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ABSTRACT: Recently it was proposed that, the AdS/BCFT correspondence can be simulated
by a holographic Weyl transformed CFTs, where the cut-off brane plays the role of the
Karch-Randall (KR) brane [1]. In this paper, we focus on the Weyl transformation that
optimizes the path integral computation of the reduced density matrix for a single interval in
a holographic CFTy. When we take the limit that one of the endpoint of the interval goes to
infinity (a half line), such a holographic Weyl transformed CFTy matches the AdS/BCFT
configuration for a BCFT with one boundary. Without taking the limit, the induced cutoff
brane becomes a circle passing through the two endpoints of the interval. We assume that the
cutoff brane also plays the same role as the KR brane in AdS/BCFT, hence the path-integral-
optimized purification for the interval is in the island phase. This explains the appearance
of negative mutual information observed in [2]. We check that, the entanglement entropy
and the balanced partial entanglement entropy (BPE) calculated via the island formulas,
exactly match with the RT formula and the entanglement wedge cross-section (EWCS), which
are allowed to anchor on the cutoff brane.
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1 Introduction

Recently, a new rule to compute the entanglement entropy in gravitational systems, namely
the island formula [3-7], has led to a remarkable new perspective to understand the long
standing puzzle of the black hole information paradox [8]. The development of the island
formula originates from the celebrated Ryu-Takayanagi (RT) formula [9, 10], which relates the
entanglement entropy in holographic CFT to the minimal surfaces in the dual AdS bulk. Then
the RT formula was refined to the quantum extremal surface (QES) formula [11-13] with the
quantum correction taken into account. In [3, 4] the QES formula was used to compute the
entanglement entropy for the Hawking radiation of an evaporating black hole, and the result
is consistent with the Page curve. Remarkably, the QES formula suggests that, a region in
black hole interior I, which we call the entanglement island, should be considered as a part of
the Hawking radiation R. And the entanglement entropy for R is given by the island formula,

Area(0I)

Sk = min ext
R mll’leX[{ e

+Sbu1k(RUI)} , (1.1)

which contains an optimization for all possible I. Soon, it was argued that when we apply
the replica trick in gravitational theory in a path-integral representation, we should take into



account the new geometric configurations with wormholes in the replica manifold. When the
replica wormhole configuration dominate the path-integral, the entanglement entropy should
be computed by the island formula [6, 7]. Note that, replica wormhole arguments apply to
generic gravitational theories and do not rely on the existence of holography.

When a gravitational system is in island phase, it is interesting to note that for given a
region R and its island region Is(R), the state of the island region Is(R) can be reconstructed
from the information in the R region. The existence of such a reconstruction is implied
by the island formula (1.1) following the same line of argument for entanglement wedge
reconstruction [6, 14-16]. And an explicit scheme of reconstruction in some simple models
of quantum gravity was given in [6] based on the Petz map [17-20]. In other words the
state of Is(R) is encoded in the state of R, hence the degrees of freedom in Is(R) are not
independent and the Hilbert space of the whole system becomes non-factorizable. In [1]
this property was further refined as the so-called self-encoding property between spacelike-
separated sub-regions, and a possible generalization of this property to systems beyond
gravitational theories was explored in [1].

The AdS/BCFT correspondence [21, 22| is a commonly used context under which the
entanglement islands emerges. It was found that the AdS/BCFT configuration can be
perfectly simulated by models of Weyl transformed holographic CFTy [1, 23, 24]. The
particular Weyl transformations under consideration are special as they depend on the cutoff
scale of theory, which effectively introduces finite cutoff scale to the region where entanglement
islands can emerge. The Weyl transformations will induce a cutoff brane in the bulk. It
was shown in [1, 23, 24] that, the cutoff brane plays the same role as a KR brane where
the RT surfaces are allowed to anchor. If we adjust the Weyl transformation such that the
cutoff brane overlaps with the KR brane in the AdS bulk, we can exactly reproduce the
main features of the AdS/BCFT configuration.

In this paper, we will consider a special Weyl transformation that optimizes the path
integral computation of the reduced density matrix of an interval in a holographic CF Ty [25,
26], and use it to simulate the AdS/BCFT configuration. This means the path-integral-
optimized purification of the interval is in island phase. We give non-trivial consistency
check for this simulation by computing the entanglement entropy and the BPE on the field
theory side via the island formulas, and find that the results match with the RT surfaces
and EWCSs that are allowed to anchor on the cutoff brane.

In section 2, we briefly introduce the setup of the AdS3/BCFTy correspondence and
its simulation via a holographic Weyl transformed CFTs. In section 3, we introduce the
computation of the reduced density matrix for an interval and the Weyl transformation that
optimizes the path integral. Furthermore, we derive the cutoff branes for holographic CFT
under such Weyl transformations, which coincide with the KR branes in AdS/BCFT. In
section 4, assuming that the path-integral-optimized purification for an interval is in island
phase, we calculate the entanglement entropy for sub-intervals of the interval from both
sides of the holography and find agreement. Also we show that the island phase perspective
for this purification solves a puzzle of the existence of negative mutual information in this
purification [2]. We give a summary in section 5. In the appendix, assuming the cutoff brane
plays the role of the KR brane, we study the EWCS for bipartite sub-interval AB and the



corresponding balanced partial entanglement entropy (BPE) in island phases, and test their
correspondence. This gives further evidence for our claim that, the path-integral-optimized
purification is in island phase.

2 AdS/BCFT and holographic Weyl transformed CFT

In the AdS/BCFT correspondence [21] (or equivalently the Karch-Randall braneworld [27, 28]),
the boundary theory is a d dimensional CFT; with boundaries, and the gravity dual is an
AdS4y 1 gravity in d + 1 dimensions bounded by a co-dimension one KR brane,

Tpgs = ﬁ /N V—g(R —2A) + % /Q V—h(K —T), (2.1)

where N denotes the bulk AdS spacetime, Q denotes the Karch-Randall (KR) brane anchored
at the boundary of the CFT and T is the tension of Q. In the bulk, the von Neumann
boundary conditions are imposed on the KR brane. In this paper, we focus on the d = 2
case and write the bulk metric in terms of the following coordinates,

52
ds? = > (—dt2 +da?® + dz2)
—dt? + dy?
= dp? + £? cosh? P # , (2.2)
¢ Yy

where £ is the AdS radius which we will set to be unit in the rest of this paper, and the
two sets of coordinates are related by

z=ycosh™'p, x=—ytanhp. (2.3)

For a BCFT with one boundary settled at « = 0, the corresponding KR brane locates at
p = po, where pg is a constant determined by the tension of the brane py = arctanh T
On the other hand, let us consider the vacuum state of a holographic CFT5 in flat

background
—dt? + da?

2
ds® = 2 ,

(2.4)

where € represent the UV cutoff of the CFT. Then we perform a Weyl transformation
characterized by a scalar field ¢(z), hence the metric changes to be

2 2
ds? = ¢2¢(@) (W) ) (2.5)
€

It can be understood that, the Weyl transformation changes the cutoff scale in a position-
dependent way,

e — e ¥@e, (2.6)

The scalar ¢(x) is chosen to be negative hence the Weyl transformation enlarges the cutoff
scale. Accordingly, the entanglement entropy for a single interval A = [a,b] is modified
to be [2, 25, 26]

_ (b—a) c

3 log = — Cle(@)] = £le )], (2.7)
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Figure 1. Cut-off sphere at © = zy. For RT surfaces anchored at z¢, the part inside the cutoff sphere
is excluded, which has the same length |¢(z0)|

following the transformation rule of the two-point functions of twist operators under Weyl
transformations. The above result is just the original entanglement entropy subjecting the
absolute value of the scalar field at the endpoints. Holographically, the constant subjection
of the entanglement entropy was understood as inserting cutoff spheres with radius |p(z)]
centered at the endpoints [1]. In other words, when computing the entanglement entropy via
the RT formula, we should exclude the portion of the RT surface inside the cutoff spheres,
see figure 1. Interestingly, the cutoff sphere centered at (x,z) = (x0,€) in AdS3 is just a
circle in flat background with radius «, [1, 29],
(x —x0)%> + (2 — a)? = &2, a= %e'“ﬁ(m” ) (2.8)
The particular Weyl transformation, that captures the main features of the AdS/BCFT
with the KR brane settled at p = pp, is given by [1],!

0, if >0
—log<2|r‘)—|—ﬁ, if <0’

€

p(r) = (2.9)

where k is a constant. The cutoff brane [1] is defined as the common tangent line of all
the cutoff spheres, which represent the boundary of the bulk cutoff region (see figure 2).
In this case the cutoff brane is settled at

p=K, (2.10)
which can be adjust to exactly overlap with the KR brane by setting
K=po. (2.11)

To justify the application of the island formula in this Weyl transformed CFT, we
need to give an additional assumption, which is that the x < 0 region was coupled to a
gravity. The gravity is an AdSy gravity as the Weyl transformation changes the metric at
the x < 0 region to AdSs. Later, we will return to this assumption in the discussion section.
Then entanglement islands are allowed in this region according to the replica wormhole
arguments [5, 6]. Furthermore, for simplicity we assume the AdSs gravity is a induced gravity
as in [30], hence the area term in (1.1) will not appear.

'See [30] for an earlier discussion.
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Figure 2. This figure shows the cutoff spheres and cutoff brane on a time slice for the Weyl
transformed CFT with the scalar field (2.9). The radius of the cutoff sphere centered at = = zg is

given by a = —xge™".

On the field theory side, let us apply the island formula (1.1) to calculate S4 for
the interval A = [0, L] in this Weyl transformed CFT and assuming the island region
Is(A) = [—a,0), then we have

(L+a)

+ gw(—a) n %@(L) . (2.12)

S4 = min ext, glog

Plugging into (2.9), the above formula is minimized at a = L, hence

Sp = glog%—i-gﬁ. (2.13)
This exactly matches the result in AdS/BCFT with py = k.

On the gravity side, the holographic entanglement entropy is given by the area of the
minimal extreme surface (the RT surface) which is homologous to A and is allowed to anchor
at any of the cutoff spheres. As expected [1], the RT surface is just the circle emanating
from the endpoint z = L on the boundary and anchored on the cutoff brane vertically, see
the blue circle in figure 2. Provided k = py, this is exactly the RT surface anchored on the
KR brane in the AdS/BCFT correspondence.

The above configuration exactly matches with the AdS/BCFT correspondence given
po = k. The key for this simulation is that, we should adjust x; such that the cutoff brane
overlaps with the KR brane in the AdS/BCFT configuration which we simulate. Also, the
coincidence between the two set-ups can be straightforwardly checked for the calculation
of the entanglement entropy for any interval A = [a,b] in the x > 0 region, with phase
transitions for the RT surfaces.

3 Weyl transformed CFT from path-integral optimization and AdS/BCFT

In the previous section, we simulated the AdS/BCFT configuration via the holographic Weyl
transformed CFTy with the scalar field (2.9) and the constant x adjusted to satisfy x = po.
Note that, in this case the Weyl transformation is adjusted by hand such that the cutoff
brane and the KR brane overlap. Since in the AdS/BCFT correspondence, the location of



the KR brane is determined by details of the theory, including the tension and the boundary
conditions of the brane. It is intriguing to ask what is special about the corresponding
Weyl transformation (2.9) from the perspective on the field theory side. One of the main
observation in this paper is that, the particular Weyl transformation (2.9) that makes the
simulation a success is the one that optimizes the path integral computation for the reduced
density matrix of the non-gravitational (or bath) region, which satisfies two key points: 1)
it preserves the reduced density matrix p4 for an interval A at a particular time, and 2) it
minimizes the path-integral complexity C7[¢] defined later [25, 31].

Let us start with the path integral computation for a quantum state of the whole system.
Consider a 2d CFT on Euclidean flat space ds? = (d72 + d¢?)/e? = 43 /€%, where € represents
the UV cutoff. Under this metric the ground state |¥) wave functional U[p(£)] at 7 = —e
is given by the Euclidean path integral on the half plane,

‘Paab/a[@(f)]:/ (H II D@(ﬂf)) e~Serr@ . TT6(p(—€,) = 3(£))- (3.1)

£ —oo<lT<—¢€ &

Here the subscript of the wave function ¥ represents the metric of the Euclidean space
where the path integral is performed. One can perform a Weyl transformation, which is
a symmetry of the theory, to the metric,

2 2
d82 — 62‘1)(7_75) dT ‘;dé’ , 62¢(T:7675) =1. (32)
€
where the second equation is the boundary condition for the scalar field that characterizes
the Weyl transformation. Then the state ¥ computed under the Weyl transformed metric
is proportional to (3.1),

\D62¢5ab/€2 [(@(é))] = eCL[(Z&]iCL[O]\Ijisab/EQ[(@(f))] ) (33)
where C7[¢] the Liouville action [32],

C

00 —€
Crlo] = oY /_Oo dé /_OO dr ((a£¢)2 +(0-0)* + M€2¢) . (3.4)
This means the state U is preserved under the Weyl transformation (3.2). In [25, 31], the
Liouville action C7[¢] is further related to the complexity functional of the quantum state
|¥). The path integral optimization then means by computing the path integral under the
Weyl transformation that minimizes the Liouville action Cp[¢]. This can be achieved by
solving the equation of motion (6§2 + 02)¢ = €*? /% of CL[¢] (or the Liouville equation),
which gives us the following simple solution,

2 2 2

9 € o dr”+dE
It is easy to check that the above solution satisfies the boundary condition in (3.2). Note that,
one can shift the above scalar field by a constant by choosing a different UV cutoff scale e.
The above optimization procedure was generalized to optimizing the path integral

computations that preserve the state (or the reduced density matrix) on a single interval



A = a,b], t =0 as described in [26]. This involves the Euclidean path integral over a complex
plane (n,7) = (x + it,x — it) with the interval A cut open. Interestingly, one can relate this
path integral to the one on a half plane by performing a conformal transformation which
maps the interval A to an infinitely long line,

, (w,w) = (&+i1,§ —iT). (3.6)

Then we can optimize the Euclidean path integral on the half w plane whose optimization
gives (3.5). Finally, we may obtain the Weyl transformation by mapping (3.5) back to
the (t,z) plane. Hence, we get the Weyl transformation that optimizes the path integral
computation for the reduced density matrix pa of the interval A. More explicitly, the relation
%dwd&; = 2@ dndp gives us,

a<x<b
¢<f“>={1og[ (o) e } (3.7

W]"FH r>borzxz<a

where k is a constant which depends on the choice of e.

Now we are ready to derive the cutoff brane induced by the above Weyl transformation,
which is again the common tangent line of all the cutoff spheres. Firstly, according to (2.8)
the cutoff spheres are circles on a time slice described by

— —-b
(x—z0)?+(z—a)?=0a% a= (zo ba)(xg )e_“. (3.8)
—a
Then it is easy to check that the common tangent line of all the spheres is also a part of a
circle which passes the two endpoints of the interval (see figure 3),

a+b
2

2 b— 2
) Fe—a2 =+

cutoff brane: (:z: - (3.9)
where 29 = l’fTa(e” —e ). Changing the constant x will change the intersection angle between
the cutoff brane and the asymptotic boundary. In figure 3, we give the cutoff brane for
the same interval with different x.

When we send one of the endpoint to infinity by taking the limit b — oo, we are back
to the BCFT with one boundary discussed in the previous section. Interestingly, under this
limit the cutoff brane (3.9) becomes,

z = (a — x)csch(k) . (3.10)

According to the coordinate transformation (2.3), the above equation is just p = & if we
put the other endpoint at the origin by setting a = 0. This exactly coincides with the
cutoff brane (2.10), which is adjusted by hand to match the KR brane in the AdS/BCFT
correspondence. Note that, if we choose an arbitrary smooth function ¢(x) for the Weyl
transformation, the shape of the cutoff brane could be arbitrary. It is remarkable that
the Weyl transformations that optimize the path integral exactly reproduce the KR brane
configurations in the AdS/BCFT correspondence for the BCFT with one boundary.
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Figure 3. This figure shows the numerical results of to series of cut-off spheres and the corresponding
cutoff brane (dashed line). We have set a=1, b=2 and x = 0, 1 in the left and right figures respectively.

Then it is intriguing to propose that, the cutoff brane configurations from path integral
optimization can match to the KR branes in more generic AdS/BCFT setups. If this proposal
is right, there should be KR brane configurations as circles (3.9) in the Poincaré AdSs
bulk that homologous to the strip BCFTy with two boundaries. Since the cutoff brane is
connected in the bulk, it belongs to the confined phase [21, 22, 33|, rather than the deconfined
phase where the brane is disconnected in the bulk.? Unfortunately, such configurations in
AdS/BCFT were not confirmed in the literature yet. There are AdS/BCFT configurations
where the KR brane on a time slice are circles, but the BCFT is not a strip. For example,
in [22] the authors considered a BCFT on a round disk: 72+ 22 < L? in Euclidean spacetime,
and find that the KR brane in AdS bulk dual is given by a sphere,

7% 4+ 22 + (2 — sinh(pg) L)% — L? cosh?(pg) = 0, (3.11)

where pg = arctanhl’. For any fixed 7, the KR brane is also a portion of a circle. Also
in [35], the KR branes connecting the two asymptotic boundaries in the eternal black hole
are circles on a time slice when mapping to the Poincaré patch (see figure 6 in [35]). Similar
configurations or KR branes were also proposed in [36].

4 The path-integral-optimized purification as a state in island phase

In [37, 38], it was claimed that the entanglement of purification (EoP) is the holographic dual
of the EWCS in holographic theories. The optimization for the path integral that computes
the reduced density matrix for an interval was first studied in [26] as a special purification for
the interval, where they can compute the entanglement of purification (EoP), and confirm
the claim of [37, 38]. In [26], this special purification is taken as a pure state in a normal
quantum system without entanglement islands. However, it was pointed out in [2] that,
there exist negative mutual information in this purification. On the other hand, following
the [1, 23, 24], as well as the discussion in the previous section, we should understand the

®The deconfined configurations were used to derive the co-dimension two Wedge holography [34].



holographic CFTs under path-integral-optimized Weyl transformation as a simulation of
the AdS/BCFT correspondence, hence we should take this purification as a pure state in
island phase. In this section, we will compare between these two perspectives and show
that, taking this path-integral-optimized purification as a state in island phase solves the
puzzle of negative mutual information.

Let us consider a bipartite region in the boundary field theory with a partition AB = AUB,
and pap is the corresponding reduced density matrix. On a time slice, the entanglement wedge
Wap of AB is the region enclosed by AB and the RT surface £4p. Given the entanglement
wedge we can define the EWCS X 4p as the minimal area cross-section of Wxp separating
the regions A and B. Let |U) € Ha4 ® Hpp be any purification of p4p, the EoP between
A and B is defined as [39]

E,(A:B)= Pryr;%ﬂ/ Saar, (4.1)
where we take the minimization over all possible purifications of AB and over all possible
partitions of A’B’. The EoP is then given by the minimal value of Sa4/. The authors in [26]
start from the vacuum state of the holographic CFTsy which duels to Poincaé AdSs and
AB is an interval in this state, then they perform different Weyl transformations for the
complement of AB (or A’B’) to get a class of pure states computed by path integral since
the Weyl transformations change the boundary condition for the path integral. As pap is
preserved by these Weyl transformations, the resulting pure states can be considered as
different purification for pap. The key observations of [26] are that, 1) the purification |¥)
where S 44/ is minimized is exactly the one given by the Weyl transformation that optimizes
the path-integral computation of p4p, i.e. the one characterized by (3.7). And 2), in the
path-integral-optimized |¥), the minimized S4 4/ over all the possible partition of the purifying
system A’B’ exactly matches the length of the EWCS, upon an additional choice of x = 0.

More explicitly, let us consider the configuration shown in figure 4, where the purification
of the mixed state pap is path-integral optimized, hence the Weyl transformation applied on
A'B' is characterized by (3.7) with x = 0. Then we minimize the entanglement entropy®

p—q c. 2a-q)(b—q)

c
Saar = =1 — =1 4.2
R R 6 ° e(b—a) (42)
by adjusting the partition point x = ¢ and found that S44/ is minimized when
2ab — (a+b)p
= - 7 4.3
1 a+b—2p ~’ (43)
hence,
, ¢ 2@—@@—p»
E,(A:B)= Saar = =log| —————2 ). 4.4
(42 5) = i S = G (S22 (4.4

The authors of [26] studied the path-integral-optimized state |¥) in no-island phase.*
This indicates that the Hilbert space of the system factorizes as all the space-like separated

3Note that, in [26] the entanglement entropy is calculated following (2.7) with x = 0.
“By the time when [26] was published, there was no concept of entanglement islands.
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Figure 4. The blue circles are the RT surfaces for AB and AA’. The Weyl transformation (3.7) with
# = 0 is performed on A’B’. When calculating S 4/, we should subject a constant term £|¢(q)|, which
is exactly the length of the dashed portion. Then S44/ exactly matches the length of the EWCS X 45.

degrees of freedom are independent, and the entanglement entropy for any interval [a, b] can
be defined in a standard way and calculated following the formula (2.7). Nevertheless, it was
pointed out in [2] that, under such a setup there exists negative mutual information in the path-
integral-optimized state |¥). Again, let us consider the path-integral-optimized purification
of figure 4 with the partition point settled by (4.3), and assume that the purification is
in the no-island phase. Then we can use the formula (2.7) to calculate the entanglement
entropy for the following intervals,

~ Clog Ty Chayy C
Sar = glog——+ zd(a) + 4(q),
_c b—q c c
Spr = glog —— + 26(b) + £6(q).
b—
Sapr = glog = + £o(a) + £o(0), (45)

where, according to (3.7), we have ¢(a) = ¢(b) = 0. Also we can perform a straightforward
calculation for the mutual information I(A" : B’),

I(A/ZB/) :SA’+SB’ _SA’B’
(a—q)b—q) ¢

C
= 3log “hoae +30()

= —g log 2, (4.6)

where in the last line we used (4.3) and (3.7). As we can see, the mutual information
I(A’ : B') is negative, which indicates that the path-integral-optimized purification |¥) is
not a physical state.

Following our previous discussion on the Weyl transformed CFTs, we turn to the
perspective of taking the path-integral-optimized purification as a state in island phase. From
this perspective, soon we will show that A’B’ is the island region of AB, hence the state of
A’B’ is encoded in AB, which means the degrees of freedom in A’ B’ are not independent. This
implies that the strong sub-additivity, which guarantees the positivity for mutual information,
does not apply. So the new perspective straightforwardly solves the above puzzle of negative
mutual information. Of course there are other possibilities® to avoid the negative mutual
information, which we will not discuss further in this paper.

50ne may consider other possibilities to avoid the negative mutual information by modifying the way we

,10,



Al A B B’
a D b

Figure 5. Upper figure: RT surfaces for a sub-interval a in AB. Lower figure: RT surface for A.

Let us give a more detailed comparison between the two perspectives on the path-integral-
optimized purification. For simplicity, we set £ = 0 hence the Weyl transformation matches
with the one used in [26], and the cutoff brane (3.9) coincide with the RT surface of AB
(see the left figure in figure 3). In the island perspective, the RT surfaces for subregions in
AB are allowed to anchor on the cutoff brane, which results in a totally new understanding
on the entanglement structure of this purification and the corresponding geometric dual
on the gravity side.

Firstly, let us consider the configuration depicted by the upper figure in figure 5, On
the gravity side, consider a sub-interval o in AB, the RT surface of « is allowed to anchor
on the cutoff brane (see the blue line), hence has two phases which are represented by the
dashed and solid green lines. When « approaches AB, the solid green line has smaller length
hence is the RT surface, and when we take the limit @ — AB, the RT surface vanishes.
This indicates that S4p = 0, hence AB is in a pure state. On the field theory side, one
can apply the island formula and find that, when o — AB we have Is(a) — A’B’, which
is consistent with the RT formula.

compute the entanglement entropy instead of using (2.7) and (3.7). For example, one may consider the physical
degrees of freedom all locate on the boundary interval and the bulk brane, and consider the state/surface
correspondence [40]. In this context, A" and B’ are sub-regions of the brane and the entanglement entropies
are calculated by bulk geodesics connecting their endpoints, which exactly coincide with A” and B’ in the case
of figure 4. So we have S4/p = Sa/ + Sps, and the mutual information we considered is zero. Nevertheless,
the surface/state correspondence is not a context where we study the configurations with entanglement islands.
Another possible solution is to keep using (4.3) and (3.7) but consider a constant shift for the scalar field, such
that the mutual information (4.6) satisfies I(A’, B’) > 0. This equals to confining the constant term x in (3.7)
to satisfy k > log2. Also the cutoff brane changes, see section A.3 for more discussion on the case of k # 0.
One shortcoming of this solution is that, the entanglement entropy S44/ on longer reproduces the EWCS for
the entanglement wedge of Wap due to the shift of a constant, see the discussion section of [2] for details.
Also it is not obvious that this confinement can guarantee the positivity of an arbitrary mutual information.

— 11 —



Secondly, from the island perspective the EWCS in W4p has a new interpretation. On
the field theory side we should apply the island formula (1.1) to calculate Sg4,

Sa= miI}VeXt S’AA’

pb—q c
c +6¢(Q)

¢, 2(p—a)b-p)
68T h—a)

. Cl
— min — 10,
g 3 &
(4.7)

where A’ = [¢,a) and we have plugged in (4.3) in the third equation, which is the solution
of the optimization. This solution of Is(A) coincides with (4.3), which the minimizes S/
when calculating the EoP in [26]. It was also pointed out in [2, 41] that, the point x = ¢
satisfying (4.3) is just the intersection point between the boundary and the geodesic (see the
blue dashed line in figure 4) extended from the EWCS X 4p5. On the gravity side, the RT
surface £4 of A is just the geodesic emanating from the partition point z = p and anchored
on the cutoff brane vertically (see the green line in the lower figure of figure 5), which coincide
with the EWCS Y 4p in figure 4. This is consistent with the expectation that, when AB is
in a pure state, the EWCS and its holographic dual quantites (like the EoP, the reflected
entropy [42] and BPE), should coincide with S4.

Thirdly, when we take AB is a sub-region of the interval, pap is in a mixed state. We
can also study the EWCS in Wxp and its quantum information dual. From the island
perspective, the cutoff brane plays the same role as the KR brane, then both of the RT
surface £4p and the corresponding EWCS X 4p undergo phase transitions since they are
allowed to anchor on the cutoff brane. See figure 8 for example. On the field theory side, it
was proposed in [41] that the so-called balance partial entanglement entropy (BPE), which is
a partial entanglement entropy (PEE) satisfying certain balance conditions, corresponds to
the EWCS on the gravity side. More interestingly, this correspondence was generalized to
the holographic configurations with entanglement islands [23]. We can calculate the BPE
in island phases following the steps in [23], and check whether the BPE coincide with the
EWCS. This is a highly non-trivial test for our proposal that the path-integral-optimized
state |¥) should be understood as in the island phase. Since the analysis of the BPE is
complicated and relatively independent from the main topic of this paper, we put it in the
appendix. Readers who are interested in the BPE and EWCS for the path-integral-optimized
purification can go through the background papers [23, 24, 41] and the appendix in detail.

5 Summary and discussion

In this paper, we considered the special Weyl transformation for a holographic CFTg, which
optimizes the path integral computation for the reduced density matrix of an interval. Under
such Weyl transformations, the cutoff branes are circles in the AdS bulk passing through
the endpoints of the interval at the boundary. When we take the limit that one of the
endpoint goes to infinity hence the interval becomes a half line, the cutoff branes coincide
with the KR branes in the AdS/BCFT configurations where the BCFT has one boundary.
Without taking the above limit, the cutoff brane configurations coincide with a time slice
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of some AdS/BCFT configurations, where the KR brane are also circles passing through
the endpoints on the boundary [22, 35, 36]. Finding more AdS/BCFT configurations that
exactly match with the holographic Weyl transformed CFT we have considered could be
an interesting exploration in the future.

Perhaps it is an even more interesting idea to take the scalar field that characterizes
the Weyl transformation dynamical, with its action just being the Liouville action, whose
equivalence to the action of 3d gravity has been extensively discussed [43-51]. Then the
region under nontrivial Weyl transformation (or the ¢ # 0 region) is naturally coupled to a
gravity with background geometry that solves the Liouville equations and the gravitational
excitation represented by the perturbation of the scalar field. This may give a justification
for our proposal that the island formula applies to the Weyl transformed CFT.

In our previous works, we have assumed that the cutoff branes induced by the Weyl
transformations that optimize the path integral play the same role as the KR branes, hence
the RT surfaces and the EWCSs can anchor on the brane. Such an assumption also implies
that, the corresponding boundary state of the Weyl transformed CFT is in island phase. This
implication also extends to the path-integral optimized purification for an interval. The new
perspective for the path-integral-optimized purification solves the puzzle of negative mutual
information in this state. We calculated the entanglement entropies for subregions of the
interval using the island formula, and find them coincide with the area of the RT surfaces
that are allowed to anchor on the brane. Furthermore, we calculated the BPE between
two arbitrary non-overlapping subregions of the interval in island phases, and find them
coincide with the area of the EWCS. This gives non-trivial test for our proposal that the
path-integral-optimized purification is a state in island phase.

Our results give a potential new link between the AdS/BCFT correspondence and the
path integral optimization. This is quite important for the simulation of the AdS/BCFT
configurations via the holographic Weyl transformed CFT, since the Weyl transformation is
now determined on the field theory side, rather than adjusted by hand. Our calculations also
provide new evidence for the correspondence between the BPE and the EWCS.
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A The BPE/EWCS correspondence in the path-integral-optimized
purification

In [2, 41], it was proposed that the so-called balance partial entanglement entropy (BPE) is
the quantum information quantity that duals to the EWCS. Furthermore, the concept of BPE
was generalized to the island phases in [23] and its correspondence to the EWCS was also
explicitly checked in the context of AdS/BCFEFT or the holographic Weyl transformed CFT5
in [23, 24]. See also [52-57] for more discussion on the EWCS and its quantum information
dual in holographic configurations with entanglement islands. In the appendix, we take the
path-integral-optimized purification as a state in island phase, and study the entanglement
wedges Wap for a bipartite subregion AB of the path-integral-optimized interval, with the
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cutoff brane playing the role of the KR brane in the context of AAS/BCFT. On the gravity
side, we classify the phases of the EWCS of Wyp and calculate the area of the EWCS in
each phase. On the field theory side, we explicitly calculate the BPE between A and B. As
expected, we find the agreement between the EWCS and the BPE in all the configurations.

A.1 Brief review for the PEE and BPE

For self-consistency, let us first introduce the basic concept of the partial entanglement
entropy (PEE) [58-60]. Some of the texts in this review overlap with section 3 in [24]. The
PEE is a measure of two-body correlation between two non-overlapping regions Z(A, B).
Note that, we should not mix between the mutual information (A, B) and the PEE Z(A, B).
So far, the fundamental definition for PEE based on the reduced density matrix is still
not established. In some scenarios of interest, it can be determined by a set of physical
requirements [60, 61], which include all the properties satisfied by the mutual information
and the additional key property of additivity:

1. Additivity: Z(A,BUC) =Z(A,B) + Z(A,C);

2. Permutation symmetry: Z(A,B) =Z(B, A);

3. Normalization: T(A, A) = Su;

4. Positivity: T(A, B) > 0;

5. Upper boundedness:Z(A, B) < min{S4, Sg};

6. Z(A, B) should be Invariant under local unitary transformations inside A or B,

7. Symmetry: for any symmetry transformation 7" under which TA = A’ and TB = B/,
we have Z(A, B) = Z(A', B').

In the above list, A, B and C' denote non-overlapping regions. For vacuum states of CFTs on
a plane, we can determine the formula for PEE up to a coefficient by imposing the above
requirements except the normalization property. Then we can determine the coefficient by
imposing the normalization requirements for spherical regions where the relation between
the geometric cutoff and the UV cutoff can be explored [62].

In this paper, we will use a particular construction for the PEE in generic two-dimensional
theories on a line or a circle. This proposal is referred to as the additive linear combination
(ALC) proposal [58, 60, 65|, which claims that the PEE in these scenarios can be written as
a linear combination of subset entanglement entropies that satisfy the property of additivity.

o The ALC proposal [58-60]:

Consider a boundary interval A and partition it into three non-overlapping subregions
A = ap, UaUag, where « is some subregion inside A and «a, (ar) denotes the regions
left (right) to it. On this configuration, the claim of the ALC proposal is the following:

- 1
sala) =Z(a, A) = 3 (Sapua + Savar — Sa;, — Sag) - (A.1)

6See [58, 60, 62-64] for other prescriptions to construct PEE, and [29, 65-67] for applications of the ALC
proposal.
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It is easy to check that, the above construction satisfies all the seven requirements in
general [59, 65].

The concept of PEE [58-60, 65] originates from the study of the entanglement contour [63],
which is defined as a function s4(x) that characterizes the contribution to the entanglement
entropy of A from each site x € A. By definition the entanglement contour function
should satisfy,

SA:/ASA(x)dUX, (A.2)

where oy is a infinitesimal area element located at the site x. Subsequently, we can also
define the contribution from a subset o in A to Sy,

sA(a):/asA(x)dax. (A.3)

The contribution s4(«) is a measure of the correlation between the subregion « and the
complement A of A, which is exactly the two-body correlation we have defined as the PEE,

T(a, A) = s4(). (A4)

Following [23], we call the notation on the left hand side of the above equation as the
two-body correlation representation for the PEE, while the notation on the right hand side
is the contribution representation.

The balanced partial entanglement entropy (BPE) is a special PEE that satisfies a set
of balance requirements [41]. In canonical purification, the definition of the BPE coincide
with the reflected entropy [42], and the purification independence of the BPE was explored
in [2]. The BPE was proposed to be dual to the EWCS in holographic theories, and this
proposal has undergone rigorous validation across diverse scenarios including both static [41]
and covariant [68] setups of AdS3/CFT2 with or without gravitational anomalies, and in the
context of AdS/BCFT with entanglement islands [23, 24]. More interestingly, in the context
of 3-dimensional flat holography [69-71], on the field theory side the BPE was calculated
in [2, 72], which matches the EWCS explored in [73].

For a system A U B in a mixed state pap, one can introduce an auxiliary system A’B’
to purify AB such that the whole system ABA’B’ is in a pure state |p) and,

Trap o) (0| = paB. (A.5)

The pure state on ABA’B’ is called a purification of pap, which could be highly non-unique.
Let us consider the simple examples described in figure 6, where the balance requirements
are summarized in the following [41]:

Balance requirements.
o When A and B are adjacent, the contribution from s44,(A) and spp, (B) should satisty,
saa, (A) =spp,(B), or I(A,BB;)=1I(B,AA). (A.6)

This balance requirement is sufficient to determine the partition point in the purifying
system AjBp, which we call the balance point.
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Figure 6. Here we consider the vacuum state of the holographic CFTy on a circle which duals
to the global AdSs, and consider two different partitions, where A and B are adjacent and disjoint
respectively. © = ¢, q1, g2 are balanced points. This figure is extracted from [23].

e When A and B are non-adjacent, we have A’ = A; U Ay and B’ = By U By, and the
balance requirements become

SAAIAQ(Al) = 833132(31)7 SAA1 Az (A) = SBBIBQ(B)7 (A7)
or
I(A, BIBQ) = I(B, AlAQ), I(Al, BBQ) = I(Bl, AAQ), (A.8)

which are sufficient to determine the two partition points of the purifying system
A1B1A2By. Since Saa, A, = SBBiBy, SAAA,(A2) = sBp,B,(B2) is automatically
satisfied provided the satisfaction of the above requirements.

o Note that, it is possible that the solution to the balance requirements is non-unique.
In such cases, we should choose the solution that minimizes the BPE, which will be
defined soon.

Provided the balanced requirements are satisfied, the BPE is then defined as

adjacent cases : BPE(A, B) = s44,(A)|balanced = $BB; (B)|balanced
(A.9)

non-adjacent cases: BPE(A, B) = s44,4,(A)|balanced = $BB; By (B)|balanced »

Since we have Z(A, B') = Z(A’, B) at the balance point,” the BPE can also be expressed as
(I(A) B/) + I(A/, B))|ba1anced
> .

It is important to note that [2], the summation Z(A, B") +Z(A’, B) which we call the crossing
PEE is minimized at the balanced point. This indicates that the BPE can be defined via
an optimization problem. It is also interesting to note that, when A and B are adjacent,

BPE(A, B) = I(A, B) + (A.10)

this minimal crossing PEE gives half of the lower bound of Markov gap [41, 74, 75], which
is a universal constant (c¢/6)log2.

"Here A’ = A, (B’ = By) for adjacent configurations, and A’ = A;As (B’ = B, B>) for non-adjacent
configurations.
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Figure 7. Ownerless island in a time slice of holographic BCFT with one boundary. Here As U By
admits no island, and Is(AB) covers the whole brane. Nevertheless, the union of Is(A) and Is(B) does
not cover the whole brane, which means there is an ownerless island Io(AB) inside Is(AB) but outside
Is(A) UIs(B).

A.2 PEE and BPE in island phases

As described in the article [1], a system in the island phase can be understood as a self-
encoding system. In other words, the state of certain subsets of the system are totally
encoded in the state of their counterpart subsets of the system. Subsequently, the calculation
of entanglement entropy should also be modified to the island formulas (1.1). Given the
self-encoding property, when we compute the PEE between subregions in island phase, we
should also take the contribution from the corresponding island regions into account. Now
we generalize our construction of the PEE and BPE to configurations with entanglement
islands [23]. Here we just list the basic elements we need to carry out the computations.
One should consult [23] for more details.

Let us start with the region AB and the island regions Is(AB), Is(A) and Is(B). Ac-
cording to [23], the degrees of freedom in Is(AB) is not independent, and contributes to
the entanglement entropy Sap calculated by the island formula. The PEE, for example
sap(A), should contain the contribution from the island region, and it is clear that we
should assign the contribution from Is(A) to s4p(A) and similarly assign Is(B) to sap(B).
Nevertheless, there are scenarios with regions included in Is(AB) but outside Is(A) UIs(B),
which should also be assigned to sap(A) or s4p(B). In other words, when Is(AB) # ) and
Is(AB) D Is(A) UIs(B), we define the ownerless island region to be

Io(AB) =1s(AB)/(Is(A) UIs(B)) . (A.11)
The ownerless island should be further divided into two parts
Io(AB) =Io(A) UIo(B), (A.12)

which are assigned to sap(A) and sap(B) respectively. We will specify the division of Io(AB)
later. All in all, we define the generalized islands

I(A) = Is(A) UTo(4),  Ir(B) = Is(B) UTo(B), (A.13)
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and assign them to A and B respectively when calculating the PEEs. The generalized islands
coincide with the so-called reflected entropy islands defined in [52]. The assignment can
be classified into three classes:

o Class 1: When Is(AB)=Is(A)=Is(B)=0, we have

Ir(A)=Ir(B) =0. (A.14)

o Class 2: When Is(AB)=Is(A) UIs(B) # (), we have

Io(A) =TIo(B) =Io(AB) =0, Ir(A) =Is(A), Ir(B) =Is(B). (A.15)

o Class 3: When we have non-trivial ownerless island region, then we have (A.13).

Now we turn to the computation of the PEEs for a bipartite system AB with entan-
glement island, and denote C' = AB UIs(AB) for convenience. After taking into account
the contributions from the islands, we should have [23],

sap(A) =I(AUTIr(A),C), sap(B)=I(BUI(B),C), (A.16)

where the island contribution has been taken account. The right contribution comes from
the generalized island rather than the entanglement island. A key step to compute the
PEEs (A.16) is to write the right hand side of (A.16) as a linear combination of the PEEs
that can be written in this form Z(v,%), i.e. a PEE between a region v and its complement.
For example, using the property of additivity, the PEE (A.16) is just given by

sap(A) =Z(AUIr(A),C)

[Z(AIr(A)BIr(B),C) + Z(Alr(A), BIr(B)C) — Z(BIr(B), Alr(A)C)] (A.17)

— N -

= 5 {SAIr(A)BIr(B) + SAIr(A) — S’Blr(B)} ,

where we have used Ir(A)Ir(B) = Is(AB), and the notation S, = Z(v,¥) which will be
explained soon.

For the configurations shown figure 6, for example the adjacent case in the left figure,
we should calculate s44,(A) following (A.17). For the non-adjacent case in figure 6 where
A is sandwiched by two regions A; and As, we have

102 N N N
sa1Ad(4) = 5 [SAlIr(Al)AIr(A) — Same(Ar) T SA(A) AgTr(As) — SAQIr(A2)] : (A.18)

We call this formula the generalized ALC' formula [23] for island phases, which is just the
ALC formula (A.1) with the replacement S, = gvlr(w) applied to each term. Accordingly,
the balance requirements should also be modified to generalized versions, which are given by

adjacent cases: T(AIr(A), B1Ir(B1)) = Z(A11r(A1), BIr(B)). (A.19)
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and

Z(Alh'(Al), B II'(B) BQII"(BQ)) = I(Bllr(Bl), AII‘(A) AQII‘(AQ)),
non-adjacent cases :

I(A II'(A), Blh'(Bl) BQII‘(BQ)) = Z(B II(B), Alh'(Al) AQII'(AQ))
(A.20)
In summary, in island phases the BPE are still defined by (A.9), but we need to use the

generalized versions of the ALC formula and balanced requirements.

Before we compute the BPE, we need to clarify how to compute Z(v, ). In this paper
we need to deal with two types of 7, 1) v = [—a, b] a connected interval, 2) v = AUIr(A) =
[—d, —c] U [a,b] is consists of two disconnected interval, where a,b,c,d > 0. For the above

two cases, there are two corresponding proposals [23] to compute the PEE,

Basic proposal 1:  I(v,3) =5, = S[,al,], (A.21)
Basic proposal 2:  I(v,7) = g[—d,—c]u[a,b] = 5’[_0@} + g[_dﬂ, (A.22)
where, for example, S’[,mb] is the two-point function of twist operators inserted at x = —a

and x = b.8 These two-point functions are well defined in the Weyl transformed CFT, and
can be computed by (2.7).

Though the above two basic proposals have not been proved yet, they have produced
highly consistent results between the BPE and the EWCS in various configurations with
entanglement islands [23]. The basic proposal 1 looks like a generalization of the RT formula
in AdS3/CFTy for single interval. While the basic proposal 2 is a generalization of the
RT formula for two-intervals with connected entanglement wedge. It looks reasonable as
this proposal applies when the region [a, b] admits an island, hence the entanglement wedge
looks more like the connected phase of a two-interval. Note that the basic proposal 2 is not
consistent with the normalization and additive property of the PEE, which may be explained
by a similar phase transition of the PEE flux in AdS3/CFT5? [77, 78]. We leave this for future
investigation [79]. In summary, our calculations in this paper only involve linear combinations
of Weyl transformed two-point functions (2.7) of the twist operators.

The remaining problem is the division of the ownerless island region Io(AB) = Io(A) U
Io(B), which is indeed determined by the balance requirements. In [23], the authors considered
the AdS/BCFT set-up and its simulation via a holographic Weyl transformed CFTy. They
found that different assignments for the ownerless island region lead to different BPEs,
which exactly correspond to different saddles of the EWCS. Then according to the minimum
requirement, we should choose the assignment that gives us the minimal BPE. It seems that,
the division of the ownerless island depends on the phase structure of the EWCS.

8Such two-point functions are very subtle in the effective theory of AdS/BCFT correspondence or other
doubly holography configurations, since the region [—a, 0] may not be the island region of [0,5]. In other
words, the island formula (1.1) only involves S, where v = R UIs(R) is the union of a region and its island,
and in this case S,Y = Sr. While the v we deal with usually goes beyond this type, and 5‘», should not be
understood as the entanglement entropy of v or any other region (see [23] for more discussions).

“This phase transition should originate from the large ¢ limit of the holographic CF Ty [76].
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Figure 8. Two adjacent intervals AB and their complements A; and By, featuring entanglement island
regions Ir(A) = [¢1,¢2], Ir(B) = (—00,q1] U [qa, ), Ir(A1) = [ge,qs] and Ir(Bi) = [g3,a] U [b, 4]
on the entire KR brane, are configured schematically. Here Ir(B;) indicate disconnected entanglement
island.

A.3 A case study for the path-integral-optimized purification

Here we give a typical example for the study of the EWCS and BPE in the path-integral-
optimized purification of an interval, and assume that the cutoff brane plays the role of the
KR brane and the purification is in island phase. We consider the path integral optimization
for a single interval [a,b], hence the scalar field that characterizes the Weyl transformation is
given by (3.7) with x = 0, and the cutoff brane (3.9) is just a semi-circle. As a case study,
we consider the setup shown in figure 8, where we considered two adjacent sub-intervals,

A: a,p] B: [p,bi] (A.23)

whose size and position are adjusted such that, the RT surface £4p consists of two disconnected
pieces of geodesics anchored on the cutoff brane, and the EWCS ¥ 4 g also anchors on the brane.

The lengths of the geodesics anchored on the cutoff brane are classified in appendix B.
The cross-section of the entanglement wedge Wap has three saddle points, which anchors
on either of the two disconnected pieces of the RT surface, or the cutoff brane, and the
EWCS is the saddle point with minimal area. In the case shown in figure 8, the EWCS
anchors on the cutoff brane.

Firstly, we check the self-consistency of the simulation by calculating the entanglement
entropy on both sides of holography. In the gravity side, S4p is calculated by the RT formula,
which is the area of the two pieces of geodesic anchored on the brane described as

Sup — glog 2(a1(bci)2b)€ az)} +glog {Q(bl(bci)ib)e bQ)]

(A.24)

On the field theory side, we calculate Syp by island formula and denoting the island region
as Is(AB) = (—00,¢2] U [q4,00). Then, following (A.22) we have

Sap = IsI?Ai%) Sis(AB)AB = Iﬁljg) (S[q2v“1] + S[b1,q4]>

c 2(a1 — a)(b— a9) c 2(by — a)(b—by)
:610g 1(b—a)e 2}+610g{ 1(b—a)e 2]

(A.25)
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which coincide with the RT formula. In the second equation we have plugged in the saddle
points for ¢; and ¢4 expressed as

_ 2ab— (a+b)ay _ 2ab— (a+b)by

A.26
a+b—2a1 ’ a+b—2b1 ( )

q2

As was shown in figure 8, these saddles are just the intersecting points between the boundary
and the extended RT surface.

Then we check the correspondence between the EWCS and the BPE. On the gravity side,
the area of the EWCS as shown in figure 8 for this case can be easily calculated as follows

ArealSap] _ e\ (20— )0 —p)

4G 6 (b—a)e (4.27)

Prior to calculating the BPE for this phase, we should give an assignment for the island
regions, Is(AB) = Ir(A) U Ir(B), where

Ir(4) = [g1,¢2],  Ir(B) = (=00, 1] U [ga, 00) (A.28)

where x = ¢ is the partition point of Is(AB), which will be determined by the balance
requirements (A.19). Now we calculate the PEE on both sides of (A.19), which are given by

1/~ - -
I(AL(A), BIx(B) Bilr(B1)) = 5 (SAIr(A)Allr(Al) + Sam(a) — 5A11r(A1))

1 _ _
= §(S[q1,q3]u[p1,p] + S[q1,qz]U[a1,p] - S[qz,qa]u[p1,a1])

1 - ~ ~ ~ ~
= §(S[q1,p] + S[q37p1] + S[q1,p] + S[qzm] - S[qz,m] - S[qs,m])

g [(pql)2

. + g0l (A.29)

€2

1/~ ~ -
Z(BIx(B), Alr(A) A1Ir(Ar)) = i(SBIr(B)Bllr(Bl) + SB(B) — SBllr(Bl))
1 -

= 2(5(700,q1}U[q3,p1]U[p,00) + g(*OO,fH]U[p,bﬂU[q%OO) - S[qs,m]U[bl,qd)

1 - _ _ _ 3 3

= Q(S[fhm] + S[QB,IH] + S[fh,P] + S[bl,%] - S[QS,IH] - S[bMM])
R

_ Elog [(P q1)

€2

6

+ 5%l (A.30)

where the scalar field is given by (3.7). Interestingly for this configuration, the balanced
condition is satisfied trivially. However, we need to further impose the implicit minimal
requirement which settles q; to be

~ 2ab— (a+b)p

_ A31
R (A.31)

Again, this point is also the intersection between the boundary and the extended EWCS
> ap. Finally, we obtain the BPE for this phase as follows

BPE = Z(Alr(A), BIr(B) BiIr(B1))|batanced = ~ log 2p—a)b—p)

. =k (A.32)
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Figure 9. Two adjacent intervals AB and their complements A; and B, featuring entanglement island
regions II'(A) = [q17q2}7 II'(B) = (_007 ql] U [q47 00)7 II‘(Al) = [qQa q3] and Ir(Bl) = [Q37a] U [b7 q4]
on the entire KR brane, are configured schematically. Here Ir(B;) indicate disconnected entanglement
island.

where we have plugged in (3.7) and (A.31) in the above equation. As expected, the BPE (A.32)
precisely match with the area of the EWCS (A.27).

Then we consider the scenarios where x # 0 in (3.7), such that the cutoff brane is
described by (3.9), which is no longer a semi-circle (see figure 9). The size, position and the
partition of AB are adjusted such that, the RT surface E4p and the EWCS X 4p all anchor
on the cutoff brane. The lengths of the geodesics anchored on the cutoff brane are classified
in appendix B. On the gravity side, the area of the EWCS can be easily calculated as follows

ArealY 4] _c log [2(}9 —a)(b — p)(cosh(k) 4 sinh(k))
4G 6 (b—a)e
_ ¢y [2p=a)b=p)] ¢
=4 [(ba)e + . (A.33)

Then we turn to the calculation for the BPE on the field theory side. Firstly we give an
assignment for the island regions, Is(AB) = Ir(A) U Ir(B), where

Ir(A) = [q1,92] , Ir(B) = (—o0, 1] U [q4, 00) (A.34)
where x = ¢ is the partition point of Is(AB), which will be determined by the balance
requirements (A.19). Now we calculate the PEE on both sides of (A.19), which have the
same expression as (A.29) and (A.30), with the only difference that, the x in the scalar

field (3.7) is non-zero. Again the balanced condition is satisfied trivially and the implicit
minimal requirement which settles q; to be

2ab — (a+b)p
= A.
n a+b—2p (4.35)
Finally, we may obtain the BPE for this phase as follows
2(p — a)(b—p)

BPE = Z(AIr(A), BIr(B) BiIr(B1))|balanced = glog + %k, (A.36)

(b—a)e
where we have plugged in (3.7) and (A.35) in the above equation. As expected, the BPE
expressed in (A.36) precisely match with the area of the EWCS given by (A.33).
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) ¢ xh ¢’ z2

Figure 10. Schematics shows the purification of the adjacent intervals A = [z1,25] and B = [z}, x2]
located in the vacuum CFTy. The geodesics lengths homologous to the intervals AU A’ and AU B are
depicted as 11 +15 (black) and I3 +12 (blue) respectively and the intersection point of the corresponding
geodesics is labelled as ¢'.

P2 1

4 4
c Yy '

Figure 11. Euclidean triangle is considered in the x-z plane where p; and ps are the distances
from the point ¢’ and the center of the RT surfaces associated with the intervals AU B and A’ U A
respectively. The point y is the distance between the corresponding centers.

B Geodesic length from geometrical analysis

In this section, we give a generic way to derive the lengths for geodesic chords anchored
on the boundary and terminated in the bulk, which we frequently encounter in this paper.
Let us consider two adjacent intervals A = [x1,25] and B = [2}, 22] located in the vacuum
CFT;, which constitutes a pure state with the intervals A’ = [z}, 2] and B’ = [x9, 2], see
figure 10. When the RT surface of A’A and AB are normal to each other, we can explicitly
derive the lengths for the geodesic chords Iy, l2, [} and I in figure 10. To obtain the location
of the point ¢’ as indicated in figure 10, we consider a Euclidean triangle in the z-z plane and
utilize trivial Euclidean identities. Consequently, the coordinate of the point ¢’ are described
as ¢ = pacos(f) and z = pesin(f’) or p; sin(f) using the parameters in figure 11. We can
also re-express the coordinates p;, p2 and y in terms of the interval endpoints and applying
cosine law in the triangle results in following relations,

/ / / /
_r2-n _t—hn X1+ X2 — T — Ty
1= 9 ) p2 = 2 ) Y 9 ’
2 2 2 2 2 2
cosg= ATV =08 g Pyt (B.1)
2p1y 2p2y

Note that, the two semi-circles depicted in figure 10 are normal to each other and therefore
we can determine a constraint equation between the endpoint of the intervals x1, z2, 2} and
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7y by utilizing right angle triangle identity p? + p3 = y? as follows
=20 @Y + wo (@) + xh) + z1 (2] + 25 — 229) = 0. (B.2)

Furthermore, we establish a framework to compute the geodesic length [}, then we further
generalize this analysis to other geodesic segments. In this context, the geodesics equation
for the segment [} is described by (x — C)2 + (2 — €)? = (p2)?, where C is the center for the
semi-circle I} + I3, Now we utilize the geodesic length formula in pure AdS3 geometry at
constant time slice and integrate over the bulk coordinate z with limits involving endpoints
of the geodesic segment [} as

2
p2 sin(0’) 71+ do
Ly = dz Y9
1 € z
p2—\/p3 — 2
p2 + \/P% — 22

1 1 — cos & 4p3
=1 — . B.3
5 8 ll%—cos&’ €2 (B-3)

Note that similar analysis can also be followed for the length of the geodesic segments Iy, lo,
and l5. For each of the geodesic length segments shown in figure 10, the holographic proposal
of the entanglement entropy discussed in [9] may be used to determine the holographic

- 1 1 p2 sin(0")
=3 og

€

entanglement entropy from the (B.3) in a following way

Ly, = %log & z;/li(g)?géz(i;;mly ’ (B.4)
= %1 og (2 zx?z(ii)?xf%(iZ);xl)Q_ ’ (B.5)
£y = %10 . (2 (335,:’23(2)(xﬂi’gz(i%)ezx’l)f 7 (B.6)
£y = Lo (@1 [;jll (2)?;‘21 (2);953)2' | (B.7)

In the above equations, we have written the lengths for the geodesic chords in terms of the
coordinates {x}, x5, z1,x2} of the boundary endpoints, which satisfy (B.2). In this paper,
we utilize the expression of the corresponding geodesic segments to compute the lengths for
the EWCS and other geodesic chords in various scenarios.

C The BPE/EWCS correspondence for adjacent AB with entanglement
islands

Here we consider the configuration of two adjacent intervals A = [a1,p] and B = [p, b1] where
AB admits an island region. Again there are three possible assignments for the island regions:

1. A2a: Ir(A) =Ir(A1) =0, Ir(B)=(—o0,q1]U]|g2,0), Ir(B1)=[q1,a]U]Ib,q],
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Figure 12. Schematics shows the configuration of two adjacent intervals considered in Weyl CFT,
where the intervals B and B; admit entanglement island region on the KR brane.

2. A2b: Ir(A) = [q1,q2], Ir(B) = (—o00,q1] U [qs,00), Ir(A1) = [q2,q3], Ir(B1) =
(g3, a] U [b, q4],

3. A2c: Ir(B) =Ir(By) =0, Ir(A) = (—o0,q1] U [g2,0), TIr(A1) = [q1,a] U b, 2]

In the phase-A2a, the interval AA; do not admit an island as shown in figure 12. The
phase-A2c is symmetric to the phase-A2a. In the phase-A2b, both AA; and BBy admit an
island, and the analysis is given in the main text.

Phase-A2a and phase-A2c. We now discuss the computation of the EWCS in the scenario
depicted in figure 12. Here we have divided the complement of the adjacent intervals AU B
into Ay U By with partition point p;. Utilizing the constraint (B.2) for the RT surfaces
homologous to the intervals [¢1,a1] and [p1,p], we can obtain location of the point p; as

_ 2q1a1 — p(q1 + a1)
Q1 +ar—2p

D1 (C.1)

In this scenario, the EWCS may be directly obtained from the length of the geodesic segment
described in appendix B as follows

B — Area[EWCS]
R TE (2)
_ Elog 2(p —a1)(p — q1)
6 (a1 — q1)e

Note that the value of ¢; can also be obtained in terms of the points a, a; and b by using
the constraint relation in (B.2) as

_ 2ab— (a+b)ay
©= a-+b—2a;

(C.3)

Now we carry out the BPE analysis for this phase, where the island assignment Ir(B;) =
[q1,a] U [b, g2] and Ir(B) = (—o00, 1] U [g2, 00) is shown in figure 12. In this phase, the balance
requirement is given by

I(A, Blx(B)BiIr(By)) = Z(BIr(B), AA;) . (C.4)
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We now utilize the generalized ALC proposal to compute PEEs mentioned in the above
balance requirement,

I(A, BIr(B) By Ix(By)) = (SAA1 15, — SAl)

= 5 (Sprpl + Slar) — Sppr.ar])

(p—p1)(p—a)
el (€9

(o2 oY m\r—lw\r—tl\:}\r—t (=N e M\P—‘[\D\H

—
@)
09

I(BIr(B), AAy) = (SBIr(B VBuTe(By) T SBI(B) — SBllr(Bl))
(S

00,p1]U[p,00 + S(*Ooﬂl]U[P,bl]U[QQ,OO) - S[Ql,pﬂU[bl,QQ])

(Siprpl + St + Storae] = Stgrpn] — Storsgal)

(p—p1)(p—aq1)
{ (p1 —q1)e } (C.6)

Solving the balance requirement (C.4) we get the partition point p;, which is same as (C.1).
Finally, we can obtain the BPE using (C.5) and (C.1),

BPE = Z(A, BIt(B) BiIt(B1)) [paanced = ~ log {2@ —a1)(p =) (C.7)

6 (al - Q1)5

which coincide with the EWCS (C.2).
The discussion for the phase-A2c is similar.

D The BPE/EWCS correspondence for non-adjacent intervals

D.1 Disjoint AB with no island

We first investigate the simplest case of two disjoint intervals A = [a1, ag] and B = [by, ba] with
no island region. Here the complement of AB is described by intervals A1 UB; and AsUBs with
partition points located in Weyl C'F'T5. In this case, we observe that A; U B; may incorporate
an entanglement island region, which can be classified into two distinct phases given by

1. Dla: Ir(AB) =0, Ir(B;)= (—o00,a]U [b,o0),
2. D1b: Ir(AB) =0, Ir(A1) = [q1,q2], Ir(B1) = (—00,q1] U [g2,a] U [b, o0).

In the initial phase-Dla, Ir(B;) spans entire entanglement island region. However, the other
phases-D1a incorporates the entanglement island region Ir(A;) and Ir(B;) for A; U By. In
both of the above phases, the entanglement wedge of AB is connected indicated from the
RT surface homologous to AB.

Phase-D1a. To proceed, we need to determine the location of EWCS endpoints situated on
the RT surfaces homologous to the intervals [aj, bs] and [ag, b1]. These two endpoints may be
obtained by constructing Euclidean triangles as discussed in appendix B for the RT surfaces
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homologous to the intervals [p1, p2] and [aq, ba] for yo subsequently [p1,p2] and [ag, b1] for y;.
Therefore the location of these endpoints in terms of boundary coordinates are given by

= Vaz = p1v/pr — biv/ag — pavby — p2

p1+p2—az—b ’ (D.1)
Va1 —piyvar — pav/p1 — bav/ba — po
a p1+p2—a;—by '

Y2

The geodesic length connecting the above bulk points can be computed using the following
length formula

z

2
Y2 1+d—x
L= [Ta i
Yy

1 Z 2 D.2
-1 [@2 ~p1)/2= V2= P02 _ﬂ v (D2)
2 (P2 —p1)/2+ V/((p2 — p1)/2)* — 22 .

Note that, the aforementioned length formula is minimal since, in determining the EWCS
endpoints, we took into consideration that the RT surface homologous to [p1,p2] is perpen-
dicular to the RT surfaces homologous to [a1, b2] and [az, b1]. In this context, the EWCS in
the phase can be obtained by utilizing (D.2) and (D.1) as follows

L
For — =
e _ _ _ _ (D.3)
- ‘1 (a2 — p1) (a1 — p2) (p1 — b1) (b2 — p2)
2% (a1 — p1) (a2 — p2) (p1 — b2) (b1 — p2)

where p; and ps are given as follow through solving (B.2) for the RT surfaces homologous
to [p1,pe] and [aq, b2], and the RT surfaces homologous to [p1,p2] and [ag, b1].

aiby — agby — /(a1 — a2) (b1 — b2) (a1 — b1) (ag — b2)

ay —ag — by + b ’ (D.4)
_ albg — CLle + \/(al — CLQ) (b1 — bg) (a1 — bl) (CLQ — bg)

a1 —ag — by + b

p1=

We now compute the BPE. As indicated in figure 13, where Ir(B;) = (—o00,a] U [b, o)
occupies the whole island region. We need to determine the corresponding partition point
via the balance requirement. In this context, the balance requirements are given by the
following two equations

I(A,BBIr(B1)B2) = I(B, A1 A2A),

(D.5)
T(Ay, BBiIx(B1)Bs) = I(BiIr(By), A1 Az A) .



II‘(Bl)

Figure 13. The diagram depicts phases-D1a of two disjoint intervals A = [a;, as] and B = [by, bs]
which are sandwiched by Az U By = [ag, b1] with an entanglement island region spanned by Ir(By) =

(=00, a] U [b,00) on the full KR brane.

The above PEEs can be computed using the generalized ALC proposal as follows

and

1 - _ _ _
I(A,BBllr(Bl)Bg) = 5(5,4,41 + SAA2 — SAl — SAQ)

1 ~ - - ~
T2 (S[Pl,az] + Sarpa] — Sprar] — S[‘IM’Q])

I(B, A1 AsA) =

DO NP =N = D0
)

I(Al, BBllr(Bl)Bg) =

SO NI RN RN — DO N =N -

I(Blh‘(Bl), AlAQA) =

log

{(az —p1)(p2 — al)] ’ (D.6)

(a1 —p1)(p2 — az)

(SpB(B1) + SBB: — SBi1e(B1) — SB2)

(S(-somiutbr o) + Stpaa) = S(-oemlulpz.o0) = Stpal)

(S[Phbl] + S’[Pz,bﬂ - S[Pl,ln] - S[le?ﬂ)

(b1 — p1) (b2 — p2)
{(bz —p1) (b1 —pz)] (D.7)

(San,a, +Sa, — Saa,)

(g[pl,pﬂ + g[phal] - g[ahm])

(p2 —p1)(a1 —p1)
log[ (p2 — a1)e } ’ (D)

(SBBI(BY)Bs + SBile(B1) — SBB.)
(S(coomiuipace) + Si—somluipace) = Spata))

(5[171 p2] T g[phbz] - S’[pz,bﬂ)

(b2 — p1)(p2 — p1)
log { (b — pa)e ] . (D.9)

From the balance requirement (D.5), we can compute the partition points p; and pa, which are
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the same as (D.4). The BPE for this phase-D1a may be obtained utilizing (D.4) and (D.6) as

BPE=Z(A,BBIr(B1)B2)|palanced (D.10)

—Clog by (a2+b1)+a1 (ag+b1 —2ba) —2a9b1 +2+/(a1 —az) (b1 —b2) (a1 —b1) (a2 —b2)
6 (agfbl) (a1 *bg)

Note that the above result of BPE can be exactly matched with the EWCS (D.3).

Phase-D1b. In this phase-D1b, we follow similar analysis provided in the earlier phase-D1a
to compute the EWCS. Consequently, we proceed to obtain the endpoints of the EWCS
which are given by y; and yo as indicated in figure 14,

Va1 — qiv/ar — pavqr — bav/ba — p2
B @1 +p2—a1—be
_ Var—qvaz —p2va —bhivbh —p2
B @ t+p2—az—b

U1

i

(D.11)

Y2

)

where we used Euclidean triangle construction as discussed in appendix B for the RT surfaces
homologous to the intervals [q1,p2], [a1,b2] and [q1, p2], a2, b1] for calculating the y, and
y1 respectively. The minimal length at a constant time slice associated to these endpoints

yzd \/14—%2
L, ¥ dz
1 z

log l(m —q1)/2—/((p2—q1)/2)? — 22]
(P2 —q1)/2+((p2 — q1)/2)? = 22

is given by

e (D.12)

o
I
'_'@\

T2

1

Utilizing (D.11) and (D.12), we may the compute the EWCS for this phase as follows

-
(D.13)
~  log {(az —q1) (a1 — p2) (g1 — b1) (b2 —m)}
12 (a1 — q1) (a2 — p2) (q1 — b2) (b1 — p2)
where ¢; and p2 are given by:
arby — agby — /(a1 — a2) (by — b2) (a1 — by) (a2 — b2)
q1 = ’
a; —az — by + by (D.14)

_ arby — agby + /(a1 — az2) (b1 — ba) (a1 — b1) (a2 — ba)
ap — ag — bl + b2 '

Note that g1 can also be written in terms of the points a9, b1 and py using the constraint
condition in (B.2) for the RT surfaces homologous to [g1,p2] and [a2,b1] as

_ 2a2b1 — p2 (a2 + b1)

D.15
az + by — 2poy ( )

q1

— 29 —



-

I
1
L]
Ir(By)s

r'e

II‘(Al)

-----
-------
- -~

1

q2 a p1 a1 a2 p2 p b b

Figure 14. Schematics shows the configuration of two disjoint intervals AB with entanglement island
regions Ir(A41) = [q1, ¢2] and Ir(B1) = (—00, 1] U [g2, a] U [b, 00) where the partition points of Ay U By
and A; U By are labeled as py and p; respectively.

In this phase-D1b, the computation of BPE involves entanglement island regions Ir(A;) =
[q1,q2] and Ir(B1) = (—o0,q1] U [g2,a] U [b,00) shown in figure 14. We now calculate the
location of partition points p; and ps from balance requirements

I(A, BBlh‘(Bl)BQ) = I(B, A1II‘(A1)A2A) s

(D.16)

Z(AIII‘(Al), BBlh'(Bl)BQ) = I(Blh'(Bl), AlII'(Al)AQA) .

The above PEEs may be computed using the generalized ALC proposal as follows

I(A, BBllr(Bl)Bg) =

I(B, Alh"(Al)AQA) =

SO NIRN RN~ OO NN RN

(Saae(ay) + 5445, — Sarm(ar — Sa,)

(S[Q17Q2}U[p17a2] + S[GLPQ] - S[q1,q2]U[P17a1] - S[az,m])

<§[Q1ﬁa2] + S[qmpl] + g[al,m] - g[l]l,al] - S[%Pl] - S’[az,mo

(a2 — q1) (p2 — a1)
o {(cu —q1) (p2 — az) (D-17)

(SBBlIr(Bl) + SBB, — gglh(Bl) — SB,)
(St-oc.atutazpa1uibr,o0) + Sipsal = S—ooalolasmmlulba,oe) = Sipati])

(5[‘]17171] + g[fh,pl] + 5’[:02,1)2} - g[qhbﬂ - S[Qmpl] - g[pz,bﬂ)

(b1 — q1) (b2 — p2)
o {(52 —q) (b —p2)]’ (D.18)
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and

—_

I(AyIr(Ay), BBiIr(B1)Ba) = = (Saa,1e(4y) A5 + S a,10(4;) — Sa4,)

2

1, _ _

=3 (Siar ga1utor 21+ Star a21opr ax] = St 2]
1, s s s s

) (S[%pz] + Slg2,p1] T STg1,01) T Slg.pa] — S[mm])
¢, |m—@)?P—q)ai—q)| ¢ c

=1 — — D.19
6 Ogl 63(]72—(11) +6¢(Q1)+6¢(QQ)7 ( )
1 - s s

I(B1Ir(By), A1lr(A1) A2 A) = §(SBB11r(B1)Bg +SB,1(B1) — SBB,)

1/ ~ N

) (S(*oo7q1]u[q2,p1]u[p2,00) +5(—00,q1]Ulg2.p1]U[b2,00] S[pz,bz])
1/~ N N N N

= 9 (S[m,pz} +S[Q2,p1} +S[Q1,b2] +S[q2,p1] - S[Pz,b2])
¢, f(pi—@)’P2—q)lba—q)| ¢ c

=-—1 — - . (D.2
508 [ (by—pa) +g9(a)+5o(a). (D.20)

From the balance requirement (D.16), the partition points ¢; and po are the same as (D.14).
Finally, we may obtain BPE for this phase as follows

BPE=Z(A, BBIt(B1)Bs) |balanced (D.21)
_ Elog ba (ag+0b1)+a1 (ag+by —2by) —2a2b1 +2+/(a1 —az) (b1 —be) (a1 —b1) (ag—b2)
6 (ag—b1)(a1—b2) ‘

The above result of BPE exactly matches with the EWCS in (D.13) using the value of
partition point ps and ¢ given in (D.15) and (D.14).

D.2 Disjoint AB admits island

In this subsection, we consider the configuration of two disjoint intervals A = [a1, ag]
and B = [b1,be] where AB admits entanglement island region. We study the following
assignments for the island region,

1. D2a: Ir(AA1A2) =0, Ir(B1) =[q,a]U[b,q], Ir(B) = (—00,q1]U[g2,00),

2. D2b: Ir(A) = [q1,q2], Ir(B) = (—o00,q1] U [gs,00), Ir(A1) = [g2,q3], Ir(B1) =
[g3,a] U [b, q4] ,

3. D2¢: Ir(A) = [g2,q3], Ir(B) = [g5,q6], Ir(A1) = l[g3,qa), Ir(B1) = [qu,a] U
[0,g5], Ir(As2) =[q1,q2], Ir(B2) = (—00,q1] U [gs,00).

The intervals A, A; and As does not receive any contributions from the island region in the
phase-D2a as shown in figure 15. The last phase-D2c involves all entanglement island regions
for the all the intervals A, B, Ay, By, As and Bs. However in this phase, the entanglement
wedge gets disconnected consequently the EWCS and BPE become zero.
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Figure 15. The diagram shows the configuration of AB considered in Weyl C'F'T, where the intervals
B and B; admit entanglement island regions Ir(B1) = [q1, a1] U [b, ¢2] and Ir(B) = (—o0, 1] U [g2, 00).

Phase-D2a. We use the same approach as in phase-Dla to calculate the EWCS in this
phase. Correspondingly the endpoints y; and ys of the EWCS as shown in figure 15, are
thus obtained as

Va2 —p1yaz —pav/p1 — b1vVb1 — p2

B p1+p2—az—by ’ (D.22)
_ Va1 — p1var — p2y/pr — i/ — p2

B p1+p2—ar—q '

At a constant time slice, the minimal length between the endpoints y; and y» located on the

Al

Y2

RT surfaces homologous to [¢1,a1] and [ag, b1] can be computed as follows

2
yde71+§—§

L=
) ) Y2 (D.23)
- llog [(pz —p1)/2 =/ ((p2 —p1)/2)? — 221
27 [ (p2—p1)/2+ V((p2 — 1) /2)? — 22

At
Finally in this phase, the EWCS can be determined utilizing (D.22) and (D.23) in the
following proposal of the EWCS in AdSs geometries

Ew - %

(D.24)

_ [(az —p1) (a1 —p2) (p1 — b1) (¢ P2)}

= —log .
12 (a1 —p1) (a2 — p2) (b1 — p2) (P11 — @1)
where p; and py are given by:
py = D= aob = V(a1 —a) (01 — q1) (a1 = b1) (a2 — 1)

a; —az — b +q1 ’ (D.25)

_ a1q1 — agb + /(a1 — az) (bs — q1) (a1 — b1) (a2 — q1)
ar—az—bi+q

We now compute the BPE in figure 15. Consequently, the balance requirements are
given by
I(A, BII‘(B)Blh"(Bl)Bg) = I(BII‘(B), AlAQA) s

(D.26)
T(Ay, Blt(B)BiIr(B1) Bo) = T(BiIr(By), Aj Az A) .
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Utilizing the generalized ALC proposal, the above PEEs may be described as follows

1 - 3 _ _
Z(A,BIr(B)B1Ir(B1)B2) = i(SAAl +S544,—S4,—54,)

1/4 ~ - N
) (S[pl,az} +S[a1,p2} _S[m,aﬂ _S[az,pQ])
~ %1 [(02—171)(?2—@1)}7 .27
6 (a1 —p1)(p2—a2)
1 & ~ - N
I(BIT(B)’AlAQA):§(SBIr(B)B1Ir(B1)+SBIr(B)B2*SBllr(Bl)*SBZ)
1

D) (S(_wapl]u[blyoo) +g(—OO7Q1]U[p2,b2}U[Q2700) _S[Q1 p1]U[b2,q2] _S’[pz,bﬂ)

— N

=5 (S’Lpl,bl] +S(g1 2] +Sb2,02) ~ a1 1] ~ ool —5'Lp2,b1])

(b1—p1)(P2—q1)
log {(bl —pz)(p1—q1)} ’ (D-28)

\V)

(=Y

and

T(Ay, BIr(B)BiIr(B1)Bs) = = (Saa,4, + Sa, — Saa,)

N | =

1, 3 _
D) (S[pl,m} + Spr,a] — S[a17p2]>

% (p2 —p1) (a1 — p1)
= —log { py — ] , (D.29)

[

(=)

I(BiIr(B1), A1 Ay A) = = (Spr(ByBite(B1)Bs + SBile(B1) — SBI(B)B:)

(5(7007p1]u[p2,00) + S[ql,pﬂu[bz,qz] - S(*OquﬂU[PQ,bQ]U[Q%OO))

(g[phpz} + S[Ql m) T g[bz»fm] - S[(Il,pzl - g[bzm])

(p2 —p1) (P1 — q1)
log { p— . (D.30)

DO NN~

Utilizing the balance requirements in (D.26), we get the solutions of p; and po that are
the same as (D.25). Finally we obtain the BPE for this phase-D2 satisfying the balance
conditions as follows

BPE:I(A,BII‘(B)Blh“(Bl)BQ)’balanced (D31>
_ Clog | Dla2b1) +a1 (2401 —2q1) —2a3b1 +2 /(a1 —a2) (01 —b1) (a2 — 1) (b1 —q1)
6 (ag—b1)(a1—q1) .
(D.32)

The above result of BPE exactly coincide with the EWCS by putting the value of py in (D.24).

Phase-D2b. As depicted in figure 16, the computation of the bulk EWCS involves endpoints
yo and y; where ys is located on the KR brane. Here y; is situated on the RT surface
homologous to the interval [ag, b1]. Note that the minimal length between the corresponding
endpoints can be calculated using the following length formula in the AdSs3 geometry at
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Figure 16. The BPE for this configuration receives contribution from entanglement island of A and

a1
B and other island regions are described as Ir(A4;1) = [ge, ¢3] and Ir(By) = [g3,a] U [b, q4]. Here the B;

has disconnected entanglement island region.
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_ Lyog l(]ﬂz —q)/2=V(p2—01)/2) — 2 ]
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where the endpoints of the EWCS y; and yo are given by
= Vag —qiv/az — p2v/qi — biyv/bi — p2
g1 +p2—ax—by ’ (D.34)
_ Va—qiv/a—payv/ar —byv/b — po

g1+p2—a—>b ‘

Y2
Utilizing (D.34) and (D.33), we may compute the EWCS for this phase as follows
(D.35)

L
Ew = —
4G
_ € o [t@2 =) (a—p2) (a1 = b1) (b — p2)
12 (a—q1) (a2 — p2) (@1 — b) (b1 — p2)

(D.36)

where ¢; and p2 are given by:
_ 2a2by — agpa — bips

az + b1 — 2py
ab — asby + +/(a — az) (b —by) (a2 — b) (by — a)

q1
a—as+b—10b

p2 =
We now computate the BPE in figure 16. The balance requirements are given by,
(D.37)

T(AIr(A), BIr(B)ByIx(B,)Bs) = Z(BlIx(B), Alr(A) A Tr(A; ) As)
T(AIr(Ay), BIr(B)BiIr(B1) Bs) = T(BiIr(By), Alr(A) A1Tr( A1) As) .



Above PEEs in the balance conditions can be computed by using generalized ALC proposal
as follows

T(ATr(A),BIr(B) By Ir(B1) Bs)

1 - _ _ _
- §(SAIr(A)A11r(A1) + Saw(a)a; — Sarin(ay) — S4,)
1, - _ _ _
= 9 (S[plvaﬂU[QhQS} + S[al,pz}u[ql,qzl - S[pl,al]u[qz,qg] - S[az,pg])
1 /- - _ ~ ~ _ ~
= 9 (S[fhﬂm] + S[QS,pﬂ + S[QQ,aﬂ + S[thﬂ - S[Qsml] - S[qg,al] - S[ag,pg])
¢ (a2 —q1) (p2 — q1) c
=clo + = : D.38
1o | (20U L L) (D.35)
Z(BIr(B),Alr(A) A Ir(A;) Ag)
1 - _ _ _
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1 /- ~ _ ~
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= D) (S[(h,bl] + S[Q37Pl] + S[bz,q4] + S[thz} - S[qs,pﬂ - S[bg,q4] - S[m,bl})
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As we can observe from the second balance constraint from above which are trivially satisfied.
We may obtain ¢; from the first balance condition and it reduces in terms of the partition
point ps. Therefore, we need to minimize the BPE for this phase over the partition point
p2 and it provides following value of ¢; and py, which are the same as (D.36). The BPE
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Figure 17. The figure illustrates entanglement islands regions for all the intervals located in
Weyl CFTy indicated as Ir(A) = [g2, 3], Ir(B) = [g5, g6, Ir(A1) = [g3, qa], Ir(B1) = [q4,a] U [b, g5],
Ir(A2) = [q1,¢2] and Ir(Bs3) = (—00, 1] U [ge, 00).

for this phase is given by

BPE = Z(Alr(A), BIt(B) BiIr(B1) B2 [hatanced (D.42)
_c og (a—b)(az—b1) (a2 —p2) (b1 —p2)
6 (p2(ag+b1)+a(az+by —2p2) —2azb1)? (az (b—2b1+p2) +bip2+b(b1 —2p2))
(D.43)

The above result of BPE exactly coincide with the EWCS in (D.35) by putting the value of ¢;.

Phase-D2c. As displayed in figure 17, the intervals Ay and B also admit entanglement
islands. In this context, the entanglement wedge in this phase become disconnected implying
the EWCS to be vanished, which indicates a zero BPE. In this phase the balance requirements
are described as follows
I(AII‘(A), BII‘(B)BlII'(Bl)BQII'(Bg)) = I(BII‘(B), Alh'(Al)AQII'(Ag)AII‘(A)) s
Z(A1Ir(Ay), Blr(B)B1Ir(B1)Bolr(Bs)) = Z(B1Ir(By), A1Ir(Aq) Aglr(Ag) Alr(A)) .

Where

(D.44)
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1 ~ -
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— DN
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— N
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It is obvious that the balanced requirements (D.44) are satisfied and the BPE for this
phase is just zero.
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