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1 Introduction and summary

In this paper we study the so called U(N) ADHM theory with l flavors, which is the
three-dimensional N = 4 U(N) supersymmetric Yang-Mills theory coupled with an adjoint
hypermultiplet and l fundamental hypermultiplets [1, 2]. The theory describes a stack
of N M2-branes probing an l-centered Taub-NUT space which is asymptotically ℂ2/ℤl

space with the Al−1 singularity so that the space transverse to the M2-branes is ℂ4/ℤl

= ℂ2 × (ℂ2/ℤl) [3, 4]. In the near horizon limit for large N and finite l, the theory is
holographically dual to M-theory on AdS4 × S7/ℤl, where the S7 is embedded into the ℂ4

|z1|2 + |z2|2 + |z3|2 + |z4|2 = 1 (1.1)

and the ℤl acts on the four complex coordinates on the ℂ4 as

(z1, z2, z3, z4) 7→ (z1, e
2πi

l z2, z3, e
2πi

l z4). (1.2)

The spectrum of the BPS local operators in the large N limit of the effective theories
describing a stack of N coincident branes in string/M-theory is related to that of the Kaluza-
Klein (KK) modes on the holographically dual supergravity backgrounds. For the BPS local
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operators with relatively large conformal dimension, the dual BPS states in the supergravity
side are described by the giant gravitons which behave as extended branes [5–8]. In the
near horizon geometry AdS4 × S7/ℤl, there exist giant gravitons as M5-branes wrapping a
supersymmetric 5-cycle in S7/ℤl as the intersection of holomorphic surfaces in ℂ4/ℤl with
the S7/ℤl [9]. The fact that the ℂ4 background factorizes into ℂ2 and ℂ2/ℤl leads to the
distinguished BPS spectrum of the M5-branes.

Accordingly, the large N limits of the supersymmetric indices of the effective theories
are related to the gravity indices for the KK modes in the near horizon geometry. On the
other hand, the finite N indices should contain the contributions from the giant gravitons
whose angular momenta are of order N . The giant graviton expansions are manipulated by
expanding the ratios of the finite N supersymmetric indices to the large N indices with respect
to the fugacities coupled to the angular momenta carried by the giant gravitons [10–12].
Remarkably, the emerging expansion coefficients can be viewed as the indices for the theories
on the giant gravitons so that one can also derive the indices for the associated world-volume
theories upon an appropriate change of variables through the giant graviton expansions.

In [13] we analyzed the giant graviton expansions of the Coulomb and Higgs indices
for the M2-brane superconformal field theories (SCFTs).1 When l = 1, the ADHM theory
has the equivalent Higgs and Coulomb branches and the theory is IR equivalent to the
U(N)1 × U(N)−1 ABJM theory [16] with opposite Chern-Simons level +1 and −1, both of
which describe a stack of N M2-branes probing flat space. For l > 1 the ADHM theory
has the Higgs branch of supersymmetric vacua as the moduli space of N SU(l) instantons,
which is distinguished from the Coulomb branch, the N -th symmetric product of the A-type
singularity. We found that the unflavored vacuum character of the affine Kac-Moody algebra
𝔰𝔲(l)1 at level 1 emerges from the index of a single M5-brane associated with the leading
term in the giant graviton expansion of the Higgs index of the U(N) ADHM theory with
l flavors with the flavor fugacities turned off.

In this paper we promote the analysis of the giant graviton expansion of the Higgs indices
in [13] by adding flavor fugacities and including the contributions of multiple M5-brane giant
gravitons. Based on parameter identification between the giant graviton indices and the
M5-brane indices for l = 1 detailed in [14], we expect that the m-th finite N correction to the
Higgs index can be interpreted, after the change of variables, as the index of m M5-branes
in the 1/4 BPS limit called twisted limit in [13]. Our main results on the M5-brane indices
are summarized as follows:

• The key feature of this work lies in introducing multiple flavored fugacities associated
to the Higgs branch symmetry within the framework of the giant graviton expansion.
In particular, the fugacities of the SU(l) flavor symmetry introduce the refinement
on each giant graviton index, rather than distinguishing the wrapping numbers of the
M5-brane giant on different cycles. In the previous works, the analyses of the giant
graviton expansion with the flavored fugacities that are irrelevant to the expansion
variables are very limited. In particular, for m = 1 we find that the M5-brane index is

1See [12, 14, 15] for the relevant analyses of the giant graviton expansions of the supersymmetric indices
for the M2-brane SCFTs.
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proportional to the flavored vacuum character of the affine Kac-Moody algebra 𝔰𝔲(l)1,
which generalizes the results in [13].

• For the index of multiple m M5-branes, we find the level-m 𝔰𝔲(l)m affine Kac-Moody
vacuum characters upon a special fugacity limit. In another fugacity limit, the index
becomes the m-th power of the level-one affine Kac-Moody vacuum character. The first
subsector would be interpreted as the spectrum of the m M5-branes on the l-centered
Taub-NUT space in M-theory or the I-brane configuration consisting of m D4-branes
intersecting with l D6-branes in Type IIA string theory [17–24] (see also [25–27]). The
emergence of the affine Kac-Moody algebra 𝔰𝔲(l)m is quite similar to the proposal [28–
30] (also see [31–38]) that m M5-branes on ℂ2/ℤl with Ω-deformation generates the
current algebra. The latter subsector admits a natural interpretation as arising from
m identical constituents, which is consistent with a picture of separated branes or
independent excitations.

• Moreover, our analysis reveals that the giant graviton expansions possess a non-trivial
inversion property, as observed in other examples [12, 13, 39]. Namely, we find that
index of m M5-branes has a definite large m limit, and hence we can analyze the
giant graviton expansion of the M5-brane indices through the finite m corrections.
Interestingly, the giant graviton coefficients of the M5-brane indices coincide, upon a
suitable change of variables, with the Higgs indices of the original 3d ADHM theory
with l flavors. This non-trivial relationship provides compelling evidence for a duality
between the M2-brane indices and the resulting M5-brane indices.

1.1 Future works

• In this work, we have found the special fugacity limits of the indices for M5-branes
appearing in the giant graviton expansions coincide with the characters of the affine
Kac-Moody algebras, but further mathematical verification of our results and exact
closed-form expressions for the indices of M5-branes are still highly desirable.

• One obvious extension is to survey the giant graviton expansions of the indices for the
other M2-brane SCFTs, including the theories with non-unitary gauge groups and the
quiver Chern-Simons theories [40, 41].

• It would be interesting to explore the giant graviton expansions of the indices in the
presence of the defect operators. The expansions of such defect indices have been
examined for 4d N = 4 SYM theory in [42–48]. On the other hand, several exact results
for the M2-brane SCFTs are presented in [49–51] for the line defect indices and in [52]
for the boundary conditions. We hope to elaborate on the expansions of the defect
indices in future work.

• The Higgs index of U(N) ADHM theory with l flavors coincide, up to an overall factor,
with the instanton partition function of 5d N = 1 SU(l) pure Yang-Mills theory with
the instanton number N (see e.g. [50]). These 5d partition functions are known to satisfy
non-linear recursion relations with respect to the instanton number [53], which arises

– 3 –



J
H
E
P
0
6
(
2
0
2
6
)
1
6
0

from the blowup equation [54]. It would be interesting to provide analytic derivation of
our proposals for the giant graviton indices through the recursion relations.

1.2 Structure

The organization of the paper is straightforward. In section 2 we make a brief review of the
supersymmetric indices for the U(N) ADHM theory with l flavors and the giant graviton
expansions. In section 3 we explain the methods and working hypotheses to determine the
explicit expansion coefficients in the giant graviton indices. In section 4 we analyze the single
sum giant graviton expansion of the Higgs index for the U(N) ADHM theory with l = 2
flavors. In section 5 we examine the single sum giant graviton expansions of the Higgs indices
for the theories with higher l. We propose the conjectured relations of the indices for a
stack of m M5-branes on the l-centered Taub-NUT space resulting from the giant graviton
expansions and the characters of the affine Kac-Moody algebras. The explicit expressions
for the giant graviton indices for various flavors l and wrapping numbers m are listed in
appendix A, which are written in terms of the function F

(l)
m (yα; x1; x2) defined by (3.12).

2 ADHM theory with l flavors

In this section we briefly review the supersymmetric indices for the U(N) ADHM theory.2

The U(N) ADHM theory with l flavors is a 3d N = 4 supersymmetric gauge theory of
gauge group U(N), an adjoint hypermultiplet and l fundamental hypermultiplets [1, 2]. The
supersymmetric index of U(N) ADHM theory is given explicitly by the supersymmetric
localization formula [57, 58] as

IU(N)ADHM-[l](t, x, yα, z; q)

= 1
N !

(q
1
2 t2; q)N

∞

(q
1
2 t−2; q)N

∞

∑
m1,··· ,mN∈ℤ

∮ N∏
i=1

dsi

2πisi

×
∏
i<j

1 − q
|mi−mj |

2

(
si

sj

)±1
 (q

1
2 +

|mi−mj |
2 t2

(
si
sj

)∓1
; q)∞

(q
1
2 +

|mi−mj |
2 t−2

(
si
sj

)±1
; q)∞

× (q
3
4 t−1x∓1; q)N

∞

(q
1
4 tx±1; q)N

∞

∏
i<j

(q
3
4 +

|mi−mj |
2 t−1

(
x si

sj

)∓1
; q)∞

(q
1
4 +

|mi−mj |
2 t

(
x si

sj

)±1
; q)∞

(q
3
4 +

|mi−mj |
2 t−1

(
x−1 si

sj

)∓1
; q)∞

(q
1
4 +

|mi−mj |
2 t

(
x−1 si

sj

)±1
; q)∞

×
N∏

i=1

l∏
α=1

(q
3
4 + |mi|

2 t−1(yαsi)∓1; q)∞
(q

1
4 + |mi|

2 t(yαsi)±1; q)∞
q

l
4
∑N

i=1 |mi|t−l
∑N

i=1 |mi|zl
∑N

i=1 mi , (2.1)

where yα are the fugacities for the SU(l) flavor symmetry with
∏

α yα = 1. Here and hereafter
we use the symbol ± appearing in the powers of variables as an abbreviation of repeated
factors with + and −. For example, (x±; q)∞ = (x; q)∞(x−1; q)∞.

For l = 1 the ADHM theory is a self-mirror theory with enhanced N = 8 supersymmetry.
For l > 1 the theory has the Higgs branch as N SU(l) instanton moduli space, which is
distinguished from the Coulomb branch.

2See [55, 56] for the details including the definition and convention.
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2.1 Higgs indices

The supersymmetric indices for 3d N = 4 supersymmetric field theories admit two special
fugacity limits by keeping the ratio of two variables q and t and sending q to zero, the
Coulomb and Higgs limits [59], in which they enumerate the Coulomb and Higgs branch
local operators as the Coulomb and Higgs indices, a.k.a. refined Hilbert series [60–62] for
the Coulomb and Higgs branches respectively. In the Higgs limit

q, t−1 → 0 with 𝔱 = q
1
4 t fixed, (2.2)

the supersymmetric index (2.1) reduces to the Higgs index

IU(N)ADHM-[l]
H (x, yα; 𝔱)

= 1
N !

(1 − 𝔱2)N

(1 − x±1𝔱)N

∮ N∏
i=1

dsi

2πisi

∏
i<j

(
1 −

(
si
sj

)±1
)(

1 − 𝔱2
(

si
sj

)±1
)

∏
i<j

(
1 − 𝔱x

(
si
sj

)±1
)(

1 − 𝔱x−1
(

si
sj

)±1
)

×
N∏

i=1

l∏
α=1

1
1 − 𝔱(yαsi)±1 . (2.3)

In the large N limit, the Higgs index was found to be given as [49]

IU(∞)ADHM-[l]
H (x, yα; 𝔱) =

∞∏
a=1

1
1 − (x±1𝔱)a

l∏
α,β=1

∞∏
a,b=1

1
1 − (x−1𝔱)a(x𝔱)b yα

yβ

. (2.4)

On the other hand, the closed-form expressions for the Higgs index for finite N can also be
obtained by several methods, including the Hall-Littlewood expansions (see e.g. [49]) and
the Jeffrey-Kirwan (JK) residue formula [63, 64] (see also [50]).

2.2 Giant graviton expansions

It follows that the coefficients of the small 𝔱 expansion of the Higgs index for finite N deviate
from those of the large N index (2.4) at O(𝔱N+1). In general we observe that the finite N

corrections have the following structure

IU(N)ADHM-[l]
H (x, yα; 𝔱)

IU(∞)ADHM-[l]
H (x, yα; 𝔱)

= 1 +
∑

m1,m2≥0
(m1,m2) ̸=(0,0)

(x−1𝔱)m1N (x𝔱)m2N F̂ (l)
m1,m2 . (2.5)

The expansion describes the finite N corrections to the Higgs index when |𝔱| is small and
x, yα are kept of O(𝔱0). Such expansions of the ratios of the finite N supersymmetric indices
to the large N indices are called the giant graviton expansions [10–12]. Remarkably, the
expansion coefficients in the giant graviton expansions can be viewed as the index for the
effective theory on the giant gravitons.

We can also consider a different expansion where finite N corrections take simpler form.
For this purpose we define new variables x1, x2 as

x1 = x−1𝔱, x2 = x𝔱. (2.6)
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Then, we expand the left-hand side of (2.5) to an arbitrary but finite order in x2 first, and
then study the finite N corrections to this truncated series in terms of the parameter |x1| < 1.
In this way, we find that the finite N corrections are given by the same series but only the
terms with (m1, m2) = (m, 0) being kept. Namely,

IU(N)ADHM-[l]
H (x, yα; 𝔱)

IU(∞)ADHM-[l]
H (x, yα; 𝔱)

∣∣∣∣
single sum

= 1 +
∞∑

m=1
xmN

1 F̂ (l)
m (yα; x1; x2), (2.7)

with

F̂ (l)
m (yα; x1; x2) = F̂ (l)

m,0. (2.8)

We shall call this expansion single sum expansion. In the remaining part of this paper we
always consider the single sum expansion and hence omit the subscript “|single sum”.

Some preliminary analyses of the single sum expansions of the Higgs indices of the U(N)
ADHM theory were made for l = 1 in [12] and for l > 1 in [13]. In particular, it was found
that the first coefficient F̂ (l)

1 (yα; x1; x2) is given for yα = 1 as [13]

F̂ (l)
1 (yα = 1;x1; x2) =

χ𝔰𝔲(l)1
(x2)

(x−1
1 ; x2)∞

, (2.9)

where

χ𝔰𝔲(l)1
(q) = 1

(q; q)l−1
∞

∑
m1,··· ,ml∈ℤ

(m1+···+ml=0)

q
1
2
∑l

i=1 m2
i (2.10)

is the unflavored vacuum character of the affine Kac-Moody algebra 𝔰𝔲(2)1 at level 1. For
the first few expansion coefficients of χ𝔰𝔲(l)1

(q), see e.g. appendix B in [13]. Furthermore, for
l = 1 one can derive the double sum expansion (2.5) together with the explicit expressions
of all the coefficients F̂ (l)

m1,m2 analytically by using the equivalence of the Higgs index to the
Coulomb index [12, 13]. In particular, the coefficients F̂ (l=1)

m (x1; x2) = F̂ (l=1)
m,0 which appear

in the single sum expansion are given as

F̂ (l=1)
m (x1; x2) =

m∏
k=1

1
(x−k

1 ; x2)∞
. (2.11)

We also note that when we set x2 = 0, the Higgs index (2.3) for any l reduces to the
half BPS index [65]

IU(N)ADHM-[l]
H (yα; x1; 0) = IU(N)ADHM-[l]

1
2 BPS,H

(x1) =
N∏

n=1

1
1 − xn

1
, (2.12)

for which the coefficients of the single sum expansion are given explicitly as [12]

F̂ (l)
m (yα; x1; 0) =

m∏
n=1

1
1 − x−n

1
. (2.13)

These half BPS indices turn out to be the universal overall factors and play a crucial role in
the determination of the x2 dependence of the giant graviton indices.
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3 Determination of expansion coefficients

In this section we explain how we can determine the coefficients F̂ (l)
m (yα; x1; x2) of the single

sum expansion (2.7). Readers who are interested in our main conjectures rather than the
supporting evidence of the conjectures may skip this section for their first reading.

Note that in the single sum expansion we can study the coefficients of xj
2 in the finite N

corrections separately for different j’s. The expansion (2.7) suggests that when N is sufficiently
large, the finite N correction is given only by the first term xN

1 F̂ (l)
1 (yα; x1; x2). Hence we can

determine F̂ (l)
1 (yα; x1; x2) by expanding the left-hand side of (2.7) with sufficiently large N

so that all the expansion coefficients in x1 saturate. Once we determine the coefficient of xj
2

in F̂ (l)
1 (yα; x1; x2) in this way, we can determine the coefficient of xj

2 in F̂ (l)
2 (yα; x1; x2) by the

same analysis after subtracting xN
1 F̂ (l)

1 (yα; x1; x2) from the both sides of (2.7). By repeating
this analysis we can determine the coefficient of xj

2 in F̂ (l)
m (yα; x1; x2) sequentially in m.

After several trials with sufficiently large N (N ≤ 14), we observe that the expansion
coefficients have the following structure

F̂ (l)
m (yα; x1; x2) =

( m∏
n=1

1
1 − x−n

1

)(
1 +

∞∑
j=1

x−mj
1 f

(l)
m,j(yα; x1)xj

2

)
, (3.1)

where f
(l)
m,j(yα; x1) are some (mj)-th order polynomials in x1

f
(l)
m,j(yα; x1) = 1 +

mj∑
a=1

f
(l)
m,j;a(yα)xa

1, (3.2)

with f
(l)
m,j;a(yα) being some finite Laurent polynomial in yα with non-negative coefficients.

We further observe that the coefficients f
(l)
m,j;a(yα) of the polynomial f

(l)
m,j(yα; x1) show the

following saturating behavior

f
(l)
m,j;a(yα) = f

(l)
m−1,j;a(yα), (m ≥ 3, a = 1, · · · , m + j − 3), (3.3a)

f
(l)
2,j;a(yα) = f

(l)
1,j;a(yα),

(
a = 1, · · · ,

⌊ j

2
⌋)

, (3.3b)

f
(l)
m,j;mj−a(yα) = f

(l)
m−1,j;(m−1)j−a(yα), (a = 0, 1, · · · , m − j − 1), (3.3c)

f
(l)
m,j;a(yα) = f

(l)
m,j−1;a(yα), (a = 1, 2, · · · , j − 1). (3.3d)

The saturating property (3.3) enables us to determine the coefficient polynomials f
(l)
m,j(yα; x1)

for higher order j in x2 and wrapping number m only from relatively a few data of
IU(N)ADHM-[l]

H (x, yα; 𝔱).
Let us show some examples for how the above strategy works: the determination of

f
(l=2)
m,j (x1) with yα = 1 from the exact expressions of IU(N)ADHM-[2]

H (x, 1; 𝔱) with N ≤ 1, 2, 3,
which are given as

IU(1)ADHM-[2]
H (x,1;𝔱)= 1+x1x2

(1−x1)(1−x2)(1−x1x2)2 , (3.4a)

– 7 –
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IU(2)ADHM-[2]
H (x,1;𝔱)

= 1
(1−x1)(1−x2

1)(1−x2)(1−x2
2)(1−x1x2)2(1−x2

1x2)2(1−x1x2
2)2

[
1+x1(2+x1)x2

−x1(−1−2x1+2x2
1)x2

2−x2
1(2+x1+2x2

1)x3
2−x3

1(2+x1+2x2
1)x4

2+x4
1(−2+2x1+x2

1)x5
2

+x5
1(1+2x1)x6

2+x7
1x7

2

]
, (3.4b)

IU(3)ADHM-[2]
H (x,1;𝔱)

= 1
(1−x1)(1−x2

1)(1−x3
1)(1−x2)(1−x2

2)(1−x3
2)(1−x1x2)2(1−x2

1x2)2(1−x1x2
2)2(1−x3

1x2)2(1−x1x3
2)2

×
[
1+x1(2+2x1+x2

1)x2−x1(−2−6x1−3x2
1+2x4

1)x2
2−x1(−1−3x1−6x2

1−x3
1+3x4

1+4x5
1+2x6

1)x3
2

+x3
1(1+3x1−6x2

1−11x3
1−7x4

1−x5
1+x6

1)x4
2+x2

1(1+x1)(−2−x1−5x2
1−3x3

1−10x4
1+x6

1+2x7
1)x5

2

+x3
1(−4−11x1−13x2

1−6x3
1+x4

1+3x5
1+7x6

1+4x7
1+2x8

1)x6
2

+x3
1(−2−7x1−10x2

1+x3
1+14x4

1+14x5
1+8x6

1+7x7
1+3x8

1+x9
1)x7

2

−x4
1(1−x1−3x2

1−14x3
1−20x4

1−14x5
1−3x6

1−x7
1+x8

1)x8
2

−x4
1(−1−3x1−7x2

1−8x3
1−14x4

1−14x5
1−x6

1+10x7
1+7x8

1+2x9
1)x9

2

−x5
1(−2−4x1−7x2

1−3x3
1−x4

1+6x5
1+13x6

1+11x7
1+4x8

1)x10
2

−x6
1(1+x1)(−2−x1+10x3

1+3x4
1+5x5

1+x6
1+2x7

1)x11
2 +x7

1(1−x1−7x2
1−11x3

1−6x4
1+3x5

1+x6
1)x12

2

+x9
1(−2−4x1−3x2

1+x3
1+6x4

1+3x5
1+x6

1)x13
2 +x11

1 (−2+3x2
1+6x3

1+2x4
1)x14

2 +x13
1 (1+2x1+2x2

1)x15
2

+x16
1 x16

2

]
. (3.4c)

First let us consider the coefficients f
(l=2)
m,j (yα = 1; x1) with j = 1, where the coefficient

f
(l=2)
m,1 (yα = 1; x1) with m = 1 is given by expanding (2.9) as

f
(l=2)
1,1 (yα = 1; x1) = 1 + 3x1. (3.5)

Taking into account the saturating property (3.3), let us denote the unknown coefficients as

f
(l=2)
2,1 (yα = 1; x1) = 1 + a1x1 + 3x2

1, (3.6a)

f
(l=2)
3,1 (yα = 1; x1) = 1 + a1x1 + a1x2

1 + 3x3
1, (3.6b)

....

Then, by subtracting the right-hand side of (2.7) with the summation over the wrapping
number truncated for m ≤ 3 from the left hand side, we obtain

N = 1 :

0 = x2
1

[
(4 − a1)x2

1 + (4 − a1)x3
1 + (8 − 2a1)x4

1 + (4 − a1)x5
1 + (4 − a1)x6

1

+ (−3 + a1)x8
1 + · · ·

]
, (3.7a)

N = 2 :

0 = x4
1

[
(4 − a1)x2

1 + (4 − a1)x3
1 + (8 − 2a1)x4

1 + (8 − 2a1)x5
1 + (8 − 2a1)x6

1

+ (4 − a1)x7
1 + (4 − a1)x8

1 + · · ·
]
, (3.7b)
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N = 3 :

0 = x6
1

[
(4 − a1)x2

1 + (4 − a1)x3
1 + (8 − 2a1)x4

1 + (8 − 2a1)x5
1 + (12 − 3a1)x6

1

+ (8 − 2a1)x7
1 + (8 − 2a1)x8

1 + · · ·
]
. (3.7c)

Note that the higher expansion coefficients vary as N increases, which is because we have
omitted the contributions from higher wrapping number m. Conversely, when the coefficients
are saturated in N , we can regard them as the exact result without truncation of m and
use them as the equations to determine f

(l=2)
m,j (yα = 1; x1). In the current case, from the

coefficients of x2N+ν
1 with ν ≤ 5 which saturate at N = 2, we can determine a1 as a1 = 4.

Next let us consider the coefficients f
(l=2)
m,j (yα = 1; x1) with j = 2, where the coefficient

f
(l=2)
m,2 (yα = 1; x1) with m = 1 is given by expanding (2.9) as

f
(l=2)
1,2 (yα = 1; x1) = 1 + 4x1 + 4x2

1. (3.8)

Taking into account the saturating property (3.3), let us denote the unknown coefficients as

f
(l=2)
2,2 (yα = 1; x1) = 1 + 4x1 + a2x2

1 + c2,3x3
1 + b0x4

1, (3.9a)

f
(l=2)
3,2 (yα = 1; x1) = 1 + 4x1 + a2x2

1 + a3x3
1 + c3,4x4

1 + b1x5
1 + b0x6

1, (3.9b)

f
(l=2)
4,2 (yα = 1; x1) = 1 + 4x1 + a2x2

1 + a3x3
1 + a4x4

1 + c4,5x5
1 + b2x6

1 + b1x7
1 + b0x8

1, (3.9c)

f
(l=2)
5,2 (yα = 1; x1) = 1 + 4x1 + a2x2

1 + a3x3
1 + a4x4

1 + a5x5
1 + c5,6x6

1 + b3x7
1 + b2x8

1 + b1x9
1

+ b0x10
1 , (3.9d)

....

Then, by subtracting the right-hand side of (2.7) with the summation over the wrapping
number truncated for m ≤ 3 from the left hand side, we obtain

N = 1 :

0 = x2
1

[
(9 − a2)x1 + (20 − a2 − c2,3)x2

1 + (29 − a2 − b0 − c2,3)x3
1

+ (25 − a2 + a3 − b0 − 2c2,3)x4
1 + · · ·

]
, (3.10a)

N = 2 :

0 = x4
1

[
(9 − a2)x1 + (20 − a2 − c2,3)x2

1 + (38 − 2a2 − b0 − c2,3)x3
1

+ (40 − a2 − b0 − 2c2,3)x4
1 + · · ·

]
, (3.10b)

N = 3 :

0 = x6
1

[
(9 − a2)x1 + (20 − a2 − c2,3)x2

1 + (38 − 2a2 − b0 − c2,3)x3
1

+ (49 − 2a2 − b0 − 2c2,3)x4
1 + · · ·

]
. (3.10c)

From the saturated coefficients of x2N+ν
1 with ν ≤ 3, we determine a2, c2,3, b0 as a2 = 9,

c2,3 = 11, b0 = 9. After substituting these values, we find that the saturation of the
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coefficients continue to higher order as

N = 1 :

0 = x3
1

[
(−15 + a3)x3

1 + (−36 + a3 + c3,4)x4
1 + (−67 + 2a3 + b1 + c3,4)x5

1

+ (−88 + 2a3 + b1 + 2c3,4)x6
1 + (−115 + 3a3 − a4 + 2b1 + 3c3,4)x7

1 + · · ·
]
,

(3.11a)
N = 2 :

0 = x6
1

[
(−15 + a3)x3

1 + (−36 + a3 + c3,4)x4
1 + (−67 + 2a3 + b1 + c3,4)x5

1

+ (−103 + 3a3 + b1 + 2c3,4)x6
1 + (140 + 3a3 + 2b1 + 3c3,4)x7

1 + · · ·
]
, (3.11b)

N = 3 :

0 = x9
1

[
(−15 + a3)x3

1 + (−36 + a3 + c3,4)x4
1 + (−67 + 2a3 + b1 + c3,4)x5

1

+ (−103 + 3a3 + b1 + 2c3,4)x6
1 + (−155 + 4a3 + 2b1 + 3c3,4)x7

1 + · · ·
]
.

(3.11c)

From the saturated coefficients of x3N+ν
1 with ν ≤ 6, we determine a3, c3,4, b1 as a3 = 15,

c3,4 = 21, b1 = 16.
Note that after the change of variables F (l)

m (yα; x1; x2) = F̂ (l)
m (yα; x−1

1 ; x1x2), F (l)
m (yα; x1; x2)

is expected to be the supersymmetric indices of the M5-brane giant gravitons in the twisted
limit. As we comment in section 4.3, we can determine more coefficients by assuming that
these F (l)

m (yα; x1; x2) facilitate the inverse giant graviton expansion. In table 1 we summarize
the orders of x2 to which we have determined the giant graviton indices F̂ (l)

m (yα; x1; x2) with
or without assuming the inverse giant graviton expansion. See appendix A for the final
results, which are written in terms of F

(l)
m (yα; x1; x2) defined by

F (l)
m (yα; x1; x2) = F̂ (l)

m (yα; x−1
1 ; x1x2)

m∏
n=1

(xn
1 ; x1x2)∞. (3.12)

In the following sections, except in section 4.3 and section 5.3, we utilize all of these data to
analyze various structures of the M5-brane indices. In section 4.3 and section 5.3, we rely
only on the data obtained without using the inverse giant graviton expansion.

4 Single sum expansion for l = 2

Let us first consider the single sum expansion of the Higgs index for l = 2

IU(N)ADHM-[2]
H (x, y; 𝔱)

IU(∞)ADHM-[2]
H (x, y; 𝔱)

= 1 +
∞∑

m=1
xmN

1 F̂ (l=2)
m (y; x1; x2). (4.1)

Here we have denoted y1 = y−1
2 as y. The term xmN

1 in the expansion would correspond
to the ground state configuration characterized by the supersymmetric surface wrapped by
the M5-brane giant graviton. The coefficients F̂ (l=2)

m (y; x1; x2) would be contributed from
the M5-brane giant gravitons of wrapping number m.
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l m j
(A)
max j

(A)
max(yα = 1) j

(B)
max j

(B)
max(yα = 1)

2 1 7 - 7 -
2 6 9 6 9
3 4 7 6 7
4 3 5 6 7
5 3 4 6 7
6 3 4 6 7
7 3 4 5 7
8 2 4 5 7

3 1 3 - 3 -
2 3 6 3 6
3 3 5 3 6

4 ≤ m ≤ 8 3 4 3 6
4 1 3 - 3 -

2 3 3 3 3
3 ≤ m ≤ 8 2 3 3 3

Table 1. List of j
(A)
max (resp. j

(B)
max) for which we have determined F̂ (l)

m (yα; x1; x2) to the order
O(xj(A)

max
2 ) (resp. O(xj(B)

max
2 )) without (resp. with) assuming inverse giant graviton expansion. In order

to determine the giant graviton indices, we have used the exact expressions of IU(N)ADHM-[2]
H for

N ≤ 14 (resp. N ≤ 10) with (resp. without) setting yα = 1, IU(N)ADHM-[3]
H for N ≤ 7 (resp. N ≤ 5)

with (resp. without) setting yα = 1 and IU(N)ADHM-[4]
H for N ≤ 4 (resp. N ≤ 3) with (resp. without)

setting yα = 1.

Remarkably, the coefficients F̂ (l=2)
m (y; x1; x2) can be viewed as the giant graviton indices,

the indices of the theory realized on the M5-brane giant gravitons. It follows that they are
related to the supersymmetric indices of the world-volume theory of the M5-branes by a
simple variable change of the fugacities x1 and x2

F (l=2)
m (y; x1; x2) = F̂ (l=2)

m (y; x−1
1 ; x1x2). (4.2)

We shall refer to this F (l=2)
m (y; x1; x2) as the M5-brane indices.

4.1 A single M5-brane

For m = 1, we find that

F̂ (l=2)
1 (y; x1; x2) = 1

(x−1
1 ; x2)∞

χ𝔰𝔲(2)1
(y; x2), (4.3)

where

χ𝔰𝔲(2)1
(y; q) = 1

(q; q)∞

∑
m∈ℤ

qm2
y2m (4.4)
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is the character of the vacuum module of the affine Kac-Moody algebra 𝔰𝔲(2)1. The
expression (4.4) gives rise to the refinement of the result (2.9). The expansion coefficient (4.3)
can be viewed as the index contributed from fluctuation modes of a single M5-brane giant
wrapped around a supersymmetric 5-cycle in S7/ℤ2. The M5-brane index is

F (l=2)
1 (y; x1; x2) = 1

(x1; x1x2)∞
χ𝔰𝔲(2)1

(y; x1x2). (4.5)

The factor (x1; x1x2)−1
∞ is the 1/4-BPS index that is obtained as the twisted limit [13] of the

supersymmetric index of the 6d (2,0) theory for a free tensor multiplet [66]. It can be also found
from the giant graviton index (2.9) for l = 1 upon a change of variables x1 → x−1

1 , x2 → x1x2.
The other factor is the vacuum character (4.4) of the affine Kac-Moody algebra 𝔰𝔲(2)1.

The appearance of the affine Kac-Moody algebra would be associated with the config-
uration of the M5-brane supported on the two-centered Taub-NUT space TN2. Reducing
the configuration on the S1 fibration of the TN2, one finds a D4-brane intersecting with
two D6-branes along the two-dimensional space in Type IIA string theory. This intersection
locus is called the I-brane [20, 67, 68]. The massless spectrum on the I-brane consists of
the chiral fermions that arise from the RR sector of the 4-6 open strings stretching between
the D4- and D6-branes. The chiral fermions are coupled to the U(1) and U(2) gauge fields,
which live on the world-volumes of the D4-brane and D6-branes respectively. In general,
the complex fermions transform as (+,□) and (−,□) under the U(1) × U(2) gauge group
so that the they can realize the affine Kac-Moody algebra 𝔲̂(2)1 at level 1. However, in our
case, the U(2) gauge field on the D6-brane is not dynamical as the Taub-NUT geometry in
M-theory is fixed, whereas the U(1) gauge field on the D4-brane is dynamical. This implies
that the effective theory is given by the coset

𝔲̂(2)1
𝔲̂(1)−2

= 𝔰𝔲(2)1. (4.6)

In fact, the vacuum character (4.4) is equal to the graded character

(q; q)∞
∮

ds

2πis
(q

1
2 s±y±; q)∞(q

1
2 s±y∓; q)∞ (4.7)

of the boundary chiral algebra of the two free fermions in two-dimensions coupled to the
U(1) Chern-Simons theory with level −2.

4.2 Multiple M5-branes

4.2.1 m = 2

Let us consider the case with m = 2. In this case the M5-brane index is expected to encode
the spectrum of the theory of a stack of two M5-branes. We write

F (l=2)
2 (y; x1; x2) = 1

(x1; x1x2)∞(x2
1; x1x2)∞

F
(l=2)
2 (y; x1; x2). (4.8)

Again the factor (x1; x1x2)−1
∞ (x2

1; x1x2)−1
∞ that also appears for l = 1 is the twisted limit [13]

of the 6d (2, 0) theory describing a stack of two M5-branes. The factor F
(l=2)
2 (y; x1; x2) is
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expected to be contributed from the spectrum of excitation modes for the I-brane. We find
that the small x2 expansion of F

(l=2)
2 (y; x1; x2) is given by

F
(l=2)
2 (y;x1;x2)=1+

[
y−2+1+y2+(y−2+1+y2)x1

]
x1x2

+
[
y−4+2y−2+3+2y2+y4+x1(2y−2+3+2y2)+x2

1

]
(x1x2)2

+
[
y−4+4y−2+5+4y2+y4+(y−4+5y−2+7+5y2+y4)x1+(y−2+2+y2)x2

1

]
(x1x2)3

+
[
3y−4+7y−2+10+7y2+3y4+(3y−4+10y−2+14+10y2+3y4)x1

+(y−4+3y−2+6+3y2+y4)x2
1

]
(x1x2)4

+
[
y−6+5y−4+13y−2+16+13y2+5y4+y6

+(y−6+7y−4+20y−2+27+20y2+7y4+y6)x1

+(2y−4+8y−2+12+8y2+2y4)x2
1+(y−2+1+y2)x3

1

]
(x1x2)5

+
[
2y−6+10y−4+21y−2+28+21y2+10y4+2y6

+(2y−6+14y−4+36y−2+48+36y2+14y4+2y6)x1

+(6y−4+17y−2+26+17y2+6y4)x2
1+(2y−2+3+2y2)x3

1

]
(x1x2)6+O(x7

2).

(4.9)

On the I-brane we have the four complex fermions transforming as the bifundamental
representation (□,□) and (□,□) under the U(2) × U(2) gauge group. Since the fermions
carry opposite charges under the two U(1) factors, the diagonal U(1) is decoupled. Hence they
effectively couple to SU(2)×SU(2)×U(1). These chiral fermions give rise to a realization of the
affine Kac-Moody algebra 𝔲̂(4)1 with level 1. There exists the following conformal embedding

𝔰𝔲(2)2 ⊕ 𝔰𝔲(2)2 ⊕ 𝔲̂(1)4 ⊂ 𝔲̂(4)1. (4.10)

The embedding (4.10) can be viewed as a splitting of the bilinear current formed by the
free fermions and it is the affine analog of the gauge symmetry SU(2) × SU(2) × U(1).
When the two D4-branes are separated, one of the SU(2) gauge factors is broken to U(1)
so that the fermions can generically couple to the U(1) × SU(2) × U(1). Accordingly, we
have the following splitting [20]

𝔲̂(1)2 ⊕ (𝔰𝔲(2)1)2 ⊕ 𝔲̂(1)4 ⊂ 𝔲̂(4)1, (4.11)

where we have used the following equivalence of the cosets [69]

𝔰𝔲(2)2
𝔲̂(1)2

= (𝔰𝔲(2)1)2

𝔰𝔲(2)2
. (4.12)

From the perspective of the effective theory on the separated D4-branes, the free fermions
are dynamically coupled to the U(1) gauge field. Accordingly, the effective theory can be
described by the coset [23]

𝔲̂(1)2 ⊕ 𝔲̂(1)4 ⊕ (𝔰𝔲(2)1)2

𝔲̂(1)2 ⊕ 𝔲̂(1)4
. (4.13)
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Notice that the U(1)/U(1) coset models appearing in the coset (4.13) are the topological
field theories [70, 71]. They merely describe global degrees of freedom with no propagating
fields and the physical states are restricted to be zero eigenstates of the L0 [71]. So the actual
contributions to the index will be expressed in terms of the product of two characters of
the affine Kac-Moody algebra 𝔰𝔲(2)1. In fact, we observe that the expansion (4.9) contains
the expected contributions. We see that it is natural to turn off the fugacity x1 to extract
the degeneracy of the states as the expansion coefficients of F

(l=2)
2 with respect to x2. In

fact, when x1 is set to unity, it is simply given by

F
(l=2)
2 (y; 1; x2) = χ𝔰𝔲(2)1

(y; x2)2, (4.14)

where χ𝔰𝔲(2)1
(y; q) is the vacuum character (4.4) of the 𝔰𝔲(2)1. This would imply that the

function F
(l=2)
2 (y; 1; x2) encodes the spectrum of excitations of a stack of two separated

M5-branes which is effectively described by the coset (4.13).3

Next we focus on the terms with (x1x2)j , j = 0, 1, 2, · · · in the expansion (4.9), which
can be extracted by taking the fugacity limit x1 → 0, x2 → ∞ with x1x2 = q fixed. In this
limit we find that the full index F (l=2)

2 (y; x1; x2) reduces to

lim
x1→0,x2→∞

(x1x2=q: fixed)

F (l=2)
2 (y; x1; x2)

= 1 + (y−2 + 1 + y2)q + (y−4 + 2y−2 + 3 + 2y2 + y4)q2

+ (y−4 + 4y−2 + 5 + 4y2 + y4)q3 + (3y−4 + 7y−2 + 10 + 7y2 + 3y4)q4

+ (y−6 + 5y−4 + 13y−2 + 16 + 13y2 + 5y4 + y6)q5

+ (2y−6 + 10y−4 + 21y−2 + 28 + 21y2 + 10y4 + 2y6)q6 + O(q7). (4.15)

We observe that (4.15) matches with the character

χ𝔰𝔲(2)2
(y; q) = 1

(q; q)∞

∑
m∈ℤ

q2m2

(q1+2my2; q)∞(q1−2my−2; q)∞
(4.16)

of the vacuum module of the affine Kac-Moody algebra 𝔰𝔲(2)2 at level 2. Namely, we find

lim
x1→0,x2→∞

(x1x2=q: fixed)

F (l=2)
2 (y; x1; x2) = χ𝔰𝔲(2)2

(y; q). (4.17)

When the fugacity y is turned off, we obtain the power series in q

lim
x1→0,x2→∞

(x1x2=q: fixed)

F (l=2)
2 (1;x1; x2)

= 1 + 3q + 9q2 + 15q3 + 30q4 + 54q5 + 94q6 + 153q7 + 252q8 + 391q9 + O(q10). (4.18)

This agrees with the unflavored vacuum character of the 𝔰𝔲(2)2.
3A product of two 𝔰𝔲(2)1 characters also appears in the elliptic genus of the M-string SCFT of rank two

on T 2 × ℂ2/ℤ2 [72].
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Note that the vacuum character (4.16) is equivalent to the graded character

1
2(q; q)2

∞

∮ 2∏
i=1

dsi

2πisi
(s±1 s∓2 ; q)∞

2∏
i=1

(q
1
2 s±i y; q)∞(q

1
2 s±i y−1; q)∞ (4.19)

of the chiral algebra arising from four free fermions coupled to the 3d U(2)−2 Chern-Simons
theory with level −2 according to the level-rank duality [73].

We note that the appearance of the affine Kac-Moody algebra 𝔰𝔲(2)2 is analogous to
the proposal [28, 29] that two M5-branes on ℂ2/ℤ2 with Ω-deformation leads to a system
endowed with the 𝔰𝔲(2)2 algebra (also see [17, 18] for the related mathematical facts). It
would be nice to clarify the relation to the limits we have taken here.

4.2.2 General m

Similarly, let us write the M5-brane indices for m > 2 as

F (l=2)
m (y; x1, x2) =

m∏
n=1

1
(xn

1 ; x1x2)∞
F (l=2)

m (y; x1; x2). (4.20)

Again the factor
∏m

n=1(xn
1 ; x1x2)−1

∞ is the 1/4-BPS index of the m M5-branes which is obtained
from the twisted limit [13]. When the fugacity x2 is turned off, it becomes the unrefined index,
that is equivalent to the vacuum character of the of the W-algebra W(𝔤𝔩(m)) [74, 75]. The
function F

(l=2)
m (y; x1; x2) is expected to capture the spectrum of the I-brane configuration with

m D4-branes intersecting with two D6-branes. The small x2 expansion of F
(l=2)
m (y; x1; x2)

are listed in appendix A.1.
For general m there exist 2m complex fermions on the I-brane. They transform in the

bifundamental representation (□,□) and (□,□) of the U(m) × U(2) gauge group. As one of
the U(1) is decoupled, they effectively couple to SU(m) × SU(2) × U(1). They can realize
the affine Kac-Moody algebra 𝔲̂(2m)1, for which there exists the conformal embedding

𝔰𝔲(m)2 ⊕ 𝔰𝔲(2)m ⊕ 𝔲̂(1)2m ⊂ 𝔲̂(2m)1. (4.21)

When the m D4-branes are non-coincident, the SU(m) gauge group is broken to U(1)m−1

and the fermions may couple to the U(1)m−1 × SU(2) × U(1). The resulting splitting of
the current algebra is [20]

(𝔲̂(1)2)m−1 ⊕ (𝔰𝔲(2)1)m ⊕ 𝔲̂(1)2m ⊂ 𝔲̂(2m)1, (4.22)

where we have used the equivalent coset realization [69]

𝔰𝔲(m)2

𝔲̂(1)m−1
2

= 𝔰𝔲(2)m
1

𝔰𝔲(2)m

. (4.23)

While the SU(2) gauge field on the two D6-branes is not dynamical, the U(1) gauge fields
on the D4-branes are dynamical. This leads to the coset [23]

(𝔲̂(1)2)m−1 ⊕ 𝔲̂(1)2m ⊕ (̂𝔰𝔲(2)1)m

(𝔲̂(1)2)m−1 ⊕ 𝔲̂(1)2m
. (4.24)
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Again the U(1)/U(1) coset models are the topological field theories [70, 71]. Hence the
non-trivial contributions to the index is given by the product of m characters of the affine
Kac-Moody algebra 𝔰𝔲(2)1. In fact, we observe that if we set x1 = 1, then

F (l=2)
m (y; 1, x2) = χ𝔰𝔲(2)1

(y; x2)m, (4.25)

where χ𝔰𝔲(2)1
(y; q) is the vacuum character (4.4) of the 𝔰𝔲(2)1. This implies that the index

F
(l=2)
m encodes the spectrum of the configuration of the I-brane with m separated M5-branes

described by the coset (4.24).
Furthermore, we observe that the full M5-brane index F (l=2)

m (y; x1; x2) has a nice special
fugacity limit. When we keep only the monomials of the form (x1x2)j , with j = 0, 1, 2, · · · in
F (l=2)

m (y; x1; x2), which can be obtained by taking the limit x1 → 0, x2 → ∞ with x1x2 = q

fixed, we find

lim
x1→0,x2→∞

(x1x2=q: fixed)

F (l=2)
m (y; x1; x2) = χ𝔰𝔲(2)m

(y; q). (4.26)

Here χ𝔰𝔲(2)k
(y; q) is the vacuum character of the affine Kac-Mooday 𝔰𝔲(2)k at level k.

According to the Kac-Weyl formula, it is given by

χ𝔰𝔲(2)k
(y; q) = q

k
8k+16

Θ(k+2)
1 (y; q) − Θ(k+2)

−1 (y; q)
Θ(2)

1 (y; q) − Θ(2)
−1(y; q)

, (4.27)

where

Θk
l (y; q) =

∑
m∈ℤ

qk(m+ l
2k )2

y−2k(m+ l
2k ). (4.28)

For example, for m ≤ 8, we find from (A.2) and (A.3) the coefficients of the monomials
(x1x2)j as listed in table 2, which indeed agree with (4.27).

The level-rank duality [73] also implies that the expression (4.26) is evaluated as the graded
character of the 2m free fermions coupled to the U(m)−2 Chern-Simons theory with level −2

1
m! (q; q)m

∞

∮ m∏
i=1

dsi

2πisi

∏
i<j

(s±i s∓j ; q)∞
m∏

i=1
(q

1
2 s±i y; q)∞(q

1
2 s±i y−1; q)∞. (4.29)

The formula (4.26) for the special fugacity limit of the M5-brane index shows that
there is an action of the affine Kac-Moody algebra 𝔰𝔲(2)m. A similar proposal was made
in [30] that the affine Kac-Moody algebra 𝔰𝔲(2)m appears from m M5-branes on ℂ2/ℤ2
with Ω-deformation. It would be an interesting future work to figure out the structure of
the full M5-brane index F (l=2)

m (y; x1, x2).

4.3 Inverse giant graviton expansion

Let us investigate the inverse giant graviton expansion which was also observed for the
Coulomb indices as well as for various other M2-brane setups [12, 13]. In order to study
the inverse giant graviton expansion, one needs to take the large m limit of the M5-brane
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m lim x1→0,x2→∞
(x1x2=1: fixed)

F (l=2)
m (1; x1; x2)

2 1 + 3q + 9q2 + 15q3 + 30q4 + 54q5 + 94q6 + 153q7 + 252q8 + 391q9 + O(q10)
3 1 + 3q + 9q2 + 22q3 + 42q4 + 81q5 + 151q6 + 264q7 + O(q8)
4 1 + 3q + 9q2 + 22q3 + 51q4 + 97q5 + 188q6 + 343q7 + O(q8)
5 1 + 3q + 9q2 + 22q3 + 51q4 + 108q5 + 208q6 + 390q7 + O(q8)
6 1 + 3q + 9q2 + 22q3 + 51q4 + 108q5 + 221q6 + 414q7 + O(q8)

m ≥ 7 1 + 3q + 9q2 + 22q3 + 51q4 + 108q5 + 221q6 + 429q7 + O(q8)

m lim x1→0,x2→∞
(x1x2=1: fixed)

F (l=2)
m (y; x1; x2)

2 1 + (y−2 + 1 + y2)q + (y−4 + 2y−2 + 3 + 2y2 + y4)q2 + (y−4 + 4y−2 + 5 + 4y2 + y4)q3

+(3y−4 + 7y−2 + 10 + 7y2 + 3y4)q4 + (y−6 + 5y−4 + 13y−2 + 16 + 13y2 + 5y4 + y6)q5

+(2y−6 + 10y−4 + 21y−2 + 28 + 21y2 + 10y4 + 2y6)q6 + O(q7)
3 1 + (y−2 + 1 + y2)q + (y−4 + 2y−2 + 3 + 2y2 + y4)q2 + (y−6 + 2y−4 + 5y−2 + 6 + 5y2 + 2y4 + y6)q3

+(y−6 + 5y−4 + 9y−2 + 12 + 9y2 + 5y4 + y6)q4 + (3y−6 + 9y−4 + 18y−2 + 21 + 18y2 + 9y4 + 3y6)q5

+(y−8 + 6y−6 + 18y−4 + 31y−2 + 39 + 31y2 + 18y4 + 6y6 + y8)q6 + O(q7)
4 1 + (y−2 + 1 + y2)q + (y−4 + 2y−2 + 3 + 2y2 + y4)q2 + (y−6 + 2y−4 + 5y−2 + 6 + 5y2 + 2y4 + y6)q3

+(y−8 + 2y−6 + 6y−4 + 10y−2 + 13 + 10y2 + 6y4 + 2y6 + y8)q4

+(y−8 + 5y−6 + 11y−4 + 20y−2 + 23 + 20y2 + 11y4 + 5y6 + y8)q5

+(3y−8 + 10y−6 + 23y−4 + 36y−2 + 44 + 36y2 + 23y4 + 10y6 + 3y8)q6 + O(q7)
5 1 + (y−2 + 1 + y2)q + (y−4 + 2y−2 + 3 + 2y2 + y4)q2 + (y−6 + 2y−4 + 5y−2 + 6 + 5y2 + 2y4 + y6)q3

+(y−8 + 2y−6 + 6y−4 + 10y−2 + 13 + 10y2 + 6y4 + 2y6 + y8)q4

+(y−10 + 2y−8 + 6y−6 + 12y−4 + 21y−2 + 24 + 21y2 + 12y4 + 6y6 + 2y8 + y10)q5

+(y−10 + 5y−8 + 12y−6 + 25y−4 + 38y−2 + 46 + 38y2 + 25y4 + 12y6 + 5y8 + y10)q6 + O(q7)
6 1 + (y−2 + 1 + y2)q + (y−4 + 2y−2 + 3 + 2y2 + y4)q2 + (y−6 + 2y−4 + 5y−2 + 6 + 5y2 + 2y4 + y6)q3

+(y−8 + 2y−6 + 6y−4 + 10y−2 + 13 + 10y2 + 6y4 + 2y6 + y8)q4

+(y−10 + 2y−8 + 6y−6 + 12y−4 + 21y−2 + 24 + 21y2 + 12y4 + 6y6 + 2y8 + y10)q5

+(y−12 + 2y−10 + 6y−8 + 13y−6 + 26y−4 + 39y−2 + 47 + 39y2 + 26y4 + 13y6 + 6y8 + 2y10 + y12)q6

+O(q7)
m ≥ 7 1 + (y−2 + 1 + y2)q + (y−4 + 2y−2 + 3 + 2y2 + y4)q2 + (y−6 + 2y−4 + 5y−2 + 6 + 5y2 + 2y4 + y6)q3

+(y−8 + 2y−6 + 6y−4 + 10y−2 + 13 + 10y2 + 6y4 + 2y6 + y8)q4

+(y−10 + 2y−8 + 6y−6 + 12y−4 + 21y−2 + 24 + 21y2 + 12y4 + 6y6 + 2y8 + y10)q5 + O(q6)

Table 2. Coefficients of the monomials qj = (x1x2)j in F (l=2)
m (y; x1; x2). To the order qm, the

coefficients of qj in F (l=2)
m′ (y; x1; x2) with m′ ≥ m coincides with those in F (l=2)

m (1; x1; x2).
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index (4.20). The large m limit of the factor
∏

n(xn
1 ; x1x2)∞ is identified with the twisted

limit [13] of the index [66] for the KK excitations on the supergravity background AdS7 × S4.
On the other hand, as discussed above, the M5-brane index F (l=2)

m (y; x1; x2) becomes the
vacuum character of the 𝔰𝔲(2)m in the special fugacity limit where x1 → 0 while keeping
x1x2 = q finite. In the large m limit, the vacuum character (4.27) becomes

1
(q; q)∞(y2; q)∞(y−2; q)∞

. (4.30)

Making use of this observation, we find that the large m limit of the whole expression
agrees with

F (l=2)
∞ (y; x1, x2)

=
∞∏

n=1

1
(xn

1 ; x1x2)∞
1

(xn
1 x2; x1x2)∞(xn

1 x2y2; x1x2)∞(xn
1 x2y−2; x1x2)∞

. (4.31)

We have confirmed this formula to the order O(𝔱5) in the small 𝔱 expansion with x fixed
for x1 = x−1𝔱 and x2 = x𝔱, by using the data of the full M5-brane indices including
F (l=2)

4 (yα; x1; x2) to the order O(x3
2). For y = 1, the formula has been confirmed to the order

O(𝔱8) by using the data including F (l=2)
7 (1; x1; x2) to the order O(x4

2).4

Now let us consider the finite m corrections of F (l=2)
m (y; x1; x2) in the single sum expansion.

Then we observe

F (l=2)
m (y; x1; x2)

F (l=2)
∞ (y; x1; x2)

= 1 +
∞∑

m′=1
xmm′

1 Ĝ(l=2)
m′ (y; x1; x2). (4.32)

Substituting the above-mentioned data F (l=2)
m (y; x1; x2) into the left-hand side and finding

the saturation of the coefficients of xm
1 , x2m

1 , and so forth as m increases, we can determine
the first few coefficients Ĝ(l=2)

m′ (y; x1; x2) as

Ĝ(l=2)
1 (y; x1; x2)

= 1
1 − x−1

1

[
1 + (y−2 + 1 + y2 + x1)x2

+
(
y−4 + y−2 + 1 + y2 + y4 + (y−2 + 1 + y2)x1 + x2

1

)
x2

2 + O(x3
2)
]
, (4.33a)

Ĝ(l=2)
2 (y; x1; x2)

= 1
(1 − x−1

1 )(1 − x−2
1 )

[
1 +

(
(y−2 + 1 + y2 + x1)x−1

1 + y−2 + 2 + y2 + x1
)
x2

+
(
(y−4 + y−2 + 1 + y2 + y4)x−2

1 + (y−4 + 2y−2 + 2 + 2y2 + y4)x−1
1

+ y−4 + 3y−2 + 4 + 3y2 + y4 + (2y−2 + 3 + 2y2)x1 + 2x2
1

)
x2

2 + O(x3
2)
]
, (4.33b)

4As summarized in table 1, these data were obtained without assuming inverse giant graviton expansion.
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Ĝ(l=2)
3 (y; x1; x2)

= 1
(1 − x−1

1 )(1 − x−2
1 )(1 − x−3

1 )

[
1 +

(
(y−2 + 1 + y2 + x1)x−2

1 + (y−2 + 2 + y2)x−1
1

+ y−2 + 2 + y2 + x1
)
x2

+
(
(y−4 + y−2 + 1 + y2 + y4)x−4

1 + (y−4 + 2y−2 + 2 + 2y2 + y4)x−3
1

+ (2y−4 + 4y−2 + 5 + 4y2 + 2y4)x−2
1 + (y−4 + 5y−2 + 6 + 5y2 + y4)x−1

1

+ y−4 + 4y−2 + 7 + 4y2 + y4 + (2y−2 + 4 + 2y2)x1 + 2x2
1

)
x2

2 + O(x3
2)
]
, (4.33c)

and so on. For y = 1 we can also determine the higher order terms in Ĝ(l=2)
1 (1; x1; x2)

and Ĝ(l=2)
2 (1; x1; x2) as

Ĝ(l=2)
1 (1; x1; x2)

= 1
1 − x−1

1

[
1 + (3 + x1)x2 + (5 + 3x1 + x2

1)x2
2 + (7 + 5x1 + 3x2

1 + x3
1)x3

2

+ (9 + 7x1 + 5x2
1 + 3x3

1 + x4
1)x4

2 + O(x5
2)
]
, (4.34a)

Ĝ(l=2)
2 (1; x1; x2)

= 1
(1 − x−1

1 )(1 − x−2
1 )

[
1 + (3x−1

1 + 4 + x1)x2 + (5x−2
1 + 8x−1

1 + 12 + 7x1 + 2x2
1)x2

2

+ (7x−3
1 + 12x−2

1 + 20x−1
1 + 29 + 23x1 + 11x2

1 + 2x3
1)x3

2 + O(x4
2)
]
. (4.34b)

Interestingly, if we define G(l=2)
m′ (y; x1; x2) as

G(l=2)
m′ (y; x1; x2) = Ĝ(l=2)

m′ (y; x−1
1 ; x1x2), (4.35)

which is the same change of variables as (4.2), then these G(l=2)
m′ (y; x−1

1 ; x1x2) precisely agree
with the small x2 expansion of the Higgs indices IU(m′)ADHM-[2]

H (x, y; 𝔱) with x1 = x−1𝔱 and
x2 = x𝔱. This implies that the inverse giant graviton expansion works. It would be interesting
to understand the inverse giant graviton from the gravity side through the expansion by
analyzing the fluctuation modes on wrapped M2-branes, which was studied in e.g. [76, 77].

Conversely, if we assume that the inverse giant graviton expansion works, we can determine
the M5-brane indices F (l=2)

m (y; x1; x2) directly from IU(N)ADHM-[2]
H (x, y; 𝔱) as

F (l=2)
m (y; x1; x2) = F (l=2)

∞ (y; x1; x2)
(

1 +
∞∑

n=1
xmn

1

[
IU(n)ADHM-[2]

H (x, y; 𝔱)
]

x1→x−1
1 ,x2→x1x2

)
.

(4.36)

Note that the coefficients of the single sum expansion of the Higgs indices IU(n)ADHM-[2]
H (x, y; 𝔱)

has the following structure

[
IU(n)ADHM-[2]

H (x, y; 𝔱)
]

x1→x−1
1 ,x2→x1x2

=
∞∑

j=0
xj

2 ×O
(

x
n(n+1)

2 −nj+j
1

)
. (4.37)
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Therefore, in order to calculate the coefficient of xj
2 in the M5-brane index F (l=2)

m (y; x1; x2)
to the order xν

1 from the inverse expansion, it is sufficient to truncate the summation over
n on the right-hand side of (4.36) by the constraint

mn + n(n + 1)
2 − nj + j ≤ ν. (4.38)

We confirmed that the giant graviton indices thus determined are indeed consistent with
the coefficients F̂ (l=2)

m (y; x1; x2) determined by the method explained in section 3 without
assuming the inverse expansion.

5 Single sum expansions for general l

Let us consider the single sum expansions of the Higgs indices for higher l. The gravity dual
geometry contains the M5-brane giant gravitons wrapped around a supersymmetric 5-cycle
in S7/ℤl. The single sum expansions take the form

IU(N)ADHM-[l]
H (x, yα; 𝔱)

IU(∞)ADHM-[l]
H (x, yα; 𝔱)

= 1 +
∞∑

m=1
xmN

1 F̂ (l)
m (yα; x1; x2). (5.1)

The term xmN
1 appears as a contribution from the ground state configuration associated

with the supersymmetric surface wrapped by the M5-brane giant graviton. The expansion
coefficients F̂ (l)

m (yα; x1; x2) are identified with the index for the effective theory on the M5-
brane giant gravitons of wrapping number m. As we see below, we find that our observations
in the previous section for F̂ (l=2)

m (yα; x1; x2) naturally extend to the cases with general l.
Again, the index of the low-energy theory on a stack of m M5-branes can be obtained

from the giant graviton indices F̂ (l)
m (yα; x1; x2) by a variable change of the fugacities x1 and x2

F (l)
m (yα; x1; x2) = F̂ (l)

m (yα; x−1
1 ; x1x2). (5.2)

5.1 A single M5-brane

First let us look at the flavored index F̂ (l)
1 (yα; x1; x2) for a single M5-brane giant graviton.

For l = 3 we find that it can be expanded as

F̂ (3)
1 (yα; x1; x2) = 1

(x−1
1 ; x2)∞

[
1 +

(
2 + y1

y2
+ y2

y1
+ y1

y3
+ y2

y3
+ y3

y1
+ y3

y2

)
x2

+
(

5 + 2
(

y1
y2

+ y2
y1

+ y1
y3

+ y2
y3

+ y3
y1

+ y3
y2

))
x2

2

+
(

10 + 5
(

y1
y2

+ y2
y1

+ y1
y3

+ y2
y3

+ y3
y1

+ y3
y2

)

+ y1y2
y2

3
+ y2

1
y2y3

+ y2
2

y1y3
+ y1y3

y2
2

+ y2y3
y2

1
+ y2

3
y1y2

)
x3

2 + O(x4
2)
]
, (5.3)
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with y1y2y3 = 1. For l = 4 we get

F̂ (4)
1 (yα; x1; x2) = 1

(x−1
1 ; x2)∞

1 +

3 +
4∑

α ̸=β

yα

yβ

x2

+

9 + 3
4∑

α ̸=β

yα

yβ
+
∑
α<β

∑
γ<δ

(γ,δ ̸=α,β)

yαyβ

yγyδ

x2
2 + O(x3

2)

 , (5.4)

with y1y2y3y4 = 1.
The factor (x−1

1 ; x2)−1
∞ is the 1/4-BPS index obtained from the twisted limit [13] of the

supersymmetric index [66] of the theory of a single M5-brane. We find that once the 1/4-BPS
index has been factored out the giant graviton index is given by the character of the vacuum
module of the affine Kac-Moody algebra of type Al−1 type at level 1

F̂ (l)
1 (yα; x1; x2) =

χ𝔰𝔲(l)1
(yα; x2)

(x−1
1 ; x2)∞

, (5.5)

where

χ𝔰𝔲(l)1
(yα; q) = 1

(q; q)l−1
∞

∑
m1,··· ,ml∈ℤ

m1+···+ml=0

q
1
2
∑l

α=1 m2
α
∏l

α=1 ymα
α∏

α<β(q1±mα∓mβ y±α y∓β ; q)∞
, (5.6)

with
∏

α yα = 1. The emergent expression (5.6) is the vacuum character of the affine Kac-
Moody algebra 𝔰𝔲(l)1 of level 1. The formula (5.5) can be regarded as the promoted version
of (2.9) with the flavored fugacities yα turned on.

Recall that the configuration of the M5-brane wrapped on the l-centered Taub-NUT space
TNl reduces on the S1 fibration of the TNl to the configuration of the I-brane [20, 67, 68]
which contains the D4-brane intersecting with l D6-branes in Type IIA string theory. The 4-6
open strings suspended between the D4- and D6-branes give rise to the massless spectrum
as two-dimensional free fermions on the I-brane transforming as (+,□) and (−,□) under
the U(1) × U(l) gauge group, where U(1) and U(l) are the gauge group on the D4- and
that on the D6-brane respectively. Such free fermions give a realization of the affine Kac-
Moody algebra 𝔲̂(l)1 at level 1, however, from the perspective of the effective theory on the
D4-brane, one needs to dynamically couple the U(1) gauge field on the D4-branes. This
means that we have the coset

𝔲̂(l)1
𝔲̂(1)−l

= 𝔰𝔲(l)1. (5.7)

Note that the Chern-Simons term of level −l of the U(1) gauge field is required from the
cancellation of the gauge anomaly. In fact, we can also reproduce the vacuum character (5.6)
from the coset (5.7) by considering the l fermions with the U(1) gauge charge +1

(q; q)∞
∮

ds

2πis

l∏
α=1

(q
1
2 s±y±α ; q)∞, (5.8)

with
∏

α yα = 1.
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5.2 Multiple M5-branes

For m > 1 the giant graviton indices should capture the spectrum of a stack of the multiple
M5-branes. Let us assume that the M5-brane index F (l)

m (yα; x1; x2) is factorized as

F (l)
m (yα; x1; x2) = 1∏m

n=1(xn
1 ; x1x2)∞

F (l)
m (yα; x1; x2). (5.9)

Again the factor
∏m

n=1(xn
1 ; x1x2)−1

∞ is the twisted limit [13] of the supersymmetric index
of the 6d (2, 0) theory for m M5-branes. It reduces to the unrefined index as the vacuum
character of the of the W-algebra W(𝔤𝔩(m)) [74, 75] when x2 is set to unity. The other factor
F

(l)
m (y; x1; x2) will be contributed from the excitation modes associated with the I-brane

configuration involving m D4-branes intersecting with l D6-branes. The small x2 expansions
of F

(l=3)
m (y; x1; x2) and F

(l=4)
m (y; x1; x2) are listed in appendix A.2 and A.3.

From the 4-6 open strings suspended between the m D4-branes and l D6-branes one finds
lm two-dimensional complex free fermions transforming as the bifundamental representation
(□,□) and (□,□) under the U(m) × U(l) gauge group. They carry charges (+,−) under the
two U(1) factors, whereas the diagonal U(1) is decoupled. Hence they effectively couple to
SU(m) × SU(l) × U(1) gauge group. The system of lm complex free fermions can realize the
affine Kac-Moody algebra 𝔲̂(lm)1 at level 1, for which we have the conformal embedding

𝔰𝔲(m)l ⊕ 𝔰𝔲(l)m ⊕ 𝔲̂(1)lm ⊂ 𝔲̂(lm)1, (5.10)

which preserve the central charge

l(m2 − 1)
(l + m) + m(l2 − 1)

(m + l) + 1 = lm. (5.11)

When the D4-branes are separated in the transverse directions, the SU(m) gauge group is
broken down to U(1)m−1. In this case, the free fermions may couple to U(1)m−1×SU(l)×U(1)
gauge group so that the current algebra built from bilinear currents of the free fermions
split into [20]

(𝔲̂(1)l)m−1 ⊕ (𝔰𝔲(l)1)m ⊕ 𝔲̂(1)lm ⊂ 𝔲̂(lm)1, (5.12)

where the coset factors have been replaced according to the relation [69]

𝔰𝔲(m)l

(𝔲̂(1)l)m−1 = (𝔰𝔲(l)1)m

𝔰𝔲(l)m

. (5.13)

Note that the affine embedding (5.12) also keeps the central charge

(m − 1) + m
l2 − 1
1 + l

+ 1 = lm. (5.14)

As discussed for l = 2, the free fermions are required to couple dynamical gauge fields. While
they dynamically couple to U(1)m−1×U(1) gauge fields living on a stack of m M5-branes, the
SU(l) gauge group that is associated with the fixed multi-centered Taub-NUT geometry in
M-theory should not be dynamical. Alternatively, from the view point of the effective theory
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m lim x1→0,x2→∞
(x1x2=1: fixed)

F (l=3)
m (x1; x2)

2 1 + 8q + 44q2 + 128q3 + 376q4 + 944q5 + 2236q6 + O(q7)
3 1 + 8q + 44q2 + 192q3 + 601q4 + 1772q5 + 4668q6 + O(q7)
4 1 + 8q + 44q2 + 192q3 + 726q4 + 2248q5 + 6496q6 + O(q7)
5 1 + 8q + 44q2 + 192q3 + 726q4 + 2464q5 + 7361q6 + O(q7)

m ≥ 6 1 + 8q + 44q2 + 192q3 + 726q4 + 2464q5 + 7704q6 + O(q7)

m lim x1→0,x2→∞
(x1x2=1: fixed)

F (l=3)
m (yα; x1; x2)

2 1 + (2 + A
(3)
1 )q + (8 + 4A

(3)
1 + A

(3)
2 + B

(3)
2 )q2 + (20 + 12A

(3)
1 + 2A

(3)
2 + 4B

(3)
2 )q3 + O(q4)

m ≥ 3 1 + (2 + A
(3)
1 )q + (8 + 4A

(3)
1 + A

(3)
2 + B

(3)
2 )q2 + (24 + 15A

(3)
1 + 4A

(3)
2 + A

(3)
3 + 6B

(3)
2 + B

(3)
3 )q3

+O(q4)

m lim x1→0,x2→∞
(x1x2=1: fixed)

F (l=4)
m (yα; x1; x2)

2 1 + (3 + A
(4)
1 )q + (15 + 6A

(4)
1 + A

(4)
2 + 2B

(4)
2 + C

(4)
2 )q2

+(50 + 25A
(4)
1 + 3A

(4)
2 + 11B

(4)
2 + 6C

(4)
2 + B

(4)
3 )q3 + O(q4)

m ≥ 3 1 + (3 + A
(4)
1 )q + (15 + 6A

(4)
1 + A

(4)
2 + 2B

(4)
2 + C

(4)
2 )q2

+(60 + 31A
(4)
1 + 6A

(4)
2 + A

(4)
3 + 14B

(4)
2 + 9C

(4)
2 + 2B

(4)
3 + C

(4)
3 + D

(4)
3 )q3 + O(q4)

Table 3. Coefficients of the monomials qj = (x1x2)j in F (l=3)
m (yα; x1; x2) and F (l=4)

m (yα; x1; x2). To
the order qm, the coefficients of qj in F (l)

m′(yα; x1; x2) (l = 3, 4) with m′ ≥ m coincides with those in
F (l)

m (yα; x1; x2).

on a stack of m D4-branes in the I-brane setup, SU(l) gauge field on the l non-compact
D6-branes should not be dynamical. So the effective theory on a stack of m M5-branes
will be describe by the coset

(𝔲̂(1)l)m−1 ⊕ 𝔲̂(1)lm ⊕ (𝔰𝔲(l)1)m

(𝔲̂(1)l)m−1 ⊕ 𝔲̂(1)lm
. (5.15)

The U(1)/U(1) coset models are the topological field theories [70, 71]. The physical states
accounted by the U(1)/U(1) character does not contain any descendant states [71]. Therefore
the actual contributions to the index will be given by the product of m characters of the
affine Kac-Moody algebra 𝔰𝔲(l)1. Indeed, we observe that if we set x1 = 1, then

F (l)
m (yα; 1; x2) = χ𝔰𝔲(l)1

(yα; x2)m. (5.16)

The formula (5.16) would imply that the index of the M5-brane giant gravitons of wrapping
number m contains the excitation modes accounted by the 1/4-BPS M5-brane index and
the contributions from the spectrum of the I-brane with m separated M5-branes described
by the coset (5.15).

Another interesting property is that the full M5-brane index F (l)
m (yα; x1; x2) admits a

different specialization of the fugacities for which it reduces to the character of the affine
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Kac-Moody algebra. Keeping q = x1x2 fixed and taking x1 → 0, x2 → ∞, we find the
M5-brane indices, which are given by (5.9) with (A.4), (A.6) and (A.7), reduce as displayed
in table 3. Here the results are written in terms of A

(l)
i , B

(l)
i and C

(l)
i defined by (A.5)

and (A.8). In this limit, we find that

lim
x1→0,x2→∞

(x1x2=q: fixed)

F (l)
m (yα; x1; x2) = χ𝔰𝔲(l)m

(yα; q). (5.17)

Here

χ𝔰𝔲(l)m
(yα; q) = 1

(q; q)l−1
∞

∑
m1,··· ,ml∈ℤ

m1+···+ml=0

q
m
2
∑l

α=1 m2
α
∏l

α=1 ymmα
α∏

α<β(q1±mα∓mβ y±α y∓β ; q)∞
, (5.18)

where
∏

α yα = 1, is the vacuum character of the affine Kac-Moody algebra 𝔰𝔲(l)m of level m.
Alternatively, the expression can be also obtained from the graded character of the

lm free fermions coupled to the U(m)−l Chern-Simons theory with level −l by taking into
account the level-rank duality [73]

1
m! (q; q)m

∞

∮ m∏
i=1

dsi

2πisi

∏
i<j

(s±i s∓j ; q)∞
m∏

i=1

l∏
α=1

(q
1
2 s±i y±α ; q)∞. (5.19)

The fact that the full index F (l)
m (yα; x1; x2) for the theory of m M5-branes on ℂ2/ℤl

admits the special fugacity limit (5.17) in which it reduces to the vacuum character of
the affine Kac-Moody algebra 𝔰𝔲(l)m is analogous to the proposal in [30] that the affine
Kac-Moody algebra 𝔰𝔲(l)m appears from m M5-branes on ℂ2/ℤl with Ω-deformation. Here
we remark that the full M5-brane index F (l)

m (y; x1, x2) contains extra excitation modes which
may carry the non-trivial charges coupled to the fugacity x1. While the factorized form (5.9)
reveals the non-trivial Kac-Moody algebraic structure as in (5.16), it may not be convenient
to see the exact form of the full index. In fact, it is suggested [30] that there is a further action
of the para-W algebra [78–84] on the world-volume theory of m M5-branes on ℂ2/ℤl with
Ω-deformation. It would be an interesting future work to shed light on the exact closed-form
expression for the full M5-brane index.

5.3 Inverse giant graviton expansion

Next let us look at the inverse giant graviton expansion, i.e. the giant graviton expansion
of the index F (l)

m (yα; x1; x2) for a stack of m M5-branes. Given that the index is factorized
as (5.9), the 1/4-BPS index simply becomes

∏∞
n=1(xn

1 ; x1x2)−1
∞ in the large m limit, which is

equal to the twisted limit [13] of the index [66] for the KK modes on the AdS7 × S4. Also,
as seen from table 3, F (l)

m (yα; x1; x2) admits the large m limit. In the special fugacity limit
where we send x1 to 0 by keeping x1x2 = q finite, it is shown to become

(q; q)∞∏l
α,β=1(q yα

yβ
; q)∞

. (5.20)
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More generally, we find that the large m limit of the M5-brane index F (l)
m (yα; x1; x2) is given by

F (l)
∞ (yα; x1; x2) =

∞∏
n=1

1
(xn

1 ; x1x2)∞
(xn

1 x2; x1x2)∞∏l
α,β=1(xn

1 x2
yα

yβ
; x1x2)∞

. (5.21)

We have confirmed for l = 3 to the order O(𝔱6) and for l = 4 to the order O(𝔱4) in the small
𝔱 expansion with x fixed for x1 = x−1𝔱 and x2 = x𝔱, by using the data of the full M5-brane
indices including F (l=3)

5 (yα; x1; x2) to the order O(x3
2) and F (l=4)

3 (yα; x1; x2) to the order
O(x2

2). For yα = 1, the formula has been confirmed for l = 3 to the order O(𝔱8) and for
l = 4 to the order O(𝔱6) by using the data including F (l=3)

7 (1; x1; x2) to the order O(x4
2) and

F (l=4)
5 (1; x1; x2) to the order O(x3

2).5 The single particle index is

f (l)
∞ (yα; x1; x2) =

x1 + x1x2χ
SU(l)
adj (yα)

(1 − x1)(1 − x1x2) , (5.22)

where χ
SU(l)
adj (yα) is the adjoint character of SU(l).

As we have done for l = 2 in section 4.3, let us consider the finite m corrections of
F (l)

m (y; x1; x2) in the single sum expansion

F (l)
m (y; x1; x2)

F (l)
∞ (y; x1; x2)

= 1 +
∞∑

m′=1
xmm′

1 Ĝ(l)
m′(y; x1; x2), (5.23)

where Ĝ(l)
m′(y; x1; x2) are determined from the data F (l)

m (y; x1; x2) as

Ĝ(l=3)
1 (yα; x1; x2)

= 1
1 − x−1

1

[
1 + (2 + A

(3)
1 + x1)x2 +

(
3 + 2A

(3)
1 + A

(3)
2 + B

(3)
2 + (2 + A

(3)
1 )x1 + x2

1

)
x2

2

+ O(x3
2)
]
, (5.24a)

Ĝ(l=3)
2 (yα; x1; x2)

= 1
(1 − x−1

1 )(1 − x−2
1 )

[
1 +

(
(2 + A

(3)
1 )x−1

1 + 3 + A
(3)
1 + x1

)
x2

+
(
(3 + 2A

(3)
1 + A

(3)
2 + B

(3)
2 )x−2

1 + (7 + 5A
(3)
1 + A

(3)
2 + 2B

(3)
2 )x−1

1

+ 10 + 5A
(3)
1 + A

(3)
2 + B

(3)
2 + (5 + 2A

(3)
1 )x1 + 2x2

1

)
x2

2 + O(x3
2)
]
, (5.24b)

Ĝ(l=3)
3 (yα; x1; x2)

= 1
(1 − x−1

1 )(1 − x−2
1 )(1 − x−3

1 )

[
1 +

(
(2 + A

(3)
1 )x−2

1 + (3 + A
(3)
1 )x−1

1 + 3 + A
(3)
1 + x1

)
x2

+
(
(3 + 2A

(3)
1 + A

(3)
2 + B

(3)
2 )x−4

1 + (7 + 5A
(3)
1 + A

(3)
2 + 2B

(3)
2 )x−3

1

+ (15 + 9A
(3)
1 + 2A

(3)
2 + 3B

(3)
2 )x−2

1 + (16 + 9A
(3)
1 + A

(3)
2 + 2B

(3)
2 )x−1

1

+ 14 + 6A
(3)
1 + A

(3)
2 + B

(3)
2 + (6 + 2A

(3)
1 )x1 + 2x2

1

)
x2

2 + O(x3
2)
]
, (5.24c)

5As summarized in table 1, these data were obtained without assuming inverse giant graviton expansion.
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Ĝ(l=4)
1 (yα; x1; x2)

= 1
1 − x−1

1

[
1 + (3 + A

(4)
1 + x1)x2

+
(
6 + 3A

(4)
1 + A

(4)
2 + B

(4)
2 + C

(4)
2 + (3 + A

(4)
1 )x1 + x2

1

)
x2

2 + O(x3
2)
]
, (5.24d)

Ĝ(l=4)
2 (yα; x1; x2)

= 1
(1 − x−1

1 )(1 − x−2
1 )

[
1 +

(
(3 + A

(4)
1 )x−1

1 + 4 + A
(4)
1 + x1

)
x2

+
(
(6 + 3A

(4)
1 + A

(4)
2 + B

(4)
2 + C

(4)
2 )x−2

1 + (15 + 8A
(4)
1 + A

(4)
2 + 3B

(4)
2 + 2C

(4)
2 )x−1

1

+ 18 + 7A
(4)
1 + A

(4)
2 + 2B

(4)
2 + C

(4)
2 + (7 + 2A

(4)
1 )x1 + (2)x2

1

)
x2

2 + O(x3
2)
]
, (5.24e)

Ĝ(l=4)
3 (yα; x1; x2)

= 1
(1 − x−1

1 )(1 − x−2
1 )(1 − x−3

1 )

[
1 +

(
(3 + A

(4)
1 )x−2

1 + (4 + A
(4)
1 )x−1

1 + 4 + A
(4)
1 + x1

)
x2

+
(
(6 + 3A

(4)
1 + A

(4)
2 + B

(4)
2 + C

(4)
2 )x−4

1 + (15 + 8A
(4)
1 + A

(4)
2 + 3B

(4)
2 + 2C

(4)
2 )x−3

1

+ (30 + 14A
(4)
1 + 2A

(4)
2 + 5B

(4)
2 + 3C

(4)
2 )x−2

1 + (30 + 13A
(4)
1 + A

(4)
2 + 4B

(4)
2 + 2C

(4)
2 )x−1

1

+ 23 + 8A
(4)
1 + A

(4)
2 + 2B

(4)
2 + C

(4)
2 + (8 + 2A

(4)
1 )x1 + 2x2

1

)
x2

2 + O(x3
2)
]
, (5.24f)

and so on. Here A
(l)
i , B

(l)
i and C

(4)
2 are defined as (A.5) and (A.8). For yα = 1 we can also

determine the higher order coefficients as

Ĝ(l=3)
1 (1; x1; x2)

= 1
1 − x−1

1

[
1 + (8 + x1)x2 + (27 + 8x1 + x2

1)x2
2 + (64 + 27x1 + 8x2

1 + x3
1)x3

2

+ (125 + 64x1 + 27x2
1 + 8x3

1 + x4
1)x4

2 + O(x5
2)
]
, (5.25a)

Ĝ(l=3)
2 (1; x1; x2)

= 1
(1 − x−1

1 )(1 − x−2
1 )

[
1 + (8x−1

1 + 9 + x1)x2 + (27x−2
1 + 55x−1

1 + 52 + 17x1 + 2x2
1)x2

2

+ (64x−3
1 + 161x−2

1 + 243x−1
1 + 237 + 115x1 + 26x2

1 + 2x3
1)x3

2 + O(x4
2)
]
, (5.25b)

Ĝ(l=4)
1 (1; x1; x2)

= 1
1 − x−1

1

[
1 + (15 + x1)x2 + (84 + 15x1 + x2

1)x2
2 + (300 + 84x1 + 15x2

1 + x3
1)x3

2 + O(x4
2)
]
,

(5.25c)

Ĝ(l=4)
2 (1; x1; x2)

= 1
(1 − x−1

1 )(1 − x−2
1 )

[
1 + (15x−1

1 + 16 + x1)x2 + (84x−2
1 + 189x−1

1 + 150 + 31x1 + 2x2
1)x2

2

+ (300x−3
1 + 896x−2

1 + 1344x−1
1 + 1057 + 354x1 + 47x2

1 + 2x3
1)x3

2 + O(x4
2)
]
. (5.25d)
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After the change of variables G(l)
m′(yα; x1; x2) = Ĝ(l)

m′(yα; x−1
1 ; x1x2), we find that G(l)

m′(yα; x1; x2)
precisely coincide with the small x2 expansion of the Higgs indices IU(m′)ADHM-[l]

H (x, yα; 𝔱)
with x1 = x−1𝔱 and x2 = x𝔱. This strongly suggests that the inverse giant graviton expansion
works for general l flavors as well.

As we mentioned in section 4.3, once we assume that the inverse giant graviton expansion
holds, it provides new constraints to determine the M5-brane indices. We observe that
the leading powers in x1 of each coefficient of the small x2 expansion of the Higgs indices
IU(n)ADHM-[l]

H (x, yα; 𝔱) for general l are also given by (4.38). Therefore by following the same
argument as in section 4.3, we can calculate the coefficient of xj

2 in F (l)
m (yα; x1; x2) to the

order xν
1 directly from the Higgs indices by

F (l)
m (yα; x1; x2)

= F (l)
∞ (yα; x1; x2)

(
1 +

∑
n≥1(

mn+ n(n+1)
2 −nj+j≤ν

)xmn
1

[
IU(n)ADHM-[l]

H (x, yα; 𝔱)
]

x1→x−1
1 ,x2→x1x2

)

+ · · · . (5.26)

We confirmed that the giant graviton indices thus determined are indeed consistent with
the coefficients F̂ (l)

m (yα; x1; x2) determined by the method explained in section 3 without
assuming the inverse expansion.
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A List of F (l)
m (yα; x1; x2)

In this appendix we list the giant graviton indices F̂ (l)
m (yα; x1, x2) obtained by the analysis

explained in section 3 and also by using the inverse giant graviton expansion explained
in section 4.3. The results are displayed in terms of the function F

(l)
m (yα; x1; x2) defined

as (3.12), namely,

F (l)
m (yα; x1; x2) = F̂ (l)

m (yα; x−1
1 , x1x2)

m∏
n=1

(xn
1 ; x1x2)∞. (A.1)

A.1 l = 2

We find that F
(l=2)
m (y; x1; x2) are given as

F
(l=2)
1 (y;x1;x2)=1+(y−2+1+y2)x1x2+(y−2+2+y2)(x1x2)2+(2y−2+3+2y2)(x1x2)3

+(y−4+3y−2+5+3y2+y4)(x1x2)4+(y−4+5y−2+7+5y2+y4)(x1x2)5

+(2y−4+7y−2+11+7y2+2y4)(x1x2)6+(3y−4+11y−2+15+11y2+3y4)(x1x2)7+O(x8
2), (A.2a)
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F
(l=2)
2 (y;x1;x2)=1+

[
y−2+1+y2+(y−2+1+y2)x1

]
x1x2

+
[
y−4+2y−2+3+2y2+y4+x1(2y−2+3+2y2)+x2

1

]
(x1x2)2

+
[
y−4+4y−2+5+4y2+y4+(y−4+5y−2+7+5y2+y4)x1+(y−2+2+y2)x2

1

]
(x1x2)3

+
[
3y−4+7y−2+10+7y2+3y4+(3y−4+10y−2+14+10y2+3y4)x1

+(y−4+3y−2+6+3y2+y4)x2
1

]
(x1x2)4

+
[
y−6+5y−4+13y−2+16+13y2+5y4+y6+(y−6+7y−4+20y−2+27+20y2+7y4+y6)x1

+(2y−4+8y−2+12+8y2+2y4)x2
1+(y−2+1+y2)x3

1

]
(x1x2)5

+
[
2y−6+10y−4+21y−2+28+21y2+10y4+2y6+(2y−6+14y−4+36y−2+48+36y2+14y4+2y6)x1

+(6y−4+17y−2+26+17y2+6y4)x2
1+(2y−2+3+2y2)x3

1

]
(x1x2)6+O(x7

2), (A.2b)

F
(l=2)
3 (y;x1;x2)=1+

[
y−2+1+y2+(y−2+1+y2)x1+(y−2+1+y2)x2

1

]
x1x2

+
[
y−4+2y−2+3+2y2+y4+(y−4+3y−2+4+3y2+y4)x1+(y−4+3y−2+5+3y2+y4)x2

1

+(y−2+2+y2)x3
1+x4

1

]
(x1x2)2

+
[
y−6+2y−4+5y−2+6+5y2+2y4+y6+(3y−4+8y−2+10+8y2+3y4)x1

+(3y−4+10y−2+13+10y2+3y4)x2
1+(y−4+5y−2+8+5y2+y4)x3

1+(2y−2+3+2y2)x4
1

]
(x1x2)3

+
[
y−6+5y−4+9y−2+12+9y2+5y4+y6+(y−6+8y−4+18y−2+23+18y2+8y4+y6)x1

+(y−6+10y−4+24y−2+33+24y2+10y4+y6)x2
1+(5y−4+16y−2+23+16y2+5y4)x3

1

+(2y−4+7y−2+12+7y2+2y4)x4
1+(y−2+2+y2)x5

1

]
(x1x2)4

+
[
3y−6+9y−4+18y−2+21+18y2+9y4+3y6+(4y−6+18y−4+38y−2+47+38y2+18y4+4y6)x1

+(5y−6+24y−4+56y−2+71+56y2+24y4+5y6)x2
1

+(2y−6+16y−4+43y−2+58+43y2+16y4+2y6)x3
1

+(y−6+7y−4+24y−2+33+24y2+7y4+y6)x4
1+(y−4+6y−2+9+6y2+y4)x5

1

+(y−2+1+y2)x6
1

]
(x1x2)5

+
[
y−8+6y−6+18y−4+31y−2+39+31y2+18y4+6y6+y8

+(y−8+10y−6+38y−4+74y−2+91+74y2+38y4+10y6+y8)x1

+(y−8+13y−6+56y−4+115y−2+147+115y2+56y4+13y6+y8)x2
1

+(8y−6+43y−4+101y−2+133+101y2+43y4+8y6)x3
1

+(3y−6+24y−4+62y−2+86+62y2+24y4+3y6)x4
1+(6y−4+21y−2+30+21y2+6y4)x5

1

+(y−4+4y−2+7+4y2+y4)x6
1

]
(x1x2)6+O(x7

2), (A.2c)

F
(l=2)
4 (y;x1;x2)=1+

[
y−2+1+y2+(y−2+1+y2)x1+(y−2+1+y2)x2

1+(y−2+1+y2)x3
1

]
x1x2

+
[
y−4+2y−2+3+2y2+y4+(y−4+3y−2+4+3y2+y4)x1+(2y−4+4y−2+6+4y2+2y4)x2

1
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J
H
E
P
0
6
(
2
0
2
6
)
1
6
0

+(y−4+4y−2+6+4y2+y4)x3
1+(y−4+2y−2+4+2y2+y4)x4

1+(y−2+2+y2)x5
1+x6

1

]
(x1x2)2

+
[
y−6+2y−4+5y−2+6+5y2+2y4+y6+(y−6+4y−4+9y−2+11+9y2+4y4+y6)x1

+(y−6+6y−4+14y−2+17+14y2+6y4+y6)x2
1+(y−6+6y−4+16y−2+21+16y2+6y4+y6)x3

1

+(4y−4+12y−2+16+12y2+4y4)x4
1+(2y−4+8y−2+11+8y2+2y4)x5

1+(+3y−2+5+3y2)x6
1

+(y−2+1+y2)x7
1

]
(x1x2)3

+
[
y−8+2y−6+6y−4+10y−2+13+10y2+6y4+2y6+y8

+(3y−6+11y−4+21y−2+26+21y2+11y4+3y6)x1+(4y−619y−436y−2+46+36y2+19y4+4y6)x2
1

+(4y−6+21y−4+46y−2+59+46y2+21y4+4y6)x3
1

+(2y−6+18y−4+41y−2+56+41y2+18y4+2y6)x4
1

+(y−6+11y−4+31y−2+42+31y2+11y4+y6)x5
1+(5y−4+16y−2+25+16y2+5y4)x6

1

+(y−4+6y−2+9+6y2+y4)x7
1+(y−2+3+y2)x8

1

]
(x1x2)4

+
[
y−8+5y−6+11y−4+20y−2+23+20y2+11y4+5y6+y8

+(y−8+9y−6+26y−4+47y−2+56+47y2+26y4+9y6+y8)x1

+(y−8+14y−6+46y−4+87y−2+104+87y2+46y4+14y6+y8)x2
1

+(y−8+16y−6+59y−4+119y−2+147+119y2+59y4+16y6+y8)x3
1

+(12y−6+55y−4+120y−2+151+120y2+55y4+12y6)x4
1

+(8y−6+42y−4+101y−2+130+101y2+42y4+8y6)x5
1

+(3y−6+22y−4+63y−2+85+63y2+22y4+3y6)x6
1

+(y−6+9y−4+31y−2+42+31y2+9y4+y6)x7
1+(2y−4+10y−2+15+10y2+2y4)x8

1

+(2y−2+3+2y2)x9
1

]
(x1x2)5

+
[
3y−8+10y−6+23y−4+36y−2+44+36y2+23y4+10y6+3y8

+(4y−8+21y−6+56y−4+95y−2+113+95y2+56y4+21y6+4y8)x1

+(6y−8+36y−6+108y−4+187y−2+226+187y2+108y4+36y6+6y8)x2
1

+(6y−8+46y−6+147y−4+274y−2+335+274y2+147y4+46y6+6y8)x3
1

+(4y−8+41y−6+155y−4+302y−2+378+302y2+155y4+41y6+4y8)x4
1

+(2y−8+31y−6+130y−4+276y−2+349+276y2+130y4+31y6+2y8)x5
1

+(y−8+16y−6+85y−4+195y−2+259+195y2+85y4+16y6+y8)x6
1

+(6y−6+42y−4+110y−2+147+110y2+42y4+6y6)x7
1

+(y−6+16y−4+46y−2+67+46y2+16y4+y6)x8
1+(3y−4+13y−2+20+13y2+3y4)x9

1

+(y−4+2y−2+4+2y2+y4)x10
1

]
(x1x2)6+O(x7

2), (A.2d)

F
(l=2)
5 (y;x1;x2)=1+

[
y−2+1+y2+(y−2+1+y2)x1+(y−2+1+y2)x2

1+(y−2+1+y2)x3
1

+(y−2+1+y2)x4
1

]
x1x2

+
[
y−4+2y−2+3+2y2+y4+(y−4+3y−2+4+3y2+y4)x1
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J
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P
0
6
(
2
0
2
6
)
1
6
0

+(2y−4+4y−2+6+4y2+2y4)x2
1+(2y−4+5y−2+7+5y2+2y4)x3

1

+(2y−4+5y−2+8+5y2+2y4)x4
1+(y−4+3y−2+5+3y2+y4)x5

1

+(y−4+2y−2+4+2y2+y4)x6
1+(y−2+2+y2)x7

1+x8
1

]
(x1x2)2

+
[
y−6+2y−4+5y−2+6+5y2+2y4+y6+(y−6+4y−4+9y−2+11+9y2+4y4+y6)x1

+(2y−6+7y−4+15y−2+18+15y2+7y4+2y6)x2
1

+(2y−6+9y−4+20y−2+25+20y2+9y4+2y6)x3
1

+(2y−6+10y−4+24y−2+30+24y2+10y4+2y6)x4
1

+(y−6+8y−4+20y−2+26+20y2+8y4+y6)x5
1+(y−6+6y−4+17y−2+22+17y2+6y4+y6)x6

1

+(3y−4+11y−2+15+11y2+3y4)x7
1+(y−4+6y−2+8+6y2+y4)x8

1+(2y−2+3+2y2)x9
1

+(y−2+1+y2)x10
1

]
(x1x2)3

+
[
y−8+2y−6+6y−4+10y−2+13+10y2+6y4+2y6+y8

+(y−8+4y−6+12y−4+22y−2+27+22y2+12y4+4y6+y8)x1

+(y−8+7y−6+23y−4+40y−2+50+40y2+23y4+7y6+y8)x2
1

+(y−8+9y−6+32y−4+60y−2+74+60y2+32y4+9y6+y8)x3
1

+(y−8+10y−6+40y−4+77y−2+98+77y2+40y4+10y6+y8)x4
1

+(8y−6+37y−4+77y−2+98+77y2+37y4+8y6)x5
1

+(6y−6+33y−4+71y−2+93+71y2+33y4+6y6)x6
1

+(3y−6+22y−4+55y−2+73+55y2+22y4+3y6)x7
1

+(y−6+13y−4+35y−2+50+35y2+13y4+y6)x8
1+(5y−4+18y−2+26+18y2+5y4)x9

1

+(2y−4+8y−2+13+8y2+2y4)x10
1 +(2y−2+4+2y2)x11

1 +x12
1

]
(x1x2)4

+
[
y−10+2y−8+6y−6+12y−4+21y−2+24+21y2+12y4+6y6+2y8+y10

+(3y−8+12y−6+29y−4+50y−2+59+50y2+29y4+12y6+3y8)x1

+(4y−8+23y−6+58y−4+100y−2+117+100y2+58y4+23y6+4y8)x2
1

+(5y−8+32y−6+90y−4+159y−2+189+159y2+90y4+32y6+5y8)x3
1

+(5y−8+40y−6+119y−4+220y−2+264+220y2+119y4+40y6+5y8)x4
1

+(3y−8+37y−6+126y−4+242y−2+296+242y2+126y4+37y6+3y8)x5
1

+(2y−8+33y−6+121y−4+245y−2+301+245y2+121y4+33y6+2y8)x6
1

+(y−8+22y−6+96y−4+209y−2+264+209y2+96y4+22y6+y8)x7
1

+(13y−6+65y−4+156y−2+200+156y2+65y4+13y6)x8
1

+(5y−6+36y−4+96y−2+127+96y2+36y4+5y6)x9
1

+(2y−6+17y−4+53y−2+72+53y2+17y4+2y6)x10
1 +(5y−4+21y−2+31+21y2+5y4)x11

1

+(y−4+7y−2+10+7y2+y4)x12
1 +(y−2+2+y2)x13

1

]
(x1x2)5

+
[
y−10+5y−8+12y−6+25y−4+38y−2+46+38y2+25y4+12y6+5y8+y10

+(y−10+9y−8+29y−6+65y−4+104y−2+122+104y2+65y4+29y6+9y8+y10)x1
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J
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P
0
6
(
2
0
2
6
)
1
6
0

+(y−10+15y−8+58y−6+139y−4+221y−2+261+221y2+139y4+58y6+15y8+y10)x2
1

+(y−10+20y−8+90y−6+227y−4+376y−2+444+376y2+227y4+90y6+20y8+y10)x3
1

+(y−10+24y−8+119y−6+322y−4+548y−2+656+548y2+322y4+119y6+24y8+y10)x4
1

+(20y−8+126y−6+369y−4+656y−2+790+656y2+369y4+126y6+20y8)x5
1

+(17y−8+121y−6+384y−4+705y−2+862+705y2+384y4+121y6+17y8)x6
1

+(11y−8+96y−6+337y−4+657y−2+813+657y2+337y4+96y6+11y8)x7
1

+(6y−8+65y−6+261y−4+535y−2+678+535y2+261y4+65y6+6y8)x8
1

+(2y−8+36y−6+169y−4+375y−2+483+375y2+169y4+36y6+2y8)x9
1

+(y−8+17y−6+98y−4+232y−2+309+232y2+98y4+17y6+y8)x10
1

+(5y−6+43y−4+117y−2+161+117y2+43y4+5y6)x11
1

+(y−6+16y−4+48y−2+71+48y2+16y4+y6)x12
1 +(4y−4+15y−2+23+15y2+4y4)x13

1

+(y−4+3y−2+6+3y2+y4)x14
1

]
(x1x2)6+O(x7

2), (A.2e)

F
(l=2)
6 (y;x1;x2)=1+

[
y−2+1+y2+(y−2+1+y2)x1+(y−2+1+y2)x2

1+(y−2+1+y2)x3
1

+(y−2+1+y2)x4
1+(y−2+1+y2)x5

1

]
x1x2

+
[
y−4+2y−2+3+2y2+y4+(y−4+3y−2+4+3y2+y4)x1+(2y−4+4y−2+6+4y2+2y4)x2

1

+(2y−4+5y−2+7+5y2+2y4)x3
1+(3y−4+6y−2+9+6y2+3y4)x4

1

+(2y−4+6y−2+9+6y2+2y4)x5
1+(2y−4+4y−2+7+4y2+2y4)x6

1+(y−4+3y−2+5+3y2+y4)x7
1

+(y−4+2y−2+4+2y2+y4)x8
1+(y−2+2+y2)x9

1+x10
1

]
(x1x2)2

+
[
y−6+2y−4+5y−2+6+5y2+2y4+y6+(y−6+4y−4+9y−2+11+9y2+4y4+y6)x1

+(2y−6+7y−4+15y−2+18+15y2+7y4+2y6)x2
1

+(3y−6+10y−4+21y−2+26+21y2+10y4+3y6)x3
1

+(3y−6+13y−4+28y−2+34+28y2+13y4+3y6)x4
1

+(3y−6+14y−4+32y−2+40+32y2+14y4+3y6)x5
1

+(3y−6+13y−4+30y−2+38+30y2+13y4+3y6)x6
1

+(2y−6+11y−4+27y−2+34+27y2+11y4+2y6)x7
1

+(y−6+8y−4+22y−2+28+22y2+8y4+y6)x8
1+(y−6+5y−4+16y−2+21+16y2+5y4+y6)x9

1

+(2y−4+9y−2+12+9y2+2y4)x10
1 +(y−4+5y−2+6+5y2+y4)x11

1 +(2y−2+3+2y2)x12
1

+(y−2+1+y2)x13
1

]
(x1x2)3

+
[
y−8+2y−6+6y−4+10y−2+13+10y2+6y4+2y6+y8

+(y−8+4y−6+12y−4+22y−2+27+22y2+12y4+4y6+y8)x1

+(2y−8+8y−6+24y−4+41y−2+51+41y2+24y4+8y6+2y8)x2
1

+(2y−8+12y−6+36y−4+64y−2+78+64y2+36y4+12y6+2y8)x3
1

+(3y−8+16y−6+52y−4+92y−2+114+92y2+52y4+16y6+3y8)x4
1

+(2y−8+18y−6+61y−4+115y−2+142+115y2+61y4+18y6+2y8)x5
1
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P
0
6
(
2
0
2
6
)
1
6
0

+(2y−8+18y−6+66y−4+124y−2+156+124y2+66y4+18y6+2y8)x6
1

+(y−8+16y−6+62y−4+124y−2+155+124y2+62y4+16y6+y8)x7
1

+(y−8+12y−6+55y−4+113y−2+146+113y2+55y4+12y6+y8)x8
1

+(8y−6+41y−4+93y−2+120+93y2+41y4+8y6)x9
1

+(4y−6+28y−4+66y−2+90+66y2+28y4+4y6)x10
1

+(2y−6+16y−4+43y−2+58+43y2+16y4+2y6)x11
1 +(8y−4+24y−2+36+24y2+8y4)x12

1

+(3y−4+12y−2+18+12y2+3y4)x13
1 +(y−4+4y−2+8+4y2+y4)x14

1 +(y−2+2+y2)x15
1

+x16
1

]
(x1x2)4

+
[
y−10+2y−8+6y−6+12y−4+21y−2+24+21y2+12y4+6y6+2y8+y10

+(y−10+4y−8+13y−6+30y−4+51y−2+60+51y2+30y4+13y6+4y8+y10)x1

+(y−10+7y−8+27y−6+62y−4+104y−2+121+104y2+62y4+27y6+7y8+y10)x2
1

+(y−10+10y−8+43y−6+104y−4+174y−2+204+174y2+104y4+43y6+10y8+y10)x3
1

+(y−10+13y−8+62y−6+156y−4+266y−2+312+266y2+156y4+62y6+13y8+y10)x4
1

+(y−10+14y−8+76y−6+203y−4+355y−2+422+355y2+203y4+76y6+14y8+y10)x5
1

+(13y−8+83y−6+234y−4+418y−2+499+418y2+234y4+83y6+13y8)x6
1

+(11y−8+82y−6+246y−4+452y−2+544+452y2+246y4+82y6+11y8)x7
1

+(8y−8+72y−6+234y−4+448y−2+545+448y2+234y4+72y6+8y8)x8
1

+(5y−8+57y−6+202y−4+405y−2+499+405y2+202y4+57y6+5y8)x9
1

+(2y−8+38y−6+154y−4+327y−2+410+327y2+154y4+38y6+2y8)x10
1

+(y−8+24y−6+108y−4+243y−2+308+243y2+108y4+24y6+y8)x11
1

+(11y−6+65y−4+161y−2+210+161y2+65y4+11y6)x12
1

+(5y−6+35y−4+97y−2+129+97y2+35y4+5y6)x13
1

+(y−6+15y−4+48y−2+67+48y2+15y4+y6)x14
1

+(5y−4+21y−2+30+21y2+5y4)x15
1 +(y−4+7y−2+11+7y2+y4)x16

1

+(2y−2+3+2y2)x17
1

]
(x1x2)5[

y−12+2y−10+6y−8+13y−6+26y−4+39y−2+47+39y2+26y4+13y6+6y8+2y10+y12

+(3y−10+12y−8+32y−6+68y−4+107y−2+125+107y2+68y4+32y6+12y8+3y10)x1

+(4y−10+24y−8+70y−6+152y−4+234y−2+274+234y2+152y4+70y6+24y8+4y10)x2
1

+(5y−10+36y−8+121y−6+267y−4+419y−2+488+419y2+267y4+121y6+36y8+5y10)x3
1

+(6y−10+52y−8+184y−6+426y−4+674y−2+789+674y2+426y4+184y6+52y8+6y10)x4
1

+(6y−10+61y−8+243y−6+584y−4+953y−2+1119+953y2+584y4+243y6+61y8+6y10)x5
1

+(4y−10+66y−8+287y−6+724y−4+1198y−2+1420+1198y2+724y4+287y6+66y8+4y10)x6
1

+(3y−10+62y−8+306y−6+809y−4+1379y−2+1638+1379y2+809y4+306y6+62y8+3y10)x7
1

+(2y−10+55y−8+295y−6+834y−4+1457y−2+1753+1457y2+834y4+295y6+55y8+2y10)x8
1

+(y−10+41y−8+259y−6+776y−4+1412y−2+1712+1412y2+776y4+259y6+41y8+y10)x9
1
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P
0
6
(
2
0
2
6
)
1
6
0

+(28y−8+200y−6+661y−4+1243y−2+1532+1243y2+661y4+200y6+28y8)x10
1

+(16y−8+143y−6+511y−4+1008y−2+1252+1008y2+511y4+143y6+16y8)x11
1

+(8y−8+88y−6+360y−4+744y−2+948+744y2+360y4+88y6+8y8)x12
1

+(3y−8+48y−6+225y−4+501y−2+646+501y2+225y4+48y6+3y8)x13
1

+(y−8+21y−6+126y−4+297y−2+397+297y2+126y4+21y6+y8)x14
1

+(8y−6+59y−4+157y−2+214+157y2+59y4+8y6)x15
1

+(2y−6+25y−4+71y−2+103+71y2+25y4+2y6)x16
1 +(7y−4+27y−2+40+27y2+7y4)x17

1

+(2y−4+7y−2+13+7y2+2y4)x18
1 +(y−2+2+y2)x19

1

]
(x1x2)6+O(x7

2), (A.2f)

F
(l=2)
7 (y;x1;x2)=1+

[
y−2+1+y2+(y−2+1+y2)x1+(y−2+1+y2)x2

1+(y−2+1+y2)x3
1

+(y−2+1+y2)x4
1+(y−2+1+y2)x5

1+(y−2+1+y2)x6
1

]
x1x2

+
[
y−4+2y−2+3+2y2+y4+(y−4+3y−2+4+3y2+y4)x1+(2y−4+4y−2+6+4y2+2y4)x2

1

+(2y−4+5y−2+7+5y2+2y4)x3
1+(3y−4+6y−2+9+6y2+3y4)x4

1

+(3y−4+7y−2+10+7y2+3y4)x5
1+(3y−4+7y−2+11+7y2+3y4)x6

1

+(2y−4+5y−2+8+5y2+2y4)x7
1+(2y−4+4y−2+7+4y2+2y4)x8

1+(y−4+3y−2+5+3y2+y4)x9
1

+(y−4+2y−2+4+2y2+y4)x10
1 +(y−2+2+y2)x11

1 +x12
1

]
(x1x2)2

+
[
y−6+2y−4+5y−2+6+5y2+2y4+y6+(y−6+4y−4+9y−2+11+9y2+4y4+y6)x1

+(2y−6+7y−4+15y−2+18+15y2+7y4+2y6)x2
1

+(3y−6+10y−4+21y−2+26+21y2+10y4+3y6)x3
1

+(4y−6+14y−4+29y−2+35+29y2+14y4+4y6)x4
1

+(4y−6+17y−4+36y−2+44+36y2+17y4+4y6)x5
1

+(5y−6+19y−4+42y−2+52+42y2+19y4+5y6)x6
1

+(4y−6+18y−4+40y−2+50+40y2+18y4+4y6)x7
1

+(4y−6+17y−4+39y−2+48+39y2+17y4+4y6)x8
1

+(3y−6+14y−4+34y−2+43+34y2+14y4+3y6)x9
1

+(2y−6+11y−4+29y−2+36+29y2+11y4+2y6)x10
1

+(y−6+7y−4+21y−2+27+21y2+7y4+y6)x11
1 +(y−6+4y−4+14y−2+18+14y2+4y4+y6)x12

1

+(2y−4+8y−2+10+8y2+2y4)x13
1 +(y−4+5y−2+6+5y2+y4)x14

1 +(2y−2+3+2y2)x15
1

+(y−2+1+y2)x16
1

]
(x1x2)3

+
[
y−8+2y−6+6y−4+10y−2+13+10y2+6y4+2y6+y8

+(y−8+4y−6+12y−4+22y−2+27+22y2+12y4+4y6+y8)x1

+(2y−8+8y−6+24y−4+41y−2+51+41y2+24y4+8y6+2y8)x2
1

+(3y−8+13y−6+37y−4+65y−2+79+65y2+37y4+13y6+3y8)x3
1

+(4y−8+19y−6+56y−4+96y−2+118+96y2+56y4+19y6+4y8)x4
1

+(4y−8+24y−6+73y−4+130y−2+158+130y2+73y4+24y6+4y8)x5
1
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+(5y−8+29y−6+91y−4+163y−2+201+163y2+91y4+29y6+5y8)x6
1

+(4y−8+30y−6+97y−4+179y−2+220+179y2+97y4+30y6+4y8)x7
1

+(4y−8+30y−6+102y−4+189y−2+235+189y2+102y4+30y6+4y8)x8
1

+(3y−8+27y−6+96y−4+186y−2+231+186y2+96y4+27y6+3y8)x9
1

+(2y−8+22y−6+87y−4+172y−2+218+172y2+87y4+22y6+2y8)x10
1

+(y−8+16y−6+69y−4+146y−2+186+146y2+69y4+16y6+y8)x11
1

+(y−8+11y−6+53y−4+114y−2+150+114y2+53y4+11y6+y8)x12
1

+(6y−6+35y−4+82y−2+108+82y2+35y4+6y6)x13
1

+(3y−6+23y−4+56y−2+77+56y2+23y4+3y6)x14
1

+(y−6+12y−4+34y−2+48+34y2+12y4+y6)x15
1 +(6y−4+18y−2+28+18y2+6y4)x16

1

+(2y−4+8y−2+13+8y2+2y4)x17
1 +(y−4+3y−2+6+3y2+y4)x18

1 +(y−2+2+y2)x19
1

+x20
1

]
(x1x2)4

+
[
y−10+2y−8+6y−6+12y−4+21y−2+24+21y2+12y4+6y6+2y8+y10

+(y−10+4y−8+13y−6+30y−4+51y−2+60+51y2+30y4+13y6+4y8+y10)x1

+(2y−10+8y−8+28y−6+63y−4+105y−2+122+105y2+63y4+28y6+8y8+2y10)x2
1

+(2y−10+13y−8+47y−6+108y−4+178y−2+208+178y2+108y4+47y6+13y8+2y10)x3
1

+(3y−10+19y−8+74y−6+171y−4+282y−2+328+282y2+171y4+74y6+19y8+3y10)x4
1

+(3y−10+24y−8+100y−6+242y−4+403y−2+472+403y2+242y4+100y6+24y8+3y10)x5
1

+(3y−10+29y−8+129y−6+318y−4+538y−2+632+538y2+318y4+129y6+29y8+3y10)x6
1

+(2y−10+30y−8+145y−6+374y−4+640y−2+757+640y2+374y4+145y6+30y8+2y10)x7
1

+(2y−10+30y−8+158y−6+418y−4+728y−2+862+728y2+418y4+158y6+30y8+2y10)x8
1

+(y−10+27y−8+155y−6+432y−4+768y−2+918+768y2+432y4+155y6+27y8+y10)x9
1

+(y−10+22y−8+144y−6+421y−4+770y−2+925+770y2+421y4+144y6+22y8+y10)x10
1

+(16y−8+120y−6+378y−4+713y−2+867+713y2+378y4+120y6+16y8)x11
1

+(11y−8+96y−6+318y−4+622y−2+762+622y2+318y4+96y6+11y8)x12
1

+(6y−8+67y−6+247y−4+502y−2+623+502y2+247y4+67y6+6y8)x13
1

+(3y−8+45y−6+181y−4+387y−2+485+387y2+181y4+45y6+3y8)x14
1

+(y−8+25y−6+119y−4+271y−2+348+271y2+119y4+25y6+y8)x15
1

+(13y−6+72y−4+178y−2+231+178y2+72y4+13y6)x16
1

+(5y−6+38y−4+103y−2+138+103y2+38y4+5y6)x17
1

+(2y−6+18y−4+56y−2+76+56y2+18y4+2y6)x18
1 +(7y−4+26y−2+37+26y2+7y4)x19

1

+(2y−4+11y−2+16+11y2+2y4)x20
1 +(3y−2+5+3y2)x21

1 +(y−2+1+y2)x22
1

]
(x1x2)5+O(x6

2),

(A.2g)

F
(l=2)
8 (y;x1;x2)=1+

[
y−2+1+y2+(y−2+1+y2)x1+(y−2+1+y2)x2

1+(y−2+1+y2)x3
1

+(y−2+1+y2)x4
1+(y−2+1+y2)x5

1+(y−2+1+y2)x6
1+(y−2+1+y2)x7

1

]
x1x2
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+
[
y−4+2y−2+3+2y2+y4+(y−4+3y−2+4+3y2+y4)x1+(2y−4+4y−2+6+4y2+2y4)x2

1

+(2y−4+5y−2+7+5y2+2y4)x3
1+(3y−4+6y−2+9+6y2+3y4)x4

1

+(3y−4+7y−2+10+7y2+3y4)x5
1+(4y−4+8y−2+12+8y2+4y4)x6

1

+(3y−4+8y−2+12+8y2+3y4)x7
1+(3y−4+6y−2+10+6y2+3y4)x8

1

+(2y−4+5y−2+8+5y2+2y4)x9
1+(2y−4+4y−2+7+4y2+2y4)x10

1

+(y−4+3y−2+5+3y2+y4)x11
1 +(y−4+2y−2+4+2y2+y4)x12

1 +(y−2+2+y2)x13
1 +x14

1

]
(x1x2)2

+
[
y−6+2y−4+5y−2+6+5y2+2y4+y6+(y−6+4y−4+9y−2+11+9y2+4y4+y6)x1

+(2y−6+7y−4+15y−2+18+15y2+7y4+2y6)x2
1

+(3y−6+10y−4+21y−2+26+21y2+10y4+3y6)x3
1

+(4y−6+14y−4+29y−2+35+29y2+14y4+4y6)x4
1

+(5y−6+18y−4+37y−2+45+37y2+18y4+5y6)x5
1

+(6y−6+22y−4+46y−2+56+46y2+22y4+6y6)x6
1

+(6y−6+24y−4+52y−2+64+52y2+24y4+6y6)x7
1

+(6y−6+24y−4+52y−2+64+52y2+24y4+6y6)x8
1

+(6y−6+23y−4+51y−2+63+51y2+23y4+6y6)x9
1

+(5y−6+21y−4+48y−2+59+48y2+21y4+5y6)x10
1

+(4y−6+18y−4+43y−2+53+43y2+18y4+4y6)x11
1

+(3y−6+14y−4+36y−2+45+36y2+14y4+3y6)x12
1

+(2y−6+10y−4+28y−2+35+28y2+10y4+2y6)x13
1

+(y−6+6y−4+19y−2+24+19y2+6y4+y6)x14
1 +(y−6+4y−4+13y−2+16+13y2+4y4+y6)x15

1

+(2y−4+8y−2+10+8y2+2y4)x16
1 +(+y−4+5y−2+6+5y2+y4)x17

1 +(2y−2+3+2y2)x18
1

+(y−2+1+y2)x19
1

]
(x1x2)3

+
[
y−8+2y−6+6y−4+10y−2+13+10y2+6y4+2y6+y8

+(y−8+4y−6+12y−4+22y−2+27+22y2+12y4+4y6+y8)x1

+(2y−8+8y−6+24y−4+41y−2+51+41y2+24y4+8y6+2y8)x2
1

+(3y−8+13y−6+37y−4+65y−2+79+65y2+37y4+13y6+3y8)x3
1

+(5y−8+20y−6+57y−4+97y−2+119+97y2+57y4+20y6+5y8)x4
1

+(5y−8+27y−6+77y−4+134y−2+162+134y2+77y4+27y6+5y8)x5
1

+(7y−8+35y−6+103y−4+178y−2+217+178y2+103y4+35y6+7y8)x6
1

+(7y−8+41y−6+122y−4+218y−2+265+218y2+122y4+41y6+7y8)x7
1

+(8y−8+45y−6+138y−4+245y−2+301+245y2+138y4+45y6+8y8)x8
1

+(7y−8+47y−6+145y−4+264y−2+322+264y2+145y4+47y6+7y8)x9
1

+(7y−8+46y−6+149y−4+272y−2+336+272y2+149y4+46y6+7y8)x10
1

+(5y−8+42y−6+141y−4+267y−2+329+267y2+141y4+42y6+5y8)x11
1

+(5y−8+36y−6+130y−4+249y−2+313+249y2+130y4+36y6+5y8)x12
1
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+(3y−8+29y−6+109y−4+219y−2+275+219y2+109y4+29y6+3y8)x13
1

+(2y−8+21y−6+88y−4+179y−2+231+179y2+88y4+21y6+2y8)x14
1

+(y−8+15y−6+66y−4+141y−2+181+141y2+66y4+15y6+y8)x15
1

+(y−8+9y−6+48y−4+105y−2+140+105y2+48y4+9y6+y8)x16
1

+(5y−6+31y−4+74y−2+99+74y2+31y4+5y6)x17
1

+(2y−6+19y−4+47y−2+67+47y2+19y4+2y6)x18
1

+(y−6+10y−4+28y−2+40+28y2+10y4+y6)x19
1 +(5y−4+14y−2+23+14y2+5y4)x20

1

+(2y−4+7y−2+11+7y2+2y4)x21
1 +(y−4+3y−2+6+3y2+y4)x22

1 +(y−2+2+y2)x23
1

+x24
1

]
(x1x2)4

+
[
y−10+2y−8+6y−6+12y−4+21y−2+24+21y2+12y4+6y6+2y8+y10

+(y−10+4y−8+13y−6+30y−4+51y−2+60+51y2+30y4+13y6+4y8+y10)x1

+(2y−10+8y−8+28y−6+63y−4+105y−2+122+105y2+63y4+28y6+8y8+2y10)x2
1

+(3y−10+14y−8+48y−6+109y−4+179y−2+209+179y2+109y4+48y6+14y8+3y10)x3
1

+(4y−10+22y−8+78y−6+175y−4+286y−2+332+286y2+175y4+78y6+22y8+4y10)x4
1

+(5y−10+30y−8+112y−6+257y−4+419y−2+488+419y2+257y4+112y6+30y8+5y10)x5
1

+(6y−10+40y−8+154y−6+358y−4+587y−2+683+587y2+358y4+154y6+40y8+6y10)x6
1

+(6y−10+48y−8+193y−6+460y−4+762y−2+892+762y2+460y4+193y6+48y8+6y10)x7
1

+(6y−10+54y−8+228y−6+553y−4+923y−2+1082+923y2+553y4+228y6+54y8+6y10)x8
1

+(6y−10+58y−8+255y−6+632y−4+1064y−2+1251+1064y2+632y4+255y6+58y8+6y10)x9
1

+(5y−10+58y−8+270y−6+687y−4+1172y−2+1383+1172y2+687y4+270y6+58y8+5y10)x10
1

+(4y−10+54y−8+270y−6+711y−4+1232y−2+1461+1232y2+711y4+270y6+54y8+4y10)x11
1

+(3y−10+48y−8+256y−6+700y−4+1237y−2+1475+1237y2+700y4+256y6+48y8+3y10)x12
1

+(2y−10+40y−8+230y−6+654y−4+1181y−2+1418+1181y2+654y4+230y6+40y8+2y10)x13
1

+(y−10+30y−8+193y−6+577y−4+1068y−2+1292+1068y2+577y4+193y6+30y8+y10)x14
1

+(y−10+22y−8+156y−6+489y−4+927y−2+1128+927y2+489y4+156y6+22y8+y10)x15
1

+(14y−8+116y−6+391y−4+766y−2+942+766y2+391y4+116y6+14y8)x16
1

+(8y−8+82y−6+297y−4+605y−2+751+605y2+297y4+82y6+8y8)x17
1

+(4y−8+52y−6+210y−4+448y−2+564+448y2+210y4+52y6+4y8)x18
1

+(2y−8+32y−6+140y−4+315y−2+401+315y2+140y4+32y6+2y8)x19
1

+(16y−6+85y−4+204y−2+265+204y2+85y4+16y6)x20
1

+(8y−6+49y−4+127y−2+166+127y2+49y4+8y6)x21
1

+(3y−6+25y−4+72y−2+97+72y2+25y4+3y6)x22
1

+(y−6+11y−4+38y−2+52+38y2+11y4+y6)x23
1 +(4y−4+17y−2+24+17y2+4y4)x24

1

+(y−4+7y−2+10+7y2+y4)x25
1 +(2y−2+3+2y2)x26

1 +(y−2+1+y2)x27
1

]
(x1x2)5+O(x6

2), (A.2h)

where we have denoted y1 = y−1
2 as y.
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By setting y = 1 we also determined the higher order terms in x2 as

F
(l=2)
2 (1;x1;x2)= ···+(153+275x1+144x2

1+22x3
1)(x1x2)7

+(252+468x1+278x2
1+50x3

1+x4
1)(x1x2)8+(391+786x1+503x2

1+112x3
1+4x4

1)(x1x2)9+O(x10
2 ),
(A.3a)

F
(l=2)
3 (1;x1;x2)= ···+(264+643x1+1042x2

1+967x3
1+646x4

1+251x5
1+62x6

1+4x7
1)(x1x2)7+O(x8

2), (A.3b)

F
(l=2)
4 (1;x1;x2)= ···+(343+930x1+1881x2

1+2851x3
1+3280x4

1+3147x5
1+2389x6

1+1472x7
1+707x8

1

+253x9
1+60x10

1 +7x11
1 )(x1x2)7+O(x8

2), (A.3c)

F
(l=2)
5 (1;x1;x2)= ···+(390+1102x1+2438x2

1+4259x3
1+6404x4

1+7961x5
1+8907x6

1+8667x7
1+7472x8

1

+5605x9
1+3764x10

1 +2126x11
1 +1033x12

1 +407x13
1 +129x14

1 +23x15
1 +3x16

1 )(x1x2)7+O(x8
2), (A.3d)

F
(l=2)
6 (1;x1;x2)= ···+(414+1193x1+2737x2

1+5084x3
1+8422x4

1+12273x5
1+16006x6

1+19095x7
1

+20930x8
1+21119x9

1+19510x10
1 +16689x11

1 +13089x12
1 +9454x13

1 +6160x14
1 +3644x15

1 +1918x16
1

+888x17
1 +341x18

1 +108x19
1 +23x20

1 +3x21
1 )(x1x2)7+O(x8

2), (A.3e)

F
(l=2)
7 (1;x1;x2)= ···+(221+582x1+1286x2

1+2321x3
1+3849x4

1+5729x5
1+7948x6

1+9952x7
1+11816x8

1

+13069x9
1+13679x10

1 +13358x11
1 +12329x12

1 +10630x13
1 +8712x14

1 +6629x15
1 +4735x16

1 +3109x17
1

+1907x18
1 +1056x19

1 +536x20
1 +229x21

1 +87x22
1 +24x23

1 +5x24
1 )(x1x2)6

+(429+1230x1+2876x2
1+5484x3

1+9493x4
1+14772x5

1+21346x6
1+28078x7

1+34851x8
1+40438x9

1

+44379x10
1 +45713x11

1 +44583x12
1 +40902x13

1 +35666x14
1 +29195x15

1 +22556x16
1 +16272x17

1

+11041x18
1 +6924x19

1 +4038x20
1 +2116x21

1 +1010x22
1 +416x23

1 +151x24
1 +39x25

1 +7x26
1 )(x1x2)7

+O(x8
2), (A.3f)

F
(l=2)
8 (1;x1;x2)= ···+(221+582x1+1299x2

1+2365x3
1+3999x4

1+6129x5
1+8941x6

1+12073x7
1+15358x8

1

+18495x9
1+21306x10

1 +23354x11
1 +24545x12

1 +24568x13
1 +23503x14

1 +21524x15
1 +18899x16

1 +15834x17
1

+12655x18
1 +9613x19

1 +6920x20
1 +4723x21

1 +3053x22
1 +1831x23

1 +1020x24
1 +517x25

1 +238x26
1 +96x27

1

+34x28
1 +8x29

1 +x30
1 )(x1x2)6
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1 +81207x16
1 +72238x17

1

+61484x18
1 +50163x19
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1 +20530x22
1 +13783x23
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1 +5167x25

1 +2837x26
1

+1452x27
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1 )(x1x2)7+O(x8
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where the lower order terms · · · are obtained from (A.2) by setting y = 1.

A.2 l = 3

We find that F
(l=3)
m (yα; x1; x2) are given as

F
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(3)
1 +A

(3)
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3 +55B

(3)
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(3)
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]
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+O(x4
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(3)
1 )x5

1

+(2+A
(3)
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(3)
1 +2A

(3)
2 +3B

(3)
2 )x2

1

+(22+13A
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2
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By setting yα = 1 we also determined the higher order terms in x2 as
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where the lower order terms · · · are obtained from (A.4) by setting y = 1.

A.3 l = 4
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