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1 Introduction

The Page curve [1, 2] is a theoretical prediction for how the fine-grained entropy of Hawking
radiation should behave over the lifetime of an evaporating black hole if the evaporation process
is unitary (i.e., if information is conserved), which is central to modern discussions of the black
hole information paradox [3-6]. The paradox originates from Hawking’s calculations [7, 8] in
1970s which suggested that Hawking radiation is purely thermal and random. Therefore, the
entropy of radiation should monotonically increase throughout the black hole evaporation.
If this were true, when the black hole vanishes, the information about what fell into it
would be irretrievably lost, violating the quantum mechanical principle of unitarity. On
the other hand, the Page cure suggested that the entropy should reach a maximum at a
point known as the Page time, after which the entropy monotonically decreases and returns
to zero. Recently, the island formula [5, 9-12] is proposed to resolve the paradox, which
provides a method for calculating the fine-grained entropy of Hawking radiation in a way
that preserves unitarity, resulting in the Page curve rather than the information-loss-inducing
curve predicted by Hawking’s original calculation.

To illustrate, the Penrose diagram of a black hole during evaporation is depicted in
figure 1, where a Cauchy slice is factorized into three spacelike regions: (a) an interior “island”
enclosed by a codimension-2 surface X, which we denote as ¥iganq; (b) the region bounded
by X and a cutoff surface near the asymptotic boundary, which is denoted as X x; (c) the
region between the cutoff surface and the spacelike infinity, and we denote it as Ygraq where
external observers collects the black hole radiation. The entropy of the black hole for this
Cauchy slice can be characterized by the following formula,

A
Spg = miny {extX [4275 + Ssemi-cl (Ex)} } , (1.1)

where Ax is the area of the entangling surface X, and Ssemicl (Xx) is the von Neumann
entropy of the quantum states on X x in the semi-classical description, by which we mean
that the entropy is calculated by the standard methods of quantum field theory in curved



Figure 1. The Penrose diagram of an evaporating black hole. A Cauchy slice (blue solid curve) is
divided into three regions Yigjand, Xx, URad Dy @ codimension-2 surface X (orange dot) and a cutoff
surface (red dotted line).

spacetime. Meanwhile, Sgy should be regarded as the von Neumann entropy in a complete
quantum gravity description, which is yet to be well established. The condition “extx” selects
the saddle points of a generalized entropy insides the square bracket among all possible
configurations of X, and if there exists several options, we choose the minimal one.

When the black hole is formed from an initially pure state, we expect that the evaporating
black hole itself and the radiation already emitted during the evaporation make a pure state,
such that the entropy of Hawking radiation should be equal to the entropy of the black
hole, giving a similar island formula,

A
SRad = miny {GX‘DX [42; + Ssemi-cl (XRad U Xisland )] } , (1.2)

where we have Sgemi-cl (ERad U Yisland ) = Ssemi-cl (2_}() due to the fact that Yg,q UXis1and U
Y x prepares a pure state over the Cauchy slice. The formula (1.2) solves the puzzle that
the fine-grained entropy of black hole radiation should satisfy the Page curve, which states
that the entropy should monotonically increase before the Page time tp, and monotonically
decrease after tp, as depicted in figure 2. The main feature of (1.2) is that, the entropy of
radiation should be regarded as a competition of two saddle-point solutions of the extremal
condition in the gravitational path integral description [5, 6, 10, 11]: the solution with
the island vanishing (so as the boundary X), and the solution with a non-vanishing island
bounded by a non-vanishing X, i.e.

Siaa = min { Siapd, Spoptand L (1.3)

where the two terms on the r.h.s. behave differently, see also figure 2. The solution Sﬁ‘;‘(}Sland

with vanishing island, which coincides with Hawking’s calculation, monotonically increases
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Figure 2. A sketch of the Page curve (red line) for the entropy of Hawking radiation, which is upper

bounded by the two saddle-point solutions: the vanishing island solution Sﬁ‘;ﬁ“and (blue line) and the

non-vanishing solution Sgélﬁfd (yellow line). The transition of the two dominant solutions happens at

the Page time tp, which is call the Page transition.

during the whole evaporation process. Meanwhile, the solution S}igﬁ‘d with non-vanishing

island, which captures the thermodynamic properties of the black hole, monotonically
decreases. The two solutions are course-grained descriptions for the entropy, such that the
fine-grained entropy should be upper-bounded by the two, hence giving a phase transition
called the Page transition at the Page time tp.

It was recently shown that [13] the Page transition can be regarded as a phase transition in
approximate quantum error correction (AQEC). To be more specific, the island formula (1.2)
implies that the external observers who collects the black hole radiation detects the emergence
of an island region at the Page time. The island region is the black hole interior “accessible” to
the external observers, which is related to the notion of reconstruction insides the island. Such
reconstruction can be well described by a series of theorems via quantum error correction [14—
20]. We call them the reconstruction theorems, which were originally proved for explaining the
problem of bulk reconstruction in the AdS/CFT correspondence [21-23]. See also [20, 24-33]
for an incomplete list of related developments. In [13], the author applied the following
version of the reconstruction theorem to the black hole evaporation,

Theorem 1.1. Given a finite-dimensional Hilbert space H (called the physical space) which is
decomposed into two parts H = Ha ® H z and a code space Heode with condition dimHcode <
|A|, the isometric encoding V : Heode — H induces a quantum channel:

N s(Heode) = s(Ha), pr—pa= Tr; (VﬁVT) , (1.4)

where s(H.)) denotes the set of all density operators in H ). Then the following statements
are equivalent:

1. Given p € s(Hcode), we have

S(pa) = La+S(p) (1.5)

where L4 1s some constant.



2. Given two density matrices p, € $(Heode), we have
Srel(pA’UA) = Srel(m&)' (16)
3. For any operator O € L(Hcode), there exists an operator Oy € L(H 4) such that

OAVI[Y) =VOR), VIP) € Heode- (1.7)

It has been argued that the quantum states on the island and the radiation region
together form a code space in semi-classical description, and the radiation collected by
the external observers forms a physical space in the complete quantum gravity description.
Therefore, after identifying the statement 1 of the theorem 1.1 with the formula of entropy of
radiation (1.2), the statement 3 states that one is able to manipulate the degrees of freedoms
in the island by manipulating the degrees of freedoms in the radiation only. In this sense,
the channel N represents some kind of a tunnel for information transferring between the
island and the exterior of the black hole. However, such channel N can only appear after the
appearance of a non-vanishing island, so that the Page transition can also be regarded as the
emergence of the channel N at the Page time. Then one may wonder whether we can have a
probe for the emergence of the channel N to describe the Page transition. Interestingly, the
statement 2 of the theorem 1.1, which involves the equality between two relative entropies,
is closely related to the exactness of recovery for the channel. The related theorems are
collectively shown as follows [34],

Theorem 1.2. Let N be a quantum channel from system A to system B, then we have
(Monotonicity) Sre(plo) > Sra(N(p)IN (o)), Vp,o € s(Ha), (1.8)

and the inequality is saturated if and only if N is exactly reversible, i.e. there exists another
channel R (called the recovery channel) such that

(Ezact recovery) p=(RoN)(p)=p, Vp€ s(Hcode)- (1.9)

In the language of quantum information, the channel during black hole evaporation is
not exactly reversible before the Page time, but then becomes exactly reversible after the
Page time. The intermediate period, which is the Page transition, should correspond to a
“phase transition” of the recovery for the channel, and the channel should be approximately
reversible during the period. The theorem 1.2 then helps to give a criteria that for some
infinitesimal value § which is related to the properties of the black hole, we have

>¢, ift<tp
Sret(P1ur(t)|01UR(t)) — Srel(PRad (t)|0Rad(t)) § = 8, ift =tp (1.10)
<46, ift>tp

which works as a probe for the Page transition.
In fact, whenever the channel between the island and the radiation exists, there exists a
dual channel which relates the region ¥ x to the black hole itself, which is due to the existence



of the parallel formula (1.1) of the entropy of black hole. As we will show in the paper, the
two channels are associated to an error-correcting code with complementary recovery. For
the reconstruction theorem to be applicable in this case, we will apply an enhanced version of
theorem 1.1, which we refer to as the reconstruction theorem with complementary recovery.
Then following the same arguments, there also exists a similar probe as (1.10) for the dual
channel to experience the phase transition during the Page transition.

Note the above arguments are only limited in the cases of finite-dimensional black holes,
as we a priori assume that the central dogma [6, 35, 36] to hold in general. However, the
reconstruction theorems themselves admit algebraic generalizations [17—-20] which are capable
of giving algebraic descriptions for infinite-dimensional Hilbert spaces, it is then plausible to
generalize the above arguments for the infinite-dimensional evaporation black holes, which
is one of the main tasks in the paper. We will give explicit calculations to show that, the
algebraic versions of probes similar to (1.10) can be directly derived using the algebraic
versions of the island formulae (1.1) and (1.2). Also we would like to point out that another
interesting feature of (1.10) is that the relative entropy is well-defined for von Neumann
algebras of general types, including algebras of type III where the von Neumann entropies in
either (1.1) or (1.2) are ill-defined. In this sense, the probes using relative entropy are more
general, and we will give more comments on these issues in the discussions.

The work is organized as follows. In section 2, we introduce the reconstruction theorems,
and some basics of von Neumann algebras with algebraic generalizations for entropies. In
section 3, we apply the reconstruction theorem with complementary recovery to the black
hole evaporation. In section 4, we discuss how to generalize our arguments into algebraic
description in factors of type I/II, and give a formal proof. We end with section 5 where
we give some comments about related works.

2 Preliminary

2.1 The reconstruction theorem with complementary recovery

The finite-dimensional reconstruction theorem based on an error-correcting code with com-
plementary recovery is stated as follows [16],

Theorem 2.1. Given a finite-dimensional system called the physical space Hppys = Ha @ H 5
and a code space Heode = Ha @ Ha with conditions |a] < |A],]a] < ‘f_l
Vi Heode — Hphys induces two quantum channels:

, the isometry'

N pg— pa=Tr; (V,ﬁaVT) ., N': parrpi=Tra (Vﬁ@VT) ,
then the following statements are equivalent:
1. Given O, on Hy: 304 € L(Ha) = OAV‘QE) = V@a|¢~)>; likewise for Os.
2. Given 5,5 on Heode: Sret(palos) = Sret(falda) Sretlplo7) = Swet(falda).
3. Given Oy on Hy: [(5[1, VTPAV] =0,YP; € L(H 3); likewise for O..

'An isometry V : Ha — Hp (JA| < |B|) satisfies VIV = I4 and VVT = Il which is a projector onto
V(HA) C HB.



4. Given p on Heode: S(pa) = La~+S(pa), S(ps) =Ls+S(pa) where Lo = L5 are some
constants.

The theorem can be proved without referring to any physical interpretation, see for
example appendix A of [13]. The basic idea of the theorem states that whenever any one
of the above statements holds, the degrees of freedom in H,, Hz can be reconstructed from
Ha,H ; respectively. By “reconstruction” of degrees of freedom we are actually referring to
the statement 1 where there also exists a dual operator in the reconstructed space for an
arbitrary operator in the code subspace, hence giving the name the “reconstruction theorem”.
Compared to theorem 1.1, the reconstructions hold pair-wisely for # 4 and H 5, which we
call the complementary recovery. In the language of quantum information, the statement 1
is also related to the notion of quantum error correction, in the sense that information in
the code space is protected by enlarging the space (i.e. an isometry into the physical space)
against the “erasure” (i.e. some extra degrees of freedom in the physical space are inaccessible
to the operators acting on the code space). For more comments about the theorem and
the quantum error correction, see [37].

The above statements are more comprehensive in some concrete examples, e.g. the
AdS/CFT correspondence. In this case, the four statements respectively corresponds to
(1) entanglement wedge reconstruction (or subregion duality) [15, 38—46]; (2) the Jafferis-
Lewkowycz-Maldacena-Suh (JLMS) formula [46]; (3) radial commutativity [14, 37, 47]; (4)
the Ryu-Takayanagi (RT) formula [48-54]. While in this work, we will apply the theorem 2.1
to the black hole evaporation by examining whether the prerequisites of the theorem are
satisfied. More explicitly, we will relate the statement 4 to the formulae (1.1) and (1.2), then
argue that the statement 2 implies a probe for the Page transition.

2.2 Basics of von Neumann algebra

In this subsection, we introduce some basics of von Neumann algebra. The theorems and the
statements listed here are demonstrated without proofs, one can consult [55-58] for more
rigorous arguments, and also [18, 19, 24, 59] for relevant contents.

Definition 2.2. A linear operator on a Hilbert space H is a linear map from (a subspace of)
H into H. The set of all such operators is denoted by L(H).

Definition 2.3. A bounded operator is a linear operator O which satisfies ||O]y)|| <
K|, YY) € H for some K € R. The infimum of all such K s called the norm of
O. The algebra of all bounded operators on H is denoted by B(H) C L(H).

Definition 2.4. The commutant of a subset S C B(H) is a subset S" C B(H) defined by
S'={0 € B(H)||0,P] =0, VP € S} (2.1)
i.e. every element in S’ commutes with all elements in S.

Definition 2.5. The hermitian conjugate (or adjoint) of an operator O is an operator O
satisfying (Y|O&) = (OT|€). A hermitian (or self-adjoint) operator O satisfies © = OF.

Definition 2.6. A von Neumann algebra on H is a subalgebra A C B(H) satisfying



e lcA,
e A is closed under hermitian conjugation,
o A" =A.
Definition 2.7. A von Neumann algebra A is a factor if it has a trivial center Z:
Z=AnA ={\1|xeC} (2.2)
otherwise A is called a non-factor.

A non-factor can always be “decomposed” into factors [16, 56] such that whenever we
consider classifications of von Neumann algebra, we only need to consider factors, which
are already classified into three types: type I/II/III. For factors of each types, some notions
may be well-defined or not, as summarized as follows,

Type|H = Ha @ Hp|Tr|py|S(¥; A)|Sral (¥]€;A)
I v arames v

I1 X arams v

11 X x| % X v

where we write H = H 4 ®H g to denote that the Hilbert space can be decomposed according to
subregions. Note the relative entropy has an algebraic generalization denoted as Sye; (¥/€;.A)
for factors of any type, while the algebraic von Neumann entropy denoted as S(v;.A) can
only be well-defined in type I/II due to the lack of well-defined notions of the trace function
and density operators in factors of type III. Before we introduce the algebraic definitions
of these entropies, we need to learn some backgrounds about the Tomita-Takesaki theory
(also called the modular theory).

Definition 2.8. A subset Ho C H is dense in H if for every vector |¢) € H and for every
€ > 0, there exists a vector |¢) € Ho such that |||¢) — |P)|| < €.

Definition 2.9. |[¢)) € H is cyclic with respect to a von Neumann algebra A if Alyp) =
{O|Y)|VO € A} is dense in H.

Definition 2.10. |¢)) € H is separating with respect to a von Neumann algebra A if Olp) =0
implies O =0 for O € A.

Theorem 2.11. |¢)) € H is separating with respect to A if and only if |¢) € H is cyclic with
respect to A', and vice versa.

A direct consequence is that when we assume [¢)) € H is both cyclic and separating with
respect to A, then [¢) € H is also both cyclic and separating with respect to A’.

Definition 2.12. A relative Tomita operator on A is an anti-linear operator satisfying?

Seiw (OlY)) = O1[¢), YO € A. (2.3)

2Some literatures use the convention that interchanges the positions of 1 and ¢ in the subscript of S.




Notice that Sg, is densely defined, i.e. whose domain is a dense subset of H if and
only if |[¢) is cyclic and separating with respect to \A. The cyclic condition ensures that
the domain O|¢y) is dense while the separating condition is to avoid the possibility that
OlY) = 0, O1|¢) # 0. Hereafter we mostly assume the cyclic separating condition of |¢)
for S¢jy-

Proposition 2.13. Provided both |1),|§) are cyclic and separating with respect to A, we
have

-1 _ T o
e = Svler Sy = Sepw (24)
where Sé‘w is a relative Tomita operator on A’.

Definition 2.14. Provided |1) is cyclic and separating with respect to A, the relative modular
operator on A is defined by’

_ o
Aely = SeiySelps (2.5)

and the relative modular Hamiltonian on A is defined by
Proposition 2.15. The relative modular operator Agjy, on A is Hermitian.

Proposition 2.16. Provided both |1),|£) are cyclic and separating with respect to A, we
have

-1 _ A/ _ /
Ay =Dy = hye = —hyy (2.7)

where Al&\w and hlsw are the relative modular operator and the relative modular Hamiltonian
on A" respectively.

Theorem 2.17 (Splittable condition). In factors of type 1/1I, we have

Dgly = PoA ® Py (2:8)

Physically, (2.8) implies that the usual modular Hamiltonian of a physical system is
splittable. The condition is crucial in deriving the generalized second law for the generalized
entropy in gravitational background, see [60, 61].

Definition 2.18. Provided |¢) is cyclic and separating with respect to A, we define the
Tomita operator Sy = Sy : Olh) — O'|); the modular operator Ay = Ay = SLSW the
modular Hamiltonian hy = hyjy = —log Ay.

2.3 Algebraic entropies

In physics literatures, there exists three seemingly different definitions of “state”:

1. A state is a vector |¢)) normalized as (¢[1)) = 1 in a Hilbert space H.

3There is an equivalent definition of the relative modular operator via the unique polar decomposition

1
Selyp = Jep

£l with J¢)y anti-unitary.



2. A state is a density operator (or density matrix) py. 4 € A satisfying
puA =Pl ui Pua >0 Trapya=1. (2.9)
3. A state is a linear functional wy, : A — C satisfying

Wy > 0; w¢(ﬂ) =1. (2.10)

These three definitions are correlated to each other via the expectation value:
(6] O [) = TrA (pyaQ) = wi(0), VO € A (2.11)

Note that the second definition based on density operators is not well-defined in factors of
type III. Also note that, these three definitions are not completely equivalent. In the vector
representation, one can always compute the expectation (| O |¢)), O ¢ A which makes no
sense for the other two definitions. To be specific, the expectation value Tr 4 (py;,40), O ¢ A
is ill-defined since py, 4O may not belongs to A then it is not in the domain of the trace
function of A. As for wy(0), O ¢ A, it is ill-defined since wy, is only a linear functional on
A. Nevertheless, we can extend the last two definitions via (2.11) such that the expectation
values of the last two definitions are well-defined for a larger class of operators. We can
simply define that

wy(0) = Tra (py;40) = (Y| OfY), O ¢ A. (2.12)

In the following discussions, we always assume the second and the third definitions are
extended.
Recall that the quantum relative entropy is defined by

Srel(pylpg) = Tr [py (log py — log pg)] (2.13)

which measures how much the state v differs from another state ¢. Its algebraic generalization
is defined due to Araki [62, 63]:

Srar(165.4) = (6] hopy [10) = w(hjy) (2.14)

with [1) being cyclic and separating with respect to A. See [59] for details about how the alge-
braic relative entropy coincides with the quantum relative entropy in finite-dimensional cases.
The von Neumann entropy is defined by

S(py) = —Tr (py log py) (2.15)
whose algebraic generalization in factors of type I/II is given by [34, 64, 65]:
S5 A) = =Seaa(W|rs A) = = (8] heyy [¢0) = —wy(hryy) (2.16)

where [¢) is cyclic and separating with respect to A and 7 is a tracial state. A tracial
state is a state |7) € H satisfying

(r|OP|7r) = (7| PO|7), YO,Pe A (2.17)



and each tracial state defines a trace function on A:
Tr4(0O) = (7| O|7). (2.18)

The trace function is unique up to a rescaling which may contributes to the algebraic von
Neumann entropy an additional constant. Such constant does not cause the ambiguity of
the algebraic von Neumann entropy, since only the difference between entropies has physical
meanings. The non-existence of algebraic von Neumann entropy in factors of type III is due
to the non-existence of tracial state or trace function.

A useful property of the tracial state is

Proposition 2.19. In factors of type 1/II, we have a tracial state T such that
Arjy = pyia- (2.19)
For all states ).

We can substitute it into (2.16) and find that the algebraic von Neumann entropy coincides
with the usual von Neumann entropy defined in (2.15).

3 Page transition via AQEC with complementary recovery

Let us give more details about the formulae (1.1) and (1.2). We first denote the Hilbert
space over a Cauchy slice describing an evaporating black in the complete quantum gravity
description as H%Y, and its semi-classical approximation is denoted as H*¢ which excludes
quantum gravitational effects, i.e. there exists no gravitational degrees of freedom in 7*¢.
As shown in figure 1, H®¢ is factorized as follows,

H™ =Hiir @ HY, (3.1)

where Hif\p = HS | Us..g 0 HLX = H3p, are the Hilbert spaces of quantum fields on
Y Rad U Xisland , L x in the semi-classical description, respectively. On the other hand, the
complete quantum gravity description also admits a decomposition between the evaporating
black hole and its Hawking radiation,

HI =HE L @ HEL. (3.2)

Now consider a state p on H*¢ as a semi-classical approximation of the true state p
describing the black hole on H%, we use prur to denote the reduced density operator of p
after tracing out the degrees of freedom in H5¢. Similarly, we can define px, prad, pBH. Then
the formulae (1.1) and (1.2) can be rewritten as

S(pRad) = miny {extX [Zlé + S(ﬁluR)} } ,  S(pH) = miny {extX [:11(); + S(ﬁx)} } ,
(3.3)

where S(-) is the von Neumann entropy evaluated in the respective Hilbert space. One can
compare the formulae (3.3) with the statement 4 in the theorem 2.1 and see that they share
the same form when the solution with non-vanishing island is dominant, i.e. after the Page

,10,



time, which instructs us to explore whether other statements in the theorem 2.1 have their
counterparts in the case of black hole evaporation. First of all, we can naturally regard
HY = HE | ® HE} as the physical space and H* = H5¢ , ® HY as the code space. What
follows is that there exists an isometry V : H* — H% which induces two quantum channels:

N : p1uR = PRad = Treu (VﬁluRVT) ;

(3.4)
N': px — pBr = TrRad (VﬁXVT> ;
then for the theorem 2.1 to be applicable, we need to argue that
dim H7ip < dimHy,  dimHY < dim H (3.5)

should hold simultaneously. The first condition in (3.5) is already verified in [13]. The main
argument is that, the island region and the radiation region are maximally entangled such
that dim H{{ p should coincide with the dimension of Hawking radiation in the semi-classical
description, which is less than the dimension of Hawking radiation in the complete quantum
gravity description dim Hngad since the former excludes gravitational degrees of freedom. As
for the second condition in (3.5), we assume the central dogma [6, 35, 36]:

e for an external observer, a black hole can be treated as an ordinary quantum system
with a finite number of degrees of freedom Ap/(4G) where Ay, is the area of black hole
horizon, and its evolution is unitary.

Since the island boundary X is approximate to the black hole horizon, the central dogma
implies that their areas are at the same order such that

Ax
dim M, ~ O () 3.6
im Hgy i) (3.6)
which is expected to be large due to the gravitational effect of O(G~1!). On the other hand,
the semi-classical degrees of freedom on X x should be sub-leading at the order O(G?), so
as the von Neumann entropy on Xy, i.e.

dim HSXC ~ 0 (Ssemi-cl (ZX)) ’ ié( > Ssemi-cl (EX) ) (3'7>
then (3.6) together with (3.7) completes our verification for the condition (3.5) to be held
in black hole evaporation.

Now we see that the theorem 2.1 can be applied to the case of black hole evaporation
after the Page transition, which further implies by the statement 2 that we have equalities
between relative entropies:

(After the Page time) Sie1(prur|Grur) = Srel(PRad|ORad)s Srel(Px|0x) = Srel(pBH|0OBH)
(3.8)
for all possible pairs of states p,o. The equalities (3.8) is equivalent to the fact that the
channels (3.4) are exactly reversible due to the theorem 1.2. However, we do not expect (3.8)
to hold before the Page transition since during which the solution with vanishing island is

— 11 —



dominant. Therefore, the Page transition should correspond to a transition of the exactness
for channel recovery. Equivalently we use the theorem 1.2 to have

>4, ift<tp
Srel(Prur(t)|G10R (L)) — Srel(PRad (t)|oRad(t)) § = 6, ift =tp,
<46, ift>tp
>e¢ ift<tp
Sre1(px ()| x (1)) — Srer(pBu(t)|ou(t)) =€, ift=tp.
e, ift>tp

for some infinitesimal values 6, ¢ as threshold values in approximate quantum error correction.
These values are related to the properties of the black hole, and the author in [13] has given
an example of calculating these threshold values. Since they are not essential to our present
discussions, we will simply assume that they vanish hereafter.

The above arguments by simply applying the reconstruction theorem 2.1 may not be
convincing for some readers, so we take another detour to directly prove that (3.9) holds
for the black hole evaporation. We start with the argument that the entropy of radiation
is a competition between two saddle-point solutions,

S(praa) = min { Sapd, spoptand } (3.10)
where A
St = 5o +S(ror), (3.11)
for a non-vanishing island solution X. We define
AS1(A(1) = SEai (1) — S(pRaa(t)), (3.12)

which is non-vanishing and monotonically decreasing before tp, then vanishes after tp:

, , 3.13
=0, ift>tp dt =0, ift>tp (3.13)

ASl(ﬁ(t)){>0’ ift <tp dASl(ﬁ(t)){<0, ift<tp

see also figure 3. Our next step is to rewrite the difference between relative entropies in (3.9)
in terms of AS;1(p(t)), which is already done in [13] and gives the following result,

Srel(PrUr(t)|GTUR(L)) — Srel(PRad (t)|oRad(t)) = /Oﬁ dA1S(6) — A1S(p) (3.14)

where dA1S(6) = A1S(6 + do) — A1S(6) and the first term is integrated for dg. The
positivity of the r.h.s. is guaranteed by the monotonicity in the theorem 1.2. And due to
the properties of (3.13), the r.h.s. monotonically decreases and then vanishes after ¢p, which
gives the proof of one half of (3.9). Similarly, one can define

ASy(p(1)) = SEE™(t) — S(px(2)), (3.15)

and then follow the same pattern to complete the proof of the other half of (3.9).
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island no-island
S Rad S Rad

AS

S Rad

t1 to tp t

Figure 3. AS (green line) is defined as the difference between Sﬁ}jind and Sgraq, which monotonically

decreases until the Page time tp, i.e. we have AS(t2) < AS(t1) for t; < tg < tp.

4 An algebraic description in factors of type I/II

Algebraically, we consider von Neumann factors of type I/II describing an evaporating black
hole, and we introduce Asyur, Ax, Arad, A to act on Hi p, HE, Hi 4. Hil respectively.
We can further assume

Aror =BHER) @ 1x,  Ax = Liug ® B(HS),

(4.1)
Arad = B(HE 1) ® 1r, A = Llrad ® B(HEy),
such that
Aror = Ax,  ARaa = Asn, (4.2)
and the algebraic generalization of (3.9) is given by
>0, ift<tp
Sret (¥|®; AroR) — Seet(¥]®; ARad) § = 6, if t =tp,
<6, ift>tp
(4.3)

>e¢ ift<tp
Srel(¥]®; Ax) — Sl (U] ®; ApH) { =€, ift=tp
e, ift>tp

for all states \TJ,&) on H*¢ and ¥ = V‘I’,CI) = V® on H where the relative entropy is
promoted to be the algebraic relative entropy. We omit the time-dependence of the states for
simplicity, e.g. we write U to refer to \I’(t) The algebraic version (4.3) of the probe for the
quantum channels to be exactly reversible can be similarly argued to hold when applying the
algebraic version of the reconstruction theorem [18, 19]. Instead, here we will give explicit
calculations as in the end of the last section. First, we promote the von Neumann entropy
in (3.3) to be the algebraic von Neumann entropy, such that

S(W: Aaa) = min {SEi, S}, (4.4)

,13,



where after the Page time we have?
S(W; Apaa) = Shipd = S(¥; Arur), (4.6)
for a non-vanishing island solution X. We define
AS1(¥(1)) = Sgad(t) — S(¥(t); Aaa), (4.7)

which is non-vanishing and monotonically decreasing before tp, then vanishes after ¢p:

>0, ift<t AS1 (T <0, ift<t
AS,(T(1)) neste dA5 (Y1) et (4.8)
=0, ift>tp dt =0, ift>tp
Therefore,
S(\II;ARad) = S(\I/; AjuR) — ASl(\If). (4.9)
Similarly, we define ASy(¥(t)) by
S(¥; Agn) = S(¥; Ax) — ASy (), (4.10)

which shares the same property as in (4.8). Recall that the splittable condition 2.17 and
the property of the trace in (2.19) give

~ o~ = ~ -1 g ~ ~
A@\\If pq’;AIuR ® p\II AR A7'|<I>' ® A 7|V (4 11)
i .
= hgg = —loglgg =g — b
where we define the tracial state 7 on H*¢, and A~ A2 5@ are the relative modular operator
and the relative modular Hamiltonian on Aj_g respectively. Note that AL ~ and h. ~ are

| T|¥
the relative modular operator and the relative modular Hamiltonian on Ax respectively,

due to (4.2). Similarly, we have
hapw = Wy — hrjo, (4.12)

where 7 is the tracial state on H%, and hg|y, h! v are the relative modular Hamiltonians on
ARad, A respectively. Therefore, according to the definitions (2.14) and (2.16) we have

See1 (U] ®; ArUR) — Sret(¥|®; Arad)
= (9| ¥) = (%] hare [9)
= S(Wi Apn) = S Ax) + (U| heja |0) = (B[ b |9) (413
= <xiz) (VIheieV = bz ]\Tz> — AS,(T)

= wg (VIheV - h~l5> — ASy (D)

“Naively, we expect the algebraic version of the non-vanishing island solution is

stend = AX | 6 ). (4.5)

4G
However, the fact that the algebraic von Neumann entropy is well-defined in factors of type I/II is equivalent
to saying the entropy does not diverge, while the area term on the r.h.s. usually contributes the leading
divergence. It is then expected that the algebraic von Neumann entropy should correspond to the usual von
Neumann entropy after a subtraction of the area term, i.e. S(¥; Arad) ~ S(pPrRad) — ‘j—é for the non-vanishing

island solution. See also discussions in [13, 60].
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where in the third equality we use ¥ = V¥ and (4.10). Next, we consider a variation of state
U along the direction of ¢ with an infinitesimal value e:

wg, = wgz + 6(0)@ - LU%) (4.14)

We can use such variation to represent a short period of the black hole evaporation, and we
write @, ®’ as the states at time t1, to respectively, where ¢; and ¢y are expected to be close,
see figure 3. Then the algebraic entropy difference for Ajyg is given by

S(‘il;AIUR) - S((T);AIUR) = 5(“@ - Wg)(h;@)

= wa(h;@) + 55(‘5; AuR)-

(4.15)

On the other hand, we find that wes = w,,= implies for any operator O,

Vo
we (0) = wz, (VIOV)
= |wg +elwg — wz)] (VTOV)
= wz(VIOV) + e(wz (VIOV) — wz (VIOV)) (4.16)
= we(0) + &(we(0) — we (0))
= [wo + e(wy —we)] (O)

i.e. we have
Wy = W + E(Wq; — ah:p) (4.17)
such that the algebraic entropy difference for Ag.q is given by

S(®'; ARad) — S(®; ARad) = £(wy — wa)(hr(o) (4.18)
=€ w\y(h.,.|q>> + ES((I); ARad)~
Note we also have (4.9) such that
S(®'; Apaa) — S(®; Araa) = S(®'; Arur) — S(®; Arur) + AS1(®B(t1)) — ASi(B(t2)). (4.19)
Combining it with (4.15) and (4.18), we have

& wy(hrje) + €S (®; Apaa) = € wy (h=z) +eS(B; Ajur) + AS1(D(t1)) — AS1(D(t2)), (4.20)

\<I>)

which further implies
= e wg (VIhaaV = hog) = = (S(@; Aror) — S(®; Anaa) ) + AS1(B(h)) — A1 (@(t))
= cAS1(D(t1)) + AS1(P(t1)) — AS1(D(t2)) (4.21)
where we use (4.9) in the second equality. Finally, we continue (4.13) and arrive at
Sret(¥|®; AuR) — Sret (¥|®; Arad)
= wg (VihgV - h;@) — ASy(T(t)) (4.22)

= LIASH(B(1)) — AS(B(12))] + ASH (1)) ~ AS(U(1).
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As expected, the result is a sum of different AS; o with the property (4.8) that they are
non-vanishing and monotonically decreasing before ¢p, then vanishes after tp. Monotonicity
ensures that the term with coefficient 1/¢ is non-negative (see also figure 3), and it is
comparably greater than the other terms due to € — 0. Therefore, we conclude that
Srel(\fl@; Arur) — Srel (V| P; ARaq) satisfies (3.9). Similar calculations can be performed to
show that the other half of (3.9) also holds, which completes our arguments.

5 Discussions

In the paper, we have argued an algebraic generalization of a probe for the Page transition
for von Neumann factors of type I/II:

>4, ift<tp
Srel(U|®; A1uR) — Secl(V|®; ARad) { = 8, ift = tp

<4¢, ift>tp
(5.1)
>e, ift<tp

Sret(U]®; Ax) — Srel(U]|®; Ap) { =€, ift =tp
<e ift>tp

which can also be regarded as an algebraic generalization of the island formula describing
the evaporating black hole. Similar ideas are also demonstrated in [30, 31|, where the author
have introduced a quantity called Murray von Neumann parameter to describe the algebraic
version of the Page curve for type II black holes. The author has shown that, the Page
curve describes a phase transition with the transfer of information as order parameter, which
coincides with the fact that (5.1) describes a phase transition of the exactness for channel
recovery between different regions of the black hole.

Note that for factors of type III, these are some issues regarding the definitions in
describing the Page transition. Especially, the island formulae (1.1) and (1.2) are no longer
valid due to the ill-defined von Neumann entropy in factors of type III. Technically, one
may introduces the crossed product to construct type Il factors from the original type I11
factors, see also discussions in [30, 31]. On the other hand, one main advantage of (5.1) is
exactly that the algebraic relative entropy is well-defined in a generic factor, such that (5.1)
is expected to hold in describing type III black holes. Although the direct proof of (5.1) in
type III factors is yet to be established, there are hints for the transfer of information in such
cases. For example, the authors in [32] have interpreted the Page transition as the transfer of
an emergent type III subalgebra of high complexity operators from the black hole to radiation.
We expect to investigate more formal discussions about (5.1) on these issues in the future.
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