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Abstract

In this work, we study the holographic entanglement entropy in AdS3 gravity with the certain mixed
boundary condition, which turns out to correspond to T T-deformed 2D CFTs. By employing the Chern-
Simons formalism and Wilson line technique, the holographic entanglement entropy in T 7-deformed BTZ
black hole is obtained. We also get the same formula by calculating the RT surface. The holographic en-
tanglement entropy agrees with the perturbation result derived from both T T-deformed CFTs and cutoff
AdS3. Moreover, our result shows that the deformed entanglement entropy for large deformation parame-
ter behaves like the entanglement entropy of CFT at zero temperature. We also consider the entanglement
entropy of two intervals and study the effect of 77 deformation on phase transition.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

The AdS/CFT correspondence gives a geometric interpretation to the conformal field theory.
This correspondence allows us to study quantum gravity from the conformal field theory, and it
achieves great success in 3D quantum gravity. It is significant to generalize the AdS/CFT corre-
spondence by deforming the conformal field theory and investigating its geometric interpretation.
One of the deformed theories called 7T deformation was proposed and its holographic descrip-
tions were also explored [1—4]. It is interesting to establish the holographic dictionary under 7T
deformation. The holographic technique also provides us with a gravitational method to study
the TT deformed CFT.

The TT deformation is defined through the 7T flow equation

85% =fd2x0ﬁ, O;7 =TT + T2,
where T;; is the stress tensor of the deformed theory. This flow equation generates a family of
integrable field theory if the original theory is integrable [1,2]. The factorization of 7T operator
leads to the Burgers equation for the deformed spectrum [5], so that the spectrum of the deformed
theory can be exactly solved. The partition function of the deformed theory can be obtained from
various methods, the result turns out that the deformed partition function satisfies a differential
equation or an integral transformation of the original one [6—8]. The deformed partition func-
tion is still modular invariant [9]. According to the T T flow equation, the Lagrangian form and
Hamiltonian form were also studied [10,11]. There are also some evidences shown that the T'T
deformed theory is a non-local theory [12—16]. In this irrelevant deformation, it is difficult to
study the local properties, such as the correlation function and entanglement entropy. These ob-
servables play the important role in the quantum field theory. By using the perturbative method,
the correlation functions and entanglement entropy have also been obtained [21-31]. Some non-
perturbative results about the correlation function and entanglement were explored in [17-20].
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However, there is still an open question to calculate the correlation function and entanglement
entropy in 7T deformed theory. For a pedagogical review see [32].

According to the AdS/CFT correspondence, the deformed theory can be investigated by using
the gravitational approach. There are two points of view to understand the 7T deformed CFTs
from gravity. The one is the 7T deformed CFTs dual to the AdS3 with a finite radial cutoff [3,4].
In this situation, the quasi-local energy of the cutoff region matches the spectrum of the deformed
theory. The T'T flow equation coincides with the Hamilton-Jacobi equation governing the radial
evolution of the classical gravity action in AdS3. Many holographic features of the 77 deformed
CFT have been explored based on the cutoff perspective [33—42]. The other holographic per-
spective to understand the 7T deformation is the AdS; gravity with certain mixed boundary
condition [43]. The boundary condition was derived through the flow equation and variational
principle. It turned out that the solution of the metric flow equation related to the higher order
Fefferman-Graham expansion, which leads to the mixed boundary condition. For the positive
deformation parameter, the mixed boundary condition coincides with the induced metric on the
finite radial cutoff. The AdS3 solutions that satisfy the mixed boundary condition were also con-
structed from AdS3; with Brown-Henneaux boundary condition [44] through a field-dependent
coordinate transformation [43]. The dynamic coordinate transformation approach to TT was
also found in field theoretic results [45,46]. The deformed spectrum can also be obtained from
the deformed AdS3;. Moreover, the mixed boundary condition allows boundary graviton degree
of freedom, which turns out to be a 7T deformed theory [47—50]. It also provides us with another
approach to studying the 7T deformation including the holographic entanglement entropy.

In this paper, we would like to investigate the entanglement entropy in 77 deformed CFT
from holography. For the cutoff perspective, the holographic entanglement was obtained by cal-
culating the length of cutoff geodesic line, and the results match perturbative CFT results [22,24].
The entanglement entropy in 77 deformation was also studied on both the field theory side
and holographic side in recent works [51-55]. We prefer to use the mixed boundary con-
dition perspective to study holographic entanglement entropy. Since the deformed geometry
is still AdS3, we will work in the SL(2,R) x SL(2,R) gauged Chern-Simons formalism of
AdS3 [56]. The Chern-Simons formalism has been used to study TT deformation in the litera-
tures [47-49,57-59]. In the gauge theory form, the holographic entanglement entropy is encoded
in the Wilson line of Chern-Simons [60], see also [61,62]. The Wilson lines are also related to the
bulk geometry [63,64]. Generally, the Wilson lines depend on the path and representation of the
gauge group. If we choose a appropriate representation of s[(2, R), the trace over the representa-
tion can be formulated into the path integral of a SL(2, R) x SL(2, R) invariant auxiliary theory.
The on-shell action of the auxiliary is equivalent to the length of geodesics in AdS3. In addition,
the Wilson line is a probe in gauge theory, just like a point particle in a curved background.
The Wilson lines give a back-reaction to the bulk geometry, and the resulting geometry turns out
to be a conical defect on the branch point, which exactly generates a n-sheet manifold [60,62].
Therefore, the Wilson line back reaction corresponds to the replica trick along the ending points
of the Wilson line on the boundary. These results told us that the Wilson line is related to the
entanglement entropy through

Sgg = —log(Wr (C)),

where the ending points of the Wilson line correspond to the interval on the boundary. The
thermal entropy also turned out corresponds to the Wilson loop. We use this technique for the
deformed AdS3 geometry. The single interval holographic entanglement entropy is calculated
exactly, which can reproduce the perturbative result obtained in other literatures [22,24,54]. We
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also consider the two intervals entanglement entropy in 7T deformation, which implies a certain
phase transition. Moreover, the holographic entanglement entropy of T T-deformed AdS3 in the
non-perturbative region is also studied. The results show that the entanglement entropy behaves
like a zero temperature CFT one for the large deformation parameter.

The paper is organized as follows: In section 2, we give an overview of the gravitational Wil-
son line approach to obtain the holographic entanglement entropy. In section 3, we introduce the
deformed AdS3 under T'T, which is parameterized by the deformed spectrum. The holographic
entanglement entropy is obtained using the Wilson line approach. We also consider the two in-
tervals entanglement entropy and its phase transition. The same result is derived by calculating
the RT surface in the deformed AdSs3 in section 4. We summarize our results and discussion in
section 5. The appendix contains our conventions and Wilson line defects.

2. Wilson lines and entanglement entropy in AdS3

This section is a review of using the Wilson lines technique to calculate the holographic entan-
glement entropy, based on [60]. By rewriting the AdS3 gravity in Chern-Simons form, the Wilson
line in an infinite-dimensional representation of the bulk gauge group is related to the geodesics
in the bulk. According to the Ryu-Takayanagi proposal [65,66], the holographic entanglement
entropy or RT surface can be obtained through the Wilson line approach.

2.1. Wilson lines in AdS3 gravity

It is well-known that 3D general relativity has no local degrees of freedom, which is purely
topological and can be formulated as a Chern-Simons theory [56]. In the case of AdS3 gravity,
the relevant Chern-Simons gauge group is SO (2,2) ~ SL(2,R) x SL(2, R), so Einstein-Hilbert
action can be written as

Senle. 0] = Ics[A] = Ics[Al Q.1)

where the Chern-Simons action is

k 2 1
ICS[A]=E/Tr<A/\dA+§A/\A/\A>, k=15 2.2)

The gauge fields A and A are valued in s[(2, R), which are the linear combination of gravitational
vielbein and spin connection
A= (a)” +e”) L, A:(a)“ —e“) L,. (2.3)

The L, are s[(2, R) generators, see Appendix A for our conventions. Variation of the action leads
to the equations of motion

F=dA+AAA=0, F=dA+AAA=0, 2.4)

which are equivalent to the first order gravitational field equation and torsion free equation. The
AdS3 metric can also be recovered from the gauge fields via

1 _ i
gij = 5Tr[(A,- —AD(A; — Aj)]. 2.5)

As a consequence, the AdSj3 gravity is formulated into a Chern-Simons gauge theory. By
using the Chern-Simons form, we can introduce the gravitational Wilson lines in AdS3 gravity

4
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Wr(C)=Trg Pexp/A , (2.6)
C

where R denotes a representation of s[(2, R), and C is a curve on M with two ending points
living on the boundary of M. If the path C is closed, it gives the Wilson loop which is invariant
under the gauge transformation

A— A =A"1d+ AA. 2.7)

We can use the Wilson lines to probe the bulk geometry, instead of a massive particle. The
massive particle moving in bulk is characterized by its mass m and spin s. These parameters
would contribute to the backreaction on the bulk geometry. The trajectory of the particle can be
understood as geodesics. When we turn to use the Wilson line to probe the bulk geometry, we
have to use the infinite-dimensional representations of s[(2, R), characterized by (%, ). So that
the mass m and spin s of the particle can be encoded in the representation of s[(2, R) through
the relations m = h + h and s = h — h. For the representation of s[(2, R) see Appendix A.

Note that infinite-dimensional representations of symmetry algebras can be regarded as the
Hilbert spaces of quantum mechanical systems in physics. The trace over all the states in the
representation R can be formulated into a path integral of an auxiliary quantum mechanical

system. Then the Wilson line can be written as

WR(C)Z/DU exp[-SWU; Acl, (2.8)

where S(U; A)c is the action of the auxiliary quantum mechanical system that lives on the
Wilson line. The action should have a global symmetry group SL(2, R) x SL(2,R), so that the
Hilbert space of the system will be precisely the representation of sl(2, R) after quantization.

For the free theory (without gauge fields), an appropriate system is described by a particle
moving on the group manifold [67], whose action reads

S, P)iree :/ds (Tr (PU“%) +AGs) (Tr(Pz) —C)), (2.9
C

where P lives in the Lie algebra s[(2, R) and U lives in Lie group SL(2, R). The trace in this
action means contraction with Cartan-Killing metric. The equations of motion for the free theory
are

—ldU
U™l + 24P =0, (2.10)
S
dP
— =0, 2.11
s (2.11)
TrP? =C. (2.12)

This action has a SL(2,R) x SL(2,R) global symmetry, namely under the following global
gauge transformation

U(s)— LU(s)R, P(s)— R™'P(s)R, L,ReSL(2,R), 2.13)

the action (2.9) is invariant.
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In [60], it turns out that the system coupled with the external gauge fields A and A should be

S(U, P; A)¢ =fds (Tr(PU_lDSU> +AGs) (Tr (P2> - c)) , (2.14)
C

where the covariant derivative is defined by

DXUin—i—ASU—UAS A=A ﬂ. (2.15)
ds ’ H ds
The equations of motion become
U™'D,U +20P =0, (2.16)
iP +[As. P] =0, (2.17)
ds
Tr P2 =C. (2.18)

After introducing the covariant derivative, the global symmetry (2.13) is enhanced to the local
gauge symmetry. The action (2.14) is invariant under local gauge transformation

Ap— L) (Ap+8,) L7 ), Ay — R0 (A +8,) R, (2.19)

U(s) > Lx*(s)U)RxH(s)), P(s) > R(xH(s)P(s)R(xH(s)). (2.20)

We have to point out that the equations of motion do not change under these gauge transfor-
mations. This feature is useful to construct the solutions of the equations of motion from the
free theory solutions. If the gauge fields A and A are pure gauge, the solutions for the equations

(2.16)-(2.18) can be obtained from the free theory solution through the gauge transformation
(2.19) and (2.20). We will treat more details in section 2.3.

2.2. Equivalence to the geodesic equation

This Wilson line probe should be equivalent to a massive particle moving in AdS3. Then we
will show that the usual geodesic equation with respect to the metric would appear in the Wilson
line path. We denote the Wilson line path in the bulk by x*(s). Using the classical equation of
motion (2.16)-(2.18), the action (2.14) can be reduced into a second order one

S(U: A, A)c = ﬁ/ds,/Tr(U—IDsu)2. 2.21)
C

In this form, the action is essentially a gauged sigma model, whose equation of motion reads

d

— dx* - dx* dxV
Z (At — A) =— JAM] —— =0, 2.22
ds <( )/‘ ds) [Ar. AY] ds ds 222)
where
d
AY=U' U +UAU. (2.23)

ds

For the given gauge fields (A, A), the equation of motion depends on the choice of path
x"(s). From the perspective of the equation of motion, we learn that U(s) acts like a gauge
transformation on the connection A. There is a good choice for U (s), so that the particle does
not move in the auxiliary space, i.e. U(s) = 1. In this case, the equation of motion reduces to

6
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d ( ,dx"* o pdxtdx’
- - - =0. 2.24
ds <eu ds )+w”be” ds ds 2:24)

This is precisely the geodesic equation for the curve x*(s) on a spacetime with vielbein and spin
connection which is equivalent to the more familiar Christoffel symbols forms. Furthermore, the
on-shell the action (2.14) for U(s) = 1 becomes

_ dxF dx”
S(U;A,A)sz/ZC/ds,/gW(x)i iy (2.25)
ds ds
C

which is manifestly the proper distance along the geodesic.

We have learned that the Wilson line in AdS3 gravity can be expressed as a path integral of
an auxiliary quantum mechanical system, whose action is (2.14). The on-shell action turns out to
be the proper distance along the geodesic. Thus in the classical limit, one can find that the value
of the Wilson line

WR(xi, x ) = exp(—v/2CL(x;, x 1)), (2.26)

where L(x;, x r) is the length of the bulk geodesic connecting these two endpoints on the bound-
ary. Holographically, it was proposed by Ryu and Takayanagi that the field-theoretical entangle-
ment entropies correspond to the length of the bulk geodesics ending on the boundary [65,66].
In terms of the Chern-Simons description of AdS3 gravity, we can calculate the entanglement
entropy from the Wilson line

Sgg = —log(WR(C)). (2.27)

In [60], it was also shown that the Wilson line backreaction on the geometry would create a
non-trivial holonomy, which can be interpreted as the conical singularity in the bulk. The conical
defects hence reproduce the field-theoretical entanglement entropy formula. In the later of this
paper, we would like to use the Wilson line technique to compute the holographic entanglement
entropy in Chern-Simons AdS3 gravity, including the 7 T-deformed AdSs.

2.3. Holographic entanglement entropy

In this section, we calculate W (C) with C ending on the AdS3 boundary at two points
denoted by x; = x(s;), xy = x(sy). Classically, we just need to calculate the on-shell action of
the auxiliary system

Sf
Son-shell = / dsTr (PU—1 D, U) —_2C f dsi(s), (2.28)
Cc Si
which depends on the solution of the equations of motion. The solutions can be constructed from

the free theory solutions, i.e. (2.10)-(2.12), through the gauge transformation (2.19) and (2.20).
First of all, we should note the solutions to free theory, denoting them by Uy(s) and Py, are

da(s) N
4 (s), 2.29)

Uo(s) = ugexp(—2a(s)Py), with =
s

where Py and u are constant. Next, we assume the bulk gauge fields are in pure gauge

A=Lx)dL '(x), A=R'(x)dR(x). (2.30)
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In fact, most of the AdS3 solutions are in pure gauge, such as BTZ black hole and Banddos
geometry. Then one can verify the following is the classical solution of (2.16)-(2.18)

U(s) = L(x()Up()R(x(s)),  P(s) =R~ (x(s)) PoR(x(5)). 2.31)

These solutions are directly obtained from the local gauge symmetry of the equations of motion.
As argued in [60], the boundary conditions for U (s) on the boundary ending points can be chosen
as

U (si) =L(x(si))uo exp(—2a(s;) Po) R(x(si)) =1, (2.32)
U(sy) =Lx(sy))uoexp(—2a(sr)Po)R(x(sp)) =1. (2.33)

We then have to eliminate the initial value Py and uq. Solving ug from (2.32) and substituting
into (2.33), one can find

exp(—28a Po) =R (x(s)) L(x(s) L™ (x(s))R™ (x(s ). (2.34)
Taking the trace on both sides, we arrive at

cosh (—2Am/i) - %Tr(R(x(si))L(x(s,-))L*‘(x(sf))R*‘(x(sf))), (2.35)
where we have used

Tr (exp(—2Aa Py)) = 2 cosh (—2Aa@) . (2.36)

Finally, according to (2.27), we obtain the holographic entanglement entropy formula

g =+/2C cosh™! [%Tr(R(x(s,-))L(x(s,-))Ll(x(Sf))Rl(x(Sf)))j| . 2.37)

We then use this formalism to check the holographic entanglement entropy in Poincare AdS3; and
BTZ black hole.

2.3.1. Poincaré AdS;
For the case of Poincare AdS3, the line element reads

a_drr 5 2
ds” = — +r7(do” —dt”). (2.38)
r
In terms of the Chern-Simons gauge connection, this geometry is described by
dr
A=—Lo+rLi(d0 +dt), (2.39)
r
- dr
A=——Lo—rL_i(df —dt). (2.40)
r
The gauge connections can be written in pure gauge form
A=LdL™', L=exp(—InrLo)exp(—(0 +1)Ly), (2.41)
A:R_ldR, R =exp((@ —t)L_1)exp(—InrLy). (2.42)

In order to calculate the entanglement entropy, we consider a time slice (f = 0) of this geometry
and impose the following boundary conditions for the ending points of the Wilson line

8
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r(s;) =r(s¢) = ro, (2.43)
AO=0(ss) — O(si) =1, (2.44)

which means we work on a constant radial boundary and the length of the interval is /. Plugging
(2.41) and (2.42) into (2.37), one obtains

2712
I
Sg =+v/2C cosh™! (1 n FOT) . (2.45)

Then taking the limit ro >> 1, so that the result corresponds to the theory living on the conformal
boundary, we arrive at'

3

where the UV cutoff of the boundary field theory corresponds to the radial cutoff in the bulk, and
the central charge relates to the expectation value of Casimir

!
SkE = < log (-) . (2.46)
€

=L se=C 2.47)
0 6

The relation between the expectation value of Casimir and central charge can be derived by
calculating the Wilson line defect, for the details see Appendix B. This result is exactly the en-
tanglement entropy of CFT,. The same answer can also be obtained by solving the bulk geodesic
equation. However, in terms of the Wilson line form, we do not require the solution of any dif-
ferential equations and follow from purely algebraic operations. This technique can be used for
more complicated AdS3; geometry.

2.3.2. BTZ black hole
For the BTZ black hole, the metric in Fefferman—Graham gauge is

dr? o1 P L
ds’=—5 +r’ (dzdz + 5 Lod?® + — LodZ + r—4£o£0dzdz> , (2.48)

where £ and £ are constants related to the mass and angular momentum of the black hole

M—-J = M+J

Lo = , Lo= . 2.49
0 5 0 > (2.49)
The corresponding Chern-Simons gauge connections read
d 1
A=+ <rL1 - —COL_l)dz, (2.50)
r r
- d 1 -
A=—Tro+ (—ﬁoLl —rL_l)dZ. 2.51)
r r

In this case, one can obtain

1 We have used the relation

cosh™!(x) ~log(2x) for x> 1.
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L(r,z,2) =exp(—InrLo)exp(—zL; + LozL_1), (2.52)

R(r,z,7) =exp(LoZLy —ZL_1)exp(—InrLy). (2.53)
In addition, such solutions can be parametrized as

A=b"'d+a)b, A=bd+a)p~", b=e""lo, (2.54)
Then a, a are also flat connections, but do not depend on the radial coordinate

a=(Ly—LyoL_1)dz, (2.55)

a=(LoLi — L_y)d:. (2.56)

Following the same steps in pure AdS3 and the boundary conditions for the ending points of
the Wilson line, we can get

Tr(R(r0, 6(51). O)L(r0. 6(51), OL™" (0, 0(s), OR™ (r0, 6(5), 0))

= —2cosh (l\/zo) cosh <l\/Eo) N (LoLo + rg) sinh (I/Lo) sinh (l\/a)

VI Eo
73 sinh (1v/Zo) sinh (1v/Zo)
~ = s (o> 1) (2.57)
v Lov Lo
This result leads to the entanglement entropy
¢ (r3sinh (1vZo) sinh (1v/Zo)
SEE =— log — (2.58)
6 VLoV Lo
If we consider the spinless black hole, i.e. £y = Lo, the entanglement entropy reduces to
SpE == 1 (’30 'h<”1>> o= — (2.59)
=—log| —sinh{ — ) |, = —, .
EE 3 g e %o 0 s

where By is the inverse temperature of the BTZ black hole [68—70]. This result coincides with
the entanglement entropy of a CFT in thermal state.

2.4. Loops and thermal entropy

One can also consider the Wilson loops in AdS3. In this case, W (C) turns out to be the
proper distance around the horizon, which corresponds to the black hole thermal entropy. We will
then check it in the BTZ black hole. Consider the Wilson loop along the S; cycle 6 ~ 6 + 2x.
In contrast to the open interval case, the closed path should be smooth and hence impose the
periodic boundary condition

Ul(sp)=Us), P(sp)=Ps). (2.60)
According to (2.31), the boundary condition for P (s) implies
[P, R R 6] =0, (2.61)

Hence, the boundary condition for U (s) implies

10
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exp (—2AaP) = uy (L—1 (sr) L(si)) o (R(si)R_l (sf)) . (2.62)

In addition, note the relations

L™ (sf) L(si)) =exp (yg d9a9> , (2.63)

R(s))R™ (sf) =exp (— 7{ d@flg) : (2.64)
which are the holonomies of the connection, we can rewrite (2.62) as
exp (—2Aa Py) = ual exp 2mag) ugexp (—2mwayp) . (2.65)
Here we just consider the case of BTZ black hole, so that one can perform the simple integral
over 6.
From (2.61), we learn that Py and ag can be diagonalized simultaneously. If the initial value
of ug is fixed, we can always choose a matrix V, such that ag can also be diagonalized by uoV
exp (—2Aaip) = (u()V)f1 exp 2mag) ugV exp (—271)_\9)
=exp (2mAg) exp (—27Ag) , (2.66)
where Ap, A9 and Ag are diagonalized matrix of Py, ag and ay. Contracting (2.66) with Lq, we
obtain the on-shell action for the loop

St = 270v/2CTr (kg — X0) Lo) . (2.67)

For the BTZ black hole, the diagonalized gauge connections are

Ao =2~/ LoLy, )-\.0 = —24/ ,C_()L(). (2.68)

Finally, the Wilson loop gives precisely the entropy of the BTZ black hole

S =27 /%Lo o /%Eo. (2.69)

3. Holographic entanglement entropy in 7 T- deformed AdS;

We turn to investigate the entanglement entropy of 77 deformed CFTs from the gravity side.
In [43], it is proposed that the holographic interpretation of 7T deformed CFTs is still AdS;
gravity but with the mixed boundary condition. The AdS3 solutions associated with the mixed
boundary condition can be obtained from the Bafiados geometry through a coordinate transfor-
mation. As the deformed geometry is still AdS3, we prefer to work in Chern-Simons formulation.
In this section, we introduce the 77 deformed AdS3 geometry. The holographic entanglement
entropy of TT deformed CFTs can be obtained using the Wilson line technique in the deformed
AdSs;.

3.1. TT deformed AdS; geometry

We start from the general AdS3 solution with a flat conformal boundary, which is called the
Baifiados geometry [71]. In Fefferman-Graham gauge, the line element reads

11
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2

d 1 1 - 1 _
ds? = riz + 72 (dde + r—zﬁ(z)dzz + r—zc@dzz + r—4£(Z)£(Z)dde> . 3.1

The parameters £(z) and £(Z) are arbitrary holomorphic and antiholomorphic functions, which
are related to the energy and angular momentum

E+J = E—J
L=—— L=—H—. 32
2 2 (5-2)
The corresponding Chern-Simons gauge fields are
d 1
A ZTrL() + <rL1 — ;E(Z)Ll) dz, 3.3)
- d 1 -
A=-Tpy- <—£(Z)L1 —rL_l)dZ. (3.4)
r r

In this sense, the deformed Bafiados geometry can be constructed through a field-dependent
coordinate transformation [43], which reads
1 < 1

dz - Mzﬁuﬁ_u (dw—pLlydw), dz - Mzﬁuiu (dw — pL,dw), (3.5
where u is the deformation parameter. One should note that the parameters £ and L in (3.1)
would turn into £, and Zu under the coordinate transformation. Generally, the parameters £,
and £, are different from the undeformed ones £ and L. The relations between deformed param-
eters L, lju and undeformed parameters £, £ can be fixed by two ways. The first one is that the
deformation smoothly changes the spectrum but does not change the local degeneracy of states.
Therefore, in the bulk, this implies that the TT deformation does not change the horizon area of
a black hole. The second one is that the deformed geometry can be transformed into the unde-
formed one without changing the periodicity of the spatial coordinate. Indeed, the transformation
is different from the inverse of (3.5). These considerations lead to

Lol —ply)? _ . Lu(—pLy)
A —p2L, L2 (1= p2L,L,)?
One can turn to [43] for more details about fixing these relations.

By using the coordinate transformation (3.5), we obtain the deformed Chern-Simons gauge
fields

=L. (3.6)

1 1 1 _

A=—Lodr+ ——— (rL1— =L,L_; ) dw — pnL,dw), 3.7

r odr 1_M2£M£M<r : r : 1)( v a g w) ( )

A= lLd L lf, L L1 )(dw— pLl,dw) (3.8)

— — r — — — —rL_ - . .
P 1= 2L, L, \r " ! L) = e d

Note that £(z) and E(Z) correspond to the charges of the solution in the Bafiados geometry.
However, in the deformed geometry, the parameters £(z) and [Z(Z) do not correspond to the
charges. Indeed, the deformed energy and angular momentum can be obtained from both field
theory and gravity side

1
u

E, (1 —\/1 —2M(L+Z)+M2(c—i)2>, J,=1. 3.9)

12
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Analogous to (3.2), we introduce the new parameters

E, 1 _ - -
Q:%J“zﬂ[]—i—u(ﬁ—ﬁ)—\/l—2u(£+£)+u2(£—£)z] (3.10)
_ E,, — _ — _
Q:”Tj“zi[I—M(ﬁ—[,)—\/l—zu(£+£)+/ﬂ(£—£)2]. G.11)

We can regard Q and Q as the generalized parameters of £ and £ in the deformed geometry,
and Q and Q reduce to £ and £ in the limit © — 0. We find it is more convenient to parametrize
the deformed gauge fields or metric in terms of these two independent charges. In terms of these
charges, the Chern-Simons gauge connections are formulated as

A :?Lo % (r(l —uO)L, — %QL1> dw

- #QQJFQ) (r(l —uQ)L; — %QL]) dw, (3.12)
A=-— ?Lo + #QQJFQ) <%QL1 —r(l— ;LQ)L_1> dw

—% (%Q_Ll —r(l—uQ)L_l)dzZ). (3.13)

In the following, we prefer to use the coordinates 6 = (w + w)/2,t = (w — w)/2, where
t represents the time direction while 8 denotes the spatial coordinate at the boundary with the
identification 6 ~ 6 4 2. We then have

1 - 1 - 1
Ar==Lo, Ag=r(1=pQ)Li—-0QL1, A=K (r(l=pQLi—-0L1),

(3.14)
i 1 S 715
Ar==-Lo, Ag=-OLi—r(=pQLo, A=R(-OLi—r(1 —pQLy),
r r r
(3.15)
where
k_1tre-9 o  1-mQ-9 (3.16)

1-u@+9" T 1@+ Q)
The radial gauge (2.54) still holds for the deformed gauge fields, so that the induced gauge
connections are

ap=(1 =)Ly~ QL-1, ay=K((1=pQ)Li-QLy), (3.17)
ay =L~ (1 = p QL1 &=R(QLi~(1—pQL-y). (3.18)
In addition, we can also write down the deformed
dr? 1
ds? =2 +

220wt 0
(21 = QU = urd)dw + (1QQ+ (1 — RO — kD) )b ) x

(20 = 1)1 = prydib + (1QQ +r2(1 = Q1 = p Q) )duw). (3.19)

13
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We will use the deformed geometry to calculate the holographic entanglement entropy in the TT
deformed CFTs. For simplicity, we just consider the constant charges Q and Q, namely we work
in TT deformed BTZ black hole.

3.2. TT-deformed holographic entanglement entropy

For the T T -deformed AdS3, the metric still satisfies the Einstein equation or flat connection
condition in the Chern-Simons theory although it takes a complicated form. In the Poincaré
AdS3, the Wilson line would produce a back-reaction in the bulk geometry. The back-reaction
would then lead to a conical defect on the ending points of Wilson line, which generates the n-
sheet manifold on the boundary. According to the replica trick on the boundary field theory, the
Wilson line exactly leads to the entanglement entropy. One can turn to Appendix B for details. We
can always transform the T T-deformed AdS3 solution into the Poincaré form [72,73]. However,
the temperature (the period of Euclidean time) in deformed AdSs is different from the original
one. The crucial point is that we have to identify the deformed temperature and length of interval
on the boundary under 77 deformation. We will treat these considerations in more details and
obtain the 7T deformed holographic entanglement entropy in this section.

Now, we can use the Wilson line technique to calculate the holographic entanglement entropy
in TT-deformed AdSs. First of all, we can give a glance at the Poincaré AdS3, which turns
out correspond to the zero temperature entanglement entropy. In Fefferman-Graham gauge, the
Poincaré AdS3 can be written as Bafiados geometry (3.1) with £ and £ vanish. In this case, the
bulk geometry is the same as the undeformed one, so the zero temperature entanglement entropy
remains unchanged. This result coincides with the perturbative calculation in field theory and
cutoff perspective in the bulk [22,24].

We then consider the deformed BTZ black hole, in which the charges Q and Q are constants.
For the deformed geometry, on a time slice, we obtain

X
L(r,0,t=0)=exp(—InrLp)exp —/dxiai
X0

=exp(—InrLo)exp(—(1 — Q)L + QOL_y), (3.20)

X
R(r,0,t=0)=exp /dx"zz,- exp (—InrLo)

0

:exp(Q_GLl —(1 —;LQ)GL_l)exp(—lano). (3.21)
As the deformed geometries are still AdS3 solution, we use the boundary condition for U (s)
UGi)=1, U(sy)=1, (3.22)
as well as the same boundary conditions for the ending points of the Wilson line
r(s;) =r(s¢) = ro, (3.23)
AO=6(sr) —0(s;) =1. (3.24)

We should point out that the boundary condition for U is actually the unique choice because of
the Lorentz invariance at the boundary [60,74]. As the TT deformation does not break Lorentz
invariance, we can use the same boundary condition (3.22) for U. It seems that [ is just the length

14
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of the interval in the deformed boundary. But it equals to the deformed length of interval, because
the length is defined in the (w, w) coordinates.

Using the gauge transformation (2.31), one can get the solution U (s) for the Wilson line cou-
pled to the deformed gauge fields. The boundary condition for U (s) and ending points boundary
condition for the Wilson line imply

Tr<(R(Si)L(Si)) (R (sy) L (sf))_l)

=2cosh (z,/ o(1— uQ)) cosh (l,/ ol — MQ))

N 380 = 1@V Q1 = uQ)sinh (1/S(1 = Q) sinh (1v/Q(1 = 1 Q)
Q9
QQsinh (1v/S(1 = nQ)) sinh (1v/Q(1 = 1))
3V — Q)W — nQ)
V00— kYO — i Dsinh (1O~ D)) sinh (121 = D)
Q9

In the last step, we consider the ro >> 1 limit. It is straightforward to get the holographic entan-
glement entropy for 77T deformation

_I_

(3.25)

G /i o] (réx/Q(l—MQ)\/Q(I—MQ)sinh(l Q1= Q) sinh (1 Q(I—MQ)))
EE = cos

200
‘, (réJQ(l — 1 QWO = uQ)sinh (1A = Q) ) sinh (1v/Q(1 = D))
~—log _ .
6 Q0

(3.26)

If the original geometry is non-rotating BTZ black hole, namely Q = Q, the deformed entan-
glement entropy becomes

c (Vox/—Q(l — Q) sinh (1/O(T — u@)))

SEE =— log Q (3.27)

3
We then want to identify the deformed temperature. For the deformed BTZ black hole, the tem-
perature can be obtained by analyzing the period of Euclidean time, which is discussed in the
next section (equation (4.10)). We quote the result here

B = i _ n(l1—-2uQ) ) (3.28)
r Jo(l-pQ)
This temperature can also be derived using the first law of thermodynamics, and we will show it
in section 3.3. For the limit & — 0, the temperature reduces to the BTZ black hole temperature.
The length of interval [ is already the deformed one, which can be seen from the coordinate
transformation (3.5) on a time slice. In terms of the deformed temperature, we can express the
entanglement entropy as
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c VB +4uni+ B . !
Sgg = - log| ——————— sinh | ———— .
3 2me /B2 + dum?

This is actually the 7T deformed entanglement entropy obtained from the holographic approach.
For = 0, the deformed entanglement entropy reduces to the familiar entanglement entropy of
CFT at finite temperature. For the small ¢, we can obtain the perturbative result

(3.29)

B wl we (7% 2731 wl )

SEE = 3 log <—e sinh /3 + EY F — Fcoth ? + O(u). (3.30)

In the “low temperature” limit 8 >> [, up to the first order, the entanglement entropy becomes
c . mwl uc 2

SEE-low =§log <£ mnh(;)) + — <’32> + 0(,u ). (3.31)

In the “high temperature” limit 8 < [, the first order corrected entanglement entropy is
B ml 2uc 73l ml 2
SEE-high =3 log (E sinh /3 =5 ’33 coth E + O(u). (3.32)

The “high temperature” result coincides with the result obtained from both boundary field side
and AdS; with cutoff perspective [22,24].> We apply the Wilson line approach to the T7-
deformed AdS3 and obtain the holographic entanglement entropy formula, which agree with
the perturbation results. However, the “low temperature” result is different from the cutoff AdS3
perspective.
We are more interested in the non-perturbative result. In order to make sure the entanglement
entropy is real, we have
2
4’12 < U, (3.34)
which means the holographic description maybe loses when p out of this region. For © > 0 the
entanglement entropy is always real. In the following discussion, we just consider the p > 0
case, which also corresponds to the cutoff perspective. For a fixed temperature, we can consider
the entanglement entropy for large deformation parameter

Be 1 > B\ 1 1
Sgg = -1 — - —+o0(—). 3.35
EE 3°g( >+6nf+<72 w2 ) T O\L (3.35)

The leading order coincides with the entanglement entropy of the zero temperature CFT with the
length of interval [ /2. Therefore the holographic entanglement entropy has nothing to do with the
temperature for large deformation parameter. However, we can not directly see this feature from
the cutoff perspective, the reason is that the cutoff surface would move into the horizon for large
deformation parameter at a fixed finite temperature. In order to see this feature from cutoff per-
spective, we have to consider the holographic entanglement entropy at the high temperature limit,

2 Note that our convention is dlfferent from Ref. [22]. In [22], the deformation parameter is related to the radial cutoff

r(2, = Mgc , while we have rg M in this paper. Therefore, if one replaces p by “ 7€ the equation (3.32) becomes
B ml ;ur 2l ml
SEE-high = 3 log ( s sinh /3 - 9p3 coth F s (3.33)

which is exactly the result in [22].
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so that we can keep the cutoff surface outside the horizon even for large deformation parameter.
In this case, we first take the high temperature limit and then consider the large deformation
parameter limit. For the high temperature limit, the entanglement entropy (3.28) becomes

— tog (Y sinn (! cp 2
SEE—310g( . Slnh(Zﬂ))+6nﬁ+0(ﬂ ). (3.36)

This formula leads to (3.35) for the large deformation parameter as well. These results imply
the TT deformation behaves like the free theory at the large y limit. The similar feature was
also found in [75,76], in which the authors shown that at the level of the equations of motion the
left- and right-chiral sectors of 7T deformed free theories are decoupled when the deformation
parameter is sent to infinity.

For the holographic entanglement entropy in BTZ black hole, it turns out that there will be a
phase transition when the interval becomes larger [65,66]. The similar phase transition still exists
in TT-deformed BTZ black hole. As the size of interval becomes larger, we find the deformed
holographic entanglement entropy becomes

I |
Spp ~ L (3.37)

3 /B tanin

which is proportional to the thermal entropy (3.48). This result can be interpreted as follows. In
the presence of horizon, the RT surface (geodesic line) would approach the horizon and cover a
part of the horizon when the size of interval becomes larger. Since the geodesic lines could wrap
different parts of the horizon, there are two geodesics connecting the endpoints of the interval.
The one being homologous to the boundary interval should be chosen to evaluate the holographic
entanglement entropy, and the other geodesic is used to evaluate the entanglement entropy for
the complementary interval

o < VBE+aun2+p | 0 72w —1)
=-log| ——————sinh [ ———— | .
EE =308 2me /B2 + dum?

However, if [ > 7 the S’EE is smaller than Sgg, but S]’EE is not homologous to the interval /.
Similar to the BTZ black hole [77], we can construct another disconnected extremal surface by
combining Sf; and thermal entropy (3.48). Finally, the deformed entanglement entropy for a
general interval is given by

S = min{Seg., Sgg + St} (3.39)

Clearly, there is a phase transition between these two settings of extremal surface. In the high
temperature limit and small deformation parameter, it turns out that the phase transition occurs

at
VB +4un?
2

We show the phase transition of the holographic entanglement entropy is preserved under T'T
deformation. B

Moreover, the Casini-Huerta entropic c-function [78] for the TT deformed entanglement en-
tropy is

(3.38)

[ ~2m — log2. (3.40)

Cl,pn

(3.41)

)—ldSEE _ el coth l
i 3/p2+4n7p VB +anu )
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which is always positive, and does not depend on the ultraviolet regulator. We also find that

h nl h2 nl
oC(, ) _mc cot (x/ﬂ2+4n2u.) mlese (x/ﬂ2+47r2u -0

al 3 /B2 + 4n2p B2 442

, (3.42)

which implies the entropic c-function is non—decreasing along the renormalization group flow
towards the ultraviolet. The similar result was also found in single trace 77 deformation [79].

3.3. Thermal entropy

The thermal entropy of the deformed BTZ black hole can also be calculated from the Wilson
loop. As discussed in section 2.4, the thermal entropy can be obtained by diagonalizing the
induced gauge connections ag and ag in (3.17) and (3.18). For the deformed BTZ black hole, the
diagonalized gauge connections read

Ao =200 — nQ)Lo=2+vLLy, (3.43)
G = =2/ 001 — Q) Lo = —2v L Lo. (3.44)

Finally, according to (2.67), we obtain the thermal entropy

Sy =27 /%£+27r /%E, (3.45)

which is the same as the BTZ black hole entropy. This result means the black hole entropy does
not change under the 7T deformation. On the field theory side, the degeneracy of states does not
change under the T'T flow.

For the deformed theory, the thermal entropy should be expressed in terms of the deformed

energy. In case of Q = Q, the entropy can be written as

Sin = 47 /%Q(l —puQ)=2n /%Eu(z—;usﬂ), (3.46)

which agrees with the result in [3]. The thermal entropy can help us to define the temperature in
the T'T-deformed theory. In fact, according to the first law of thermodynamics, the temperature
can be determined by

_9E, _ [6/O0—1Q) VOU-—pQ)
3Sn Vern(1-219 7(1-2uQ)°
where we have used the convention k = ¢/6 = 1 in the definition of temperature. This is actually

the temperature we have used in (3.28). The black hole thermal entropy can also be written in
terms of temperature

T

(3.47)

272

C
3B +anu

Sth = (3.48)
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disconnected connected

Fig. 1. The two minimal surfaces for the two intervals boundary region. We consider the two intervals have the same
length [ separated by x. The left is the disconnected case, and the right is the connected case.

3.4. Two intervals entanglement entropy

We proceed to consider the entanglement entropy of the system consists of two disjoint inter-
vals. For the single interval case, we have shown that the entanglement entropy is the Wilson line
or length of geodesic in AdS3 with ending points on the spatial infinity boundary for both Brown-
Henneaux boundary condition and mixed boundary condition. According to Ryu-Takayanagi’s
proposal [65,66], we have two choices for how to draw the geodesics that end on the ending
points of two intervals, which are shown in Fig. 1. For each choice, the two intervals entan-
glement entropy decouples into a sum of single interval cases. The two intervals holographic
entanglement entropy should be the minimal one of them

Sgg-2 = min{Sqis, Scon}- (3.49)

This implies that there are two phases of the entanglement entropy. It turns out that there actually
exist a phase transition between the connected and disconnected phase [80].

We first brief review the zero temperature entanglement entropy of two disjoint intervals. We
assume the two intervals have the same length / separated by x, described in Fig. 1. Then the
difference between two phases is

c 1?
AS = Sdis — Scon = = 1 — ). 3.50
dis con = 73 og <x(21 +x)> ( )
One can find the phase transition critical point is determined by the cross-ratio
2 1 X
= — = — 0. —:\/E_l 351
TTarorT2 T 32D

For the finite temperature case, the similar phase transition was shown in [81,82]. However, there
is no quantity like cross-ratio to illustrate the critical point.

Now we would like to investigate the similar feature for the 7T deformed entanglement en-
tropy. For the different choices of Wilson lines or RT surfaces, we have

o el 72+ 38 (VBT + 4w + B) o
dis —g 0g 12c2 sin. ﬂ2+4'un2
c ”2M+%ﬁ(¢ﬁ2+4n2u+ﬂ) ( X ) ( 7 (20 + x) )

sinh sinh

Scon == log S — = 7
T3 N JBE 1 dpn?
(3.53)

(3.52)

m2e?
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The two intervals entanglement entropy is the minimal one of them. In order to determine which
is the minimal one and under what conditions the phase transition happens, we consider the
difference between two RT surfaces

2 ml
sinh (7\/m>

AS =Sgis — Seon = glog (3.54)

: X . 7 (21+x)
sinh <7\/m) sinh (Fm)
This quantity is also related to the mutual information between two disjoint subsystems.
From (3.54), we learn that AS behaves like the undeformed one but with different tempera-

ture. We first consider the low temperature and high temperature limit. For the low temperature
limit 8 > 1, we have

2

G l 5
AS=3log (W) +0 (1/5 ) . (3.55)

The leading order is exactly the zero temperature case. The phase transition occurs at x/[ =
v/2—1 and does not depend on the deformation parameter. For the high temperature limit 8 < 1,
we have

cosh (L) —1
AS = Slog — VB —|+0(8). (3.56)
X
cosh (W) — cosh (ﬁ)
In this case, the critical point depends on the deformation parameter.
We find it is convenient to introduce the following parameters

=X =2 p=£ (3.57)
= -, X = -, = —_— .
I g TR
In terms of the new parameters, the AS reduces to
Sinh2 (i\/%)
C T
AS =S log " (3.58)

: i : T+ ’
sinh (W) sinh (iW)
in which the temperature is implicit. We plot the critical lines AS = 0 in (, X) plane for different

deformation parameters in Fig. 2. Then we consider some special limit about the critical lines.
For x <« 1, we have

1 27 +1)2%2
As=S 1og<~ ~)— T +O<i3). (3.59)
3 2420) 32 (1+4n2)

The leading order is just the zero temperature case and also does not depend on the deforma-
tion parameter. This result can be seen from Fig. 2 that the critical lines coincide with the zero
temperature one for small Xx.

It is interesting to investigate the p dependence of phase transition. For the small ji, there is
actually exists a phase transition, which has been discussed in [24] using the perturbative method.
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Critical lines: AS=0
T

0.20[ ‘ ‘ B

0.15[ 1
r 1 — [=-0.02
| ] [=-0.01
| | =0

i 0.10j 1 [=0.01

3 1 — [(=0.02
I | — p=0.03

0.05- 4 — [=0.4

o00fF,
0.0 0.1 02 03 0.4 05

Fig. 2. Plot the critical lines AS = 0 in [ — % plane for different deformation parameters. The critical lines separate the
connected phase (left side) and disconnected phase (right side). The green line corresponds to the undeformed case. The
dashed line denotes the zero temperature critical line / = +/2 — 1. The critical lines tend to the zero temperature case with
the increase of deformation parameter.

We can also see from Fig. 2 the critical line is around the undeformed case for both i < 0 and
i > 0. For the fi > 1 region, we have

7 222
AS = Slog ( ! ) D L oy, (3.60)
3 12 +21 36[2 11
The leading order is just the zero temperature case. One can also see from Fig. 2 that the critical
lines would become the zero temperature one as the increase of deformation parameters. This
result implies the 7T deformed theory becomes a decoupled free theory for large u limit [75,76].
These results show that there still exist the phase transition for two intervals entanglement
entropy under 7T deformation. The transition point is depends on the deformation parameter.
The T T deformation does not introduce new phases. For large deformation parameter, the critical
point is the same as zero temperature CFT case, it would be interesting to study this feature from
the field theoretic results.

4. Geodesic line method

In this section we re-compute the holographic entanglement entropy in BTZ background with
mix boundary condition using RT formula, i.e., identifying the holographic entanglement entropy
as the geodesic distance. The results turn out to be consistent with the computation via Wilson
line method.
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The metric of BTZ black hole with mass M and angular momentum J takes the form (2.48).3
For simplicity we consider the case where the black hole being static J = 0. It follows from (3.6)
that the deformed parameters £,,, £, are constant and satisfy

= 1 —uM+J1-2 M
L,=L, i i 4.1)
Mu?
where only the solution with “-” is well defined in . — 0 limit. We start from the following
metric
24 ’ e poauas 4.2)
ds” =—+r (dzdz +— 3 — (Ldz* + L,d7%) + rjﬁﬂﬁudzdz) :

in which we have replaced the L, L by L, EM in the BTZ black hole solution, so that we can
obtain the deformed BTZ only by using the coordinate transformation. Let z = x 4 iy, and define

x y
= JLpe, x= . y= , 43
PEVEee A=Ay YT AL, “3

then the metric becomes the global AdS3

ds? :d,o2 + cosh? ,odyf2 + sinh? ,odjzz, 4.4
where y is treated as the Euclidean time and x the spatial coordinate. The requirement of no
conical singularity in p — y plane implies the identification y ~ y + 27, where the periodic-
ity is related with the temperature for BTZ black hole. It is convenient to work in embedding
coordinate

Y© =cosh p cosh x, Y3 = cosh psinh x, 45)
Y! =sinh psin, Y2:sinhpcos§. )

In this coordinate system the BTZ black hole is a hypersurface —(Y%)? + (Y32 4+ (Y1) +

(Y?)2 = —1 in the background ds?> = —d(Y")? + d(¥Y")? + d(Y?)? + d(Y>)%. The geodesic
distant d between two points Y, Y2b is simply computed by

coshd = —Y; - Yo=Y Y9 —vly) —viv? —viy;. (4.6)

The deformed metric corresponding to 77T deformation can be obtained by transformation of

1 1

dz = 7((111) L pdw), dz= 7(dw Ly dw). @7
WLl PRV
In the present case, (4.7) can be solved straightforwardly as
- uLb), : (- uLw) 4.8)
1=——(w — w), 1=————(w — w). .
1—p2L,L, o 1—u?L, Ly s
And its inverse
w=z+ulyz, w=pulyz+7z, (4.9)
3 We follow the convention in [43], and set 47G =1,/ =1 and R = 27 (periodicity of spatial dimension) in their

paper. We also use r which is related with the radial coordinate p in [43] as 2 =1 /p. The cutoff in [43] locates at
0 = pc = W, then in r-coordinate, ro =re = 1/,/1t.
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where w =6 +it, w =6 — it. From the periodicity of y discussed above, we can work out the
period of ¢, which is

2 (1 MC;L)ZH_ﬂ’ 5= n(l 2/LQ)’ 4.10)
where the f is the inverse temperature of deformed black hole, as well as the inverse temperature
of the TT deformed CFT.

To compute the HEE of a single interval, we consider two ending points on the boundary
locate at (r1,t1,601) = (\/E_Me"o, 0,0) and (rp, tr, 60) = (mepo, 0, 1) respectively. Then w; =
12)1 =0, w2=ﬁ)2=l

t~t+

l
1=21=0, =7 =—. 4.11
21 =121 =12 v 4.11)

In terms of embedding coordinates
0_ 3_ 1_ 2 _
Y| =coshpg, Y =0, Y/ = 0, Y{ =sinhpy, 4.12)

and

Yy =cosh pgcosh\/4L,,z2, Y; =coshpsinh/4L,z2, Y, =0, Y7 =sinhpp.

(4.13)
Finally using (4.6), the geodesic distance between the points is
coshd = cosh? py cosh VAL — sinh? pg
— =~ sinh?1/O( — nQ) + cosh’1,/O(1 — nQ)
2’0(1— 9) (4.14)
1—nQ) .
+ O(Z—Q“) sinh1y/Q(1 — 1 Q).
where we made the replacement /L, z0 = [4/Q(1 — n Q). It follows that the HEE is
1
SEE = G cosh™! |:2 2(1Q ) sinh? 1,/ Q(1 — Q) + cosh?1,/Q(1 — uQ)
r2(1 —
0
4.15)

n ro(lz_TM)sinhzl,/Q(l —Mg)]

For the ro — oo limit, note the definition of temperature (4.10) and relation 1/4G = ¢/6, we
arrive at

S \/ﬂ2+4un2+,3 nl 1 116
EE_3 Ime \/m C T (4.16)

This coincides with (3.29) in the case of non-rotating BTZ black hole. We obtain the same holo-
graphic entanglement entropy formula by calculating the RT surface in the deformed BTZ black
hole.
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5. Conclusion and discussion

The TT deformed CFT was proposed dual to the AdS3 with a certain mixed boundary con-
dition. The AdS3 with mixed boundary condition or the T7T-deformed AdS3 geometry can be
obtained from the Banados geometry using the dynamical change of coordinates. In this paper,
we studied the holographic entanglement entropy in the 7 T-deformed AdS3 under this situation.
In terms of Chern-Simons form, we derived the holographic entanglement entropy formula us-
ing the Wilson line technique. For the zero temperature case, the entanglement entropy turned
out unchanged under the TT deformation. For the finite temperature case, we calculated the
Wilson line with ending points on the boundary of deformed AdS3. After identifying the de-
formed temperature and length of interval on the boundary, we found the Wilson line lead to
holographic entanglement entropy formula, which is closely related to the entanglement entropy
in T T-deformed CFTs. The same formula was also obtained by calculating the RT surface in the
T T-deformed BTZ black hole. The deformed entanglement entropy formula can reproduce the
known perturbative results, which were obtained from both field theory and cutoff AdS3 in other
literature. We also showed that the entropic c-function is always positive and non—decreasing
along the renormalization group flow towards the ultraviolet. For the non-perturbative region,
our results show that the entanglement entropy behaves like entanglement entropy of CFT at
zero temperature.

Moreover, we also considered the two intervals entanglement entropy and found there still
exist a certain phase transition between disconnected and connected phase. It turned out that
the critical point for the phase transition depends on the deformation parameters. The critical
point is sensitive to the deformation parameter for the high temperature region. But the critical
point becomes independent of deformation parameter for the low temperature region. For a fixed
temperature, the critical point tends to the zero temperature case at large deformation parameter,
which is shown in Fig. 2.

Finally, we want to point out that the holographic entanglement entropy formula was derived
from the holographic study and the formula agrees with the perturbative result. However, we still
need an exact calculation from 7' T -deformed CFTs. In addition, since we found the entanglement
entropy behaves like a free CFT, it would be interesting to study the 77 deformation for large
deformation parameter following [75,76].
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Appendix A. Conventions

In this paper, we choose the following standard Lie algebra generators of s[(2, R)

01 10 00
— — 2 —
L1—|:OO:|, Lo—[o_%}, Ll—[ 101|, (A.1)

whose commutators simplify to

[Lq, Lpl=(a—b)Latp, a,be{0,=£l1}. (A2)

The non-zero components of non-degenerate bilinear form are given by

1
Tr(LoLg) = ok Tr(L_1Ly) =Tr(L1L_1)=—1. (A.3)

We use the following representation of the s[(2, R) Lie algebra, i.e. the highest-weight repre-
sentation. The highest-weight state |/) satisfies

Lilh) =0,  Lolh) = h|h). (A4)
There is an infinite tower of descendant states found by acting with the raising operator
|h,n) = (L-1)"|h). (A5)

These states form an irreducible, unitary, and infinite-dimensional representation of s((2, R). The
quadratic Casimir operator of the algebra is

C=2L5— (LiL_1+L_iLy), (A.6)

which commutes with all the elements of the algebra. The expectation value of Casimir operator
on highest-weight state is

C = (h|C|h) =2h* — 2h. (A.7)
Appendix B. Wilson line defects

The Wilson line as a probe in the bulk will produce a back-reaction in the bulk. To solve for
this back-reaction, we consider the total action

S =Scs[Al— Scs[Al+ B+ S(U; A, A)c. (B.1)

where B denotes the boundary term, the last term is the auxiliary action associated with the
Wilsor_1 line. For different boundary conditions, there will be different boundary terms. In case of
the TT deformation, the boundary term turns out to be

k 1 — —
o dzx; <\/ 1 — 241 (Tr(Ag Ag) + Tr(Ag Ag)) + 12 (Tr(Ag Ag) — Tr(AgAg))” — 1).

oM

B =
(B.2)
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This boundary term leads to the 7T deformed spectrum and can also help to reduce the gravita-
tional action to 7T deformed Alekseev-Shatashvili action on the boundary [48]. The boundary
term does not contribute to the equation of motion, but the Wilson line term will contribute as a
source for the equations of motion

k dx” _

o Fuv =/dsKsuvp8(3)(x —x(s)UPU!, (B.3)
k - dx? 3)

ZFMV = — dSKEMWJS ()C — )C(S))P (B4)

We can choose the Wilson line trajectory as a bulk geodesic, the corresponding Wilson line
variables is

ris)=s, U(s)=1, P(s)=+2CLy. (B.5)

Contracting (B.3) and (B.4) wit[l the tangent vector to the curve, we find the non-vanishing
components of field strength F, F are tangent to the curve

>y (B.6)
ny ds =Y, .
_  dx*
o = 0. (B.7)
ds

Since we can always transform the AdS3 solution into the Poincaré coordinate [72,73], we just
consider the Poincaré AdSs3. The solution is asymptotic AdS3 in Poincaré coordinate

A =L(asource+d)L_l, L :e—lan()e—le’ (B.8)
A :R_l(asource +d)R, R= e_szle_lanO, B.9)

where the coupling to the source is taken into account by

Cl(dz dz
Asource = \/;% (? - ?) Ly. (B.10)

With the help of the identities 8% = 5% =78@ (z, 2), one can verify these connections satisfy the
sourced equations of motion. The connections are flat except for where the Wilson line sources
them. We can obtain the specific form of the gauge field

dr Cl /dz dz
A L0—+}’L1dz+ — — — ) (Lo —rzLy), (B.11)
2k\ z z
- dr Cl1 dz -
A=— L()— —rL_1dz+ — — — ) (Lo—rzL_y). (B.12)
2k \ z b4

This solution produces the metric

a2 (—«/ix/ak (2dZ — 2d2)* + C (zd% — 2dz)* — 2k2z2dzd2)

ds> = — B.13

= 2k223 B4
Consider the map from plane to cylinder (z, )

Z=er+il9, Zzer—h?’ (B.14)

the metric becomes
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2
2 dv? (V2C —k
, _dr 2 21 2
ds™=——r"e dt"+ ———— (B.15)
r k2

One can see this is precisely the metric for AdS3 with a conical singularity surrounding the Wil-
son line. The boundary geometry with Wilson line back-reaction becomes the n-sheet cylinder if
we set the defect angle to be 27 (1 — %). Then we can find the relation

NGTH

Tk
Since the Wilson line action generates the n-sheet manifold, the partition function for n-sheet
manifold can be written as

=mn—1)+0(n—1?. (B.16)

Z, =log Wr(C) = —v2CL(xi, x,), (B.17)

therefore the entanglement entropy can be obtained

SEE = lim1 7 nlogWR(C)sz(x,-,xj), (B.18)
n— -
which coincides with the RT formula.

The stress tensor corresponds to Poincaré AdS3 vanishes, namely £ = 0 in (3.1). For the BTZ
black hole, the stress tensor is a constant. According to the transformation law of the stress-tensor,
we can transform the stress tensor to a constant by using a conformal map. After rescaling the
radial coordinate, the BTZ black hole becomes Poincaré AdS3 geometry with different period of
the time direction. For the deformed BTZ black hole, we can perform the following coordinate

transformation to (3.19)

w= (1 —pQ)é + QF, (B.19)

w=(1—pQ) + %, (B.20)

r=01-pQ1—pnr, (B.21)
so that the metric becomes the same as BTZ black hole

ds? = ‘;—r; 472 (dsdé + riz ([Zdéz + Zdéz) n i—fdédé) . (B.22)

One should note that the temperature (the period of Euclidean time) is different from the original
BTZ black hole. The above consideration for the holographic entanglement entropy still holds
for BTZ black hole and deformed BTZ black hole.
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