 (4.15)
Note that, at i = [imax the entanglement entropy diverges. Furthermore, there exists a
universal zero of the holographic entanglement entropy at the value

2
fio= 51— 0%)2. (4.16)
Evidently, at i = [ig the spacelike geodesic computing the HEE becomes null. Furthermore,
we have checked numerically that beyond [iy the HEE becomes complex valued for a certain
window, depending upon the size of the subsystem under consideration.

For purely spacelike subsystems on a constant time slice, we have plotted the entanglement
entropy against the strength of deformation in figure 7. Note that for certain subsystem
sizes, the HEE exhibits a gap in its spectrum, where its value becomes complex. However,
there exists a critical size when the gap closes up. Furthermore, the zeros of the HEE change
branches below and above this critical size. It will be interesting to further investigate the
physical origin of such phenomena.

On the other hand, for timelike subsystems, even without the TT-deformation, the
entanglement entropy is complex-valued as described in [48, 49], which may be interpreted as
a pseudo entropy. With TT-deformation, the timelike entanglement entropy also captures
the essence of the spectrum being complex-valued. In figures 8 and 9, we have plotted the
real part of the timelike entanglement entropy for various sizes of the subsystem with respect
to the spin Q of the black hole as well as the deformation parameter fi. Similar to the case of
spacelike intervals, we found that for different sizes of the timelike subsystem, the plot of the
HEE with respect to (i exhibits a band-gap. Once again, for a critical size this gap closes up.

It is also instructive to analyze the reality of the holographic entanglement entropy for a
deformed thermal CF Ty with zero angular momentum dual to a non-rotating BTZ black hole
with a finite radial cut-off. Setting the angular speed 2 = 0 in eq. (4.12), we may obtain the
holographic entanglement entropy for a boosted interval in a TT-deformed thermal CFT,
dual to a non-rotating BTZ black hole as follows

1 1 B2 2mtor (2 2mx01 42
S(A) = Gn cosh [(1 4772ﬂ> cosh( 5 ) + % cosh 5 1 7 )

(4.17)
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Figure 7. Plot of holographic entanglement entropy for a single interval on a constant time slice
with respect to the strength of deformation fi. Top panel: |z91] =1, Q = 0.65, 0.6, 0.55; bottom panel:
Q' =0.65, |z21] = 1,3,5. We have set 5 =27 and 4Gy = 1.
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Figure 8. Variation of holographic entanglement entropy for a timelike interval with respect to the
strength of deformation fi. We have set ©=0.5, 8 =27 and 4Gy = 1.
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Figure 9. Variation of holographic entanglement entropy for a timelike interval with respect to the
angular speed ; we have set |t21] = 2.0, 8 =27, 4Gy = 1.
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Figure 10. Plot of HEE against /i for a non-rotating BTZ black hole. We have set 8 = 27, |xa1| = 1.

which may be checked against the non-perturbative holographic results in [33, 37] for the
case of a single interval on a constant time slice. Similar to the rotating case, we found that
the upper bound to the strength of deformation is given by

/82

ok (4.18)

fio =
However, contrary to the rotating case, at [ip the HEE vanishes and beyond jig it becomes
complex valued. Interestingly, this value of {i corresponds to the Hagedorn temperature
where the ground state energy is ill-defined.!” In this connection, (4.16) may be regarded
as the spinning analogue of the Hagedorn behavior.

4.2 Entanglement wedge cross-section

In this section, we compute the bulk EWCS for various bipartite mixed states in the rotating
BTZ geometry with a finite radial cut-off dual to the TT-deformed CFT5 with conserved
angular momentum. We expand our holographic results about the seed theory for a small

"Note that this is contrary to the findings in [46], where the authors employ the mixed boundary condition
proposal of [47] to obtain divergent behavior of entanglement at the Hagedorn temperature.

— 27 —



deformation parameter and find agreement with our field theoretic computations in the
large central charge limit.

4.2.1 Two disjoint intervals

We begin with the case of two disjoint boosted intervals A = [(x1,t1), (x2,t2)] on the twisted
cylinder, as depicted in figure 11. We consider the case of a connected entanglement wedge.
The green curve depicts the corresponding EWCS. We may obtain the area of the EWCS
corresponding to the mixed state pap utilizing the embedding coordinate formalism. The
invariant dot product (;; may be obtained similar to eq. (4.11) and subsequently the EWCS
may be obtained by utilizing eq. (2.21).

We now consider the limit of a small deformation parameter ji = % as well as the
high temperature limit 8 < |z;;],t;; to obtain the leading order correction to the EWCS

due to the deformation as follows

cosh™! l L+ v

1
L Te EDIED)
) B i

2GN7“25_2~_B% (\/?7 + \/77)
a pr’
2GNT26% 82 (v + 1)

[Pa1 + Py3 — P3p — Py

(P31 + Pag — P32 — Py (4.19)

where we have defined

Pij =Py + 75ij = (245 — Qt4j) {coth (W (ij + tij)) + coth (F (i — tij))} (4.20)
B+ p-

and n, 7 are the finite temperature cross-ratios given in eq. (3.34). The first term in eq. (4.19)
corresponds to the EWCS corresponding to two disjoint boosted intervals in an undeformed
CFT, located at the asymptotic boundary r — oo of the bulk spacetime. On the other hand,
the rest of the terms may be seen to match identically with the field theoretic results in
eq. (3.32) upon utilizing the holographic dictionary in eq. (2.15) and the Brown-Henneaux
relation in AdS3/CFTy [53].

Timelike entanglement. We now consider the correlation between two purely timelike
subsystems A = [(x,t1), (z,t2)] and B = [(x, t3), (z,t4)] having a timelike separation between
them. However, a precise geometric construction of a timelike entanglement wedge in the spirit
of [48, 49] remains elusive. We proceed along the lines of [43] and consider a straightforward
analytic continuation of the result (4.19).

1 _ 14+ 1 _ 147
ED(A:B)= h1< ) b hl(
w( ) Cn cos - +4GN cos -

B fip [tlgcoth(ﬂw)th?"‘COth( 3. ) —t14 oth( £+ > t2300th< ﬂt 3)

2GNT2BR 2 B+ +
571'3 ﬁt 7Tt12 7Tt14 7Tt23
+72G]v7"2ﬂiﬁ% [t12 coth ( 3. )+t34 coth (B) —t14 coth <ﬁ> —tog3coth <ﬁ >:| ,

(4.21)
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Figure 11. Schematics of two boosted disjoint intervals A = [(x1,t1), 22,t2] and B = [(z3,t3), (T4, t4)]
in the cutoff rotating BTZ geometry. The two shaded planes represent the holographic screens before
and after the deformation. The interior of the black hole is shaded green. Figure modified from [43].

where the cross-ratios 7, 7j; are defined in eq. (3.36). Note that, contrary to the non-rotating
case discussed in [20, 43|, the timelike EWCS for the present configuration gets a non-trivial
contribution due to the TT-deformation. Furthermore, the timelike EWCS is manifestly real
indicating no timelike segment in the geometric construction.

4.2.2 Two adjacent intervals

Next, we examine the case of two adjacent intervals, A = [(z1,t1),(x2,t2)] and B =
[(x2,t2), (z3,t3)], on the twisted cylinder. The cutoff rotating BTZ geometry is illustrated
in figure 12. The entanglement wedge corresponding to the reduced density matrix pap
is always connected and the EWCS is depicted as the green curve. By utilizing eq. (2.23)
and the embedding coordinates for the rotating BTZ geometry provided in eq. (4.9), the
EWCS between the two adjacent subsystems can be computed in a straightforward manner
as earlier. To make connection with the field theoretic computations, we again make the
assumption of a small deformation parameter i as well as consider the high temperature
limit to obtain the leading order expression of the EWCS as follows

[ )
O
8GN & TEe Sinh<ﬂ(w31+t31))
B+

. 1 log 28_ sinh (7ﬂ(x2é:t21)) sinh <7ﬂ(x3,82:t32))
0
8G c : m(z31—t31)
N me smh( 3&_ 31 )
N B
4G NT2 (B-B1)

5 (P21 + P32 — Ps1) (4.22)

where P;; is defined in eq. (4.20), and we have utilized the holographic dictionary (2.15) to
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Figure 12. Schematics of two boosted adjacent intervals in the cutoff rotating BTZ geometry. Figure
modified form [43].

incorporate the UV cut-off €. of the dual field theory. In the above expression, the logarithmic
terms may be identified as the area of the EWCS corresponding to two adjacent subsystems
in the undeformed CFT9 with an UV cut-off .. On the other hand, the subleading terms

2 correspond to the leading correction due to the TT-deformation which

proportional to r_
may be checked against the corrections to the reflected entropy for the present configuration

obtained in eq. (3.43) through conformal perturbation theory.

Timelike entanglement. For two purely timelike adjacent intervals A = [(x, 1), (x,t2)]
and B = [(z,t9), (z,t3)], the bulk entanglement wedge may be identified as the region of
spacetime bounded by two spacelike and one timelike geodesic segments computing the
entanglement entropy of AU B [48, 49]. We may compute the minimal EWCS by analytically
continuing the result (4.22) for boosted spacelike intervals as follows

1 464 sinh (”tﬂ) sinh (’“‘82) sinh (ﬂ'til) sinh (LEQ) .
EI(/IT) (A : B) - 8GN log [ 71';65 B+ sinh (%) sinh (72531) B + 4ZTN
w60

to1 <coth (W;il) — coth <7T;21>>
+ t39 (coth (?) — coth (?))
—t31 (coth <7Zil> — coth (?)) 1 . (4.23)

Once again, in the above expression, the leading order term correspond to the timelike EWCS

AGNT2 (B-B+)?

corresponding to an undeformed CFTy with cutoff ¢,. On the other hand, the subleading
terms are easily seen to match with the corresponding correction to the reflected entropy
computed through conformal perturbation theory in eq. (3.44). Furthermore, the presence
of an imaginary part signifies a timelike geodesic segment in the bulk construction for the
minimal EWCS.
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Figure 13. Schematics for the upper bound to the EWCS corresponding to a single interval in the
cutoff rotating BTZ geometry. Figure modified from [43].

4.2.3 A single interval

Finally, we consider a single boosted subsystem A = [(0,0),(£,t)] in the TT deformed
thermal CFTy with a conserved charge defined on the twisted cylinder M. As described
in subsection 3.2.3, the computation of the reflected entropy for the present configuration
requires the introduction of two large auxiliary intervals By = [(—L,—T),(0,0)] and By =
[(¢,t), (L, T)], both adjacent to A as shown in figure 13. Following this, the bulk codimension
one entanglement wedge dual to the reduced density matrix pap with B = By U Bs may be
constructed utilizing the RT surface corresponding to A U B. We may then determine an
upper bound of the EWCS between A and B using the following expression [65, 71],

Ew (A:B)=FEw (A: B))+ Ew (A: By) (4.24)

The upper bound of the EWCS for the given Lorentz boosted interval in the thermal CFT5
with conserved charge may then be obtain by applying the bipartite limit B — A€, namely by
sending the auxiliary intervals to infinity, L — oo. In this scenario, as A and B; are adjacent,
we may utilize the result (4.22) from the previous subsection, to obtain

i () s h (=) h a(L+T)\ .. h m(L=T)
m sy = s 3 2 CE DR LR L B o )
+ _

3B (L —TQ) (coth (%) 1 coth (ﬂ%ﬁi—?‘)))
- AGNT2 (B-B4)2
3B (0 — 1) (coth (%r”) + coth (W%i#)))
4GNT2 (B-By)?
w6 (¢ + L— (¢ +T)Q) (coth (ML) 4 ot (7T

B + ))
4GNTE(B-B4) 2 (4.25)
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(4.26)

The upper bound of the EWCS for the single boosted subsystem with angular momentum
can now be obtained by applying the bipartite limit L — oo as follows

1

- e 4646 . m(l+1)\ . T(l—=t)\]  m(—Q1)
Eyw (A: A% = 1Gx log 22 sinh (5+ ) sinh ( 7 ﬂ 2GN A= )
3 / 0 —
_ 2‘611;2’;_%62(6 — Q) {coth (W(ﬁi_ t)) + coth (ﬂ-(,@’_ t)> — 2} . (4.27)

As earlier, the first two terms in the above expression correspond to the (upper bound to the)
EWCS corresponding to a single interval in the undeformed CFT3 with a modified cut-off

2 correspond to the corrections due

€. [65], whereas the subleading terms proportional to r_
to the TT-deformation. utilizing the holographic dictionary (2.15) and the Brown-Henneaux
relation, the subleading terms may be identified with the corresponding corrections to the
reflected entropy obtained from conformal perturbation theory in eq. (3.55). Note that the
non-universal functions f, f are expected to be sub-dominant in the large central charge limit
and hence do not appear in our holographic computations.

Interestingly, the above expression for the EWCS corresponding to a single interval in

the TT-deformed CFT5 on the twisted cylinder M may be recast in the instructive form
1

Ew (A: A°) = S(A) — S™(A) + log2, (4.28)

where S(A) is the corresponding entanglement entropy and S'™(A) represents the ther-
mal entropy

o m(l=Qt) w2 el — Q) 212
S = ag s - o) (1 - rz/m_) ~ 35(1— ) (1 = QQ)) - 4a)

The above expression indicates that the thermal entropy gets non-trivial correction due to

the TT deformation. This may be interpreted in terms of the wrapping of the corresponding
HRT surface around the black hole horizon. As the holographic screen is pushed inside the
bulk, the portion of the HRT surface wrapped around the black hole horizon decreases.
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Timelike entanglement. We now consider a purely timelike interval A = [(z,0), (z,t)] on
the twisted cylinder with a compactified time direction. Hence, contrary to the spacelike
subsystem considered above, in this case no auxiliary subsystems are needed to remove the
pathology of tracing out an infinite branch cut. Furthermore, the entanglement wedge for
the present configuration may be identified as the bulk region bounded by the collection of
extremal surfaces computing the entanglement entropy of A, as demonstrated in [48, 49].
As a result, the minimal EWCS reduces to the HRT surface homologous to the subsystem
under consideration. The length of such extremal surface has already been computed in
subsection 4.1 with the result (4.14). Upon utilizing the holographic dictionary in eq. (2.15)
and the Brown-Henneaux relation in AdS3/CFTy, the EWCS matches identically with half
of the reflected entropy for the present configuration.

4.3 Holographic mutual information and Markov gap

In this subsection, we report the leading order corrections to the holographic Markov gap [72]
due to the TT deformation. The Markov gap, defined as the difference between the reflected
entropy and holographic mutual information, is related to the fidelity of a specific Markov
recovery process concerning the canonical purification of a given mixed state. Furthermore,
in [72], it was posited that in holographic theories, the Markov gap is bounded in terms of
the number of non-trivial boundaries of the EWCS as follows

log 2
2G N

h(A:B)=Sr(A:B)—1(A:B) > lags x (boundaries of EWCS) + O <1> .

Gn
(4.30)

In the following, we observe that deforming a CFTy with the TT operator does not always
lead to finite corrections to the Markov gap.
4.4 Disjoint intervals

For the case of two disjoint boosted intervals with a connected entanglement wedge, the
holographic mutual information may readily be obtained from eq. (4.13) as follows:

I(A:B)=S(A)+ S(B)—-S(AUB)
1 o nn _ m4Bc?
- 1 g[(l—n)(l—n)} M8 (B8

4G N
where, we have defined P;; = P;; + 75@, and the functions P, P are defined in eq. (3.33).
Utilizing egs. (3.32) and (4.19), we may now compute the leading order correction to the

(P1g +Pgy — Py —P23) ,  (4.31)

holographic Markov gap as follows
h(A:B)=Sr(A:B)—I(A: B)

~ Clog <1+ﬁ7>2<1+\/ﬁ)21
6 i
7T4,362
B e~ - 1) (P Psy — Py — P
M18(5+,3_)2 (\/ﬁ )( 12 + P34 14 23)
71’4,802 _ B - - )
STICEE (Vi = 1) (Pr2 + Pos = Prs —Pas) (4.32)
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Note that the inequality (4.30) is obeyed even after deforming the theory with the TT operator
(recall that the cross-ratios lie within 0 < 7,77 < 1). The corresponding correction to the
Markov gap for tow disjoint boosted intervals in the absence of a conserved angular momentum
may be obtained by setting 8+ = f—. Furthermore, we observe that for purely timelike
subsystems on a spatial slice, the correction to the Markov gap is always positive indicating
a better Markov recovery compared to the undeformed CFT,. It would be interesting to
investigate the physical origin of such behavior along the lines of [72].

4.5 Adjacent intervals

Next we consider the case of two adjacent boosted intervals, discussed in subsection 4.2.2. As
earlier, the holographic mutual information may be obtained from eq. (4.13) as follows

3, 3_ sinh (%) sinh (m> sinh (M> sinh (M)

¢ B+ B- B
I(A:B)=-1
( ) 6 og 71'263 Sinh(W(méjt?’l))Sinh(ﬂ(q’,?’éjt?’l))
aseten
— (P94 Py —P 4.33
185353( 12+ P23 —Py3) (4.33)

Utilizing egs. (3.43) and (4.22), the holographic Markov gap for the present configuration
may now be obtained as

hA:B) = §10g2. (4.34)

Interestingly, in this case the holographic Markov gap is given by a constant irrespective
of the strength of the deformation. This is also evident from eq. (4.32) as the adjacent
limit is approached as n,7 — 1.

4.6 Single interval

Finally, we investigate the leading order correction to the Markov gap for a single interval
on the twisted cylinder. We utilize the monogamy of holographic mutual information [73]
to obtain

I(A: B1By) > I(A: By) + I(A: Bo)
ﬁ2 82 sinh? ( m(£+t) )Smh ( m(— t)) sinh (M) sinh (W(L—f—T‘*‘t))]
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2 s (20 ()

= 6log
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NlSﬁiﬁz (L+¢—QT +1)) coth( 3, )—i—coth( 5 ﬂ

i m(L—0+T—t) m(L—0—T+1)
+,u1863rﬁz (L—0—QT —1)) {coth( 3, >+c0th< 5 ﬂ

(4.35)
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Subsequently, employing the bipartite limit L — oo, we obtain the following lower bound to
the mutual information between the single interval and its complement:

BB sinh (W(€+t)> sinh (W(g - t)>] - BB(%C(E_ Q1)

I(A: A% > glog

722 By B - )
43,2

— u%(ﬁ — Q1) [coth (W) + coth <7T(Z_t)> — 2] (4.36)
+P= + -

Now, from eqs. (4.13) and (4.27), we may obtain an upper bound to the holographic Markov
gap for the present configuration as follows:

hA:B) < §10g4. (4.37)

Note that the inequality (4.30) is saturated owing to the two boundaries of the (upper bound
to the) EWCS. Once again, the Markov gap is independent of the deformation parameter .

5 Summary and discussion

To summarize, in this article, we have investigated the mixed state entanglement and
correlation structure in a TT-deformed thermal CFTy with a conserved angular momentum
defined on a twisted cylinder with complex identifications. In particular, we have investigated
the entanglement entropy and the reflected entropy in such deformed CFTy with a particular
focus on Lorentz boosted subsystems. We have extended the conformal perturbation theory
developed in earlier literature to the case with a conserved charge through a coordinate
rotation that effective changes the complex period of the twisted cylinder. In particular, we
obtained a CFTy defined on a cylinder with temporal identification whose bulk dual geometry
is given by a non-rotating black hole with an effective temperature which encapsulates the
essence of rotation. Utilizing this rotated frame, we obtain the leading order correction to
the entanglement entropy and the reflected entropy for various bipartite mixed states in
the TT-deformed theory with conserved angular momentum. We have also investigated the
timelike entanglement in such field theories, and found that the leading corrections for timelike
subsystems remain positive, in contrast to the cases with boosted spacelike subsystems.

The holographic dual of the TT-deformed theory defined on the twisted cylinder is
described by a rotating BTZ black hole with a finite radial cut-off. We have obtained
the holographic reflected entropy through the Ryu-Takayanagi prescription by obtaining
the induced metric on the cut-off surface through the coordinate rotation discussed above.
Interestingly, the holographic entanglement entropy is complex valued and imposing its
reality puts an universal upper bound to the strength of the deformation. Furthermore,
there also exists an universal zero of the entanglement entropy which might be related to the
Hagedorn behavior of the theory. Furthermore, we have found that TT-deformed CFTy have
a complex entanglement spectrum and violates the boosted strong sub-additivity property of
entanglement entropy, thereby exhibiting non-locality. We have also obtained the minimal
cross-section of the entanglement wedge, holographically dual to the reflected entropy, in
the cut-off BTZ geometry. Interestingly, to the leading order in the deformation parameter,
all our holographic results match identically with earlier field theoretic computations from
conformal perturbation theory.
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In this study, we have restricted ourselves to finite temperature systems. However, the
entanglement properties of a TT-deformed CFTy with conserved angular momentum at
zero temperature may be obtained by taking appropriate limits of our finite temperature
results. The bulk dual geometry is described by an extremal rotating BTZ black hole with
a finite radial cut-off. Due to the presence of spin, observables in such theories depend on
an effective Frolov-Thorne temperature BF_% For example, the leading order correction to
the entanglement entropy of a Lorentz boosted interval A = [(0,0), (z, )] may be obtained
from eq. (3.17) by taking the limit 5 — oo and subsequently setting 2 = 1,

w3 (x—t
i ()

The above result is supported by the extremal limit of the holographic computations for the
non-extremal black hole, performed in subsection 4.1. However, a concrete field theoretic
interpretation of the above result is still illusive, and the known perturbative analysis in [33, 37]
seems to indicate a vanishing contribution from the TT operator insertion. Moreover, a
straightforward holographic computation of the HRT surface utilizing the extremal BTZ
metric does not seem to align with the above result. We hope to return to this issue in
the near future.

There are several other open issues related to our study. It will be interesting to study
other mixed state entanglement and correlation measures such as the entanglement negativ-
ity [11, 12], the balanced partial entanglement [15] and the entanglement of purification [14],
in the context of TT-deformed CFT, with conserved charges holographically dual to rotating
black holes with finite radial cut-offs. Interestingly, in a recent article [74], the authors have in-
vestigated the TT deformation of holographic boundary conformal field theories extending the
island formulation of the black hole information loss paradigm to TT-deformed baths coupled
to semi-classical gravity. The mixed state entanglement structure in Hawking radiation in such
a non-conformal bath may be studied through the island framework for the reflected entropy
introduced in [75, 76]. It will also be interesting to explore different holographic descriptions
of TT-deformed CFTs in this context, such as the mixed boundary condition proposal of [47].
Perhaps a more profound understanding of the non-local properties of the TT-deformed CFT5
requires non-perturbative field theoretic computations of the entanglement properties, maybe
along the lines of [35, 44]. We leave these interesting open issues for future investigations.
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A On rotating BTZ

In this appendix, we recollect some details on the (Euclidean) rotating BTZ black hole
with complex periods. The Euclidean rotating BTZ metric in the Schwarzschild coordinates
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is given by

2 2V(2 4 &2 2
- +72) r Ty
d 2 _ (T T+)(T d 2 d 2 (d + d 2) Al
s 2 T +(r2—ri)(r2+f%) r? +r? (do + ), (A.1)
where 7 = ir_ and the complex period

(z,7) ~ (x —ifQp, 7+ P)

is related to the inner and outer horizon radii through eq. (4.3). We may recast eq. (A.1)
in the Fefferman-Graham form

a5z = 1 (dw + pLo(w)dw) (dw + pLo(w)dw) (A.2)
4p2 p 0 0 ) *
by choosing
1 2 = 1 - 72

Lo = 4(7”++““ )? = gL LOZz(M—W—)z:ﬂ?a (A.3)

and redefining the radial coordinate as

1 _ _

r? = p + Lo+ Lo+ pLoLy. (A.4)

Note that, any general asymptotically AdS3 solution may be written in the Fefferman-
Graham expansion
dp? 1 2 4
ds® = 12 + gapdadz’,  gap ;gib) + 9%+ paly) (A.5)
where the expansion coefficients gg) and g[(:;) may be algebraically obtained from the seed

metric gC(Lg) by Employing the Einstein equations. Incidentally, the form (A.2) is an example

( (2)

of the Fefferman-Graham expansion with a flat seed metric g b) In particular, g ;" determines

the seed expectation value of the CFT stress tensor as [77-79]
gy = 8nGy (T = T[T )gl)) . (A.6)

From the above holographic stress tensor, one may obtain the holographic mass and angular
momentum as

(0) _ Cla -2
/ dl’T (LO -+ Lo) 3 (7"+ r_)
J= / da T = —zf(Lg —Lo) = S (A.7)

We may obtain a generic torus background by making a coordinate rotation

w— ew =, (A.8)

! cosf —sinf\ [z
(7”) N (sin@ cosé ) (7’) (A-9)
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or, equivalently



The periods are transformed accordingly as

I _ [cosB —sinf B
<_B’Q’E> B (sin& cos 6 ) <—5QE> (A.10)

In particular, we may obtain an equivalent description of the rotating BTZ black hole in
terms of a non-rotating one with the choice § = tan~! (Qg), leading to

B =p1+9%, Qp=0. (A11)

Interestingly, this is nothing but the coordinate rotation used in eq. (3.12) to investigate the
entanglement properties in TT-deformed CFTss with a conserved angular momentum.
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