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1 Introduction and summary

In this paper we study the so called U(N) ADHM theory with [ flavors, which is the
three-dimensional N' = 4 U(N) supersymmetric Yang-Mills theory coupled with an adjoint
hypermultiplet and [ fundamental hypermultiplets [1, 2]. The theory describes a stack
of N M2-branes probing an I-centered Taub-NUT space which is asymptotically C2/Z;
space with the A;_; singularity so that the space transverse to the M2-branes is C*/Z;
= C? x (C?/7;) [3, 4]. In the near horizon limit for large N and finite I, the theory is
holographically dual to M-theory on AdSy x S7/Z;, where the S” is embedded into the C*

|21|2+|Z2’2+123|2+|Z4‘2 =1 (1.1)

and the Z; acts on the four complex coordinates on the C* as
(21, 22, 23, 24) > (21,6¥22,23,e¥24). (1.2)
The spectrum of the BPS local operators in the large IV limit of the effective theories
describing a stack of N coincident branes in string/M-theory is related to that of the Kaluza-
Klein (KK) modes on the holographically dual supergravity backgrounds. For the BPS local



operators with relatively large conformal dimension, the dual BPS states in the supergravity
side are described by the giant gravitons which behave as extended branes [5-8]. In the
near horizon geometry AdS; x S”/7Z;, there exist giant gravitons as M5-branes wrapping a
supersymmetric 5-cycle in S7/Z; as the intersection of holomorphic surfaces in C*/Z; with
the S7/Z; [9]. The fact that the C* background factorizes into C? and C?/Z; leads to the
distinguished BPS spectrum of the M5-branes.

Accordingly, the large N limits of the supersymmetric indices of the effective theories
are related to the gravity indices for the KK modes in the near horizon geometry. On the
other hand, the finite N indices should contain the contributions from the giant gravitons
whose angular momenta are of order N. The giant graviton expansions are manipulated by
expanding the ratios of the finite N supersymmetric indices to the large NV indices with respect
to the fugacities coupled to the angular momenta carried by the giant gravitons [10-12].
Remarkably, the emerging expansion coefficients can be viewed as the indices for the theories
on the giant gravitons so that one can also derive the indices for the associated world-volume
theories upon an appropriate change of variables through the giant graviton expansions.

In [13] we analyzed the giant graviton expansions of the Coulomb and Higgs indices
for the M2-brane superconformal field theories (SCFTs).! When [ = 1, the ADHM theory
has the equivalent Higgs and Coulomb branches and the theory is IR equivalent to the
U(N)1 x U(N)_1 ABJM theory [16] with opposite Chern-Simons level +1 and —1, both of
which describe a stack of N M2-branes probing flat space. For [ > 1 the ADHM theory
has the Higgs branch of supersymmetric vacua as the moduli space of N SU(I) instantons,
which is distinguished from the Coulomb branch, the N-th symmetric product of the A-type
singularity. We found that the unflavored vacuum character of the affine Kac-Moody algebra
gl\l(l)l at level 1 emerges from the index of a single M5-brane associated with the leading
term in the giant graviton expansion of the Higgs index of the U(N) ADHM theory with
[ flavors with the flavor fugacities turned off.

In this paper we promote the analysis of the giant graviton expansion of the Higgs indices
in [13] by adding flavor fugacities and including the contributions of multiple M5-brane giant
gravitons. Based on parameter identification between the giant graviton indices and the
Mb5-brane indices for [ = 1 detailed in [14], we expect that the m-th finite N correction to the
Higgs index can be interpreted, after the change of variables, as the index of m Mb-branes
in the 1/4 BPS limit called twisted limit in [13]. Our main results on the M5-brane indices
are summarized as follows:

e The key feature of this work lies in introducing multiple flavored fugacities associated
to the Higgs branch symmetry within the framework of the giant graviton expansion.
In particular, the fugacities of the SU(l) flavor symmetry introduce the refinement
on each giant graviton index, rather than distinguishing the wrapping numbers of the
M5-brane giant on different cycles. In the previous works, the analyses of the giant
graviton expansion with the flavored fugacities that are irrelevant to the expansion
variables are very limited. In particular, for m = 1 we find that the M5-brane index is

'See [12, 14, 15] for the relevant analyses of the giant graviton expansions of the supersymmetric indices
for the M2-brane SCFTs.



1.1

proportional to the flavored vacuum character of the affine Kac-Moody algebra ﬁ/l\l(l)l,
which generalizes the results in [13].

For the index of multiple m M5-branes, we find the level-m 8u(l),, affine Kac-Moody
vacuum characters upon a special fugacity limit. In another fugacity limit, the index
becomes the m-th power of the level-one affine Kac-Moody vacuum character. The first
subsector would be interpreted as the spectrum of the m Mb5-branes on the [-centered
Taub-NUT space in M-theory or the I-brane configuration consisting of m D4-branes
intersecting with [ D6-branes in Type IIA string theory [17-24] (see also [25-27]). The
emergence of the affine Kac-Moody algebra gl\l(l)m is quite similar to the proposal [28—
30] (also see [31-38]) that m Mb5-branes on C2?/7Z; with Q-deformation generates the
current algebra. The latter subsector admits a natural interpretation as arising from
m identical constituents, which is consistent with a picture of separated branes or
independent excitations.

Moreover, our analysis reveals that the giant graviton expansions possess a non-trivial
inversion property, as observed in other examples [12, 13, 39]. Namely, we find that
index of m Mb5-branes has a definite large m limit, and hence we can analyze the
giant graviton expansion of the Mb-brane indices through the finite m corrections.
Interestingly, the giant graviton coefficients of the M5-brane indices coincide, upon a
suitable change of variables, with the Higgs indices of the original 3d ADHM theory
with [ flavors. This non-trivial relationship provides compelling evidence for a duality
between the M2-brane indices and the resulting M5-brane indices.

Future works

In this work, we have found the special fugacity limits of the indices for M5-branes
appearing in the giant graviton expansions coincide with the characters of the affine
Kac-Moody algebras, but further mathematical verification of our results and exact
closed-form expressions for the indices of M5-branes are still highly desirable.

One obvious extension is to survey the giant graviton expansions of the indices for the
other M2-brane SCFT5, including the theories with non-unitary gauge groups and the
quiver Chern-Simons theories [40, 41].

It would be interesting to explore the giant graviton expansions of the indices in the
presence of the defect operators. The expansions of such defect indices have been
examined for 4d A' = 4 SYM theory in [42-48]. On the other hand, several exact results
for the M2-brane SCFTs are presented in [49-51] for the line defect indices and in [52]
for the boundary conditions. We hope to elaborate on the expansions of the defect
indices in future work.

The Higgs index of U(N) ADHM theory with [ flavors coincide, up to an overall factor,
with the instanton partition function of 5d N’ =1 SU(l) pure Yang-Mills theory with
the instanton number N (see e.g. [50]). These 5d partition functions are known to satisfy
non-linear recursion relations with respect to the instanton number [53], which arises



from the blowup equation [54]. It would be interesting to provide analytic derivation of
our proposals for the giant graviton indices through the recursion relations.

1.2 Structure

The organization of the paper is straightforward. In section 2 we make a brief review of the
supersymmetric indices for the U(N) ADHM theory with [ flavors and the giant graviton
expansions. In section 3 we explain the methods and working hypotheses to determine the
explicit expansion coefficients in the giant graviton indices. In section 4 we analyze the single
sum giant graviton expansion of the Higgs index for the U(N) ADHM theory with | = 2
flavors. In section 5 we examine the single sum giant graviton expansions of the Higgs indices
for the theories with higher [. We propose the conjectured relations of the indices for a
stack of m Mb5-branes on the [-centered Taub-NUT space resulting from the giant graviton
expansions and the characters of the affine Kac-Moody algebras. The explicit expressions
for the giant graviton indices for various flavors | and wrapping numbers m are listed in
appendix A, which are written in terms of the function F,Si)(ya; x1;x2) defined by (3.12).

2 ADHM theory with I flavors

In this section we briefly review the supersymmetric indices for the U(N) ADHM theory.?
The U(N) ADHM theory with [ flavors is a 3d N' = 4 supersymmetric gauge theory of
gauge group U(N), an adjoint hypermultiplet and ! fundamental hypermultiplets [1, 2]. The
supersymmetric index of U(N) ADHM theory is given explicitly by the supersymmetric
localization formula [57, 58] as

IU(N)ADHM_[I] (ta Ty Yas %5 Q)

1 (20X > 7(1—[ ds;
_Nv(l_. N 2mis;

: q2t 27Q)oo mi, - MNEL
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(qit~'aF )N o (¢4 ( ) t ( ;j) 1 4)oo
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i=1a=1 (q4Jr 2 t(Yasi) T @)oo

where y,, are the fugacities for the SU(I) flavor symmetry with [], yo = 1. Here and hereafter
we use the symbol + appearing in the powers of variables as an abbreviation of repeated
factors with + and —. For example, (2%;¢)o0 = (2;9) o0 (7715 @)oo

For | = 1 the ADHM theory is a self-mirror theory with enhanced A/ = 8 supersymmetry.
For | > 1 the theory has the Higgs branch as N SU(l) instanton moduli space, which is
distinguished from the Coulomb branch.

2See [55, 56] for the details including the definition and convention.



2.1 Higgs indices

The supersymmetric indices for 3d N = 4 supersymmetric field theories admit two special
fugacity limits by keeping the ratio of two variables ¢ and t and sending ¢ to zero, the
Coulomb and Higgs limits [59], in which they enumerate the Coulomb and Higgs branch
local operators as the Coulomb and Higgs indices, a.k.a. refined Hilbert series [60-62] for
the Coulomb and Higgs branches respectively. In the Higgs limit

¢t 50 with t=qit fixed, (2.2)
the supersymmetric index (2.1) reduces to the Higgs index
U(N)ADHM-[I] (

Iy T, Ya; t)

1 (- ;4 fVI sy <1 -(2)” ) <1 -t (s])ﬂ)
N! (1 — aE1)N L 2mis; M-, ( i (;)i1> (1 gl (;)i1>

N 1
2.3
];[ ];[ yaSz) ( )
In the large N limit, the Higgs index was found to be given as [49]
U(o0) ADHM-[] T 1
IH (xv Yas; t) - H IEilt H H ( 71t)a($t)by—a . (24)

a:l a,5=1a,b= l Yp

On the other hand, the closed-form expressions for the Higgs index for finite N can also be
obtained by several methods, including the Hall-Littlewood expansions (see e.g. [49]) and
the Jeffrey-Kirwan (JK) residue formula [63, 64] (see also [50]).

2.2 Giant graviton expansions

It follows that the coefficients of the small t expansion of the Higgs index for finite N deviate
from those of the large N index (2.4) at O(tV*1). In general we observe that the finite N
corrections have the following structure

I}lL]I(N)ADHM-[l} (

T, Ya; t) 14 Z (xflt)mlN(xt)mQN}—(l)

mi,ma°

(2.5)
7U(o0) ADHM-[]

H (:L', Yo t) m1,m22>0
(m1,m2)#(0,0)
The expansion describes the finite N corrections to the Higgs index when [t| is small and
T, 1q are kept of O(tY). Such expansions of the ratios of the finite N supersymmetric indices
to the large N indices are called the giant graviton erpansions [10-12]. Remarkably, the
expansion coefficients in the giant graviton expansions can be viewed as the index for the
effective theory on the giant gravitons.
We can also consider a different expansion where finite IV corrections take simpler form.
For this purpose we define new variables x1,zs as

r1=x ', x9 =zt (2.6)



Then, we expand the left-hand side of (2.5) to an arbitrary but finite order in x5 first, and
then study the finite IV corrections to this truncated series in terms of the parameter |z;| < 1.
In this way, we find that the finite IV corrections are given by the same series but only the
terms with (my,mg2) = (m,0) being kept. Namely,

Y i mN (1) e
: =1+ o Fi) (Yas 215 22), (2.7)
Ig(oo)ADHM [l]( ,Ya; 1) lsingle sum mz:%
with
FO (yas w1;22) = Fy. 28

We shall call this expansion single sum expansion. In the remaining part of this paper we
always consider the single sum expansion and hence omit the subscript “|single sum”™

Some preliminary analyses of the single sum expansions of the Higgs indices of the U (V)
ADHM theory were made for [ =1 in [12] and for { > 1 in [13]. In particular, it was found
that the first coefficient ﬁfl)(ya;acl;mz) is given for y, = 1 as [13]

Xau(n), (22)

FOyy = Lizy;29) = - , (2.9)
($1 ;x2)oo
where
1 1 l m2
X@(Z)I(Q) = Z q2 2™ (2.10)

(@ Doo” e
(m1+-~~+ml=0)

is the unflavored vacuum character of the affine Kac-Moody algebra @(2)1 at level 1. For

the first few expansion coefficients of x4, ( (q), see e.g. appendix B in [13]. Furthermore, for

I =1 one can derive the double sum expzlx)rllsion (2.5) together with the explicit expressions
of all the coefficients J’t}(,ll)lm2 analytically by using the equivalence of the Higgs index to the
Coulomb index [12, 13]. In particular, the coefficients ]:'7%:1)(331; x9) = .7:_,5507:01) which appear
in the single sum expansion are given as

Fa (s xe) = ] 1

P (2.11)
k=1 (77 k? T2) o0

We also note that when we set x2 = 0, the Higgs index (2.3) for any [ reduces to the
half BPS index [65]

N
U(N)ADHM-[I U(N)ADHM-[I 1
IH( ) H(ya§$1;0) — I%];P%,H []($1) = H - x?, (212)
n=1

for which the coefficients of the single sum expansion are given explicitly as [12]

~ m 1
FD (ya; 2150) = 11 [
-

n=1

(2.13)

These half BPS indices turn out to be the universal overall factors and play a crucial role in
the determination of the x5 dependence of the giant graviton indices.



3 Determination of expansion coefficients

In this section we explain how we can determine the coefficients .7:'7%) (Yo; x1; 22) Of the single
sum expansion (2.7). Readers who are interested in our main conjectures rather than the
supporting evidence of the conjectures may skip this section for their first reading.

Note that in the single sum expansion we can study the coefficients of a:jz in the finite N
corrections separately for different j’s. The expansion (2.7) suggests that when N is sufficiently
large, the finite N correction is given only by the first term z{Y Al(l) (Ya; 1; x2). Hence we can
determine ﬁl(l) (Ya; o1; 2) by expanding the left-hand side of (2.7) with sufficiently large N
so that all the expansion coefficients in x; saturate. Once we determine the coefficient of :EJQ

in .7:"1(1) (Ya; 21; T2) in this way, we can determine the coefficient of x% in ﬁz(l)(ya; x1;x2) by the

same analysis after subtracting z{¥ Afl) (Yo; 15 2) from the both sides of (2.7). By repeating

this analysis we can determine the coefficient of z7 in ]t}(,ll) (Ya; T1; x2) sequentially in m.
After several trials with sufficiently large N (N < 14), we observe that the expansion

coefficients have the following structure

R m 1 ) i }
FO (s 213 22) = (H ) (1 Y™ ,Si?j@a;xl)xs), (3.1)

—-n
ne1 1= 2 j=1

where fﬁ?j (Ya; x1) are some (mj)-th order polynomials in x;

mj
1O (ase) =1+ 3 £9 (ya)at, (3.2)
a=1

with ffrlgj;a(ya) being some finite Laurent polynomial in y, with non-negative coefficients.

We further observe that the coefficients ffé?j; «(Ya) of the polynomial fﬁ?j (Ya; 1) show the
following saturating behavior

£ i) = 1V ), (m>3,a=1,-- ,m+j—3), (3.3a)
Aatve) = 1atwa) (a=1[3]). (3.3b)
ff(gj;mj—a(ya) = fr(rlz)—l,j;(m—l)j_a(ya)’ (a=0,1,--- ,m—j—1), (3.3¢)
fﬁ?j;a(ya) = f'r(rlL?j—l;a(yOé)7 (a=1,2,---,j—1). (3.3d)

The saturating property (3.3) enables us to determine the coefficient polynomials fffl?j(ya; x1)
for higher order j in zo and wrapping number m only from relatively a few data of

U(N)ADHM-[I
7, U (a, yas ).

Let us show some examples for how the above strategy works: the determination of
fr(i’:f) (z1) with yo, = 1 from the exact expressions of IZ(N)ADHM'[Z] (z,1;t) with N <1,2,3,
which are given as
FUMADEM-L] (g ) 1+217s (3.4a)

(171’1)(171’2)(171’1%2)2 ’



IZ@)ADHM—[Q] (,1:1)
1

T (l—21)(1-22)(1—22)(1—22)(1—z122)2(1—2222)2(1—2123)2 1421 (2421)72

—x1(—=1-211 +2x%)x§—w%(2+x1 +2x%)x§—x§(2+x1 +2x§)m§+x‘f(—2+2x1 —i—x%)xg

2y (14221 ) 2§ +aT2h |, (3.4b)

Ig(3)ADHM_[2] (2,1:1)

1
() (1D (1) (1—22)(1-a3) (L)) (1—122)2 (12322 2 (L—w1a3)2 (1 awa (1 12 2

X [1+x1(2+2$1 o) rg—x1 (—2—621 —323+227) 3 —21 (—1—321 —62% —23 + 327 +4a) +225) 23

+a} (14321 — 627 — 1127 — T} —af +af)ag +23 (1+21) (—2—21 — 5} — 327 - 102 +25 +227) 2}
+gc‘;’(—4— 11z, —13;6%—636?—&—95‘11—&—3:10?+7x§+4x{+2x§)x§

+ a3 (—2—Twy — 1027+ + 1427+ 1423 +825 + 7] +32f +29 )]

—x‘ll(l—xl —3:13% —1436‘;’—20x‘11 —14£C§ —393? —x{—i—m?)x%

—21(—1-3z, T2 —8z% — 14z} — 142} — 2§ +102] + 725 4+-227)2)

—a}(—2—day — T2 323 —2] +627 +1328 +112] +42%) 230
—aS(14x1)(—2—21 +1023 432 {4525 + a8+ 22w + 2l (1 -2y — 722 — 1123 — 627 + 325 +28) 12

taf(—2—4x; - 323+ 23 +62] +325 +25) 23 + o1t (— 24323 4623 422 )2y 2] (14221 +-223 ) 230

_i_xiﬁxéﬁ}' (3.4c)

First let us consider the coefficients f},ﬁj” (Yo = 1;21) with j = 1, where the coefficient

fg?) (Yo = 1;x1) with m = 1 is given by expanding (2.9) as
1=
f1(,1 2y = La1) = 1+ 321 (3.5)
Taking into account the saturating property (3.3), let us denote the unknown coefficients as
f2(31:2)(ya = 1;«771) =14a1x1 + 333%, (363)

f3(f1:2) (ya =1 1'1) =1+a1z1 + CL1$% + 31’%, (3,6b)

Then, by subtracting the right-hand side of (2.7) with the summation over the wrapping
number truncated for m < 3 from the left hand side, we obtain

N=1:
0=a? [(4 —ay)z? + (4 —ay)xd + (8 —2a1)x} + (4 —ar)a) + (4 — ap)at
+(—3+a1)x§+“'}, (3.7a)
N=2:
0= $il[(4 —a1)z? + (4 — a))xd + (8 — 2a1)zt + (8 — 2a1)z5 + (8 — 2ay)®

+ (4= an)zl + (@ - a)a + -], (3.7b)



N=3:
0=af [(4 —a1)z? + (4 — ay)xd + (8 — 2a1)z + (8 — 2a1)xF + (12 — 3a;)af

+ (8 = 2a1)a] + (8 — 2a1)2} + -+ |. (3.7¢)

Note that the higher expansion coefficients vary as N increases, which is because we have
omitted the contributions from higher wrapping number m. Conversely, when the coefficients
are saturated in N, we can regard them as the exact result without truncation of m and
use them as the equations to determine fr(,i?) (Yo = 1;21). In the current case, from the
coefficients of x%N TV with v < 5 which saturate at N = 2, we can determine aq as a1 = 4.

Next let us consider the coefficients f,, (l:?) (ya = 1;x1) with j = 2, where the coefficient

Jmo U=2) (4 = 1;21) with m = 1 is given by eXPandmg (2.9) as

F5D (o = L) = 1+ day + 4o, (3.8)

Taking into account the saturating property (3.3), let us denote the unknown coefficients as

f2l2 2 (ya 1, IL’1) =1 + 4IL’1 + (121'% + 6273.73:% -+ boxil, (39&)
f3 2 (ya = 1, xl) =1+4+4x + CL2$% + agaz:{’ + 037435411 + blx? =+ bol’?, (39b)
(l 2 (ya = 1, 561) =1 + 4:61 -+ G/QCC% + agzvi’ + a4:c‘11 -+ C475ZL‘L;] + befli + bliCI + b().l‘?, (3.9C)

)

1+ 4.%'1 + GQ.Z'% + agle‘) + CL4{/L'411 + CL5.’L’? + 65’61'? + ngz + bg(L‘? + blng

l 2)
f52 (yOé = 1,.%'1
+ bozy”, (3.94)

Then, by subtracting the right-hand side of (2.7) with the summation over the wrapping
number truncated for m < 3 from the left hand side, we obtain

N=1:
0=a? {(9 —ag)r1 + (20 — ag — ca3)xF + (29 — ag — by — ca3)23
+ (25 —ag +asz — by — 20273)5611 + - ~}, (3.10a)
N=2:
0=af {(9 — ag)z1 + (20 — ag — c23)x] + (38 — 2a3 — by — c2.3)7}
+ (40 — ay — by — 2e23)at + -+, (3.10b)
N=3:
0=2a$ {(9 —ag)x1 + (20 — ag — ca.3)xt + (38 — 2a — by — ca3)xt
+ (49 = 2a5 — by — 2cp8)af + -+ . (3.10¢)

2N+v

From the saturated coefficients of x7 with v < 3, we determine ag,c23,by as az = 9,

c23 = 11, bp = 9. After substituting these values, we find that the saturation of the



coefficients continue to higher order as
N=1:
0= 23[(~15 + ag)ed + (=36 + as + c3 )2t + (=67 + 2a3 + by + cg.4)a]
+ (88 + 2a5 + by + 2¢3.4)a8 + (—115+ 3ag — as + 2by + e a)a] ++- |,

(3.11a)
N=2:

0= a8 [(~15 + ag)ad + (=36 + a3 + c3 )2t + (=67 + 2a3 + by + cy.4)a]
+ (—103 + 3ag + by + 265.4)28 + (140 + 3ag + 2b1 + eza)a] +---],  (3.11b)

N =3:

0=z} [(—15 +a3)x3 + (=36 + a3 + c34)2t + (=67 + 2a3 + by + c3.4)x]
+(—103 + 3ag + by + 2¢5.4)28 + (—155 + dag + 2b1 + ez )a] +--- .
(3.11c¢)
From the saturated coefficients of 23" ™
C34 = 21, b1 = 16.
Note that after the change of variables ]-)g? (Yo; T1;22) = .7:}(,? (Yai; :zl_l; r1232), }"T(,lL) (Yo; T1; 22)

with v < 6, we determine a3, c34,b1 as ag = 15,

is expected to be the supersymmetric indices of the Mb5-brane giant gravitons in the twisted
limit. As we comment in section 4.3, we can determine more coefficients by assuming that
these ]igi) (Ya; T1; x2) facilitate the inverse giant graviton expansion. In table 1 we summarize
the orders of zs to which we have determined the giant graviton indices ]:'T(,ll) (Yo; T1; x2) With
or without assuming the inverse giant graviton expansion. See appendix A for the final
results, which are written in terms of jad (Yo; 215 x2) defined by
m

FW (yas z1;29) = FU (g R av ) H (z1521272) 00 (3.12)
In the following sections, except in section 4.3 and section 5.3, we utilize all of these data to
analyze various structures of the M5-brane indices. In section 4.3 and section 5.3, we rely
only on the data obtained without using the inverse giant graviton expansion.

4 Single sum expansion for [ = 2

Let us first consider the single sum expansion of the Higgs index for [ = 2

II(j][(N)ADHM-[Q} (

y; 1) o~ mN £(1=2)
=1+ N Fn T (y; x5 xe). (4.1)
Ig(oo)ADHM-[Q} (z,y: 1) Z 1

m=1

N

Here we have denoted y1 = y,5 Las y. The term 7" in the expansion would correspond

to the ground state configuration characterized by the supersymmetric surface wrapped by
the Mb-brane giant graviton. The coefficients .7:'7%:2) (y; x1; x2) would be contributed from

the Mb5-brane giant gravitons of wrapping number m.
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(4) (B)

’l‘ m ‘Jl(ngx ]max(y = 1)H]I(HB;X ]maX(y = 1)‘
2 1 7 - 7 -
2 6 9 6 9
3 4 7 6 7
4 3 ) 6 7
D 3 4 6 7
6 3 4 6 7
7 3 4 9 7
8 2 4 9 7
3 1 3 - 3 -
2 3 6 3 6
3 3 ) 3 6
4<m<8| 3 4 3 6
4 1 3 - 3 -
2 3 3 3 3
3<m< 8| 2 3 3 3

Table 1. List of jr(nax (resp. jﬁnax) for which we have determined £V (Yo; x1; 2) to the order

(’)(a:ér(‘f‘)") (resp. O(z Jr“iz‘)) without (resp. with) assuming inverse giant graviton expansion. In order
to determine the giant graviton indices, we have used the exact expressions of IU(N)ADHM B for
N <14 (resp. N < 10) with (resp. without) setting y,l =1, IU(N)ADHM B for N < 7 (resp. N < 5)
with (resp. without) setting y, = 1 and IH(N)ADHM for N <4 (resp. N < 3) with (resp. without)

setting y, = 1.

Remarkably, the coefficients ﬁr(,i:m(y; x1;x2) can be viewed as the giant graviton indices,
the indices of the theory realized on the Mb5-brane giant gravitons. It follows that they are
related to the supersymmetric indices of the world-volume theory of the M5-branes by a
simple variable change of the fugacities x1 and xo

.F(l 2)(ya :L'lal?) f(l 2)(347 331:52) (42)
We shall refer to this .7-"7%:2) (y; x1;x2) as the Mb-brane indices.
4.1 A single M5-brane

For m = 1, we find that

a1 1
FI gy w1520) = —

mx,@(% (y; z2), (4.3)

where

3 g (4.4)

X0, (W3 4)
311(2)1 q’ )OO =

— 11 —



is the character of the vacuum module of the affine Kac-Moody algebra 8u(2);. The
expression (4.4) gives rise to the refinement of the result (2.9). The expansion coefficient (4.3)
can be viewed as the index contributed from fluctuation modes of a single M5-brane giant
wrapped around a supersymmetric 5-cycle in S7/Zy. The M5-brane index is

(1=2) 1

J (2/5331;962): (

WX@(Q)l(% T172). (4.5)

The factor (x1;z172)5; is the 1/4-BPS index that is obtained as the twisted limit [13] of the
supersymmetric index of the 6d (2,0) theory for a free tensor multiplet [66]. It can be also found
from the giant graviton index (2.9) for I = 1 upon a change of variables z; — 7', x3 — z172.
The other factor is the vacuum character (4.4) of the affine Kac-Moody algebra 81(2);.

The appearance of the affine Kac-Moody algebra would be associated with the config-
uration of the M5-brane supported on the two-centered Taub-NUT space T'N,. Reducing
the configuration on the S! fibration of the TNy, one finds a D4-brane intersecting with
two D6-branes along the two-dimensional space in Type IIA string theory. This intersection
locus is called the I-brane [20, 67, 68]. The massless spectrum on the I-brane consists of
the chiral fermions that arise from the RR sector of the 4-6 open strings stretching between
the D4- and D6-branes. The chiral fermions are coupled to the U(1) and U(2) gauge fields,
which live on the world-volumes of the D4-brane and D6-branes respectively. In general,
the complex fermions transform as (+,) and (—, ) under the U(1) x U(2) gauge group
so that the they can realize the affine Kac-Moody algebra 11(2); at level 1. However, in our
case, the U(2) gauge field on the D6-brane is not dynamical as the Taub-NUT geometry in
M-theory is fixed, whereas the U(1) gauge field on the D4-brane is dynamical. This implies
that the effective theory is given by the coset

ﬁ11(12))_12 = 3u(2);. (4.6)

—~

In fact, the vacuum character (4.4) is equal to the graded character

1

ds 1 1
(4 0) 0 j{ s 4255y 0)oo(4255Y T @)oo (4.7)

of the boundary chiral algebra of the two free fermions in two-dimensions coupled to the
U(1) Chern-Simons theory with level —2.

4.2 Multiple M5-branes

421 m =2

Let us consider the case with m = 2. In this case the Mb5-brane index is expected to encode
the spectrum of the theory of a stack of two Mb5-branes. We write

= 1 1=2)
Fi=2 1 L1 X2) = F 1 T1;T2). 4.8

2 (y ) (xl;xlx?)oo(x%;xlxg)oo 2 (y ) ( )
Again the factor (r1;1122)) (22; 2122)5! that also appears for [ = 1 is the twisted limit [13]
of the 6d (2,0) theory describing a stack of two M5-branes. The factor FQ(lZQ) (y; x1;22) is

— 12 —



expected to be contributed from the spectrum of excitation modes for the I-brane. We find
that the small x5 expansion of F2(l12) (y; x1; 22) is given by
B (gsanima) =1+ [y 2410y (g 2+ 1y ) |1
+[y_4+2y_2+3+2y2+y4+x1(2y_2+3+2y2)+x% (z122)
+ [y*4+4y*2+5+4y2+y4+(y*4+5y*2+7+5y2+y4)a:1+(y*2+2+y2)x§ (z122)°
By Ty TR 104 Ty 43y (B 10y 24 1441097 43y )y
+(y 43y 2643y +yh)ad | (v120)?
+ [y*6+5y*4+13y*2+16+13y2+5y4+y6
+(y~ 4Ty 420y 2427420y +- Ty +y5) 2y
(2™ 8y 21248y 4 25 )0t + (y 2+ Ly )ad (2122)°
27010y~ 421y 7242842152 + 10y +2y°
+(2y 414y~ 436y +48+36y> +14y" +2y° )z,
+(6y_4—|—17y_2+26+17y2+6y4)$§+(2y_2+3+2y2)xﬂ (z122)°+O(2d).
(4.9)

On the I-brane we have the four complex fermions transforming as the bifundamental
representation ((J,0) and (O, 0) under the U(2) x U(2) gauge group. Since the fermions
carry opposite charges under the two U(1) factors, the diagonal U (1) is decoupled. Hence they
effectively couple to SU(2)x.SU(2)xU(1). These chiral fermions give rise to a realization of the
affine Kac-Moody algebra 11(4); with level 1. There exists the following conformal embedding

311(2)2 @ 811(2)2 ® 1i(1)4 C 1(4);. (4.10)

The embedding (4.10) can be viewed as a splitting of the bilinear current formed by the
free fermions and it is the affine analog of the gauge symmetry SU(2) x SU(2) x U(1).
When the two D4-branes are separated, one of the SU(2) gauge factors is broken to U(1)
so that the fermions can generically couple to the U(1) x SU(2) x U(1). Accordingly, we
have the following splitting [20]

(1) @ (3u(2)1)? @ u(1)4 C u(4)1, (4.11)
where we have used the following equivalence of the cosets [69]

3u(2);  (3u(2)1)?
0~ Fa@). (4.12)

From the perspective of the effective theory on the separated D4-branes, the free fermions
are dynamically coupled to the U(1) gauge field. Accordingly, the effective theory can be
described by the coset [23]

(4.13)
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Notice that the U(1)/U(1) coset models appearing in the coset (4.13) are the topological
field theories [70, 71]. They merely describe global degrees of freedom with no propagating
fields and the physical states are restricted to be zero eigenstates of the Lo [71]. So the actual
contributions to the index will be expressed in terms of the product of two characters of
the affine Kac-Moody algebra 81(2);. In fact, we observe that the expansion (4.9) contains
the expected contributions. We see that it is natural to turn off the fugacity z; to extract
the degeneracy of the states as the expansion coefficients of F2(l:2) with respect to xz2. In
fact, when x1 is set to unity, it is simply given by

=2
F{=2 (3 1500) = X gy 09, (03 22)°, (4.14)

where X?fu(z)l(y; q) is the vacuum character (4.4) of the 81(2);. This would imply that the

function F2(l22) (y; 1;x2) encodes the spectrum of excitations of a stack of two separated

M>5-branes which is effectively described by the coset (4.13).3
Next we focus on the terms with (z122)7, j = 0,1,2,--- in the expansion (4.9), which
can be extracted by taking the fugacity limit 1 — 0,29 — oo with 1292 = ¢ fixed. In this

limit we find that the full index ]-"2(122) (y; x1; x2) reduces to

dm ET )

(z122=q: fixed)

=14+ W 2+1+)g+ W +2y 2+ 34202 + 41
+ @y a2+ 5+ 42+ + Byt + Ty 2+ 10 + 792 + 3yt ¢t
+ (4 5y~ +13y72 + 16 + 13y° + 5yt +45)¢°

+ (275 + 10y~ + 21y 72 4+ 28 + 2192 + 10yt + 245)¢° + O(¢"). (4.15)

We observe that (4.15) matches with the character

1 2m?

q
Xéﬁl@)z(y; q) = ( Z (@292 @)oo (2 =2; @)oo (4.16)

) L

of the vacuum module of the affine Kac-Moody algebra 33(2)2 at level 2. Namely, we find

lim fz(l:2) (y; 215 22) = ng,@)g(y; q)- (4.17)

x1—0,x9—00
(z122=¢: fixed)

When the fugacity y is turned off, we obtain the power series in ¢

. (1=2)

lim Fs
z1—0,20—00

(z122=0: fixed)

=14 3¢+ 9¢> + 15¢° + 30¢* + 54¢° + 94¢5 + 153¢" + 252¢° + 391¢° + O(¢'°).  (4.18)

(L;z1; 22)

This agrees with the unflavored vacuum character of the 81(2)s.

3 A product of two 81(2); characters also appears in the elliptic genus of the M-string SCFT of rank two
on T? x C?/Z [72].
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Note that the vacuum character (4.16) is equivalent to the graded character

2
q, oofH 2::; SiSEF;q)ooi_l_[l(qésfy;q)oo(qésfy‘l;Q)oo (4.19)
of the chiral algebra arising from four free fermions coupled to the 3d U(2)_y Chern-Simons
theory with level —2 according to the level-rank duality [73].

We note that the appearance of the affine Kac-Moody algebra 31\1(2)2 is analogous to
the proposal [28, 29] that two M5-branes on C?/Zs with 2-deformation leads to a system
endowed with the 811(2)y algebra (also see [17, 18] for the related mathematical facts). It
would be nice to clarify the relation to the limits we have taken here.

4.2.2 General m

Similarly, let us write the M5-brane indices for m > 2 as

_ m 1
fr(rlziz)(y;zlaxZ) = H (

B ;X1 T2). 4.20
L $T’;l’1$2)oo m (y 1 2) ( )

Again the factor [[I"" | (27; z122) 5 is the 1/4-BPS index of the m Mb5-branes which is obtained
from the twisted limit [13]. When the fugacity x5 is turned off, it becomes the unrefined index,
that is equivalent to the vacuum character of the of the W-algebra W(gl(m)) [74, 75]. The
function FT(,fZQ)(y; x1;x2) is expected to capture the spectrum of the I-brane configuration with
m D4-branes intersecting with two D6-branes. The small x5 expansion of F,(,}L:2) (y; z1; 22)
are listed in appendix A.l.

For general m there exist 2m complex fermions on the I-brane. They transform in the
bifundamental representation ((J,) and (0, 0) of the U(m) x U(2) gauge group. As one of
the U(1) is decoupled, they effectively couple to SU(m) x SU(2) x U(1). They can realize

the affine Kac-Moody algebra 1(2m);, for which there exists the conformal embedding
3u(m)2 ® 81(2),, @ U(1)2m C U(2m);. (4.21)

When the m D4-branes are non-coincident, the SU(m) gauge group is broken to U(1)™~!
and the fermions may couple to the U(1)™~! x SU(2) x U(1). The resulting splitting of
the current algebra is [20]

W)™t @ (8u(2)1)™ @ U(1)2m C 1(2m)1, (4.22)

where we have used the equivalent coset realization [69]

su(m)y _ su(2)r
ROFT a2 (423)

While the SU(2) gauge field on the two D6-branes is not dynamical, the U(1) gauge fields
on the D4-branes are dynamical. This leads to the coset [23]

~

(u())™ '@ u(1)2m @ (8u(2))™
(u(1)2)™ 1 @ u(l)2m '

(4.24)



Again the U(1)/U(1) coset models are the topological field theories [70, 71]. Hence the
non-trivial contributions to the index is given by the product of m characters of the affine
Kac-Moody algebra 81(2);. In fact, we observe that if we set z; = 1, then

Frg:m (yv ]-7 $2) = Xﬁl(?)l (ya xZ)ma (425)

where X.efu(Q)l(y; q) is the vacuum character (4.4) of the 8u(2);. This implies that the index
(1=2)

m_ encodes the spectrum of the configuration of the I-brane with m separated M5-branes
described by the coset (4.24).
Furthermore, we observe that the full M5-brane index ]-#22) (y; x1; x2) has a nice special
fugacity limit. When we keep only the monomials of the form (z1x2)?, with j =0,1,2,--- in
7(7i:2) (y; x1; x2), which can be obtained by taking the limit x; — 0,29 — oo with z129 = ¢
fixed, we find

lim  FUTD(yan0) = Xy 0, (450). (4.26)

x1—0,x9—00
(r122=¢: fixed)

Here X@(Q)k(?J;(J) is the vacuum character of the affine Kac-Mooday 8u(2) at level k.
According to the Kac-Weyl formula, it is given by

0 (y;q) — 0% (y: 9)
0 (y;9) — 0% (y:9)

k
X (2), (U3 @) = g5F+T8 : (4.27)

where

= Z qk(m+2l7k)2y72k(m+#), (428)
meZ

For example, for m < 8, we find from (A.2) and (A.3) the coefficients of the monomials
(w172)7 as listed in table 2, which indeed agree with (4.27).

The level-rank duality [73] also implies that the expression (4.26) is evaluated as the graded
character of the 2m free fermions coupled to the U(m)_2 Chern-Simons theory with level —

ds;
— (a4 oofH2 — 1 5'7Q00H 4755y @)oo (0755975 @)oo (4.29)
msl

1<J
The formula (4.26) for the special fugacity limit of the Mb5-brane index shows that
there is an action of the affine Kac-Moody algebra §/1\1(2)m A similar proposal was made
in [30] that the affine Kac-Moody algebra $1(2),, appears from m Mb-branes on C2/Z,

with Q-deformation. It would be an interesting future work to figure out the structure of
the full M5-brane index Fi—2 (y; 1, 2).

4.3 Inverse giant graviton expansion

Let us investigate the inverse giant graviton expansion which was also observed for the
Coulomb indices as well as for various other M2-brane setups [12, 13]. In order to study
the inverse giant graviton expansion, one needs to take the large m limit of the M5-brane
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. 1=2
m lim 1 —0,x0 =00 ]:7<n >(1,ZE1,ZE2)
(z1x2=1: fixed)

1+ 3¢ +9¢° + 15¢® + 30¢" + 54¢° + 94¢° + 15347 + 252¢° 4 391¢° + O(¢*°)
1+ 3¢+ 9¢% + 22¢° + 42¢* + 81¢° + 151¢° + 264¢" + O(¢®)

14 3q +9¢* + 22¢° + 51¢* + 97¢° + 188¢° + 343¢" + O(¢®)

14 3¢ +9¢* + 22¢° 4 51¢* 4 108¢° + 208¢° + 390¢" + O(¢°)

1+ 3¢+ 9¢% +22¢° + 51¢* + 108¢° + 221¢° + 414¢" + O(¢®)
1+ 3¢+ 9¢% +22¢° + 51¢* + 108¢° + 221¢° + 429¢" + O(¢®)

|\/®U‘4>CO[\3

N

m o [Hm 210000 For 2 (y; 21 22)
(z1zo=1: fixed)

2 M4+ 2 +1+y))a+ W +2u 2 +3+20° +u") + (y + 4y 2 + 5+ 49 + ')

+By™t + Ty 2+ 10+ Ty + 3yt)gt + (v + 5yt + 13y + 16 + 13y% + 5yt +6)¢°

+(2y~% + 10y~ + 21y =% 4+ 28 4 219° 4+ 10y* + 24%)¢® + O(¢")

3 I+ @ 2 +14+y)g+ w4+ 202 +3+ 2% +9M)® + (¢ + 207+ 572 4+ 6 + 5% + 24 + %) ¢°
+y 5y 9y + 1249y + 5y  +%)g" + By + 9y + 18y 7% + 21 + 18y + 9y + 3y°)¢°
+(y B+ 6y +18y 4 + 31y~ 2 +39 + 31y + 18y* + 6y° +4°)¢° + O(¢")

4 1+ @2 +14+y)g+ W + 2 2 +3420° + )" + (y C + 20+ 5y + 6+ 5y + 25" 4+ ¢°)¢°
H(y B+ 2y + 6y~ + 10y~ 2 + 13 4+ 10y + 6y* + 2y° + y®)¢*

+(y 8+ 5y ¢+ 11y~* + 2072 + 23 + 2097 + 11y* + 555 +45)¢°

+(3y~3 + 10y % +23y~* 4+ 36y 2 + 44 + 369> + 23y* + 10y° + 35°)¢° + O(¢")

5 14+ +1+9))q+ @ +20 2 +3+20° + 9y + (v + 2y + 5y 2 + 6+ 55" + 29" +4°)¢°
+(y B+ 2y~ + 6y~ + 10y~ + 13 + 10y + 6y* + 2y° + y®)¢*

F(y 0 2y 6y + 1297 4+ 21y 72 + 24 + 2197 + 12y + 65 + 245 + ¢'0)¢°

F(y "0 4+ 5y~ + 1276 + 25y~* 4+ 38y~ + 46 + 38y + 25y* +120° + 5% + 'V ¢® + O(¢")

6 [1+@ 2 +1+0")a+ W +20 2 +34+20° +4y) + (v + 27" +5y > + 6+ 59> + 2" +4°)¢°
+(y~* + 2y + 6y " + 10y~ + 13410y + 6y* + 24° + ¢°)¢*

F(y 0 2y 6y + 12y 4 21y 2 + 24 + 2197 + 12y + 615 + 245 + 1) P

+(y 2 270 4 6y + 1376 + 2671 4 39y 72 + 47 + 39y + 26y" + 13y° + 695 + 2410 + y'?)¢8
+0(q")

m2>2T1+ @ 2 +1+y))g+ W +2y > +3+20° +9y")® + (w ° + 2y~ + 5y % + 6 + 5% + 2y* + v°)¢*
+(y~* + 2y + 6y + 10y~ + 13410y + 6y" + 24° + ¢°)¢"*

0+ 20 F 6y + 12y 4+ 21y 2 4+ 24 + 2197 4+ 120% + 64° + 205 + 410" + O(¢°)

Table 2. Coefficients of the monomials ¢/ = (x122)? in f££:2)(y;$1;$2). To the order ¢™, the

coefficients of ¢/ in ]-",(,f/,zz) (y; 1; T2) with m’ > m coincides with those in ]:7(,522)(1; T1;T2).
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index (4.20). The large m limit of the factor [, (2]; z172)c is identified with the twisted
limit [13] of the index [66] for the KK excitations on the supergravity background AdS7 x S*.
On the other hand, as discussed above, the M5-brane index .7-"7%:2) (y; x1; x2) becomes the
vacuum character of the @(Q)m in the special fugacity limit where z; — 0 while keeping
x1x2 = ¢ finite. In the large m limit, the vacuum character (4.27) becomes

1
(4 @)oo (¥% @)oo (y

(4.30)

@)oo

Making use of this observation, we find that the large m limit of the whole expression
agrees with

féé:m(y; 561,902)

s 1 1
:H(
n=1

TV 2122) 00 (X225 T122) 0o (X T2Y?; 122) 0o (2] T2y ™25 2122) 00

(4.31)

We have confirmed this formula to the order O(t°) in the small t expansion with x fixed

for 1 = 't and z» = xt, by using the data of the full M5-brane indices including

fil:m (Yo; 71; 72) to the order O(z3). For y = 1, the formula has been confirmed to the order

O(t8) by using the data including f7(l:2)(1; r1;29) to the order O(x3).*
Now let us consider the finite m corrections of .7-"7%:2)(3/; x1;x2) in the single sum expansion.

Then we observe

‘FT(”ILZZ) (y’xLIZ) > mm! 5(1=2)
=2, =1+ Z " G T (Y3 215 22). (4.32)
Foo (yaxlax2) m/=1

Substituting the above-mentioned data .7-}(,[1:2) (y; x1; x2) into the left-hand side and finding
the saturation of the coefficients of 2%, 3™, and so forth as m increases, we can determine
the first few coefficients QAT(YIL,Zz) (y; w15 12) as

QAYZQ) (y; 1, 1‘2)

1
= [+ @241+ 5% + o)
(Y 1yt 2+ L y)a 4 ad)ad + O(ad)), (4.33a)

65122) (y; HAH 1’2)

1 . L,
- o $_2)[1+<(y2+1+y2+x1)1‘11+y2+2+y2+x1)$2
gt M

(W P T e T 2 24 2 g

+y 3y T 4+ 3R+ Yt + 2y P+ 3 4+ 207 + 2:5%)953 + O(azg)} . (4.33Db)

4As summarized in table 1, these data were obtained without assuming inverse giant graviton expansion.
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QélZQ) (y; 213 22)
1
_ 1 ~2 14,2 2 ~2 94 2\
(1_x11)(1_m12)(1_x13)[ ~|—((y +1+y +x)ae; 4+ (Y +2+y%)a;

+y‘2+2+y2+x1)x2

1

(P et T 2y 2 2 4y
+ 2y 4y 2 5+ 4y 2+ (T 5y 2 6+ 5y + gt
Yy YT Ty 4yt (g2 4 2)en + 208 )ad + O(ad)], (4.33¢)

and so on. For y = 1 we can also determine the higher order terms in gAg:m(l;xl;xg)
and QASZQ)(l;xl;azg) as
G2 (115 20)
1
=1 — {1 + B3+ x)ze+ (5+ 3z + 2922 + (7T + by + 327 + 23)a
— 2
+ (9 + Ty + 522 + 323 + 27)xh + O(xg)}, (4.34a)
67D (15215 0)
1
= — — {1 + (Bzyt + 4+ 21)w2 + (5o ? + 827 + 12 + Ty + 227) 73
(I—zy ) —=217)
+ (727 + 12072 + 2007 + 29 + 2321 + 1123 + 202 + O(a) . (4.34b)

Interestingly, if we define gf)i,:” (y; z1;22) as
Q,(,i/:m (y;1;22) = gAT(fl,:m (y; :1:1_1;3313:2), (4.35)

which is the same change of variables as (4.2), then these Qr()i,:m (y; 27 x129) precisely agree

(m)ADHM-2] ) 0 4) with 21 = 2~ 't and

with the small x5 expansion of the Higgs indices Ig
x9 = xt. This implies that the inverse giant graviton expansion works. It would be interesting
to understand the inverse giant graviton from the gravity side through the expansion by
analyzing the fluctuation modes on wrapped M2-branes, which was studied in e.g. [76, 77].

Conversely, if we assume that the inverse giant graviton expansion works, we can determine

1=2) (N)ADHM-[2] (

the M5-brane indices f& (y; z1; z2) directly from Ig x,y;t) as

FaD ys w13 w) = FE (g 21;.22) (1 + o [IZ(H)ADHM_[Q] (@,y; t)}
n=1

rl—m?l_l,xg—mlrg) '
(4.36)

(n)ADHM-[2] (33 . t)

) 7

Note that the coefficients of the single sum expansion of the Higgs indices Ig
has the following structure

OO‘ n(n+1)_n..
[Z AP ) =Sk (o ) )

xlﬁ\zfl,zgaxlxg
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Therefore, in order to calculate the coefficient of l’; in the M5-brane index .7:7%:2)(y; x1;22)

to the order x4 from the inverse expansion, it is sufficient to truncate the summation over
n on the right-hand side of (4.36) by the constraint
n(n+1)

mn—l—T—nj—i—jSl/. (4.38)

We confirmed that the giant graviton indices thus determined are indeed consistent with
the coefficients ]:'T(rlLZQ) (y; 21; 22) determined by the method explained in section 3 without

assuming the inverse expansion.

5 Single sum expansions for general [

Let us consider the single sum expansions of the Higgs indices for higher [. The gravity dual
geometry contains the Mb5-brane giant gravitons wrapped around a supersymmetric 5-cycle
in S7/7;. The single sum expansions take the form

IZ(N)ADHM_[”( ’ aSt)

=1+ Z TN FD (g 215 29). (5.1)

Ty
The term 27V appears as a contribution from the ground state configuration associated
with the supersymmetric surface wrapped by the M5-brane giant graviton. The expansion
coefficients ﬁq(é) (Ya; x1; z2) are identified with the index for the effective theory on the M5-
brane giant gravitons of wrapping number m. As we see below, we find that our observations
in the previous section for f-r(’lL:?) (Ya; 1; £2) naturally extend to the cases with general .
Again, the index of the low-energy theory on a stack of m Mb-branes can be obtained
from the giant graviton indices ﬁg)(ya; x1;x2) by a variable change of the fugacities z1 and x2

A

F (oi w13 22) = FY (ya; 27 s 21202). (5.2)

5.1 A single M5-brane

First let us look at the flavored index ﬁl(l)(ya; x1;x2) for a single Mb5-brane giant graviton.
For [ = 3 we find that it can be expanded as

£(3) 1
F17 Yo x1322) = ——
! ( (531 1§332)oo

+G+2G“+m+y“ﬁ”+%+”v%€
Y2 Y1 Y3 Y3 Y1 Y2

4(m+%m+m+m+w+%+m>
Y2 Y1 Y3 Y3 Y1 Y2

2 2 2
+y1y2+ Y1 I Y3 +y1y3+y2y3+ Y3 )x§+@(mg)1, (5.3)

1+@+w+w+w+m+%+%%z
Y2 Y1 Y3 Y3 Y1 Y2

Y3 yeys Yy Yl v Yy
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with y1y0ys = 1. For | = 4 we get

. 1 o
F1(4)(ya;x1;w2)=ﬁ (3+Zy )372

L1 522)00 artp I8

+ 9+3Z L D DI PRI (5.4)
a#fl Ys a<fp <o Yv¥s
(1.6£0.8)

with y1y2y3ys = 1.

The factor (z7';x2)5! is the 1/4-BPS index obtained from the twisted limit [13] of the
supersymmetric index [66] of the theory of a single M5-brane. We find that once the 1/4-BPS
index has been factored out the giant graviton index is given by the character of the vacuum
module of the affine Kac-Moody algebra of type A;_;1 type at level 1

. Xauo. (Yas T2)
FD (s 215 0) = % (5.5)
(33'1 ;xQ)oo
where
1 l 2
1 qE Za:l My Hix: ym
Xau(n), Wai @) = > ! (5.6)

(@05 ez Hacp(@ =™ F o yayFiq)0”
my+---+m;=0

with [], ya = 1. The emergent expression (5.6) is the vacuum character of the affine Kac-
Moody algebra 81 (1)1 of level 1. The formula (5.5) can be regarded as the promoted version
of (2.9) with the flavored fugacities y, turned on.

Recall that the configuration of the M5-brane wrapped on the [-centered Taub-NUT space
T N; reduces on the S! fibration of the TN; to the configuration of the I-brane [20, 67, 68]
which contains the D4-brane intersecting with [ D6-branes in Type IIA string theory. The 4-6
open strings suspended between the D4- and D6-branes give rise to the massless spectrum
as two-dimensional free fermions on the I-brane transforming as (+,0) and (—, ) under
the U(1) x U(l) gauge group, where U(1) and U(l) are the gauge group on the D4- and
that on the D6-brane respectively. Such free fermions give a realization of the affine Kac-
Moody algebra 11(l); at level 1, however, from the perspective of the effective theory on the
D4-brane, one needs to dynamically couple the U(1) gauge field on the D4-branes. This
means that we have the coset

Bl —~
= (5.7)

Note that the Chern-Simons term of level —I of the U(1) gauge field is required from the

cancellation of the gauge anomaly. In fact, we can also reproduce the vacuum character (5.6)
from the coset (5.7) by considering the [ fermions with the U(1) gauge charge +1

1
(a:q oof 5 H (425755 @)oos (5.8)

with J],va = 1.
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5.2 Multiple M5-branes

For m > 1 the giant graviton indices should capture the spectrum of a stack of the multiple
Mb5-branes. Let us assume that the M5-brane index .7-}(7? (Ya; x1; x2) is factorized as

1
FD (yo; 215 29) = = EWD (yo; 213 22). (5.9)

=1 (21 T172) 00
Again the factor [["(z7;z122)5} is the twisted limit [13] of the supersymmetric index
of the 6d (2,0) theory for m Mb5-branes. It reduces to the unrefined index as the vacuum
character of the of the W-algebra W(gl(m)) [74, 75] when x5 is set to unity. The other factor
F,(,? (y; z1; z2) will be contributed from the excitation modes associated with the I-brane
configuration involving m D4-branes intersecting with [ D6-branes. The small zo expansions
of F{=3) (y;1;22) and FU=9 (y;r1; 22) are listed in appendix A.2 and A.3.

From the 4-6 open strings suspended between the m D4-branes and [ D6-branes one finds
Im two-dimensional complex free fermions transforming as the bifundamental representation
(0,0) and (O,0) under the U(m) x U(l) gauge group. They carry charges (+, —) under the
two U(1) factors, whereas the diagonal U(1) is decoupled. Hence they effectively couple to
SU(m) x SU(l) x U(1) gauge group. The system of Im complex free fermions can realize the
affine Kac-Moody algebra 11(Im); at level 1, for which we have the conformal embedding

—

3u(m); @ su(l)y @ (1), C W(lm)r, (5.10)
which preserve the central charge

I(m?—1) m(®-1)
(I+m) + (m+1)

+1=1Im. (5.11)

When the D4-branes are separated in the transverse directions, the SU(m) gauge group is
broken down to U(1)™~!. In this case, the free fermions may couple to U(1)™ ! x SU(I) x U (1)
gauge group so that the current algebra built from bilinear currents of the free fermions
split into [20]

@)™t @ (Bu(l))™ @ w(1)y, C w(im);, (5.12)

where the coset factors have been replaced according to the relation [69]

Note that the affine embedding (5.12) also keeps the central charge
2 _
(m—1)+m1+l+1:lm. (5.14)

As discussed for [ = 2, the free fermions are required to couple dynamical gauge fields. While
they dynamically couple to U(1)™~! x U(1) gauge fields living on a stack of m M5-branes, the
SU(l) gauge group that is associated with the fixed multi-centered Taub-NUT geometry in
M-theory should not be dynamical. Alternatively, from the view point of the effective theory
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. =3
m M 2y 5009500 Fe )(xl;mz)
(x1zo=1: fixed)

1+ 8q 4 444 + 128¢° 4 376¢" + 9444¢° + 2236¢° + O(¢")
1+ 8q + 44¢% 4+ 192¢° 4+ 601¢* + 1772¢° + 4668¢° + O(¢”
1+ 8q + 44¢% 4+ 192¢° 4 7264 4 2248¢° + 64964° + O(
14 8¢ + 44¢° +192¢° 4 726¢" + 2464¢° + 7361¢° + O(
1+ 8¢ + 44q° +192¢° + 726¢" + 2464¢° + 7704¢° + O(4”

7

(@)

AV AN L ISR

q
q
q
q

)
)
)
)

. 1=3
m lim x1—0,x0—00 Fr(n )(ya;$1§$2)
(z1z2=1: fixed)

2 |1+ @+ AP)g+ B +447 + 47 + BY)e? + (20 + 1247 + 247 +4B,7)g” + O(g")
m>3|1+ 2+ AP)g+ (8 + 447 + AP + BP)¢? + (24 + 1547 + 44 + AP + 6B + B )¢
+0(q")

. (1=4) . .
m lim x1—0,z90—00 fm (wamth)
(z1xzo=1: fixed)

2 |1+33+ A§4))q + (15 + 6A§4> + Ag4> + 2B§4) i 054))(]2
(50 + 2549 + 349 1+ 11BY 1 60 1+ B)¢® + O(¢h)
m>3[14+B+A g+ (15+64" + 4 4+ 2B 4+ (V)¢

(60 +314(" + 648 + AP +14B1" + 90 + 28" + O + DY)g’ +0(g")

Table 3. Coefficients of the monomials ¢/ = (z122)? in fr(rlf?’)(ya; x1;x2) and .7:7(,11:4)(%; x1;2). To
the order ¢™, the coeflicients of ¢/ in .7-",(2 (Yo; 15 22) (I = 3,4) with m’ > m coincides with those in
Fi(Yas w15 22).

on a stack of m D4-branes in the I-brane setup, SU(l) gauge field on the | non-compact
D6-branes should not be dynamical. So the effective theory on a stack of m Mb-branes
will be describe by the coset

(WL ® WL © (Su())™
w))m "t @ u(1)m
The U(1)/U(1) coset models are the topological field theories [70, 71]. The physical states
accounted by the U(1)/U(1) character does not contain any descendant states [71]. Therefore
the actual contributions to the index will be given by the product of m characters of the
affine Kac-Moody algebra gﬁ(l)l. Indeed, we observe that if we set z; = 1, then

(5.15)

Fg) (ya; 1; $2) = Xé/ﬁ(l)l (ya§ -732)m- (5.16)

The formula (5.16) would imply that the index of the M5-brane giant gravitons of wrapping
number m contains the excitation modes accounted by the 1/4-BPS M5-brane index and
the contributions from the spectrum of the I-brane with m separated M5-branes described
by the coset (5.15).

Another interesting property is that the full M5-brane index fg)(ya; x1;w2) admits a
different specialization of the fugacities for which it reduces to the character of the affine
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Kac-Moody algebra. Keeping ¢ = x1xs fixed and taking z1 — 0, xo — o0, we find the
M5-brane indices, which are given by (5.9) with (A.4), (A.6) and (A.7), reduce as displayed
in table 3. Here the results are written in terms of Agl), BZ-(l) and CZ-(Z) defined by (A.5)
and (A.8). In this limit, we find that

x1—0,x9—00
(z122=q: fixed)

Here

1 q% Zix:l ma fo:l ymm

— + 9
(@)% ml,.;mez ocs(@ ™ F Y2y 4)oo
mi+--4m;=0

Xgu(),, Yor @) = (5.18)

where [, ya = 1, is the vacuum character of the affine Kac-Moody algebra Q/l\l(l)m of level m.

Alternatively, the expression can be also obtained from the graded character of the
Im free fermions coupled to the U(m)_; Chern-Simons theory with level —I by taking into
account the level-rank duality [73]

m 1
j{H i (sisT:0)00 H H (425753 @)oo (5.19)

2mis;
¢ <

The fact that the full index F (Yo T1; 02) for the theory of m Mb5-branes on C2/7;
admits the special fugacity limit (5.17) in which it reduces to the vacuum character of
the affine Kac-Moody algebra 81(l),, is analogous to the proposal in [30] that the affine
Kac-Moody algebra gl\l(l)m appears from m M5-branes on C2?/Z; with Q-deformation. Here
we remark that the full M5-brane index ]-",gé) (y; x1,x2) contains extra excitation modes which
may carry the non-trivial charges coupled to the fugacity x;. While the factorized form (5.9)
reveals the non-trivial Kac-Moody algebraic structure as in (5.16), it may not be convenient
to see the exact form of the full index. In fact, it is suggested [30] that there is a further action
of the para-W algebra [78-84] on the world-volume theory of m M5-branes on C?/Z; with
)-deformation. It would be an interesting future work to shed light on the exact closed-form
expression for the full M5-brane index.

5.3 Inverse giant graviton expansion

Next let us look at the inverse giant graviton expansion, i.e. the giant graviton expansion
of the index ]-}(,? (Ya; x1; 2) for a stack of m Mb5-branes. Given that the index is factorized
as (5.9), the 1/4-BPS index simply becomes [[3° (z7; z122)5} in the large m limit, which is
equal to the twisted limit [13] of the index [66] for the KK modes on the AdS; x S*. Also,
as seen from table 3, ]:7(,? (Yo; 1; 2) admits the large m limit. In the special fugacity limit
where we send z1 to 0 by keeping x1z9 = ¢ finite, it is shown to become

(4 9)oo
l a.
[Ta,5=1(2335 @)oo

)

(5.20)

— 24 —



More generally, we find that the large m limit of the M5-brane index .7-"75? (Yo; T1; T2) is given by

S N
FO Yo 215 22) H . (aizs; $;332)oo . (5.21)
— 1‘1@11’2) Ha,5=1(w?$2ﬁ§ T122) 0o

We have confirmed for [ = 3 to the order O(t®) and for [ = 4 to the order O(t*) in the small
t expansion with z fixed for x; = 7't and x5 = zt, by using the data of the full M5-brane
indices including .7-"551:3) (Ya; 715 72) to the order O(z3) and ]-'35114) (Ya; 15 2) to the order
O(x3). For y, = 1, the formula has been confirmed for [ = 3 to the order O(t®) and for
| = 4 to the order O(t%) by using the data including f7(l:3)(1; x1;T9) to the order O(x3) and

}"(l 4)(1;501; 72) to the order O(x3).> The single particle index is

Su(l
z1+ 3311’2Xadj( )(ya)
(1 — .7,‘1)(1 - xll'g) ’

F Yoy w1522) = (5.22)
SU(l) . ..
where x4 (Vo) is the adjoint character of SU(I).
As we have done for [ = 2 in section 4.3, let us consider the finite m corrections of
.7:1%) (y; x1;x2) in the single sum expansion

FW (ys
. )(y 715 T2) =1+ g x" /(y,ll?l,:EQ) (5.23)
’FOO (3/7371,532) m/=1

(1)

where gAffj, (y; x1;w2) are determined from the data Fp/(y; x1;x2) as

Q(l 9 (Yas 15 T2)

1
== 1+ @+ AP +a)zs + (34247 + AP + BY + 2+ APz + 213
Bt

+ O(x2)}, (5.24a)

Q(l 9 (Ya; 15 T2)
_ 1 (3)y,.—1 (3)
- A 1+ (@+ APzt +3+ AP + 1)z,

+(B+24 + AP + B)ar? + (74540 + 4P + 282!

+10+ 54 + AP + BY + (54 247)a1 + 20803 + O(ad)], (5.24b)

g(l Y (Yas 715 2)
! (3)y,.—2 (3)\ 1 3)
B 1 2+ A 3+ A 34+ A
(1—1’1 (1 — ] )(1_3;1 )[ + (( + A7) "+ B+ A7)y + 3+ A +131)l'2

+(B+247 + AP + BO)art + (74540 + AP + 2B0)a?

+ (15 + 94 + 245 4 3BP)a7? + (16 + 947 + AP 4+ 2B )0y
+ 14+ 647 + AP + BY + (6 + 24())a1 + 20723 + O(ad)), (5.24¢)

5As summarized in table 1, these data were obtained without assuming inverse giant graviton expansion.
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g(l 4 (Ya; 215 22)

1
= [1—}—(3—}—14( )—I-ZEl)IL‘Q
1—1:1

+(6+34(" + A8 + BYY + Y + 3+ AY)w1 + 2%) a3 + O()], (5.24d)

Q(l =4) (Ya; 15 22)

_ 1 )\, —1 (4)
=T e [1 + ((3 + A )T A+ A+ m1>x2

+ (6434 + 4890 + BY + )22 + (15 + 841 + AP + 3B + 20{Y)a!

+18+7A{Y + AL 4 2B{Y + Y + (7 + 24{")21 + (2)21) 23 + O(=3)], (5.24e)

Q(l =4 (Yas 15 T2)

1 — _
BT TRy 1+ (B+ Az + 4+ A + 4+ AP 4 21) 2
1

+ (643417 + A 4 BY + cf)art + (15 + 84" + ALY + 3B + 20{V)a; 8

+ (30 + 144 + 24 4+ 5BY + 3¢ 272 + (30 + 134 + AW + 4B + 202y
+23+8A{Y + 4D + 28" + 1Y + (8 + 24{")21 + 223) 23 + O(a3)], (5.24f)

and so on. Here Agl), BY and 054) are defined as (A.5) and (A.8). For y, = 1 we can also

7
determine the higher order coefficients as

GV=3) (15 295 )

1
=T [1 + (8 4 21)x2 + (27 + 8x1 + 23) 23 + (64 + 2721 + 827 + 23) 2
— 2

+ (125 + 6421 + 2723 + 821 + 2t)ad + O(a)] (5.252)
GV (1505 )
_ 1 [
S (—aH( -2
+ (6427% 4 161272 4 24327 + 237 4 1152 + 2627 + 223)a3 + O(xg)], (5.25D)

14 (8z7t + 9+ x1)xe + (27272 + 5527 L 4 52 + 1721 + 22322

GV= (15 295 )

1
= — [1 + (15 4 @1) 29 + (84 + 1521 + 2%)23 + (300 + 8421 + 1527 4 23) 3 + O(:UQ)}

C1- :L'l
(5.25¢)
6= (13215 20)
1
— - — [1 + (1527 + 16 + x1)x2 + (84272 + 18921 + 150 + 31z + 22%)23
(1—27)(1—2z7)
+ (30027 + 89657 2 + 1344yt + 1057 + 35421 + 4725 + 223)x5 + O(x;*)] (5.25d)
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After the change of variables g (ya, T1;T2) = QTS?/ (Yo xl_l; x1x2), we find that g (ya, x1;T2)
U(m )ADHM [0 (l’ Yo t)

with 1 = 27t and 29 = xt. This strongly suggests that the inverse giant graviton expansion

precisely coincide with the small x9 expansion of the Higgs indices Z;

works for general [ flavors as well.

As we mentioned in section 4.3, once we assume that the inverse giant graviton expansion
holds, it provides new constraints to determine the Mb-brane indices. We observe that
the leading powers in 1 of each coefficient of the small xo expansion of the Higgs indices
IJLUI(n)ADHM-[l] (

argument as in section 4.3, we can calculate the coeflicient of x% in }“,(TIL) (Ya; x1; 22) to the

Z,Yq; t) for general [ are also given by (4.38). Therefore by following the same

order =¥ directly from the Higgs indices by
Fi (yas 15 22)

:f&)(ya;$1;$2)<l+ Z T3 [IH( ) H(ﬂ?,ya;t)} B >
n>1 J:1—>ac1 , L2 —T1T2
(-t 205 gy <v)
4o (5.26)

We confirmed that the giant graviton indices thus determined are indeed consistent with
the coefficients f"r(rlL) (Ya; x1; ¢2) determined by the method explained in section 3 without
assuming the inverse expansion.
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A List of FY(ya; x1; 22)

In this appendix we list the giant graviton indices ]:}(,? (Ya; x1, x2) obtained by the analysis
explained in section 3 and also by using the inverse giant graviton expansion explained
in section 4.3. The results are displayed in terms of the function F,S? (Ya; 1; 2) defined

s (3.12), namely,

F(yas z1522) = F (yas a7t 2r22) [ (255 2122) 00 (A.1)

n=1

Al 1=2
We find that F{\~2 (y;x1;x2) are given as

F{ =2 (y1500) = 1+ (524 142 21 22+ (y 2424 y) (2122) 2+ (252 43+2y7) (2122)°
+(y 3y 24543y  +y) (wrw2) + (v By TP+ T4y ) (212)°
—i—(2;1/744—73472—i—ll—i—?;L/2—|—2y4)(9:1932)6—i—(3gf4—i—11y*2—&—15—i—11y2—|—3y4)(951362)7—1—(9(962)7 (A.Qa)
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F™D (yyswg) =1+ [y*2+1+y2+(y*2+1+y2)x1} 12y

N 'y_4+2y—2+3+2y2+y4+x1(2y‘2+3+2y2)+wﬂ (z122)?

+y s Ay oy (TS e+ (2Pl | ()
+ [3y7 47y 104724+ 3y + (3y 4+ 10y 2+ 14410y 43y )y

+(y 43y 24643y +yt)a? | (zy0)?

+ |y O +5y 13y 2+ 16413y + 5y +1 0+ (y O+ Ty 20y 2 +27+20y% + 7y +1%) 2y

+(2y*4+8y*2+12+8y2+2y4)w%+(y*2+1+y2)xi’} (v122)°

+ {2y 0+ 10y~ +21y 2 42842192 +10y* +2y5 +(2y O+ 14y~ +-36y > +48+36y +14y* +2y5) 2,

+(6y—4+17y-2+26+17y2+6y4)x§+(2y—2+3+2y2)x3”] (z122)°4+0O(2]), (A.2b)

B (gsanzon) =14 [y 24 14 (5241 gP)an + (24 14y)ad | oro
[y 2y B2y (T By R A 3Py e+ (T By 253y )l
22yt | (122)?
+ [y*6+2y*4+5y*2+6+5y2+2y4+y6+(3y*4+8y*2+10+8y2+3y4)x1
+ 3y~ +10y 24+ 13+10y2 43y 2+ (y 445y 2 4+84+52 +y) 2+ (2524 3+2yH)at | (w122)3
+ [y*6+5y*4+9y*2+12+9y2+5y4+y6+(y*6+8y*4+18y*2+23+18y2+8y4+y6)x1
+(y~ O+ 10y~ 424y 2 +334+24y2 +10y* +4/%) 22+ (5y -+ 16y 2 +23+16y> +5y*) 2}
+(2y Ty 124 Ty 4 2y o (y P 24y al | ()

+ {3y*6+9y*4+18y*2+21+18y2+9y4+3y6+(4y*6+18y*4+38y*2+47+38y2+18y4+4y6)x1

+ |y 846y S 18y 1431y 2439+ 31y% +18y* + 695 +4°
+(y 810y 8 +38y 4+ 74y 2491474y +38y* +10y5 +4%) 2,
+(y ¥ +13y 456yt + 115y 2 +147+115y° +56y* +13y° +¢°®) 27
+(8yC+43y~* +101y 2 +133+101y* +43y* +8y°%)x?
+(3y 0 +24y 1 +62y 2 +86+62y> +24y* +3y°) T+ (6y 1 +21y 2 +30+21y° +6y*)z]
(

+(y Ay Ty +y )l | (2122)0+O(2), (A.2¢)

F'™ (yimy5m0) =14 [y*2+1+y2+(y*2+1+y2)x1+(y*Q+1+y2)x?+(y*2+1+y2)xi’] 12

+ly 2y 21342yt (y By T A3y y ) o+ (2y T Ay 26+ 4y + 2yt )2
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Hy Ay 64y Hy et (T 2y P A2 o+ (2 el el | (2a)?
+ 1y 2y 5y 2+ 6+5y% + 2y +y5+ (y O+ 4y 9y 2+ 1149y +H4y 5 ) g

+(y 6y 14y 217+ 1412 +6y  +y) 22+ (y O+ 6y +16y 242141612 +6y* +y5) 2}

+(4y~ 412y 241641292 +4yh) 2t + (29 -8y 2 +11+8y% +2y1) ) + (+-3y 2 +54-3y?)a$

+(y P14y | (2122)°

+ |y 842y 6y +10y "2 +13+10y% 4+-6y* +2y5 +4/°

+(3y S+ 11y 21y 2 +26+21y 2 + 11y  +3y %) 4+ (4y 519y =436y 2 +46+36y> +19y* +4y%) 22

+(4y 5421y~ +46y 2 +59+46y> +21y* +4y%) a3

(

(

+(2y 18y +41y 2456 +41y% +18y* +2¢5) ]

+(y 11y 1431y 2424 31% + 11yt +oyO) 2t + (5y 1416y 2 +254 1692 +-5y* ) 2§
(

+(y 6y +9+6y7 +y )zl +(y 2 +3+y7) 2t | (z122)!
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+(6y % +23y 451y 2 +63+51y% +23y* +6y°)z
(
(
(
(
(
+(2y*+8y 2 +10+8y* +2y1) 21+ (+y 45y 2 +6+5y2 +yh) 21 +(2y 2 +3+2y%)21®
(v~

+(y 2 1+yH)al :|(1’11?2)3

+ |y 842y 6y 110y 24134109246y +2y° +4/°

+(y 8 +4y 12y 1422y 242742207 + 12y + 495 445 1y

+(2y 3 +8y 0424y~ 41y 2451 +41y2 +-24y* +-8y° +2¢% )23

+

(

(

(3y 8 4+13y 5437y~ +65y 2 +79+65y> +37y* +13y5+3¢%) 23

(5y~ 8420y~ S 4+-57y* +97y 2 +1194+97y* +57y* +20y° +5¢°)x]

(5y 8427y 5477y~ +134y 2 +162+134y° + 77y +27y° +5%) 2}
(Ty 8435y~ 54+103y 14178y 2 +-2174+178y* +103y* +-35¢y° + 79z

+(Ty B +41y =0 +122y 4218y 2 +265+218y? +122y* +41y° +7y%)a
(
(
(
(
(

+ 4+ +

)z}
)x]
8y S +45y 5 4+138y 1 4-245y 2 +3014-245y> +138y* +45y° +8y°) Y
Ty 8447y O+ 145y~ 14264y "2 4322+264y% + 145y +-47y5 4+ 7y8)2)
)1
)z
)z

Jr

+
+(Ty 3 4+46y 0 +149y 4 +272y 2 +336+272y> +149y* +46y° +7y%) 21°
+(5y 8 +42y C+ 141y~ 4267y 2 +329+267y* +141y* +42y°+5y°) 1!

+(5y 8436y +130y~* +249y 2 +313+249y? +130y* +36y5 +5¢%) 1>
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+(3y 8429y 6 4+109y* +219y 2427542192 +109y* 429y +3y8)x13
+(2y 78421y 6488y~ +179y 2 +231+ 179y +88y* +-21954+-2y%) 2]

+(y 815y 0466y +141y 2 4+181+141y* +66y* +15y° +48)z1®

Jr

+(5y O +31y~ + 74y 2 +99+74y* +31y* +5¢°) ]

2y~ S+ 19y 447y 2 +67+4Ty? +19y* +245 )

Jr

(

(

(y

(y~ +9y*6+48y*4+105y*2+140+105y2+48y4+9y6+y8)x16

(

(

+(y 10y~ 1428y 2 +404+-28y% +10y* +4%) 12+ (5y~* +14y 2423+ 14y* + 5y 1) 20
+(2y Ty 214+ Ty 2y e (Y 3y T2 613y Hy )t (y R 24y )2t
+If4} (z129)"

+ |y 1042y 8 46y 6+ 12y "1 4-21y 2+ 2442192 + 1291 +690 + 295 +4y1°

—

+(y 1044y 8413y 430y 451y 2 +60+51y% +30y  +13y° + 448 +y10)
2y 1918y ~8 428y 76 +63y 1 +105y 2 +122+105y2 463y +-28y° +-8y5 +2¢'0) 22
3y~ 104+ 14y 8 +48y 0 +109y*+179y 2 +209+179y* +109y* +48y° +14y® +3y**) 2}

+

+ o

4y~ 10422978 178y 0+ 175y +286y 2 +332+286y2 +175y" +78y5 +22y8 +4y ')z}

5y 10430y 8+ 112y 64257y~ +419y 2 +-488+419y* +257y* +112¢° +30y5 +5¢'%) 2}
6y 10140y 8 +154y 6 +358y 1 +587y 24683+ 587y% + 358y +154y° +40y5 +6¢19)2$
6y 10 +48y 8 +193y 0 +460y* + 762y 2 +892+762y% +460y* +193y° +48y* +6y'")2]
6y 10454y 8 +228yC +553y 14923y 2 +1082+923y> +553y* +-228y° + 5415 +6y1 %) 2%

+
+

+ + +

6y 10458y 8 +255yC+632y "1 +1064y 2 +1251+1064y> 4632y +255¢° +58y5 +611°
5y 10458y 84270y 64687y + 1172y 2 +13834+1172y% +687y* +270y5 +58y5 +-5y"

+

4y~ 104549784270y S+ 711y 141232y 2 41461 +1232y2 + 711y + 27055 4549 -4y *°

Jr

)z
%)zl
B
)rq

+(3y 1048y 84256y 4700y +1237y 241475+ 1237y* +700y* +-256y° +48y5 +3y'°

+ 4

y 10430y 84193y 0 +577y 1 +1068y 2 +12924+1068y>+577y* +193y° +30y° +¢10) 21
y 10422978 1156y 6 +489y 4927y "2+ 1128492712 +489y* +15615 +22¢/5 +¢10) 21
14y~ 84116y °+391y~* +766y 2 +942+ 766y +-391y* +1164° +14y )16

+ +

+(8y 8 +82y 0 +297y 14605y 2+ 751+605y +297y* +82y° +8y%) 2]
4y 8452y 0 4210y~ +448y 2 +564+448y> +-210y* +52¢° +49°) 1
2y~ 8432y 54140y~ 44315y 2 +4014-315y% +140y* +32y° +2¢%) -}

16y~ 0 +85y 14204y 2 4-265+204y> +85y* +16y° )x

Jr

+
n
8y~ 04+49y~*+127y 2 +166+127y* +49y* +8y° )
3y~ 0425y 1472y 2 497+ 72y +25y* + 345 )

+

+

+(y 11y 1438y 2452438y % + 11y  +4y )23+ (dy 1Ty 2424417y 4yt 2P

(
(
(
(
(
(
(
(
(
(
(
(
(2971044058 4230y 6 +654y* +1181y 2 +1418+1181y% +654y* +230y° +40y% 4+2¢10) 213
(
(
(
(
(
(
(16
(
(
(
+(

YTy P04 Ty a2y 2434207003+ (1 ?)ed | (0102)° +O(5), (A.2h)

where we have denoted y1 = y, Las .
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By setting y = 1 we also determined the higher order terms in x2 as

F{=D (1iay20) =+ (153427521 + 14422 +222%) (21.22)

+ (252446821 +27822 +5025 +27) (z122) 8 4 (391478621 +50323 +11223 +427) (2122)° +O(22°),
(A.3a)

F{72 (12 320) = -+ (264464321 + 104227+ 9672% +64623 + 25125 46228 +427) (2122) +0(ad), (A.3b)

F5 (12 320) = -+ (343493021 + 188122 +28512: 4 32802 +314725 4238928 + 147227+ 70723
+2532] 4602 1"+ 7211 (v122) T+ O(23), (A.3c)

F5 (Liayi20) = -+ (3904110221 +24382% +425923 +64042 + 796125 +890728 + 86672 + 747223
+56052] +376427° 4212621 +1033212 +407213 +12921* + 23217 4+-321%) (v122) " +0(25), (A.3d)

F7D (Limy3a0) = -+ (414411932 +273722 +50842:% 4842224 41227325 + 1600625 + 1909527
42093025 +2111929 4+1951021°+ 166892} +130892 12 +945421% 46160211 +-364421° +191821°
+888217 4341218 +10821° +23220 + 3221 ) (z122) "+ O (25), (A.3e)

F=D (1w 520) = - 4(221+582a1 +128622 +23212% 4 38492 4572925 4 794826 995227 + 1181625
+1306927 +1367921°+1335821" +1232921% +106302 1 +8712x1* +662921° +4735215+310921"
+19072 41056210 4536220 +229221 487222 42422 +-5224) (11 25)°

+ (429412301 +287623 +548423 +9493x 1 41477225 42134628 +-2807827 +34851 45 +404387
+4437921°+4571321" +44583212 +409022 1% + 3566621 * +2919521° +2255621° +1627221
+11041x +6924z +4038x +2116:c +10101: +4161’ +151$ +39$ +7$1 )(x1$2)7

+0(8), (A.3f)

F7D (Limy3a0) = - +(221 458211 +129922 + 236527 399924 4612927 4894126 + 1207327+ 1535825
+1849527 +2130621° +2335421 +2454521% +245682 1% +2350321 4 +2152421° + 18899216 + 15834217
412655218 +961321° 46920220 +4723231 + 3053232 + 183122 +-102022* +51722° 4238220 496237
+34238+8237 +23%) (21 29)°

+ (429124521 +292823 +565125 +996927 +1599625 42420028 +-3410327 +452202F +5690227
468303210 +78286x1' +85914212 490257213 +9073221* + 87640215 +81207215 +72238x17
+6148421%+5016321°+3900127° 42902427 +2053025% + 1378327 +-869225* +516723° +2837x7°

+1452227 +668228 +27522° 49023 + 2623 +4a3%) (2120) "+ O(25), (A.3g)
where the lower order terms --- are obtained from (A.2) by setting y = 1.
A2 1=3

We find that Fr(,iz?’) (Ya; T1;2) are given as

FU (yaimysa) =1+ 24+ AP 2120+ (54241 (2129)2+ (10454 + B (2120)3 + O (), (A.4a)
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FQ(lZB) (Ya;21502) =1+ 2+A§3)+(2+A§3)):1:1] 2129
+ [8+4A§3)+A§3)+B§3) +(9+54% +B§3))x1+(3+A§3))xﬂ (2122)?
+ [20+ 1248 4248 4 4BP 1+ (31+184% 424 4 5B )21 + (12464 +B§3))x§+xﬂ (12)?
+0(x3), (A.4b)

= (aserian) = 14+ 2440+ 2+ AP a1+ 24+47)a? |y
+ [8+4A§3’ + A9+ B + (124740 + AP 12BP) 2, +(15484% + AP y2BP))42
+(+440 + BO)ad +(3+ APt (a12)°
+ [24+15A§3) +4A9 1+ AP 6B + BV + (4843147 174 +12BY) + BV ),
+(67+4248 4848 415 B + B )22+ (494294 +440) + 9B )23

+(24+134% + 4% +3B§3))xi‘+(5+2A§3))x§’+xﬂ (2122)>+O(ad), (A.4c)

F'™ (yaswr;m0) =14 [2+A§3>+(2+A§3>)x1+(2+,4§3> )x§+(2+A§3>)x§] 212

n [8+4A<13>+A§3>+B§3>+(12+7A§3> + AP 2B )21 +(18+104%) 1240 +3B(P) 42
+(19+114°7 + AP +3BS) 23+ (134740 + AP +2BP )t + (74447 + B )2}
+ 3+t | (@122)°

+ 2441540 4440 + A0 168 + B+ (5243440 4940 + AP + 148 428 ),
+ (8845847 11545 + A +24BY) +3B(Y)a?
+(1154744P) 41740 4 AP 429BP +3BY )2}
+(103+66 A% +144Y +25 B 1 2B 4+ (794494 194 4178 + B )22
+ (444254 4340 7B b4 (17494 +A53)+2B£3))1’Z+(5+2A§3))x§—Hﬁﬂ (z122)>

+O(2d), (A.4d)

Félzg) (Ya;71502) =1+ 2+A§3>+(2+A§3))I1+(2+A53))$§+(2+A§3))x§+(2+A53))xﬂ 122

+ [8+4A§3>+A53>+B§3> +(12+7AD + AP 128321 +(18+104P) +249 138 )22
+(2241340 4240 1 4B 28+ (2541441 4248 + 4B 24+ (1741041 + AP +3B(Y) 28
+(13+7A§3)+A§3)+2B§3>)x?+(7+4A§3)+B§3))m{+(3+A§3))x§] (2122)?

+ 2441540 4440 + A0 168 + B+ (5243440 4940 + AP + 1480 428 ),
+(92+614% 11745 +24(Y 426 BY) +-4B{Y )22
+(136+904% 42445 4248 438 B(Y + 5B 23
+(173+114A4% 42948 4248 +47B) 16 B )t
+(169+111A% +2745) + A5 +45B8Y +5B{Y)a}
+(153+99A +2348 + AP +-39 B +4B0 a8+ (11747447 +1548) +27 B + 2B )]
+(74+45AP 1848 415 B + BP) a8+ (3742148 +34) + 6B )2
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+(17+94% + AP 12BN 2104 (542421 4 212 (2120)3 +O (), (A.4e)

Félzg)(ya;ml;mg) =1+ {2+A§3>+(2+A§3))m1+(2+A53))w§+(2+14§3))x?+(2+A53))m‘11

+(2—|—A§3))xﬂx1x2

+ [8+4A§3’ + AP+ BP +(1247AP + AP +2BP )y + (184104 +24) +3BSY )22
+(22+4134% 4240 4B 3+ (2841647 4348 +5 B )0t (2941740 42480 +-5 B )23
+(23+134% 42450 44BN+ (174104 + AP +:3B) 2T+ (13474 + AP 1280}
+(7+440 + BP)ad +(3+ AP0l (0122)?

+ 2441540 +440 + A0 168 + B+ (5243440 4940 + AP + 148 428 ),
+(92461A4% +1745) 124 126 B +- 4B )22

+(140+93A1% +26 45 4348 + 40 B +6 B{Y ) a3

+(194+130A4% +-364(Y +-34(Y +-56 B +8B{Y ) ot
+(239+159A4% 442489 434 4678 +9B{Y )23
+(247+164A4% +4345 4348 169 B 9B )2
+(237+1574% 440489 424 +-65 B +8BY )27
+(209+1374 43345 + AP 455 B 16 BS) )2
+(167+1074 42448 + AP 441 B +4B)) 29
+(112470A% +1448 425 B + 2B 210+ (67+414 4848 +14B(Y + B )2 11
+(37+214% 4340 46 B 212+ (17494 + 40 42BN 213 4 (54242 }4“«}5} (z122)°

+0(x3), (A.4f)

F (gagonian) =14 2440 + 24 AP )1+ 24 AP )3+ 24 AP )+ 24 AP Jat+ 2440 )2
+(2+A§3))xﬂ T1T

+ [g+4A§3>+A§’>+B§3> +(124749 449 2Bz + (184104 1248 1 3BV 22
+(224134% 1245 +4BP )2t + (2841647 +345Y +5 B )t 4+ (3241941 43450 16 BV )}
+(35+20A4° 4348 +6B{Y)a8 4 (2741647 +245Y + 5B )T +(23+1340) +248) +4BY)at

+(174+10AP + AP +3B) 29+ (13474 + AP + 2B 2104+ (7444 + B ) 1!
+(3+A(3)) (z122)?

+ 24415401440+ AP 1680 + B+ (5243447 +940 + AP +14B +2B0 ),
+(92461A4% +1745) 124 126 B +- 4B )22
+(140+93A1% 42645 4348 + 40 B +6 B{Y ) a3
+(198+1334 43848 444 458 B 19 B )2t
+(260+17541% 44948 444 476 BS) +11 B )23
+(31742124 45848 1548 191 B 11388
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+(331+2224% 46048 +44(Y +-95 B +13BP) 2]
+(333+2234Y 46045 +44 495 B +13B{* )%
+(313+208A4% +544(Y +-34(Y +-87B) + 11 B )2
+(277+1834 +46 4% 1245 + 75 B + 9B )2 10
+(223+1454 434480 + AP +57B) 16 B )21t
+(162+103A4% +2348) + AP 439 B +4B) 2124 (105466 A% +1445) 124 B 4 2B 218
(674414 4840 +14B) + B4 4+ (3742141 434 46 BV )21

+(1749A4% + AP +2BP) 216 4 (542421 4218 | (21.22)2+O(23), (A.4g)

F™ (ysansas) =1+ [2+A§3>+(2+A§3>)x1+(2+A§3>)x%+(2+A§3))x§+(2+A§3>)x‘;+(2+A§3>)xi
+@+AP)as +2+AP o |1,

+ [8+4A§3)+A§3)+B§3) +(1247A 4 AP 2By + (184104 42482 +-3 B )22
+(224134 4245 +4B) a3+ (2841647 4348 +5 B )0t + (3241940 43450 46 B )23
+(38+224%) 4440 1 7B 28+ (394234 1340 + 7B )27+ (33+194P 4348 + 6BV )28
+(274+16AP 4240 158829+ (234134 4248 1 4B 2104 (1741041 + AP +3B(Y )2 11

+ (134740 + AP +2B0)al? + (14440 + B )l (3+ APl (2122)°

- [24+15A§3) +4A + AP +6BY) + B + (524344 1948 + AP +14BP + 2B ),
+(924614% 417450 4245 426 BY +4B)2?
(14049347 12645V 4345 +40BYY) +6B) 2}
+(198+13341% 43848 444 458 B +9B(Y )04
(26441784 45148 1545 + 78BS +12BS )}
+(338+2284(Y +654(Y +-64(Y +100B(> +15 B )28
+(401+2704% 47548 46 ALY +117BS +17B )2 ]
+(427+288A4(% 48048 +-64(Y +125 B +18 B )2¥
+(437+294A4Y 481489 46 ALY +127 B +18 B )2}
+(4274287A 7840 1545 +123 B +17B(Y) 210
+(399+267A% +714(Y +44(Y 41138 + 15 B )11
+(353+2344% 46045 4345 +-97BSY) +12BY) 212
+(2014+1914% 44748 4245 + 7B + 9B )13
+(218414141 43348 + AP +55 B +6 B )z 1
+(155+99A1 42348 + AP 138 B(Y +-4 B )2 !
+(105+66AP +1445) +24BY 4 2B 216 4 (674414 4848 +14B(Y + B 217
+(37+21A§5)+3A§>+6B§5>)x}8+(17+9A§5>+A$)+2B§3))x}9+(5+2A§3))x§0+x§1] (z122)°

+0(x3), (A.4h)
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with

3 3 .2 3 .3
Y - | S (A.5a)
a8 Y8 o B o8 Y6
3 3
Bég) -y y1y§y3 I (A.5Db)
a—1 Yo Y19y2Y3
g _ Wity vy e tus)eys | wio L v v 4
’ vi v3 v vays - way3  vius iyl
¥ W
+ 3+ = (A.5¢)

Vyr | 192

By setting y, = 1 we also determined the higher order terms in z9 as

FY™ (o =Limy;20) =+ -+ (376458521 + 24327+ 1723 ) (2122) * + (9444165721 +82027 4+ 10723 ) (21.22)°
+(22364-4231x1 +245727 +42527 +9271 ) (x122)* +O(23), (A.6a)

F=) (yo = 1L;m15m0) =+ -+ (601138421 +1988z7 4158423 +82721 +22325 42628 ) (z122)*
+ (17724453621 +712027 4650815 +403221 +146625 + 30625 +18x1 ) (z122)°

+ (46681324021 42230427 +2277627 +1590121 +7090x5 +197628 +2622] +923) (z122)° +O(3),
(A.6Db)

FY5) (o =1im15m0) =+ -+ (726183521 +345557 +-4721 0} 4482221 +398527 +-24802 +11782] +404x%
+7927+921°) (z122)*
+(2248 4664311 +13556x7 +203225 +2311321 +2145625 +1554125 +90192] +40072F +126927
+27121° 4 271" ) (z122)°
+ (649642117921 +46497x7 +T74808x5 +92773x1 +938152] + 7617325 4503272 +266142F +1077127
+327721° 463021 +64217) (z122)°+O(25), (A.6¢)

FU9) (g = Limi;m0) = -+ (7264196031 +403127 4653925 +-897821 +1004125 +998428 +84812] +61712%
+37852] +200521° +828x1" +26021 +62x1° +921Y) (21 22)*
+(2464475521 +1708327 +3012327 +4480521 +55370xF +604705 +572412] +474502 + 3406527
+2145921° 41133521 " +504221° +179321° +49621* +8121° +921°) (z122)°
+ (736142553621 +62274x7 +11794625 + 18715921 +2498775 +29331227 +3016912| +2739697
421917727 +15522521° 49557121 +5091321 > +2303321° +861321 " +-248621° +53021° + 711"
+a1%) (@122)° +O(x3), (A.6d)

F= (yo = Lm15m0) = -+ (7264196021 +415623 + 711525 +109210] +1454825 +1718425 +18397x]
+1801025 41594127 +1265721° 4913021 +5902212 + 338321 + 165521 +68421° +24321° +6221"
+9$%8)($15E2)4

(24644776821 +18208xF 4+3429925 +5667521 +820202F +10572525 +1238782 | +1325822F +12991027
+11591521% 495126211 + 71098212 + 48444213 +295432 14 +1617821° + 7806216 4325021 ' +110921°
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+30621° +6325°+923") (z12)°

+ (770442713721 46920527 +14027925 +24709821 +38124427 +52620227 +659483 | +757072%
+79832727 + 77393821 ° +6928661 " +57162921> +43398921° +-301543x1 * +19124321° 410995921 °
45655221 +2568221° +1007021° +334527° +87527 +17027° +1727° +27h) (z122)° +O(25), (A.Ge)

FY) (o =1Lm15m0) =+ (7264196021 +415623 + 724023 + 11497271 +1649125 +2181625 +25948x]
42907025 43031727 +2970021° 42696521 ' +2281521> +1791421° +1323721* +893421° +550021°
+3033z1" 4151121546671 +24327° 46227 +927°) (z122)"

+ (24644776811 +18424x7 +3542475 +6106721 +9453925 +13466025 174740 ] +2123692F
424086227 +257138x1° +2569422:1 " +24156021° 421308721 +17751121* +13811521° +10061321°
+67968x1 +42746x1°+2471021° +1307125° +610327" 4256627 +91927° +288x7" +6327°
+921°%) (z122)°

+ (770442748021 4+ 7114927 +148289x5 +273084x1 +4505275 +681185x5 +9439242] +1221033zF
+147731427 +168239221° +180265021 " +182335921 % +174113421° + 157403221 * +134271921°
+108096121° 4818888z 1" +58341621° +389269x1° +-24224527° +139312x7 ' +7383927> +3566327°
+1551927* +593827° +1933x5° + 52427 +11627 + 1725 +25°) (z122) +O(21), (A.6f)

FU™) (o =Limy;20) =+ (7264196021 +415623 + 72402 + 1162227 + 1706725 +2375925 +305802]

+367462F +41728z7 +4522021° + 4654521 ' +45662x1° +4236121° +3717321" +3107021° +2471921°
+18567x1" +1304121°+853221° +515027° +2889x7" +149427> +66727° +243x7* +6227° +927°) (z122)*

+ (24644776811 +1842427 + 356405 +621922] +989315 +14739528 +2043242] +2655162F
432647227 +381889x1° +425794x1 " +453082x1° +46002621° +44537621* +4128841° 436588021 °
430994421 +24982021° +19174221° +13937725° 49630727 +6271825° 4383357 +2169227*
+11368x7° +541927° +23762; +90127° +28827 463z} +925") (z122)°

+ (770442748021 4+ 714927 +1502335 +281437x1 +47759225 +75446425 +11093302] +1532221 2%
+200072027 +248524921° 294301521 " +333177121° +3607864x1° +3741430x1* +372194421°
+355377921° 4325607121 42860475215 +240830121° +194089027° 4+ 14967917 41102369272

+77307422% +514563221 +32414222° + 192517226 + 107317227 +5575022% +2663622° +115862°

+453525" 4158257 447023 411625 +1725° +23°) (2122)  + O (2]), (A.6g)
where the lower order terms --- are obtained from (A.4) by setting y = 1.
A3 =4

We find that F7(,£Z4) (Ya; T1;x2) are given as

F5Y (yaimysan) =1+ 3+ Ay 20+ (94341 + BSY) (21.20) 2+ (22494 +3B5Y +- 08V (120
+0(x3), (A.7a)

Fz(l:4) (Yo x1322) =14 [3+Ag4) +(3+Ag4))x1} T1To

+ 15+6A§4)+A§4)+2354)+C§4)+(18+8A§4)+3B§4)+C§4))x1+(6+2A§4>+B§4))xﬂ (z15)?
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+(35+16A +7B{Y y2cY )x§+(4+A§4>)x;”] (2122)3+O(ad), (A.7b)

FI™ (gajanian) = 1+ [3+ A0+ 3+ A0 a1+ 3+4()a2 01
+ [15+6A§4) + A9 2B 100 12441140 + 4D +4BY 1200y
4
+(30+1340 + AW +5BY 12022+ (15474 +3BY + )23+ (6424 + B2t | (2122)2
+ {60+31A§4) +6A5Y + A0 +14BIY 190 +2BY +c§Y + DLV
+(131471AW 1114589 +35 BSY 200" +4BY + P 42D 2,
+(188+1004%Y 413459 +49B(Y +-26C{Y +5BLY + 0§V 42D )22
+(1474+77AY +748 1398 +18C(V +3BM + DY)
+(77+38A 12450 +18B{Y 4705V + BV )t + (20494 +4BY + (V)2
4
(4 A28 | (@122) O (), (A.Tc)

F™ (yaszrsa0) =1+ [3+A(4)+(3+A(4))x1+(3+14(4)) (3+A(4))x1}x1:r2
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F (gagonian) =14 [3+ 40+ 3+ A0 )21+ 3+ A )+ 3+ A0 )+ (3+ A )at |10,
{15+6A(4)+A(4’+ZB(4)+C(4) +(24+114 + AL +4BSY 1205 )2y
+(36+16A 424 16 B +3C (V)22 + (45+214 4245 48BY +4c (2B
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+(509+284A 44845 424V +147BY 185 +19BY +6C" +11 D)2t
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(4
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+ [15+6A(14)+A§4)+QB§4)+C§4) +(244+ 1140 + 48 +4BY 420z,
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)

(
(
(
(
( i
( i
+(743+421AM 46948 4240 +-225 B 112708 +20BSY +8CM 417DV ]
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