PHYSICAL REVIEW D 112, 106007 (2025)

Butterfly effect and TT-deformation
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These notes present a comprehensive analysis of shock wave geometries in holographic settings,
focusing on TT-deformed Bafiados-Teitelboim—Zanelli black holes and their extensions. By constructing
deformed metrics and employing Kruskal coordinates, we examine out-of-time-ordered correlators as
probes of quantum chaos. We also study localized shock wave solutions and analyze their backreaction,
highlighting regimes in which the Mezei-Stanford bound on the butterfly velocity is potentially violated.
The results obtained via shock wave methods are corroborated with recent developments in pole skipping
phenomena and the entanglement wedge approach, demonstrating consistency among distinct probes of

chaos in holographic theories.

DOI: 10.1103/qq7z-vkxv

I. INTRODUCTION

The study of quantum chaos has emerged as a corner-
stone of modern theoretical physics, offering profound
insights into the dynamics of quantum systems, particularly
those governed by strong interactions. In this context, black
holes serve as natural objects for exploring quantum chaos,
as their near-horizon geometries encode the scrambling of
quantum information in dual field theories. Interestingly,
various characteristic methods of chaos diagnostics have
been proposed in the literature, such as out-of-time-ordered
correlators (OTOCs), pole skipping, and the entanglement
wedge method [1-5].

(i) The OTOCs shows an exponential behavior at
late time caused due to small perturbations at early
time. In particular, this is precisely captured by the
growth of the four point correlator over time, resulting
a characteristic exponential behavior described by the
Lyapunov exponent. In chaotic systems, OTOCs
typically exhibit exponential growth, approximated as

(V(OW(O)V()W(0)) x 1 —eel (=) (1.1)

where 4; is the Lyapunov exponent and ¢, is des-
cribed as the scrambling time, which indicates how
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quickly information spreads across the quantum
system [6,7].

In the context of AdS/CFT correspondence [8,9],
eternal black holes are dual to thermofield double
states of two coupled conformal field theories (CFTs)
providing a natural framework to investigate quantum
chaos. In this regard, the perturbations at early time
applied on one side of the thermofield double state
grow exponentially in time. In holographic settings,
the OTOC takes the form'

C(t,x) ~exp [/IL <t —t, —MH (1.2)

Up

where vp and ¢, are characteristic speed and time
scales referred to as the butterfly velocity and the
scrambling time. Here, the blueshift experienced by
infalling quanta effectively converts a small initial
perturbation into a shock wave in the bulk [3,7].
Furthermore, the authors of [33] also extended cor-
responding analysis for the dual OTOCs in local-
ized shock wave configurations where it involves
investigating a corresponding Ryu-Takayanagi (RT)
surface discussed in [34-36]. Interestingly, the
OTOCs in the bulk dual geometries depends on
chaos parameters, such as the Lyapunov exponent
and the butterfly velocity. In addition, it was
proposed that these chaos parameters follow certain
fundamental bounds. The Maldacena-Shenker-Stan-
ford (MSS) bound limits the Lyapunov exponent to

AL < 2/7” where f is the inverse temperature [37],

ISee also [10-32], for the further studies of OTOC and shock
waves in various systems.
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while the Mezei-Stanford bound restricts the but-
terfly velocity to [5,38]

d

< Sch _
VB = Vs 2(d—1)

(1.3)

for theories dual to two-derivative gravity.

(i) The chaotic nature can also be captured by the
properties of the retarded energy-density Green’s
function at the so called pole skipping points, which
are holographically related to the near horizon proper-
ties of metric perturbations in the bulk [4,39-44]. Pole
skipping occurs when lines of zeros and poles
intersect. The frequency and momentum values where
this happens are related to measures of chaos in the
following way,

A
k, =i-L.

: (1.4)

Wy = i)“L’

(iii) The entanglement wedge method, on the other hand,
offers a geometric perspective by analyzing the
minimal boundary region containing a falling par-
ticle, providing a direct measure of vy [5]. It links
quantum states on the boundary to gravitational
dynamics in the bulk, where a local perturbation,
modeled as a particle falling toward a black hole
horizon, causes information to delocalize over time.

On the other hand, the TT deformation introduces a novel,
exactly solvable irrelevant double trace deformations in
CFT, s that affects the ultraviolet behavior of the theories.
This deformation is characterized by a term proportional to
the determinant of the stress-energy tensor and governed by a
parameter y. It retains modular invariance [45-48], and also
preserves the integrability of the original theory involving
infinite set of conserved charges, which provides exact
computations of critical quantities such as the energy
spectrum, partition function, scattering S matrix, and entan-
glement and correlation properties [49—60]. In the literature,
various holographic dual avatars for the TT deformed CFTs
have been proposed, including CFT coupled to topological
gravity [46,61], noncritical string theory [62,63], AdS;
(Anti—de Sitter) gravity at a finite radial cutoff [64—67],2
the glue-on AdS holography [79,80], the mixed boundary
conditions prescription in [81], as well as the dual gravity
theory [82,83] of the random boundary geometry proposed in
[45]. In this article, we will mostly focus on the mixed
boundary conditions prescription, wherein the holographic
dual of a TT deformed CFT, corresponds to AdS; gravity
with mixed nonlinear boundary conditions at the asymptotic
boundary [81], in contrast to the usual Dirichlet boundary
conditions. This prescription is similar to the cutoff pre-
scription in [64] in a sense that imposing Dirichlet boundary

%See also, [68—78] for further investigation in this direction.

conditions at a finite radial cutoff in the bulk is effectively
equivalent to placing mixed boundary conditions at the
asymptotics, on shell [84-86]. For a pedagogical review
of the historical developments and more recent aspects of TT
deformation and holography, the readers are directed to the
reviews [87,88].

Interestingly, the nature of quantum chaos in the case of
TT deformed theories was studied in earlier literature [52]
where it was demonstrated that the OTOC in these field
theories saturate the MSS bound and exhibit exponential
structure at late times. In this work, we explore the impact
of TT deformations on holographic quantum chaos. In the
holographic context provided in [81], this deformation
corresponds to a modified bulk geometry with the
deformed field theory located at the asymptotic boundary.
This geometric reinterpretation allows one to investigate
the effects of TT deformations on the Bafiados—Teitelboim—
Zanelli (BTZ) black hole, dual to a deformed CFT, at finite
temperature. In this regard, we obtain the OTOC through
the computation of geodesic length in the nonrotating
deformed BTZ black hole geometry in Kruskal coordinates.
We follow corresponding analysis for both spherically
symmetric and localized shock wave scenarios [7,33]. In
this context, we observe a potential violation of the Mezei-
Stanford bound [5] on the butterfly velocity. In undeformed
holographic theories, this bound ensures that chaos spreads
at a speed consistent with causality in the bulk. However,
the TT deformation introduces nonlocal effects that may
challenge these expectations, particularly for negative
values of the deformation parameter. To probe this, we
derive the butterfly velocity using three independent
methods: the shock wave approach, pole skipping phe-
nomena, and the entanglement wedge method. For rotating
BTZ black holes, we extend our analysis to account for the
conserved angular momentum. Here, we focus primarily on
pole skipping and shock wave methods. The rotating case
allows one to explore how the chemical potential for
angular momentum modifies chaos parameters, particularly
in near extremal limits where the inner and outer horizons
coincide. We observe that the Lyapunov exponent consis-
tently saturates the MSS bound across deformed and
undeformed scenarios. In contrast, the butterfly velocity
exhibits striking behavior: for negative deformation param-
eters, it can exceed the Mezei-Stanford bound, while near
the Hagedorn bound it approaches zero.

In what follows, we outline the structure of our paper. In
Sec. II, we present a detailed review of the construction of
TT deformed BTZ black holes and the derivation of the
deformed metric in Kruskal coordinates. Sec. III is devoted
to the derivation of shock wave solutions in these deformed
nonrotating BTZ geometries. We explicitly compute the
blueshift factors and analyze OTOCS in the corresponding
geometry. In Sec. IV, we carry out a detailed computation
of OTOC in the deformed rotating BTZ background,
extracting the modified Lyapunov exponent and butterfly
velocity. Finally, in Sec. VI, we discuss our results for
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holographic OTOCs, pole skipping, and the dynamics of
quantum information scrambling. We conclude with a
summary of our findings and a discussion of possible
future directions.

II. A BRIEF REVIEW ON TT DEFORMATION
AND HOLOGRAPHY

The TT deformation is a universal irrelevant deformation
of a two-dimensional quantum field theory, generated by
the determinant of the instantaneous stress tensor, and is
governed by the flow equation [49,50,64,81],

1 |
0S¥ = _z/ /P TT = THH, (2.1)

where the superscript [¢] denotes that the quantities
correspond to the deformed theory and y,;, describes the
boundary metric. The stress tensor is, by definition, the

response of S¥ to arbitrary variations in the background

metric,
1
54 =3 [ /Ty,

As described in [81], taking a variation of the defining
relation (2.1) with respect to the background metric, one
obtains after some simple algebra

(2.2)

aﬂ Tglll = _Tl[ﬁ] T[ﬂ]bc s

/47[:11 _2T¢[:ll]w (2.3)
where T, = T, — 7, T is the trace reversed stress tensor.

These equations are easily solved in terms of the unde-

formed metric and stress tensors (yg),l, o ]) as follows [81]

M =0 — 2 4 2Ty Ol

T[ﬂ] T[ | _ ,uT[O] T[O]},[O cd (24)
Note that the above solutions are exact in the deformation
parameter, and not perturbative.

Holography: In order to obtain the deformed dictionary,
we begin with the Fefferman-Graham radial gauge (g,, = 0)

dp? 1
2= 2L+ g, ga =gl + 9l + poly
p p
(2.5)

In the case of pure gravity, the undeformed dictionary is given
as follows [89]

[ )

0 ~ [0 9 1 @) 0ea ©
=l = saGurtt oY =Ll

=2 Gar 9 Gap
(2.6)

One may now easily find the following nonlinear and
rather mixed boundary conditions (involving both ¢(®
and ¢® as compared to only ¢© in the case with
Dirichlet boundary conditions) for the TT-deformed
theory

W_ 0 _ K@ K\ @) _
Yab = 9ab = 4nGraz I + (MGN f) 9oy = PeYab(Pe)s

(2.7)

]

where p, = and hence y,, may be identified as

/]
T 472Gyt
the induced metric on the p = p, slice, in accordance
with the cutoff prescription in [64].

A. The deformed spacetime: Flat background

Finding the most general solution for the bulk metric
compatible with the holographic Ward identities [89] as
well as the nonlinear mixed boundary conditions in
Egs. (2.4) and (2.7) is, in general, a complicated issue.
However, for a deformed theory on flat background, it is
particularly simple as ¢(® and y are diffeomorphic to
one another [81]. In this case, the most general deformed
bulk metric may be obtained by applying a two-dimen-
sional coordinate transformation to the generic bulk
metric with a flat background (¢© =), namely the
Banados metric [90]

dp?  dwdw 3\ -
ds? = 2 1 +——+ L, (w)dw? + L, (w)dw?

+ pL, (W)L, (W)dwdw, (2.8)

where (w,w) denotes the boundary coordinates of the
auxiliary flat background discussed above. Therefore, the
deformed dictionary (2.7) yields

yhdxtdx = (dw + poL, (#)dw) (& + p. L
=dzdz,

(w)dw)
(2.9)
where, (Z,Z) are the coordinates that describe the

deformed CFT. The two sets of coordinates are related
through the following state-dependent coordinate trans-

formations®
Z:w+pc/wiﬂ(w)dw / L,(

(2.10)

3The functions £ " E_ﬂ are related to the stress tensor expectation
values on the auxiliary flat boundary, which renders the coordinate
transformation (2.10) dynamical. See, for example, [45].
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The Fefferman-Graham expansion of the deformed metric
may then be obtained by acting on with the inverse
coordinate transformations

GX) T —pz.c,,twm,,(vv) (—pcclm _pc?m>

(42)
X = k)
dz
on each of the metric coefficients of the auxiliary
Banados geometry (2.8).

(2.11)

III. DEFORMED BTZ BLACK HOLE

A typical example of the deformed spacetime is given
by the nonrotating BTZ black hole dual to a TT-deformed
CFT, at finite temperature, for which £, = Zﬂ = const.
Utilizing the inverse transformations (2.11) and sub-
sequently making the coordinate transformations [81,91]

1+ L _

r=— 2 z_xyt Z=x-1 (3.)
N/
one obtains®
dr? dr?

2=_(rr-4L
¢ ==(r=4L)g YL TP,

L2 dx?

(1 _2/“5;1)2

X ~x+2m (3.2)

The event horizon is located at r = 2,/ £M and the inverse
temperature is given by

B=—e(l +2uL,).

N

Note that § has to be identified with the temperature of
the deformed CFT, and hence the parameter £, should be
understood as a function of u according to the above
expression.

Kruskal extension: Under the coordinate transformations

_1:\;"_51 <—E>, (3.4)

the deformed BTZ black hole metric may be rewritten in
the Kruskal form

(3.3)

1 —uv
r=2 ‘C”H——I/M}’

“In this article, we set AdS length scale to unity # = 1 and
rescale the deformation parameter as y —

u
8zGy*

ds? = —

4 1— 2 2
dudv 4 ”< zw) : dx (3.5)

(14 uv)? L+uv) (1-2uL,)*

Note that the Kruskal coordinates (u, v, x) smoothly cover
the maximally extended black hole spacetime, dual to the
thermofield double state in the deformed CFT, [92]. The
boundaries are at uv = —1, while the event horizons and
the future and past singularities are given, respectively, by
uv =0 and uv = 1. The inverse coordinate transforma-
tions may also be obtained for the left and right geometries,
respectively, as follows

left) u = e T —_
(left) r—|—2w/[,ﬂ
b= —ethitt [T 2V En
r+2./L,
r—2./L

(right) u=—e ”Mﬂ

r+2\/7

r—2\/7
r—|—2\/_ﬂ

Embedding in R??: The deformed geometry is still
asymptotically AdS; (maximally symmetric) and therefore
can be embedded in R?>? with a quadratic constraint as
follows

v = el+2}l£ﬂ

(3.6)

ds® = nupdXAdXE, X2 =mupX*Xt = -1, (3.7)

where the standard metric on R>? is given by 5 =
diag(—1,—1,1,1). For example, an embedding ansatz is
given by [7],

B r? 1sinh 2\/L,t
“\ag,” Mg, )

1-— 2\/L,x 2./L,x
X, = uvcos( > d COSh<7ﬂ>,

14+uv 1-2ul,

X_v—u_ r? ) h2£ﬂt
ST 14w 4L, cos 1+2ul,)’

1- 2./L 2,/L
Xy= lwsinh A I sinh ad .
14+uv 1-2ul, 2\/L, 1-2ul,

v+u

X1:
14+ uv

The geodesic length between two arbitrary bulk points
XA = (u,v,x) and X* = («/,7',x') may be computed in
the embedding coordinates, as
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d(X,X') = arccosh(—X - X")

2(uv’ 4+ vu') + (1 = uv)(1 — u'v') cosh [42\{5_5;2_)6/)]

= arccosh

where the
metric 7,p.

dot product is taken with respect to the

A. Spherically symmetric shock wave

In this subsection, following [7], we perturb the dual
thermofield double state (TFD) by adding a few quantas at
the left boundary and analyze the effects of the gravitational
shock wave in the deformed bulk geometry. Our goal is to
study the OTOC in the TFD state,

(W(ty, x2)V (11, x1)W(t2, x2)V (81, X1)) s (3.10)

where t, — t; > f. In the Kruskal coordinates, the OTOC
may be interpreted as a gravitational scattering problem
between the W and V particles, whose dual operators are
inserted in the boundary state [3,7].

Now, we mildly perturb the deformed black hole
spacetime by adding a few particles at the left boundary,
and let them fall into the black hole as depicted in Fig. 1. As
customary, we shall designate these particles by W.
Although the particles have a very small energy that does
not seem to perturb the background geometry significantly,
one should note the following:

Fact: If a particle released from the boundary r — oo at
an early time fy is moving along a null trajectory with
proper energy E, then the energy E, measured on the time
slice t = 0 is given by

E
vV 900 |z:o .

For the deformed BTZ black hole (3.2), the null trajectories
may be found by defining the tortoise coordinate’ as
follows

E, = (3.11)

dr
dr*:(1—|—2,u[,’u)m:>r*
2ul,) -2/L
_ 2l ( ) (3.13)
4,/L, r+2./L,

Therefore, the null trajectories are given by

°In terms of the tortoise coordinate, the Kruskal coordinates
may be rewritten in the familiar form,

2T 2/Lu

“TRaL, (t=r4) v = ek

t+r
u=—e , (thre),

(3.12)

(1 4+uv)(1+ ') ’ (39)
|
dr? dr?
(P-4 —0,
(r E)( 1+2ul,)? +r —4L,
=>/dt / dr, = t =ty +r,. (3.14)

Hence, the blue-shifted energy at the time slice t =0 is
given by

y = Lt 2uLy E~E(1+2”E“)e%’w. (3.15)
r2 _4£/4|l‘:0 2 V ﬁﬂ
From the above expression it is clear that, if 7y is

sufficiently large, we must include the effects of back-
reaction of this energy. Similar to the undeformed case
described in [7], we construct the geometry by gluing a
deformed BTZ metric of mass M to that of mass M + E
across the null surface

Lu
[W
MW —=e¢ 1+214Cﬂ

(3.16)
where E < M is the asymptotic energy of the perturbation.
We will use coordinates (u, v) to the right of the shell and
(&, D) to the left as depicted in Fig. 1. It is straightforward to
verify that the horizon radii scales as

- E+M
L, ==Ly

(3.17)

Similar to the undeformed case [7], we will use the
matching conditions
(1) The time coordinate ¢ flows continuously across
the shell.

FIG. 1. (Left panel) Insertion of a few particles from the left
boundary leads to a gravitational shock wave in the bulk
geometry. (Right panel) The Penrose diagram after the shock
wave insertion, depicted by the double line. The dashed v = 0
and ¥ = 0 horizons miss by an amount a.
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(2) The radius of the S' is continuous across the shell.
The first condition determines the location of the shell in
terms of the hatted coordinates as

24/ 2y

dy = e_1+2;4Z,,fW

(3.18)

whereas the second condition implies the following relation

\/T,, 1 —uyv

1= 2ul, V+ayh  T=2uL, 1 +uyo’

(3.19)

For small £, the above relation may be solved straightfor-
wardly to obtain

Y E 1+2uL, ﬁ‘ﬁ;fw‘
AM 1 —-2uLl

(3.20)
U

This matching condition is exact in the limit % — 0 and
ty — oo with a fixed. Furthermore, in this limit, we have
L, = L, and hence the bulk metric may be written as

B —4dudv 1 —u(v+aB(u))|?
ds* = 5 a(o @@~ 5 T u(o + a®(u))
dx?

In terms of the discontinuous coordinates it = u, v = v +
a®(u), the metric takes a more standard shock wave form

o, —4diadd + 4ad(i)di?

ds? =
g (14 av)?
l—av\2  dx?
4L . (322
* ”<1+ﬁ17> (1=2uL,)? (322)

It is straightforward to check that Einstein equations imply
a stress tensor

2/L,(x = xp) r’—4L,

FIG. 2. Computing the geodesic distance between two points
(xg, 1) and (xg, tg) on the left and right asymptotic boundaries in
the shock wave geometry.

. (04
472Gy

Ty, 5(u), (3.23)

corresponding to a shell of null particles symmetrically
distributed on the horizon.

1. Geodesics and shock wave effects: OTOC

Consider a geodesic connecting a point at Killing time #;,
on the left boundary with a point at Killing time 7 on the right
boundary. We will take both points to be located at the same
value of x = x(. As depicted in Fig. 2, such a geodesic is
made up of two geodesic segments on the left and right of the
shock wave, respectively, which are joined smoothly at the
horizon u = 0. In Fig. 2, d; corresponds to the length
between the boundary point (u%,, v%, x,) (the subscript co
is used to denote the boundary point) and an arbitrary point
(0,v+ a,x) on the horizon. Similarly, d, denotes the
geodesic length between (0, v,x) and (uX, vX, x,) on the
right Kruskal geometry. Using the geodesic distance for-

mula (3.9) in embedding coordinates, we may now obtain

2V

d; = arccosh

where we have used the fact that, on the left geometry

A/ r2 - 4£/4 2\/C—ﬂ)‘L
u; = e Ly ,
r+2./L,

In a similar manner,

d, = arccosh

2 ﬁﬂ(x—xo) r2 _4£;¢

(v+a)e ¥ |,

(3.24)

N/

\[ P —AL, 2yEn
— e 1+2uLy, A

=T T,

2V/Eytr

— ve 1+2uLy,

(3.25)
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For large r = r,, from Eq. (3.6) we may obtain the total length of the two segments as

2 2./L — 2Ly 2. /L — 2Ly
d = log {%o (cosh—”(x *0) + (v +a)e '*Mﬂ> <cosh—”(x %) _ ve ‘+M»)].

" 1=2ul,

Now extremizing the total length over the arbitrary parameters (x, v), we obtain

X = Xp,

leading to the minimal geodesic distance

B
Y73

dyyin = 2l0g [ T (cosh ]

N

2re,.

where we have used the cutoff ¢, = 1/r,, for large r. The
first term in the parenthesis is the usual Hartman-Malda-
cena contribution [93], whereas the second term propor-
tional to a corresponds to the effect of the shock wave. Note
that for large ¢#;, tz the effect of the shock wave on the
geodesic distance becomes negligible as in the undeformed
case.

2. 0o10C

In the geodesic approximation, the OTOC may be
obtained as the two point function of the (quasiprimary)
fields V; and Vj in the left and right CFTs respectively,
computed in the perturbed geometry where a W operator
creates a few particles at far past t,y. Assuming that the
saddle point approximation still holds for the gravitational
path integral, we may obtain this correlation function in the
geodesic approximation in terms of a particle of mass m
following a geodesic trajectory in the bulk [7],

(W(tw)VL(0)VR(0)W(ty))

= (W(tw)|V VeW(ty)) = e, (3.29)

For t; = tr = 0, we have the following estimate for the
OTOC:

2my

<VLVR>W ~ 1 , (330)

(WW)(V, V)

2/Lyu
1 + L ]+2ﬂ’cﬂ el+2y[iﬂlw

8M 1-24L,

which enables us to identify the Lyapunov exponent as [cf.
Eq. (3.3)]

2L

A = ==, 3.31
P 1w, p (3:31)

[ﬂ+\/ﬁ2—72u

3.26
1-2ul, (3-26)
2\/L_”IL Zer
—e T | TVl — a) , (327)
VLt — 1g) " ge—%mw)
+2uLl, 2
tr —1 x(ty +1R)

<coshﬂ( Lﬁ ) +ge_ T ﬂ (3.28)

Therefore, we may conclude that the MSS bound [37] is
saturated even for the deformed CFT,.

B. Localized shock

For a more realistic scenario, in this section, we consider
alocalized shock wave introduced in [94,95].6 In particular,
the authors of [94] considered spherical shock wave
generated by a massless particle, moving along the horizon
of a Schwarzschild black hole. This shock wave is localized
on the null hypersurface at the horizon (¥ = 0), causing a
coordinate shift in the null coordinate v. The metric of a
generic two-sided static black hole in null coordinates is
given by,

ds* = 2A(u, v)dudv + B(u, v)dx>. (3.32)

In the present scenario, from Eq. (3.5), we may identify
-2 4L 1—uv)?2
—, B(u,v)= £ .
(.v) =7 ZouL,)? (1 ¥ uv>
(3.33)

The (unperturbed) background obeys the Einstein equa-
tions

1
Ry == guR + Agy = k6T, kg =87Gy, (3.34)

2

where the matter stress tensor may be obtained as follows

Tpverdxtdy? = T, du?® + 2T, dudv + T, dv* + T, dx?.
(3.35)

®For further studies in similar geometries, see also [96-99].
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FIG. 3.

Localized shock.

The components of the matter stress tensor may be obtained
from the Einstein equations, in terms of the functions A, B
as follows

A(0,B)? + 2B(0,A0,B — Ad’B)

KT = 4AB? :
- A(0,B)* + 2B(0,Ad,B — Ad>B)
Kl yy = s
4AB?
2Bd,d,B — d,Bo,B
KGTM,U — u“-wv u v —A,

4B?

B
k6T = 53 (40,0,A — 0,40, — A7). (3.36)

In the following, we will investigate the effects of inserting
a shock wave in the background (3.32) and subsequently
compute the OTOC in geodesic approximation.

1. Backreaction due to shock wave

We consider the shock wave with stress-energy tensor

Tshock — 6% 5(u)5(x), (3.37)
localized on the horizon u =0 at x = 0. Here, E; is a
constant related to the asymptotic energy of the shock wave

and e7' represents the blue-shift factor. Upon introduction
of the shock, the metric in the red region in Fig. 3 will
change. The shock wave geometry is characterized by the
shift [94,95,97]

u—u,

v— v+ 0O(u)a(t, x),

du — du, dv - dv + a(t, x)6(u)du.

(3.38)

As earlier, we may redefine the Kruskal coordinates
as [7,33]

]
I
N

. 7=v+0O(u)al(t, x), X=x.

(3.39)

In terms of the new coordinates, the shock wave metric
looks like

ds? = 2A(ii, v)did s + B(it, b)dx? — 2A (i, ) a(%)5(i)di>.

(3.40)
The backreacted Einstein equations take the form
1
R, — = 9uR + Mgy, = k(T 4 Tiiek), (3.41)

2

where the matter part takes the following form in the barred
coordinates [cf. Eq. (3.35)]
T}%anerdxﬂdxy = (TIZI; + (X([, )C)zé(u)sz;

—2a(t, x)6(u)T; ;)dit?

+ T d9? + T di2. (3.42)

To keep track of the order of perturbation we multiply the

source and the effect of geometric shift with a constant

book keeping parameter o,
T:,},}OCk - O'TZ}},OCk, a — oa.

Then the ¥ ¥ component of the Einstein equations at the

linear order in o gives the following differential equation

a a ,B B 27t

or, (02— M(u,v)?)a(x) = —eFs(x),  (3.43)
where, we have defined
0,0,B B A
) = L 1V1] iem—
Mluv) =754 T 0g<8ﬂGNEOB>
(3.44)

Our job is to solve the above equation near the horizon
u = 0, whence, using Eq. (3.33),

_0,0,B  4x’
24 |, S8

A Ot i)
* =22 ®\162GyE, )

M2

(3.45)

The homogeneous equation has the following solution:

for x < 0,

Cy eMx cze‘Mx
a(x) = e

czeM* 4 cue” for x > 0.

The delta function contributes to the first order disconti-
nuity,
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@(€) — ' (—€) = —eh ™), (3.46)

where € — 0 is a small parameter. These conditions lead to

ez/_;[(t_l*) .

1
i =Cy—Cr = —— 3.47
=003 =0 —0C M ( )
We may choose ¢, = c3 =0 [100], to obtain the final
profile of the shock wave as

1 2—;”(1—&—%)()

a(x) = ——e? .

Y (3.48)

Upon determining the shock wave profile, a straightfor-
ward analysis of a geodesic connecting two points on the
left and right asymptotic boundaries of the shock wave
geometry will lead to the OTOC,

1

2

1+ ke

<VLVR>W
(WW)(V Vi)~

2my
U )‘| , (3.49)

B/
(11, ~B2x

Therefore, the Lyapunov exponent and the butterfly veloc-
ity may be read off as follows

lez—” 2717_

g T pM

87°
- ﬁ—zﬂ (3.50)
It is easy to see that although for u > 0, the Mezei-Stanford
bound (1.3) is satisfied, we see a clear violation of the
bound for negative values of the deformation parameter [cf.
Fig. 4], which allows for superluminal propagation of chaos
in TT deformed theories. This result, although seemingly
violating causality, is not very surprising. As discussed in
[45,64], the signal propagation speed in TT deformed
theories can become superluminal for’ u < 0, due to the
repulsive nature of the particle interactions. This may also
be understood as the TT deformation effectively placing the
CFT on a curved manifold (cf. Sec. V and Appendix A 2),
whose causal structure provides the notion of a rescaled
butterfly velocity [64]. In fact, the bound vz < 1 obtained
in [101] for asymptotically AdS spacetimes obeying the
null energy condition has been shown to be violated for
nonlocal boundary theories [102,103] as well as anisotropic
states [104,105]. Further supporting evidences of super-
luminal butterfly velocity may be found in [17,18,24]
where the authors considered the OTOC in driven and
quenched CFTs.

Interestingly, near the critical value of i originating from
the reality of the ground state energy, namely the Hagedorn
bound [50,64,106]

"Note the difference in the convention regarding the signature
of u in [45,64] as compared to ours.

vB

0.8

06

04

021

. . . i
-1.0 -05 0.5 1.0 H

FIG. 4. Variation of the butterfly velocity with respect to the
deformation parameter y in the deformed BTZ black hole
geometry. For u < 0, the butterfly velocity violated the bound
derived in [5].

2

<U,=—, 3.51

o< =g (3.51)
the butterfly velocity approaches zero, indicating hindered
spread of chaos in TT-deformed theories. This phenomena,
perhaps, also has its origin in the nonlocal nature of such

theories [64].

C. Pole skipping

In this section, we wish to analyze the retarded energy
density Green’s function G’;ooroo(a), k) holographically,
utilizing the techniques developed in [39,40]. This corre-
lation function may be analyzed by perturbing the gravi-
tational background and imposing ingoing boundary
conditions near the horizon. It is customary to utilize the

ingoing Eddington-Finkelstein coordinates

v=t+4re  dr,=(1424L,) (3.52)

r
rr— 4L, '
From Eq. (3.13), we may therefore obtain

—— +2”E”log<r+zv ﬁ”) (3.53)
4,/L, r=2./L, '

and subsequently the metric (3.2) may be written in the
ingoing Eddington—-Finkelstein (EF) gauge as follows

dv? 2drd
ds? = =(2 —4L) —— - — "%
(142ul,)* 1+4+2uL,
dx?
+r—. 3.54
" 1—2uL,) (3:54)
The action for 3d Finstein gravity is
1
SEn = d*x/=g(R = 2A), 3.55
o= Tange | SVR=20), (355)
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and the equations of motion following from the above
action are given by (recall that A is related to the AdS radius

asA:—#andwesetf:I)

1
E, =R, - EQWR — 9w =0. (3.56)
It is straightforward to verify that (3.54) satisfies (3.56).

To obtain the energy density Green’s function in the
momentum space, we now perturb the background metric
by putting perturbations on the longitudinal modes or the
sound modes. In particular, we choose the ansatz [39]

G = G + My = G + 89, (r)e” @k (3.57)

where g,, satisfies the vacuum Einstein’s equations.
Plugging the above ansatz into (3.56), we may obtain
the field equations for A, as follows [107]

1 1 1
VIV =5 ViV =5 0 V7V

/1_5 p pw_a uVuv

E, = V'V,

1%

hy,)

u

1
+ ngvah +2h,, — hg,, =0, (3.58)
where h = ¢*“h,,,. The above equation can also be obtained

from the second order expansion of the Einstein-Hilbert
action around the background (3.54) [107],

_ 1 3, /= wo_ 12 _1 1z
S = T6iGa / d x,/—g[zh,wh 2 == (V) (V)
1
+ z (Vph/w)(vph””) + (vﬂh)<vvhﬂy)

— (V,h

B W,)(Vf’h””)] . (3.59)

The sound modes are given by

0> 0Gsxs 6Gsrs Oy s OGrr Oy~

Imposing radial gauge condition 6g,, = 0 and from the
traceless condition ¢“6g,, = 0, the nonredundant modes
are only

0Grrs 09y~

Furthermore, the perturbed equations should be regular at
the horizon in the ingoing EF coordinates. Therefore, we
expand the modes near the horizon as follows

89, (r) = 89 + (r=24/L,)3g%) + - (3.60)
As described in [39], the near horizon expansion of the
linearized Finstein’s equation JE,,, = 0 becomes degener-
ate at the special points (1.4), admitting an extra ingoing

mode and causing coincident zeros and poles in the
retarded Green’s function of the energy-density correlator
[39]. This links the chaos parameters, the Lyapunov
exponent A; and butterfly velocity vp, directly to the
analytic structure of thermal two-point functions, a feature
verified in both anisotropic plasma models [41] and
massive gravity backgrounds [108]. Thus, the Einstein
equation, and its generalizations to other bulk fields,
provides a universal gravitational origin for quantum chaos
in holography. We may expand the Einstein’s equations
near the horizon using Eq. (3.60) for the perturbed sound
modes Eq. (3.57). Expanding the linearized FEinstein
equation 0E.,,, = 0 near the horizon, we find the constraint
relation

2K(1 =20, (2L, = 20y /L, + @) 54
+ (14 2uL,) (k2(1 —2uL,)?

—2i\/L,m(1 + 2;;5,,))595,‘2 = 0. (3.61)

Equating the coefficients of d¢,, and dg,, separately to
zero, we may obtain the pole skipping points as follows

(w*’k*)—(' 2VE i 2\/Z;>

TrouL, ' T=2uL,

2 21 )
=li—, i ——————|. (3.62)
< P /P —8a%u
Therefore, from Eq. (1.4) we obtain the same values for the

Lyapunov exponent and the butterfly velocity, as computed
from the shock wave method and OTOC.

D. Entanglement wedge method

In this section, we aim to find the butterfly velocity
utilizing the entanglement wedge method [5]. We are
required to calculate the size of the smallest boundary
region for which the falling particle is contained in the
entanglement wedge as depicted in Fig. 5. At late times, the
RT surface approaches the near-horizon region and exhibits
a characteristic profile, which propagates outward at a
constant velocity. As described in [34,35], the holographic
entanglement entropy can be obtained in terms of the area
of the minimal codimension-two surface (dubbed the RT
surface) homologous to the subsystem under consideration.
This RT surface is determined by extremizing the area
functional

A=2x / d1y. /7. (3.63)
r

where y is the determinant of the induced metric on a
codimension-two hypersurface I" described by the coor-
dinates y. For a constant time slice of the deformed BTZ
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Horizon Horizon
@
i
Boundary Boundary
FIG. 5. Falling particle being enclosed in the entanglement

wedge of a boundary region that grows with the butterfly velocity.

black hole background in Eq. (3.2), the induced metric on I
is given by
7(x)? 1
dx?,
2(x) |1 —4L,z(x)? * (1-2uL,)?
(3.64)

7abdxudxb =

where we have parametrized I as z = z(x) with z = % The
equation of the RT surface is given by the Euler-Lagranges
equation for the area functional (3.63),

2(x)(4L,z(x)* = 1)2"(x) + (1 = 8L,2(x)?)2'(x)?
(1—4L,2(x)2)?

1
~ T T (3.65)

As we work in the near horizon region, we will make the
following ansatz for the RT profile [5,109],

(3.66)

where € is a small parameter and s(x) quantifies the
closeness of the RT surface and the horizon. We may
Taylor expand the equation of motion around € = 0, to
obtain the following differential equation for the RT profile8

4L 2T
“ )zs(x) =0= s(x) = e,

S”(.X) —(1_7 (368)

Atany point of time, we demand that the tip of the RT surface
intersects the particle, which is enforced by setting [5]

s(x=0,1) ~ e

(3.69)

SAlternatively, we may also Taylor expand the induced metric
y near the horizon to obtain

AL,
(1 - 2.“'6;4)2

+ 46\/£j<(ljzi"£ﬂ)2 s(x)? + s’(x)z)} . (3.67)

Taking the variation of the determinant /7, we obtain the same
differential equation (3.68) for the RT profile s(x).

Yapdx? dx = |:

Using Egs. (3.68) and (3.69), the time dependent RT profile
for the boundary region is given by

2V om
s(x, 1) ~ e ¥

(3.70)

Atany given time ¢, there is some size of the boundary region
x = x, = Dpt such that s(x,,7) ~O(1). This gives the
minimal size of the boundary region, which propagates
outward with a characteristic velocity

B 2m1 =2uL, 87%u
=" = - 3.71
Up ,B 7 /_»CM ,52 ( )

which clearly aligns with our result for the butterfly velocity
in (3.50). Therefore, the entanglement wedge method also
corroborates our finding related to the violation of the
Mezei-Stanford bound for y < 0.

IV. ROTATING BTZ

Having established the robustness of the three methods
in characterizing chaos properties, namely the shock wave
method, pole skipping, and the entanglement wedge
method, for the TT deformed nonrotating BTZ black hole,
we now address the issue of characterizing chaos properties
of the deformed rotating black holes. As discussed earlier,
the entanglement wedge method is only reliable for static
geometries in the bulk, it is not suitable for the rotating case
and we restrict our attention to the shock wave analysis and
the pole skipping phenomena.

A. Pole skipping

As we have already seen, the shock wave and OTOC
calculations lead to same characteristics of chaos,9 in this
section we will restrict ourselves to the investigation of the
pole skipping phenomena in the rotating black hole case. In
the Fefferman-Graham gauge, the deformed rotating black
hole spacetime is given by [81]

N 1+ 4,u2£”5” +p£,,2” (p+8u+ 4;¢2£ﬂ2ﬂp)
,0(1 _4ﬂ2£ﬂzﬂ)2
(p+2u)(1 +2uL,L,p)
/)(1 _4ﬂ2£ﬂ2u)2

dzdz

(£,dZ%+ L,dZ?). (4.1)

Note that in the rotating case, there are various subtleties
related to the wrong choice of affine parametrization and null
coordinates due to the presence of an angular momentum of the
rotating shock wave, which makes the Kruskal extension subtle
and correspondingly the shock wave calculations are cumber-
some. See for example, [16,110,111]. In this article, we refrain
from considering rotating shock waves.
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Defining the new variables
1 - - -
rP=—-+L,+L,+pL,L,, Z=x+t Z=x-1, (4.2)
p

the above metric may be recast in the following form [91]

r? (rodt —r_dx)? (rodx —r_dr)?
ds? = GRS dr? = (r* = ri)—; 5 (- r%)ﬁ, (4.3)
+ - rh(1+7h/‘) rh(l_ih/“‘)
where we have used the notations
1 2 7 1 2 2 2 2
E,,Zz(r+—r_), Eﬂ:Z(“r""’—)’ Fp="ry — 1= (4.4)

This geometry is dual to a TT-deformed CFT, at a finite temperature #~' and chemical potential for angular momentum Q
given by [91]

L,— /L
1+ 2ur/L,L,). Q:@. (4.5)
VE+ VL

For the near horizon analysis, it is convenient to use the comoving coordinates (r, 1, ¢) where

ﬁ:z L+;(
\VE G

p=x-"r=x—0qu (4.6)
ry
in which the metric reads
2 2_ 2 2 2 2 42
ds? = " dr? — (7 —r3) Thgr - redg | +(rP=r2) BLE . A ¢, . (4.7)
(r*=r2)(r*=r2) 2 o2 \r 2 2o\2
+ - rp(L+3p)” \'+ ri(1=34)

In these coordinates, the angular speed vanishes at the horizon Qy = 0. These two theories are related by the boost
transformation (4.6). The momentum variables in the comoving and Schwarzschild coordinates are related by [107]

Wsep = Wy + chmv kSch = kcm- (48)

In order to analyze ingoing boundary conditions near the horizon, it is customary to use the ingoing Eddington-Finkelstein
coordinates. The ingoing EF time v can be obtained from the comoving metric as

(24 Ap)

V =1+ 1y, dr* :2rh rz_rz(rz_r2+>’ (49)
where the tortoise coordinate is given by
. :r+(1+%/«t)log Vrr-rt-r, (4.10)
* 2r; Vrr=rr+r,

Therefore, the deformed metric in the ingoing EF coordinates can be written as
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2 _ 22 dvd _ dvd
ds? = — =0 rjzr’gd P2 (2 - 2~
T A O
2 drde 4(=8r2rip+r’(4 + j(r}z—i— r2)u+ riu?)) g, @11
i r2—r3(1+%ﬂ) (4 —rpp?)

To proceed, we assume that the angular coordinate ¢ is noncompact, namely, we are working in the high temperature limit. We
now allow for the perturbations on the longitudinal modes, as in Eq. (3.57) and expand the fields near the (outer) horizon'’

8 = > og) (r=r.)". (4.12)
n=0

Then the vv component of the Einstein’s equations, in the leading order about the (outer) horizon, results in the following
constraint equation

P (—k(2 = ) (=k(ur} + 2) + 4ir_) = 2ir o(u(r- = r )2 +2) (u(r- + r,)* +2))56%
+2k(2 = Pu)(wr, (24 ) = 2ir2)sg%) = 0. (4.13)

Setting the coefficients of d¢.,,, 0g.~, to zero separately, we obtain the pole skipping points as follows

(@4 ki) = ( 2iry, 20 £r )@+ (e F r_)zu))’

re(2+rm)’ 4=y
i | 2z 1
LR L O : (4.14)
p Bl | s
B.b-

where in the second equality, we have used Eqgs. (4.4) and (4.5) to express the horizon radii in terms of the field theoretic
parameters /3, Q. It should be emphasized that the other components of the Einstein’s equations are regular at these points. From
the above expression, using Eq. (1.4), we may infer the chaos parameters as follows

2 B 1-Q2
T+

|82y
PP

(4.15)

Therefore, in the comoving coordinates, the Lyapunov exponent saturates the MSS bound. We plot the butterfly velocities in
Fig. 6. Interestingly, the butterfly velocity in the comoving coordinates seem to vanish at some particular value of y,

ﬁz(l - Qz) :ﬁ+/77—

82 T 8x

HMHagedom — (4 16)

However, this value corresponds to the spinning analog of the Hagedorn bound [64,91], where the TT deformed energy levels

2
become complex and hence do not correspond to a physically relevant situation. Note that, as Q — 0, we find vy = /1 — 8;—2"

thereby reproducing the nonrotating result (3.50). Furthermore, as u — 0, we reproduce the undeformed results obtained
in [112]

Ay == vp=1+Q. (4.17)

""Note that, remarkably the Einstein’s equations are regular at the inner horizon.
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FIG. 6. Variation of the butterfly velocity with respect to u in
the comoving coordinates.

In the Schwarzschild coordinates, the transformed
frequencies are obtained from Eq. (4.8)

2z Q
(@4 ky) = A S — |
ﬂ(l -Q ) 1= 287: ;42
(-7
2z 1
+— o+ . (4.18)
ﬂ(l -Q ) 1— 87y
B

from which we may read off the chaos parameters as
follows

2 Q
ﬁf: - |1 F ’
B(1-Q2) | sou
BB-
Q+ . /1-%¢
vh=— VP (4.19)
14+Q,/1—3zx
BB

Hence, similar to the undeformed case, we find two
Lyapunov exponents corresponding to the left and right
moving modes in the dual CFT, with TT deformation. In
Fig. 7, we have plotted the two Lyapunov exponents and

AL

\(\w..

‘ ‘
\ 0.2 0.4 K

FIG. 7.

butterfly velocities with respect to the deformation param-
eter ;. Note that, once again, if we switch off the rotation of
the black hole, the chaos parameters reduce to our earlier
findings in (3.50).

We find that A7 always seems to violate the chaos bound,
similar to the undeformed case and it is necessary to take
into account the periodicity of the ¢ coordinate to get rid
of this pathology, as described in [113]. However, in the
high temperature limit, A; does serve as the upper limit of
the instantaneous Lyapunov exponent, which may be
interpreted as the effective Lyapunov exponent correspond-
ing to the right movers who find themselves immersed in a
thermal ensemble at inverse temperature f_. Interestingly,
in the deformed case, we find that at some particular
negative value of u, given as

ﬂ2(1 _ QZ)Z
81202

_BR
22 (B = o)

M= (4.20)

even /1{ starts to violate the chaos bound. However, as
argued in [91,114], at this value of u the TT-deformed
theory is not well defined. For example, the spacelike RT
surface computing the entanglement entropy of a spatial
subsystem in the field theory becomes null at this limit and
correspondingly the entanglement entropy is IR divergent.
Hence p; serves as a lower bound to the deformation
parameter, and correspondingly there is no violation of the
MSS bound from the left moving modes. Furthermore, at
the Hagedorn temperature (4.16), both 17 diverge indicat-
ing breakdown of the TT deformed theory. Interestingly, in
this limit, the butterfly velocities remains finite, and is equal
to the angular speed of the black hole v (Uagedom) = -
This conforms with our earlier findings in the case of
nonrotating black holes. Remarkably, in the range

w <pu <0, (4.21)
the butterfly velocity v; exceeds the Mezei-Stanford
bound. As discussed earlier, such behavior is already
expected from the nonlocal nature of the TT deformation.

vB

20},

Variation of the Lyapunov exponent and butterfly velocity with respect to y in the Schwarzschild coordinates.

106007-14



BUTTERFLY EFFECT AND TT- ...

PHYS. REV. D 112, 106007 (2025)

1. Extremal black holes

We now briefly comment on the extremal black hole case,
which corresponds to r_ — r, or, alternatively Q — 1,
p — . The deformed black hole metric may be obtained
from Eq. (4.1) by taking the limit £, — 0 as follows

d? 1 2u\ 5 5
ds? =55+~ dzdZ + (1 + —”) L,d7?
pPrp P

r’dr?
T R Ot

+ urtr + r* = 2urg)dg? (4.22)

where, in the second equality, we have made the following
change of coordinates

| -
r? :;Jrﬁﬂ, Z = ¢+ 2t, Z=¢. (4.23)
In this case, we find that the Lyapunov exponent and the
butterfly velocity both vanish for the right moving modes,
whereas for the left moving modes they are independent of

the deformation parameter,
2 et —
Prr

where frr = ’; corresponds to the effective Frolov-Thorne

’

ext
AT =

(4.24)

temperature. This is surprising, since the deformed metric
(4.22) 1is still dependent on yu in the extremal limit and
warrants further investigation.

B. shock waves and OTOC

In this subsection, we present a brief account of the shock
wave solutions in TT deformed rotating BTZ black holes and
the corresponding OTOC computations. The maximal
Kruskal extension of the deformed rotating BTZ black hole

|

may be obtained utilizing the comoving coordinates (4.7) and
the tortoise coordinate (4.10) as follows

U=—e =) v = e = ekitr4) (4.25)

with the surface gravityll

2 _ 2
e —rZ 2m
K= =—, (4.27)
rell4+3p(i =) B

where in the second equality, we have made use of Eqs. (4.4)
and (4.5). In these coordinates, the deformed black hole
metric (4.7) takes the form

4r_(udv — vdu)dgp
- —
(1 + 51+ un)?
1 4rtuv r2 (1 —uv)?

+ 2 2 \2 2 \2
Urwl Lo+ 30" (-3

4dudv

ds? = —
g (14 uv)?

dg?.

(4.28)

We consider perturbing the above solution with the insertion
of a localized shock wave

T = Ege"'d(u)5(¢). (4.29)

localized on the horizon u =0 at ¢ = 0. Here, E; is a
constant related to the asymptotic energy of the shock wave
and e*' represents the blueshift factor. This has the following
effect on the metric [95,97]

ds? — ds® +

su)h(p)du?,  (4.30)

(14 uv)?
where /(¢) quantifies the shift in the horizon after shock wave
insertion. Note that the transverse directions are unaffected by
the shock wave. Then the uu component of the FEinstein
equation leads to the following differential equation

(u(r2 = 72) = 2) (72 = 73) + 22 (W (@) (2 = 1) = 2) + 4r_K(¢))

+ 4h(g)(r2
The general solution to the above equation is given by

(ry+r-)(1+5(ry —r-)?)

2
l—”T(ri—

h(¢) = c e¥e 2P 4 cyete
87
2z =
=ciexp | | t—-———F—=—¢

B 1-Q2

=) (WPt = 2urt (url = 2) + (urk +2)?) = 8aGyEye '5(¢h). (4.31)
(rg=r)(145(rg +r2)?)
1—4(+—r%)2
Q- 1
2
2w 1‘/181/3':
—+ Cp EXp ? t+ ﬁ s (432)

"The surface gravity in the deformed rotating BTZ geometry (4.3) may be computed from the Killing vector & = 9, as follows

1
KZ == 5 (vﬂéu)(vﬂgy)b:m .

(4.26)
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where we have absorbed the step functions inside the
coefficients c¢;,. Remarkably, identifying the shock wave
profile with the OTOC, we find that the shock wave
analysis leads to the same chaos parameters as obtained
from the pole skipping analysis in Eq. (4.15).

1. Periodicity of ¢

As discussed earlier, the above analysis is only true for
the case in which the angular direction ¢ is noncompact,
that is in the high temperature limit. As described in
[113,115], for finite temperatures, the correct interpreta-
tion of the behavior of OTOC requires taking into
account the periodicity of the function h(¢). In the
following, we will show that the above behavior is
reproduced in the high temperature limit of the correct
Lyapunov exponent.

We impose the periodicity by replacing h(¢p) —
h(¢ mod 2z). This may be achieved by replacing 5(¢)
with Y % 1 6(¢p — 2zn) in Eq. (4.31) (see, e.g., [113,115]).
Therefore, restricting the domain of ¢ as ¢ €[0,2x), we
obtain the solution

0 _2fr(¢—+2ﬂ") O 2a(p-2an)
h() =e’“[Z e M) e }
n=-—co n=1
—ﬂ%ﬁqﬁ(mod 27) eﬂzT”E (mod 2r)
— Xt =t = , (4.33)
1—e¢ " e's — 1
where we have denoted
1-Q?
vf=t—— . 434
F=tgr— (434)

_ 822
1 PiP-

We have plotted the function /(¢) for different values of u
in Fig. 8. Now the OTOC may be computed using the
following expression12 [113]

flt,x) =1—eyyh(Qt — x), (4.35)
which is governed by two sets of exponents and the
corresponding velocities. In Fig. 9, we plot the OTOC
with respect to time keeping x constant. The function
grows as e>*/P with a periodic modulation for different
values of the deformation parameter. Notice the unusual
feature for u; < p <0, where the modulation grows

beyond the chaos bound, as compared to the undeformed
case discussed in [115]. However, we find that the

"Note that our definition of the OTOC misses a factor of e*' as
compared to [113], since in our conventions h(¢) already carries
the same prefactor.

h(¢)

FIG. 8. Shock profile in deformed rotating BTZ geometry.
We have set Q=1.6=27 and u =0 (blue),0.4 (yellow),
—1.95 (green).

average Lyapunov exponent still saturates the chaos
bound"?

(4.37)

2. Instantaneous Lyapunov exponent

In Fig. 10, we plot the instantaneous Lyapunov exponent
[115], defined as follows

0,h(Qt)
h(Qt)

_ o f(1,0)] 2z
Ainst (1) “1-f0) " B

(4.38)

Notice that in the presence of deformation, we cannot go to
arbitrarily high temperatures beyond the Hagedorn bound
for u > 0 and observe the step function behavior of 4;,.
However as seen in the right panel of Fig. 10, for small
values of p, the high temperature behavior (below the

Hagedorn temperature Syqgedom = \/ 1o
transition between the values /lf reported in (4.19).

Furthermore, it is easy to verify that

(0; +Q0,)f(t,x)
1—f(t,x)

o
.

(4.39)

Therefore, the OTOC saturates the modified chaos bound
for the “Hamiltonian” #(H + ©J) in the rotating ensemble,
even in the presence of the nonlocal TT deformation [115].

"The average Lyapunov exponent is defined as the time
average of the instantaneous Lyapunov exponent over the
periodic time 2%,

2;
- Q (3

=— ; dr.
/1L o’ 0 ﬁmst([) t

(4.36)
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log(1 - f(t, x))

40 -

20 -

10 20 30 40

log(1 - f(t, x))

14

. . . . .
16 18 20 22 24

FIG.9. Modulation of the OTOC for different deformation parameters. In the right panel, for y < 0, the modulation grows beyond the
chaos bound, shown by the blue curve. The average Lyapunov exponent still saturates the bound 4; = 2/—,” We have set f = 27,Q = %

and (left panel) u = 0 (yellow), 0.25 (green); (right panel) u = 0 (yellow), —1.5 (green).

A\Lnst
14|
12}
1.0
0.8+
1 T T I t
15 20 35
FIG. 10. Instantaneous Lyapunov exponent with respect to

time. (Left panel) y = 0, (right panel) ¢ = 0.05. We have set
Q= % and plotted Ay, for different values of f = 0,2z, 207z, oo
(left panel) and 8 = 7, 27, 207, <Pagedorm (right panel).

V. CONNECTION WITH THE CUTOFF
PRESCRIPTION

In this section, we comment on the connection of our
holographic computations in the mixed boundary condi-
tions prescription with the cutoff prescription of [64]. The
important point to note is that in order to interpret the radial
cutoff in terms of the deformation parameter, one must
consider the black hole belonging to the deformed phase
space [81], namely those obeying the nonlinear mixed
boundary conditions (2.7). The authors in [64] chose to
work with Brown-Henneaux asymptotics, and hence the
conserved charges as obtained from the undeformed metric
do not align with those in the deformed field theory. We
begin with the undeformed (nonrotating) BTZ black hole
with metric

dr?

ds? = —(r* = rp)d? + 5—— + r#dx?. (5.1)
re—r;

The induced metric at the cutoff surface r = r, is given by

dx2
) = (2= ) (—di 1 4,

h

1-3

c

ds?> = (r2 - r%) <—dt2 +

(5.2)

where the conformal spatial coordinate is given as [116,117]

72\ -1/2
F=x(1--2 .

Recall that in the cutoff prescription, the cutoff radius
in the bulk is related to the deformation parameter y
in the boundary theory, in our conventions, as follows
[64,116,117]

(5.3)

r2=——. (5.4)

We now transform to the Fefferman-Graham gauge (2.8)
with £, = L_',ﬂ replaced by Loy = Ly = % indicating that we
are working with undeformed geometries as in [64]. In order
to make a connection with the deformed theory, we utilize the
relation between the deformed and undeformed parameters
in the Fefferman-Graham gauge [81]

‘Cﬂ

£0 =
Utilizing (3.3), we may now find that the rescaled spatial
coordinate in (5.3) is given by

B 87%u

ﬁ2 ’ (56)

X=x4/1

which is identical to the conformal spatial coordinate in the
mixed boundary conditions (MBC) perspective (see, e.g.,
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Appendix A 2). Therefore, all our bulk computations using
the MBC picture may also be consistently reproduced from
the cutoff picture. Note that, although the conformal factors
are different in the two perspectives, we may ignore this
discrepancy at least for the determination of chaos
parameters.

In the case of the rotating BTZ black hole the equiv-
alence between the cutoff and MBC pictures works in
similar fashion. For simplicity, we proceed along the lines
of [64]. The rotating BTZ black hole has the following
metric in Schwarzschild coordinates

ds? = —f(r)di? +;1(_;;2) +r? <dx - %dt)z,
(7 =R = 72)

r

(5.7)

where r are the locations of the inner and outer horizons.
Therefore, the induced metric at the r = r, surface may be
written in a conformally flat form [64]

2
ds?|,_, = —f(r.)d + 12 <dx SRS dt)

c

= r2(—d? + dx2), (5.8)
with
ar, = VU g g e Tmdn (5.9)
T

c c

As described in [64], the signal propagation speed in the
conformally flat coordinates (x.,?,) may be obtained by
looking at the null trajectories in the (x,7) coordinates,
leading to the relations

re TS 1 F 2ur.r_
Ui = pr—y
VI T+ 2u(R +72) + 4

(5.10)

where, in the last equality, we have used the relation (5.4).
Now, we may rewrite the above expression for the
propagation speed in the deformed theory in terms of
the Fefferman-Graham parameters (£, £,) in the unde-
formed geometry, leading to

B 1 F 2u(Lo = Ly)
:t - - —_
V1 4u(Lo+ Lo) + 42(Lo — Lo)?

v

(5.11)

This is identical to expression (4.19) for the signal propa-
gation speed in [64], rewritten in our conventions. To derive
the above expression, we have made use of the identities

M = (ri+r3)z£o+£_0

| =

J:r+r_:£0—f,o,
(5.12)

Next, we use the following relations between the Fefferman-
Graham parameters in the deformed and undeformed geom-
etries [81]

1+2ul, \? _ 1+2ul, \2
G (). amn( i)
1 —4°L,L, 1 —4°L,L,

(5.13)

to find the signal propagation speed in terms of the deformed
parameters as follows

_1=2uL,
__1+2,u£_”'

1-2ul,
Vi =7 oL, (5.14)
Finally, using the relation (4.5) between the deformed
Fefferman-Graham parameters and the temperature and
angular speed, it is straightforward to verify that the signal
propagation speeds match identically with the butterfly
velocities found in Eq. (4.19).

VI. SUMMARY AND DISCUSSIONS

To summarize, we have performed a detailed investiga-
tion of quantum chaos in the context of holographic TT
deformed theories by focusing on both nonrotating and
rotating BTZ black holes in the bulk dual described in [81].
In particular, we considered three complementary methods
such as shock wave geometries, pole skipping phenomena,
and the entanglement wedge approach to characterize the
chaos parameters, namely the Lyapunov exponent (4, ) and
the butterfly velocity (vp). In this context, we first consider
the deformed nonrotating BTZ black hole geometry, which
can be written in Kruskal coordinates. Later, we introduce
small perturbation to the corresponding geometry by add-
ing few particles of very small energy from the left
asymptotic boundary. This perturbation, while infinitesimal
at early times, becomes an enormous blueshift as it
approaches the horizon and backreacts to produce a
gravitational shock wave. Utilizing the matching conditions
across the null surface in the corresponding geometry, we
obtained the backreacted metric in closed form, which is
valid up to leading order in small energy.

We performed a holographic computation of OTOC by
determining the geodesic lengths in a nonrotating deformed
BTZ black hole geometry in Kruskal coordinates for
both spherically symmetric and localized shock wave
scenarios. Additionally, we verified the chaos parameters
from two different methods namely the pole skipping and
entanglement wedge method, which are consistent with our
corresponding results. We extend our exploration of the
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holographic chaos to the deformed rotating BTZ black hole
case. In this regard, we mainly focused on the shock wave
method for the study of OTOC and the pole skipping
phenomena. We find that our results of the chaos para-
meters are consistent with the earlier literature [16,113]
when the deformation u is zero. Recently, in [118], the
authors have argued that three independent probes of
quantum chaos in holographic theories, namely pole
skipping, shock wave-based OTOCs, and entanglement-
wedge reconstruction, are in fact manifestations of the same
underlying gravitational perturbation. More precisely, the
pole skipping mode, when added to a black hole back-
ground, directly corresponds to the gravitational replica
manifold used to compute the late-time entanglement
wedge, while its imaginary component is precisely the
horizon shock wave governing OTOC behavior. However,
it is important to note that the RT prescription in holo-
graphic TT-deformed geometries lacks a rigorous deriva-
tion to date (a heuristic argument in the context of the cutoff
prescription is presented in [119]); consequently, the
equivalence between the three chaos diagnostics is not
guaranteed a priori in such settings.

Interestingly for the nonrotating BTZ black hole, we
observed that the Lyapunov exponent (4; = 2/—3”), obtained

from pole skipping points and OTOCs in the shock wave
geometry is independent of the deformation parameter p
and saturates the Maldacena-Shenker-Stanford bound
described in [37]. In the rotating case, the comoving
coordinates yield a Lyapunov exponent that saturates the
MSS bound. However in Schwarzschild coordinates, the
left- and right-moving modes exhibit distinct exponents,
with 4] potentially violating the bound unless periodicity
on the ¢ coordinate is enforced. This behavior aligns
with prior studies of undeformed rotating BTZ black holes
[16,113], but the TT deformation introduces a critical
threshold at u;, beyond which the theory becomes ill
defined, describing the nonlocal nature of the deformation.

The butterfly velocity, however, exhibits a striking
dependence on the TT deformation. For the nonrotating
BTZ black hole, we find butterfly velocity as vp =

2 L. . .
W1 = 8;2” , which is obtained consistently from shock wave

analysis, pole skipping, and the entanglement wedge
method. This result indicates a violation of the Mezei-
Stanford bound, vz <1 for d =2, when the deforma-
tion parameter is negative (4 < 0). It can be understood
from the entanglement wedge method that the boundary
region enclosing a falling particle propagates with the
same vp, which exceeds unity for negative y. In the rotating
case, the butterfly velocity in Schwarzschild coordinates
further reveals a regime (u; < u < 0) where v exceeds
the Mezei-Stanford bound, while at the Hagedorn bound
(M = MHagedorn) v reduces to the angular speed of the black
hole. These violations seemingly suggest that the nonlocal

effects of TT deformation allow chaos to propagate faster

than expected in two-derivative gravity. In the following, we
provide some physical insights in support of such behavior:
(1) Butterfly velocity and Lieb-Robinson bound: In
local quantum lattice systems, the Lieb-Robinson
(LR) bound establishes a strict, state-independent
velocity vy that defines the fastest possible spread
of information [120]. Roberts and Swingle argued
that the butterfly velocity vg, defined via the growth
of out-of-time-order correlators (OTOCs), plays the
role of a state-dependent effective LR velocity [121].
Unlike the universal microscopic LR velocity, vp is
sensitive to IR data such as temperature, charge
density, and scaling exponents, thereby capturing the
dynamical spread of chaos in a given state. This
interpretation has been borne out both in free theories
and strongly coupled holographic models [121].
TT-deformed theories are inherently nonlocal: the
deformation couples the stress-tensor bilinear and
effectively modifies the spacetime background on
which the CFT resides [64,81]. In such cases, the
assumptions underlying the standard LR bound (local
Hamiltonian with finite-range interactions) no longer
hold. Consequently, the butterfly velocity should not
be constrained by the same universal light cone
structure. Instead, it should be viewed as the natural
generalization of the LR velocity in a nonlocal theory,
i.e., a quantity that continues to bound the growth of
commutators, but now with respect to the effective
causal structure determined by the deformation. In
other words, the superluminal v is consistent with the
nonlocal light cone defined by the deformed theory,

not with the original undeformed CFT light cone.
(ii) Effect of attractive/repulsive interaction: As de-
scribed in [64], for 4 < 0 a repulsive interparticle
interaction leads to a time advance whenever (quasi)
particles scatter off each other, causing an effective
increase of the signal propagation speed. Physically,
this corresponds to the deformation modifying the
dispersion relation and rescaling the causal structure,
so that excitations can propagate faster than in the
undeformed CFT background. In the LR framework
this would imply “superluminal” operator growth.
However, because TT deformation modifies the
background metric (equivalent to placing the theory
on a curved spacetime slice), the physical interpre-
tation is that the effective LR cone itself is rescaled.
We have provided a field theoretic analysis of the OTOC
in Appendix A for the TT deformed theories following
[52], where we find consistent result of the OTOC up to
linear order in y corroborating the holographic correspon-
dence in the deformed setting. Additionally, we show that
similar arguments hold from an analysis of the induced
metric at the asymptotic boundary. Furthermore, our results
are consistent with the cutoff prescription [64] discussed in
Sec. V, wherein the boundary theory resides at a finite
radial cutoff. The rescaled spatial coordinate in the cutoff
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picture matches that of the mixed boundary condition
approach, ensuring that chaos parameters computed in
both frameworks are consistent. This equivalence strength-
ens the holographic interpretation of TT deformation as a
geometric modification of the bulk, either via a finite cutoff
or mixed boundary conditions at the asymptotic boundary
[64,81]. In Appendix B, we investigate the late time
behavior of the mutual information for the case of spherical
shock in the deformed nonrotating BTZ geometry and
obtained the scrambling time, which exhibits nontrivial
dependence on the deformation parameter p.

For future directions, it would be interesting to explore
the implications of our results for other holographic probes,
such as complexity, in TT deformed theories. A crucial out-
standing issue in this context would be a nonperturbative
analysis of the Krylov complexity [122-124]in TT-deformed
AdS; geometries utilizing the holographic autocorrelation
function as well as the momentum-Krylov complexity
correspondence [125], extending the perturbative analysis
in [126]. The behavior of the butterfly velocity near the
Hagedorn bound requires further investigation, particularly in
relation to the stability of the deformed CFT,.
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APPENDIX A: OTOC IN TT DEFORMED CFT,

1. Conformal perturbation theory

In this appendix, we investigate the OTOC between pairs
of operators in the TT deformed CFT, at a finite temper-
ature, defined on a cylinder M with circumference f,

(W)VW(0)V),,
(W)W (0))s(VV)

(A1)

in order to investigate the chaotic properties perturbatively.
These computations mostly follow [52] and are included to
make the manuscript self-contained. Note that the action
functional for the TT deformed CFT, in Eq. (2.1) may be
expanded for a small deformation parameter y as follows

SH = Sepr — £ / PATT, (A2)
T JM

where we have assumed a flat background metric
7apdx?dx? = dwdw, and denoted"

T :=2xT,,,, T =2xTy;. (A3)
According to (A2), any correlation function in the deformed
theory may be computed perturbatively as follows

(O1(wy W) - )l = /Dcﬁ((?l(wl,wl) ) e g)

B /D¢(01(W1,W1) o ')fSCFTﬁ_’ZIM Tt

< [ Do ) g (144 [ eartoge))

= (O (wy.wy) -+ )10 +%/ d*x(T(W)T(W) Oy (wywy) - - )0 + O(u?)

T

(A4)

where ¢ collectively denotes the field content of the CFT and the superscripts on the correlators denote whether they are
evaluated in the (un)deformed theory. Now the leading correction to the four-point OTOC in Eq. (A1) may be obtained as

follows

(W(wy, W)W (W, W2)V (w3, W3)V (wy, W4))
(W (W, W)W (wa,92)) 5 (V (w3, w3) V(wy, W4)) 5

”2

wi, W)W (wa, Wy)) ?

i 20 (TW)T (W)W (wy, w1 )W (wy, W2))s  p 2, (T(w)T
7 /M W /M ‘

(14_&/ dzx<T(W)T(W)W(W17W1)W(W2,Wz)V(W3,W3>V(W4’W4)>/5
M {

W(wi, W)W (wy, W) V (w3, w3) V(wy, Ws)) g
w)V (w3, w3)V (wy, W4)>ﬁ>

w3, W3)V(wy, Wy)) g

—~|

v (A5)

“Note that the trace T,,; has been dropped assuming that the seed theory is a CFT.
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where we have dropped the superscripts for brevity. We map the desired correlators onto the complex plane C using the
conformation transformations

=7 (A6)

I\l
I

sy
=

Al
=

Under this transformation, the stress tensor components transform as follows
00 = (2 10 -5 7o) = (22 1) - 2 (A7)
w)=[— - w) === -,
p) e p) e

where c is the central charge of the undeformed CFT,. Now the correlation functions with stress tensor insertions may be
computed using the conformal Ward identities as follows [117,127,128]:

(T(W)T (W)W (Wi, i)W (wp, wp) V (w3, 3)V (wy, W4)) 5
(W(wi, W)W (wa, wp) V (w3, w3)V(wy, Wy)) g

:<W<wl,vmW(wQ,wz>1v<w3,w3>v<m,w4>>c H? (m) i<z—z,> z—lz,-af)]

« [—@+ <%>2§4: <(_ b a,)] (W (w19 )W (w3, 752)V (w3 53)V (wa ). (A8)

6/ p) m\E-2) -3

The four-point function on the complex plane may be expanded in terms of conformal blacks, and in the large central charge
limit with hT fixed and 1 <« h, < ¢, the dominant contribution comes from the vacuum block given by [2]

n 2h, 212234
- _ ’ _ _ A9
o(n) <1 —(1- ,7)1—12hw/c) g 213224 "

Near 5 ~ 0, the block simplifies to

1 2, .
Foln) = <W> , Fo(ir) ~ 1. (A10)

cn

The left-hand side of (A8) becomes

m*c\? #Pc (2x7\? h; 277\ 2 ; d-log]—'o(n)
<_6—ﬂ2> _6_,’32(7) -Z(Z_—Z_j2 6ﬂ2( >Z(Z—ZJ 21—z )

j=1 J=1
212\ 2 (2772 & h; 0;log Fo(n ) S 7
i it All
+<ﬂ> (ﬁ) ;((Z_Zi)2+ z—z ; A

Following [3,31], to compute the leading correction to the OTOC, we now place the operators as

7y =€ Zp=e
7y = e/;iez Z—2 —¢ /fiez
23 = 627”<t_x+l€3) 7= e%(—[—x—lé'g)
2= e%"([—x—&-i@) 7= 62/—}”(—t—x—ie4) (AIZ)
where without loss of generality, we may choose [31]
€2:€1+§, 64:€3+§, 6120. (A13)
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Upon simplifying (A11), adding the contributions from the
two-point functions in Eq. (AS) and subsequently perform-
ing the integrals utilizing the method elaborated in [116,117],
we may obtain the OTOC as follows

(W(OVW()V),
(W(O)W(20))s(VV)

(1) FareF )

(A14)

where f,(x) are complicated functions of x. Note that,
similar to [52], we have neglected a nondynamical divergent
piece originating from the integral of the constant term in
Eq. (A11) which only depends on the cutoff. In the above
expression, the leading late time behavior is still governed by

the factor ¢7 and hence the Lyapunov exponent is unde-
formed. One may also perform similar computations in the
presence of a finite angular momentum utilizing the tech-
niques in [114] to map the twisted cylinder with periodic
identifications on both directions into the thermal cylinder
with only a temporal identification.

2. From induced metric at the asymptotic boundary

Alternatively, we may perform the computations of
OTOC in the dual field theory by noting that the induced
metric on the asymptotic boundary of (3.2) is given by

dr? N dx?
(1+2ul,)*  (1-2uL,)?
1

—_(-df+d®),
(1+2uLl,)?

which is conformally flat with the rescaled spatial coor-
dinate

2 —
dsbdy =

(A15)

1 +2ul,

2=
Therefore, the undeformed result for the OTOC computed
in [3] is easily translated to the deformed case as follows'?
2h,
(W) VW(1)V), 1
<W(t)W(t)>ﬂ(VV)ﬁ 1 +M63—§‘(f—t*—5c)

K
€12€34

(A17)

SWe follow the conventions in [3]. Note that the conformal
factors get canceled in the numerator and denominator.

where we have utilized Eq. (3.3). Remarkably, the above
expression correctly reproduces both the Lyapunov expo-
nent and the butterfly velocity as obtained from the bulk
computations. In the presence of a finite chemical potential,
a similar analysis of the induced metric on the asymptotic
boundary of (4.7), it is possible to reproduce our results
following the analysis in [112].

APPENDIX B: MUTUAL INFORMATION

In this appendix, we investigate the late time behavior of
the mutual information between two subsystems in the
shock wave geometries corresponding to TT deformed
AdS;. For simplicity, we restrict our analysis to the
spherical shock in the deformed nonrotating BTZ black

hole (3.2). Consider two equal size subsystems A = [—£,4]
at t;, = 0 on the left asymptotic boundary and B = [-£,%]

at tg = 0 on the right asymptotic boundary. The mutual
information between regions A and B is expressed as,

I(AB):SA +SB_SAB’ (Bl)

where the entanglement entropies of subsystems A and B
are given by the well-known result independent of the
shock wave [7]

Sy = Sp = —log |7 sinh V7
= —10 —=SIn
AT TGy B VL T T —2uL,)
1 — P -8 ¢
= log P 4 " X sinh . (B2)
2Gy dnpe, B — 8n*u

and from Eq. (3.28),

1 r a
=2x—1I = (1+=)].
S =25t [ (15

For a large black hole (M > 1), one obtains the mutual
information to be

(B3)

nt
V=8
E 1+2ul,
—logl ———F7—~ | |.
8M 1 —2uLl,
Scrambling time: The scrambling time is defined as the
timescale at which the mutual information vanishes,

I(A:B) = 0. In our case, the scrambling time may be
obtained from Eq. (B4) as follows

1
I(A:B) ~ G {log sinh — Aty

N

(B4)

SM 872 4
t*zﬁlog — /1= ﬂﬂsinh " ,
2
27T E ﬁ ﬂ2_8ﬂ2”
4 SM 872
~—+ﬁlog — l—ﬂ—zﬂ . (B5)
2\/ P —8n*u 27 E p
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