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1. Introduction

The main purpose of this paper is to study obstruction issues in deforming cycles and
show how to eliminate obstructions to deforming cycles. To motivate the discussion, we
recall the infinitesimal Hodge conjecture.
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Let X/S be a smooth projective scheme, where S = Spec(k[[t]]) with & a field of
characteristic zero. For each integer n > 0, we write S, = Speck[t]/(¢"*!) and write
X, = X xg Sp. Let Ko(Xo) and H}r(Xo/k) denote the Grothendieck group and de
Rham cohomology respectively. There exists a Chern character ring homomorphism

ch: K()(Xo) — H;R(Xo/k‘)

For an element & € Ky(Xo)g, we are interested in lifting ch(§o) € H}j(Xo/k) to
ch(€) € Hjp(X/S) in the sense that

ch(§ |x,) = ch(éo) € Hir(Xo/k),

where £ € Ko(X)q.
Let V : Hjp(X/S) = H;r(X/S) denote the derivation in the parameter ¢ given by
the Gauss-Manin connection. There exists a canonical isomorphism

®: Hyp(X/S)Y = Hip(Xo/k),

where H}p(X/S)V is the kernel of V.
The infinitesimal Hodge conjecture predicts that

Conjecture 1.1 (see Conjecture 1.4 of [8]). The following statements are equivalent for
an element & € Ko(Xo)og:

1. @ toch(&) € @, H3L(X/S)Y N F'HZ(X/S), where F'H2% denotes the Hodge
filtration of de Rham cohomology;
2. there is an element £ € Ko(X)q such that

ch(§ [x,) = ch(éo) € Hir(Xo/k).

Some recent progress on the infinitesimal Hodge conjecture has been made by Bloch-
Esnault-Kerz [7,8], Green-Griffiths [11] and Morrow [17]. Especially relevant to our study
of algebraic cycles is the work by Bloch, Esnault and Kerz [8]. They proved that, in ap-
pendix A of [8], the infinitesimal Hodge conjecture is equivalent to the variational Hodge
conjecture proposed by Grothendieck [14]. Moreover, motivated by the infinitesimal (vari-
ational) Hodge conjecture, they proved the following:

Theorem 1.2 (see Theorem 1.2 of [8]). Assuming that the Chow-Kiinneth property (part
of the standard conjecture) holds, the following statements are equivalent for an element

o € Ko(Xo)o-

1. L och(&) € @, HX(X/S)Y N FIH2L(X/S);
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2. there is an element & € (linn Ko(X,)) ® Q such that
ch(é |x,) = ch(éo) € Hin(Xo/k).

The key point in the proof of this theorem is to eliminate obstructions to lifting ch(&y)
by using correspondences (the assumption of Chow-Kiinneth property guarantees enough
correspondences). Moreover, if the ground field & is algebraic over Q, without assuming
the Chow-Kiinneth property, Bloch-Esnault-Kerz deduced that the obstructions to lifting
ch(&p) can be eliminated.

In the pioneering work [12], Green and Griffiths studied the deformation of algebraic
cycles. Concretely, let X be a smooth projective variety over a field k of characteristic
0, they investigated how algebraic cycles of X deformed in X, which is the j-th trivial
deformations of X. In particular, they studied the first order deformations of divisors
and zero cycles and then defined their tangent spaces. Dribus, Hoffman and the author
extended much of their theory in [9,21-23].

Let Y C X be a subvariety of codimension 1, it is well known that the embedded
deformation of the subvariety Y may be obstructed. However, by considering Y as an
element of the cycle group Z'(X), Green-Griffiths predicted that we could lift the divisor
Y to higher order successively. This prediction was verified by Ng in his Ph.D thesis [19]
by using the semi-regularity map defined by Kodaira-Spencer [16] and Bloch [5].

We sketch Ng’s idea briefly. When an infinitesimal deformation of Y is obstructed to
higher order, let Z be a very ample divisor such that H'(Ox (Y + Z)) = 0. According to
Proposition 1.1 of [5], the semi-regularity map

m:H' (Y UZ, Nyyuz/x) = H?(Ox),

where Ny z/x is the normal bundle, agrees with the boundary map in the long exact
sequence

= H' (Ox(Y+2)) > H (Y UZ,Nyyz/x) = H*(Ox) = -+ .

Since HY(Ox (Y + Z)) = 0, the kernel of 7 is 0, Y U Z is semi-regular in X. According
to Kodaira-Spencer [16] (see also Theorem 1.2 of [5]), Y U Z can be lifted to higher
order successively. On the other hand, Z can be always lifted to trivial deformations
Z X Spec(k) Spec(k[e]/(e7T1)) successively.

As a cycle, Y can be written as a formal sum

Y=(Y+2)-2Z

To deform the cycle Y is equivalent to deforming Y U Z and Z respectively. Hence, Y
lifts to higher order successively, since both Y U Z and Z do.
The above method suggests an interesting idea to eliminate obstructions:
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Idea 1.3. When the deformation of Y is obstructed, find Z such that

{1. Z helps Y to eliminate obstructions,

2. Z does not bring new obstructions.

While the deformation of divisors are relatively well understood, it is natural to ask
how to go beyond the divisor case. A very interesting work on obstructions to deforming
curves on a three-fold had been done by Mukai-Nasu [18]. Inspired by a question asked
by Ng in section 1.5 of [19], the author [20] used K-theory to study the deformation of
1-cycles on a three-fold. For Y C X a subvariety of codimension p, where p is an integer
such that 1 < p < dim(X), Green-Griffiths [12] (page 187-190) predicted that we could
lift the cycle Y € ZP(X) to higher order successively. Their prediction has been verified
in Theorem 3.11 of [23].

The purpose of this paper is to generalize Idea 1.3 to the study of deformations of
cycles codimension p. In the second section, we recall background on K-theory and Milnor
K-theoretic cycles. In section 3, we show how to eliminate obstructions to deforming
cycles of codimension p.

We summarize the main result of this paper as follows. In notation of Setting 2.1
below, let Y! be a first order infinitesimal deformation of Y, which is generically given
by fi +¢€g1, f2,- -, fp with g1 € Ox . By Definition 2.2 below, we attach two elements
py (Y1) and py (Y) to Y! and Y respectively. Using the isomorphism Ox , = (Ox,u)q: ,
we write g1 = %, where a1,b; € Ox  and b1 ¢ Q1.

To avoid heavy notations, we state the main result in an informal way:

Theorem 1.4 (¢f. Lemma 3./ and Theorem 3.6). With notation as above, by is either
in or not in the mazimal idea (f1,- -, fp: fo+1) C Ox w, then there are two cases as
follows.

Case 1: If by & (f1,-  fo, for1), then py (YY) lifts py (Y) and it can be lifted to higher
order successively in the sense of Definition 2.11.

Case 2: If by € (f1, -+, [ps fo41), then uy (YY) may not be a lifting of py (Y) and ob-
structions to lifting puy (Y') occur. In this case, we could find another irreducible closed
subscheme Z C X of codimension p and attach it an element uyz(Z) (see Remark 2./)
such that pz(Z) helps to eliminate obstructions to lifting py (V).

We remark that Theorem 3.6 of this paper is different from Theorem 3.11 of [23]. This
is mainly because we do not know whether the map py of Definition 2.2 is surjective or

not.!
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Notation.

(1). K-theory in this paper is Thomason-Trobaugh non-connective K-theory, if not stated
otherwise.

(2). For any abelian group M, Mg denotes M ®z Q.

(3). If not stated otherwise, X is a smooth projective variety over a field k of characteris-
tic 0. For each integer j > 0, X; denotes the j-th infinitesimally trivial deformation
of X, ie., Xj = X Xgpec() Spec(kle]/e71h).

2. K-theory and deformation of cycles
The following setting is used below.

Setting 2.1. Let Y C X be an irreducible closed subvariety of codimension p, with generic
point y. Let W C Y be an irreducible closed subvariety of codimension 1 in Y, with
generic point w.

We assume that W is generically defined by fi, f2, -+, fp, fp+1 and Y is generi-
cally defined by f1, fa, -+, fp. It follows that Ox , = (Ox w)g,, where Q1 is the ideal
(f1, f2, 5 fp) C Ox -

For each integer j > 0, we denote by Ko(Ox;,,, on y) the Grothendieck group of the
triangulated category D(O X,y On ¥), which is the derived category of perfect complexes
of Ox; ,-modules with homology supported on the closed point y € Spec(Ox; ;).

A first order infinitesimal embedded deformation Y' C X; is generically given by a
regular sequence {f1 + eg1, fo + €92, , fp + €gp}, where g1,--- ,g, € Oxy, see [2]]
(page 711-712) for related discussions if necessary.

Let Fo(f1 + €91, , fp + €9p) denote the Koszul complex associated to the regular
sequence {f1+¢€g1, -, fp+egp}, which defines an element [Fo(f1 +€g1,-- -, fp+egp)] €
Ky(Ox,,y on y)g. We recall a map from the Zariski tangent space Ty Hilb(X) to the
Hilbert scheme at the point Y to the Grothendieck group Ko(Ox,,, on y)g.

Definition 2.2 (Definition 2.4 of [21]). With notation as above, we define a map

py = Ty Hilb(X) = K¢(Ox, 4 on y)g

YV — [Fo(fi+eg1,  fp +29p)].

For Y € TyHib(X), uy(Y) = [Fo(f1, -+, fp)], where Fo(f1,---, fp) is the Koszul
complex associated to the sequence {f1,---, fp}.

! The author thanks Spencer Bloch [6] for discussions on this issue.
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In notation of Setting 2.1, let z be the point defined by the prime ideal Qo =
(fp+1af2a co afp) C OX,w, then z € X(p)

Definition 2.3. With notation as above, we define a subscheme Z C X to be the Zariski
closure of z with closed reduced structure

Z = {z}.
Remark 2.4. We can similarly define a map
nz : TzHllb(X) — KO(OXl,z on Z)Q

as in Definition 2.2. Let Fo(fp+1, f2,--- , fp) be the Koszul complex of the sequence
{fp+17 f27 T 7fp}' For Z € TZHﬂb(X)a IU/Z(Z) = [FO(fZH-l?an e 7fp)]'

Recall that Milnor K-groups with support are rationally defined as certain eigenspaces
of K-groups in [22].

Definition 2.5 (Definition 3.2 of [22]). Let X be a finite equi-dimensional noetherian
scheme and y € X®). For each | € Z, Milnor K-group with support KlM(OXJJ on y) is
rationally defined to be

KZM(Ox,y on y) = KZ(HP)(OX& on ¥)Q,

Kl(l-‘rp)

where is the eigenspace of 1™ = m!*P and ¢™ is the Adams operations.

Adams operations y™ for K-theory of perfect complexes has the following property.

Lemma 2.6 (Prop 4.12 of [10]). Let L(z1,--- ,xp) be the Koszul complex of a regular
sequence {x1,--- ,xp}, then Adams operations ™ on L(x1,--- ,x,) satisfy that

Y™ (L(x1, -+ ,mp)) = mPL(x1,- -+, zp).

It follows that [Fo(f1 +¢€g1, -+, fp +€9p)] € Ko(Ox, 4 on y)g lies in the eigenspace
space Kép) (Ox,,y on y)q. In other words, [Fo(f1 +£g1,--- , fp +€9p)] lies in the Milnor
K-group with support

[Fo(fl +5.gla' o 7fp +€gp)] € Kéw(Oth on y)

Theorem 2.7 (Theorem 3.14 of [22]). For each integer j > 0, there exists the following
commutative diagram in which the morphisms Ch from K-groups to local cohomology
groups are induced by Chern character from K-theory to negative cyclic homology
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1 . Ch
S>) Hﬁ((ﬂﬁ/@)%) < S Kéw<OXj,y on y)
yeX®) yeX ®)

6{”’pl df:;fl (2.1)

—1 1 Ch
6(9 )H5+1((Q§</@)®”) — E(B )K%(Oxj,w on w).
weX (p+1 weX (P+1

1R

Tensor triangular Chow groups of a tensor triangulated category were defined by
Balmer [3], and they were further explored by Klein [15]. By slight modifying Balmer’s
definition, we proposed Milnor K-theoretic cycles.

Definition 2.8 (Definition 3.4 and 3.15 of [22]). The p-th Milnor K-theoretic cycle group
of X is defined to be”

ZM(DP(X)) = @D K (Oxy ony).
yeX ®)

For each integer j > 0, the p-th Milnor K-theoretic cycle group of X; is defined to
beB

Z1 (DT (X;)) = Ker(d)'y?),

where di’y” is the differential in the commutative diagram (2.1).

The elements of ZM(DP{(X)) and ZM(DP(X;)) are called Milnor K-theoretic
cycles.

By Lemma 2.6, both uy (Y) and pz(Z) have eigenweight p. This shows that
Corollary 2.9. Both py (Y) and pz(Z) are Milnor K-theoretic cycles

iy (V) € ZM(DP(X), 1z(Z) € ZM(DP (X)),

Remark 2.10. It is obvious that K’ (Ox,, on y) is a direct summand of K}*(Ox, ,, on y)
and its image under dﬁ’:}f is zero, so ZM(D'(X)) is a direct summand of
ZM(DP(X,).

Milnor K-theoretic cycles can detect nilpotents, which is important in the study of

deformation of cycles. For each integer j > 0, the natural map g; : X;_1 — X induces
a commutative diagram (see section 3.1 of [23]),

2 Tt was proved in Theorem 3.16 of [22] that ZII)W (DFer(X)) agreed with the classical cycle group ZP(X)g.
3 The reason why we use the kernel of d’l’;(]p to define Milnor K-theoretic cycles Zé”(DPe"f(Xj)) is ex-
plained in section 2.2 of [23].
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g
@( )K(])M(OXJJJ on y) — 69( )Kéw(OXj—lxy on y)
yeX (@ yeX(®

dP;*P d s TP
1,X; 1,Xj5_1

&b KM(OX w O W) i é KM(OXJ Lw ON W).
we X (p+1) weX (p+1)
This further induces
g+ ZM (D (X)) = ZM (D (X)), (2.2)

Definition 2.11 (Definition 3.8 of [253]). Given &y € ZM(DP*(X;_1)), an element
& € ZM(DPer(X;)) is called a deformation (or lift) of &_1, if g7(&;) = &—1-

The elements §;_1 and &; can be formally written as finite sums

Goi= > N {uh = > N-{uh

yeX ®) yeX ®)

where {y} is with closed reduced structure and \;’s are perfect complexes such that

Z)\ € Ker(di'y?) ¢ @ Ko(Ox;,y on y)g. When we lift from &;_1 to &;, we lift the
yeX ®)
coeﬁi(nents from Y Aj_1 to YA
y Y
For later purpose, we want to describe the map Ch in Theorem 2.7

D KO o D )

yeX @) yeX®)

When j = 1, this map Ch has been described by using a construction of Angéniol and
Lejeune-Jalabert [1], see Lemma 3.8 of [21]. For general j, it can still be described by
their construction. For readers’ convenience, we sketch the description of Ch below.

An element M € K§*(Ox,, on y) C Ko(Ox,,, on y)g is represented by a strict
perfect complex L, supported at y

M,

M, My —1 Mo

0 F, Fo_y ) F, 0,

where each F; = O%  and M;’s are matrices with entries in Oyx. ,,.
X5y 7Y
g

Definition 2.12 (page 24 of [1]). The local fundamental class attached to this perfect
complex is defined to be the following collection

1
[Lo]loc = {];dMi o dMi+1 O-++0 dMi—Q—p—l};i = 1, 2, ey

where d = dg and each dM; is the matrix of absolute differentials. In other words,
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dM; € Hom(F;, F; 1 @ Qb q)-

By Lemme 3.1.1 (on page 24) and Definition 3.4 (on page 29) of [1], the class
[Le]ioe above is a cycle in ’Hom(L.,QgX‘ 0 ® L,), and the image of [Le]joe in
"

HP(Hom(L,, ng..y/Q ® L,)) does not depend on the choice of the basis of L,.
Since .

H?(Hom(L,, Qf)xj,y/@ ® Le)) = EXTP (L, Q’éxj’y/@ ® Ls),

the above local fundamental class [Le]jo defines an element (still denoted [Le]ioc) of
EXT? (Lo, g @ La).
Since L, is supported on y, by discussions after Definition 2.3.1 on page 98-99 of [1],
there exists the following trace map
Tr: EXT?(La, 1o ® Le) — HY(O% q)-
Definition 2.13 (Definition 2.3.2 on page 99 of [1]). The image of [Ls];0c under the above
trace map, denoted Vz.v is called Newton class.

Theorem 2.14 (Proposition 4.3.1 on page 113 of [1]). The Newton class Vf. is well-
defined on Ko(Ox; , on y).

; 9 . QP p—1 7\ i
The truncation map | = : QXJ/Q =0 e® kle]/(g?) induces a map

Oe
9 . gP(QOP D p—1 \@j
J& : Hy(QXj/Q) — Hy((QX/Q) )s

where we identify Qf)’g/a ® kle]/(e7) with (Qﬁ{;é})@j.

Lemma 2.15 (¢f. Lemma 3.8 of [21]). With notation as above, the map

Ch: K3'(Ox, 4 on y) = HE (% 6)%)

can be described as a composition

K'(Ox,.y on y) — Hy (9% ) — H,;’((Q’}’{/a)@j)

Le — Ve — yr 2
. *” Oe
We use this Lemma to describe Ch(L,) below, where L, is represented by some Koszul
complexes. When j = 1, such descriptions were given in [21] (page 715-716).
In notation of Setting 2.1, let g1,---,g; be arbitrary elements of Ox ,. The Koszul
resolution of Ox, ,/(f1 +¢eg1 + - +€'g;, f2,-+ -, fp), denoted F{, has the form



S. Yang / Journal of Algebra 601 (2022) 54-71 63

0 Fj F

p—1 FOI 0’

where each F/ = /\i((OXj »))®P. This complex defines an element [F7] € K(Ox, 4 ony)
whose image under the Ch map can be described by Lemma 2.15. Concretely, the fol-
lowing diagram

Fi — Ox; 4/(fi +egrt - elg fa, e fp)
i~ [FZ]ZOC j ~
Fg(: Ovay) Fg ® QzéXj,y/@(: onxjyy/Q),

where [F.j Jioe is the local fundamental class attached to F.j, gives an element in

Ext?(Ox, 4/ (f1 +eq1 + -+ + €lgj, fo, - 7fp),(215)%”/@). This further gives Newton
class V;.j € HY(Q% o)
Let Fo(f1, f2,--- , fp) be the Koszul resolution of Ox ,/(f1, f2,-- - , fp), which has the

form

0 F, Fyy o Fy 0,

where each F; = A\’ O_??f’y. The image Ch([F¥]), which is the truncation of Newton class

Vﬁ"ﬁ’ is represented by the following diagram,
Fo(flaf?v"'vfp) —_— OX,y/(flaf?v"'vfp)
_ 0
(Pl - L (23)
F,(=20x,) —— F® (Q%X’y/@)@](g (Q%XY?//Q)GBJ)’
. y 0 1 . .
where the truncation [F}|ioc| 7= = (—1)P" (g1 + - - - + jg;)df2 A --- A df, with d = dg.
5
To be precise, the above diagram gives an element « in Ext?(Ox ,/(f1, f2, -, fp),
(Ve /Q)@j). Since
X,y

H’!IJD((QI))(_/(]Q)@]) = ]ﬂl Extp(OXﬂJ/(fthv e 7fp)n7 (Qg;]:y/(@)@])’

n—oo

the image [a] of « under the limit is in Hg((Q&;é)@j) and it is Ch([FJ]).

3. Chern character and obstructions

Let DPerf(X ;) denote the derived category obtained from the exact category of perfect
complexes on X; and L;)(X;) is defined to be

L (X;) = {E € D**"'(X;) | codim(supph(E)) > —i},

where the closed subset supph(E) C X is the support of the total homology of the
perfect complex E and the codimension of supph(E) is no less than —i.
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Let (L(;)(X;)/Li-1)(X;))* denote the idempotent completion of Verdier quotient
L)(X;)/L—1)(X;) in the sense of Balmer-Schlichting [4].

Theorem 3.1 ([2]). For each i € Z, localization induces an equivalence

(L) (X)) L1y (X)) 7 ~ |_(| )Di’erf(Xj)
reX (-1

between the idempotent completion of the quotient L;)(X;)/L;—1)(X;) and the coproduct
over x € XV of the derived category of perfect complexes of Ox; z-modules with ho-
mology supported on the closed point x € Spec(Ox ;). Consequently, localization induces
an isomorphism

Ko((Li)(X;)/La—y (X))~ @ Ko(Ox, = on z). (3.1)

zeX (=1

We keep the notation of Setting 2.1 below. For each non-negative integer j, let
ai,---,a; be arbitrary elements of Ox .. We denote by C; the Koszul resolution of
Ox.w/(fifp+1+ear+---+elaj, fa,-++, fp). Since the support of the Koszul complex C;
has codimension p, we consider C; as an element of £(_,)(X};) which defines an element
of Ko((L(—p)(X;)/L(—p-1)(X;))*)q, denoted [C}].

When p =1 and j = 1, for X a surface, it was proved in Theorem 2.18 of [23] that
the Koszul complex of f; fo + a; defined a Milnor K-theoretic cycle.*

It is interesting to generalize Theorem 2.18 of [23] and find more Milnor K-theoretic
cycles. Let Q1 = (f1, f2, -+, fp) as in Setting 2.1 and let z be point given by Q2 =

(fp+1, f2,- -+, fp) as in Definition 2.3, we denote by C’]1 and C']2 the Koszul resolutions of

aq - A ay
(OXj7w)Q1/(f1 + Efp+1 +-t el fpjrlvf% to 7fp) and (OXj,w)Q’z/(fp-‘rl =+ 6E +
6jﬂ, fa,-+, fp) respectively.

N1

Using isomorphisms Ox, , = (Ox; w)q, and Ox; . = (Ox, w)q,, one sees that le
and C? gives elements of Ko(Ox,, on y) and Ko(Ox; . on z), denoted [C}] and [C7]
respectively.

Under the isomorphism (3.1) (let i = —p)

Ko((L(—p) (X)) /L(—p1)(X;))F) =~ P Ko(Ox, 4 on y),

yeX ®)

the element [C;j] decomposes into the direct sum of [C}] and [CF],”

4 For the geometric meaning of Theorem 2.18 of [23], we refer to page 103-104 and the summary on page

119 of Green-Griffiths [12]. See also page 316-318 of [23] for a summary.
ay

5 Since fp_+11 exists in (Ox;,w)Q,, the complex C; and the Koszul resolution of (Ox;,w)q,/(f1 +sf » +
P
R ) , f2 RN Jo ) define the same element of Grothendieck group. There is a similar expla-
Fr+1 fpt1 Tpt1

nation for [CJQ]
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€] = Cj1 +[C5]-

By Lemma 2.6, one sees that [C}] € K3'(Ox, 4 on y) and [C?] € K§'(Ox; - on z). In
particular, when j = 0, C§ and CZ are Koszul complexes of sequences {f1, fa, -, fp}
and {fp+1, f2, -, fp} respectively. It is obvious that [C}] = py (Y) and [C3] = uz(Z),
where uy (V) and pz(Z) are defined in Definition 2.2 and Remark 2.4.

The following theorem gives a generalization of Theorem 2.18 of [23].

Theorem 3.2. With notation as above, [C;] = [C}] + [CF] is a Milnor K-theoretic cycle
in the sense of Definition 2.8

[C5] = [Cj]+ [C] € Z)" (D7 (X))

The strategy of proving this theorem is to use the commutative diagram (2.1) in
Theorem 2.7. Concretely, we describe the images Ch([C}]) and Ch([CJZ]), and then show
that Ch([C}]) + Ch([C7]) lies in the kernel of the differential 9{""". This implies that
[C;] lies in the kernel of the differential d}’y”.

Proof. The images Ch([C}]) and Ch([C7]) can be described by Lemma 2.15. In fact,
they can be represented by diagrams as (2.3) on page 10. Concretely, let Q1 be the
ideal (f1, f2, -+, fp) as in Setting 2.1. Let Fo(f1, f2, -+ , fp) be the Koszul resolution of
(Oxw)a,/(f1, f2, -+, fp), which has the form

0 E, Fpo1 - Fy 0,

where each F; = \"((Ox )g,)®?. The image Ch([C]]) € «Q.I;(/é))@]) is represented

by the following diagram,

Fo(flaf27"'7fp) — (OXw)Q1/(f17f27"'7fp)
B Oxawla) —20 Roo @) | o) @50 o)),

ai

where wy = (—1)p_1(f— +-- )df A Ndfp.
p+1

Recall that Q9 is the ideal (fp+1,f2,~-~ . fp) of Ox.. The Koszul resolution of
(OX7w)Q2/(fP+17 f2a e 7fp)7 denoted FO(fp-i-lv f2a o 7f10)7 has the form

0 F F_, o F 0,

where each F/ = A" ((Ox.w)q,)®?. Let wy = (—l)p_l(% +-- jf—)dfz A - ANdfy, the
1
image Ch([CJZ]) is represented by the following diagram

Fo(fprn faro s fp) —— (Oxw)Qs/(fpt1s fa,- - 5 fo)

Fy(=2 (Oxw)Q,) — = Fj® (91(70)1( )Qz/(@) (= (on)l(w)%/@)@j).
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Let Fo(f1, fo, -, fp, fo+1) and Fe(fpi1,f2, -+, fp, f1) be Koszul resolutions of

OX,w/(f17 f27 e 7fp7 fp+1) and OX,w/(fp+l7 f27 e ,fp> fl) respectively. The image
97" P(Ch([C]])) is represented by the following diagram (denoted /)

F'(flvaa o 7fp7fp+1) OX,w/(fl,fZ, o 7fp7fP+1)
- (—1)p_1(a1+<~+ja-)dfg/\<-</\df _ o _ .
Fp1 (2 Oxw) : 5 R ® (Q%X{W/Q)EBJ (= (ng%qu/@)@J):

and 07" "(Ch([C?])) is represented by the following diagram (denoted f3z)

F‘(fp+17f27"' :fpafl) OX,w/(fp+17f27"' 7fP7f1)
- (,1>p—1(a +e4jai)dfo A---Adf _ o _ .
Fp1(= Ox.w) - . 5 Fo® (nglrw/@)% (= (nglyw/@)@])-

The two complexes Fo(f1, fa, -+, fp, fpt1) and Fo(fpt1, f2,- -+, fp, f1) are related by
the following commutative diagram (see page 691 of [13])

Dpi1 Sp+1 D, ©p+1 D
OX,w /\pOX,w OX,w OX,'w

actas | was | | A -|

Epi1 1 E
Ox,w —— NORT —

&p+1 _ Eu
OX,w - — OX,wa

where each D; and E; are defined as usual. In particular, Dy = (f1, fo, -, fp, fo+1)s
El = (fp+17f27 e 7fp7f1)7 and Al is the matrix

000 ---1
010 0
0 0 1 0
1 0 0 0
Since the determinant detA; = —1, one has

Br=—B2 € ExtP™ (Oxw/(f1, f2r -+ s for fpa1), (Q’(’);fw/Q)@j)-

Consequently, 8" ""(Ch([C}])) + 87" "(Ch([CF])) = 0 € HLM(QP ! o). This implies
that d7"3"([C}] + [C7]) = 0 because of the commutative diagram (2.1)

Ch([C}]) + Ch([C3)) e+ e

o | a5 |

A CH((C]]) + Ch(C) = 0 = dR(CH +(CF)).

o

In conclusion, [C}]+[C7] is a Milnor K-theoretic cycle in the sense of Definition 2.8. O
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For each integer j, g7([Cj]) = [Cj-1], where g} is the map (2.2). When j = 1,
gi([C1]) = g7 ([C1] + [CF]) = py (Y) + pz(Z). This shows that

Corollary 3.3. With notation as above, [C1] € Z}) (DP™(X1)) is a first order deformation
of py (Y)+pz(Z) and it can be successively lifted to higher order [C}] € Z) (DPet(X})).

For a first order infinitesimal deformation Y! of Y, by Definition 2.2, uy(Y!) €
Ky(Ox, 4 on y)q is given by the Koszul complex Fo(f1 +€g1,--- , fp +€gp). We want to
check whether py (Y1) is a Milnor K-theoretic cycles or not.

For simplicity, we assume that g = --- = g, = 0 in the following. In notation of
Setting 2.1, for g1 € Oxy = (Ox,w)Q,, We write g1 = %, where a1,b1 € Ox, and

1
b1 ¢ Q1, then by is either in or not in the maximal idea (f1,- -, fp, fp+1) C Ox -

Lemma 3.4. With notation as above, in the case by & (f1,-+ , fp, fo+1), then py (Y1)
is a Milnor K-theoretic cycle which lifts uy (Y) and it can be lifted to higher order in
ZM (DY (X)) successively in the sense of Definition 2.11.

Proof. If by & (f1,--- , fp, fp+1), then by is a unit in Ox ,,, this says g1 = % € Ox - Let
1

T denote Koszul resolution of (Ox, w)g,/(f1 + g1, f2,++ , fp). For each integer j > 2,
let 77 denote Koszul resolution of (Ox, w)q,/(f1 +eg1 +e*ha + -+l hj, fa, -+, fp),
where hg, - -+, h; are arbitrary elements of Ox .

For each j > 1, T7 gives an element [T7] € K((Ox, ,, on y)q. Moreover, by Lemma 2.6,
[T9] € K§"(Ox,, on y). We use the same strategy of proving Theorem 3.2 to prove
that [T9] € ZM(DP*(X;)). The image of [T7] under the Ch map, Ch([TY]), can be
represented by the following diagram (cf. (2.3) on page 10)

Efiforo i fo) —— (Oxw)ai/(f1 f2,-+ 5 fp)

~ —1 i~ —1 1
Ry (Oxado) — Fow (@5] ) o) (E @51 1))

Here n = (—=1)P7Y(g1 +2ha + -+ jh;)dfa A+ - Adf, and Fo(f1, f2,+ -+, fp) is the Koszul
resolution of (Ox ), /(f1, f2, -+ . fp). Since fp11 ¢ Q1, fpjrll exists in (Ox )0, 7 can
Jp+11

fp+1 .
The image 07" "P(Ch([T7])) is represented by the following diagram (denoted =),

be rewritten as n =

Fo(fi, fo, - fos for1) —— Oxw/(f1, fo, -+ fpr fpr1)

~ fo41m - o _ .
Fpir(20xw) 55 R Q5 o)™ (= Q0 6)%),
where the complex Fo(f1, f2, -+, fp, fp41) is of the form

M.
0 — AP (Ox.,)%PH —2

)

N (Ox) 74— o
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Let {e1, -+ ,ept1} be a basis of (Ox )PP, the map M,y is

p+1
erN---Nepy1 — Z(—l)jfjel AN NEN---eptr,
Jj=1

where €; means to omit e;.

Since fp41 appears in M1, the diagram ~ defines a trivial element of Ext?P*1(Ox ,,/
(f1,-+ s fos fot1)s (Qg;%w/(@)@j). Hence, 87" P(Ch([T7])) = 0. It follows from the com-
mutative diagram (2.1) that d’l):;(f([Tj]) = 0. This proves that [T9] € Z} (D (Xj)).

It is obvious that g3 ([T7]) = [T7~'], where g} is the map (2.2). In particular, [T"] =
py (Y1) and g7 ([T]) = g1 (uy (Y1) = py (V).

In conclusion, [T!] = uy (Y'?) is a Milnor K-theoretic cycle and it lifts uy (Y). More-
over, [T"] lifts to higher order [T7] € ZM (D"*(X})) successively. O

Now, we consider the case by € (f1, fo, -, fp, fp+1). Since by & (f1, fo, -+, fp), we
can write by = Y0 LifI" 4+ 1piq ;Lf{l, where {41 is a unit in Ox ,, and each n; is some
integer. For simplicity, we assume that each n; =1 and I, = 1.

Let K}*(Ox, 4 on y,e) denote the kernel of the natural projection

Ky (Ox,,y on y) e K" (Ox,y on y).
There exists the following isomorphism (see Corollary 9.5 in [9] or Corollary 3.11 in [22])

KM (Ox, , on y,e) = H{;(QI;/}Q)

It follows that there is an isomorphism

(P,Ch) : K} (Ox,., ony) = KM (Ox, ony) @ Hg(@f;;/@, (3.2)

where P is induced by the map ¢ — 0 and Ch is the map induced by Chern character
from K-theory to negative cyclic homology (see Theorem 2.7).

a
For oy (Y1) = [Fa(fy + eg1, fare+ )] € K§¥(Ox,y on y), where gy = 5%, the
1

image P(uy (Y1) = uy (Y) € K} (Ox,, on y). The image Ch(uy (Y'!)) can be described
by Lemma 2.15 (cf. (2.3) on page 10). Concretely, let Fo(f1, fa,--- , fp) be the Koszul
resolution of (Ox ), /(f1, f2, -+, fp), which is of the form

My

0 F, F,_y . Fy 0,

where each F; = A"((Ox )0, )®P. The map M, is

P
61/\-~-/\ep—>Z(—1)jfjel/\-~-/\éj/\---ep, (3.3)
j=1
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where {e1,--+ ,e,} is a basis of ((Ox,u)g,)®? and €; means to omit e;.
The following diagram (denoted 1)

Fo(f1,f2,-+ 5 fp) —_— (Ox,w)q,/(f1, f2,-++, fp)
(*1)’”"%dfzh~/\dfg
Fp(= (Ox.w)a)) : Fo® 9051 0 /0(E 00 0 o)

defines an element of Ext?((Ox.w)a,/(f1;f2, -, fp), &
H (205 wau/@) of 7 is Ch(uy (Y1)
By Lemma 2.6, the Koszul resolution of (Ox, v)q,/(f1 + 5f fa, -+, fp) gives an

(Ox Jo,/Q o)- The limit [y1] €

element [F(f1 +e—— ,fg, < fo)] € KM (Ox, ,, on y) whose image under the map P is

f

wy (Y). By Lemma 2.1\) the image of [F'(f1 + €f , f2,--+, fp)] under the map Ch is
p+1

the limit [yo] € H? (Q:Z’Oi oy /@)» Where 73 is the following diagram (cf. (2.3) on page
10)

F.(flaf?a"'afp) — (OX,w)Ql/(f17f27"'7fp)
(=Pt “ dfaA---Ndfyp
~ p+1 p—1
Fp(: (OX,w)Ql) FO®Q(OX w)Ql/Q( Q(ox “,)Ql/Q)

It follows from the isomorphism (3.2) that

py (YY) = py (V) + [, [F (f1+€f 2oy )l =y (V) + [

NP f
Since & — 4 _ (= 2z lifi) and each f; (i =1,---,p) appears in the map M,
1 fp—i—l blfp+1

(3.3), In1] = [e] € HE (Q(OX )Ql/Q)' This shows that

Lemma 3.5. The element py (Y') agrees with [F(f1 +e—— ,fg, e o)l

f

It is sufficient to abbume that py (Y'!) is represented by the Koszul resolution of
(Oxyw)o,/(fr + 5f , f2,-++, fp) in the following. The image 07" F(Ch(uy (Y!))) is

represented by the followmg diagram

Fo(f1, fas-++ s fo for1) —_— Oxw/(f1, f2,- s for fpt1)

(=D)P " raydfz A Adfyp p—1 p—1
Fe o0&, 0

p+1( Ox w)

which is not necessarily to be trivial. It follows from the commutative diagram (2.1)
that py (Y1) is not a Milnor K-theoretic cycles. Hence, uy (Y'!) is not a deformation of
py (Y). In this way, obstructions to deforming py (V) arise.
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Recall that Z is the subscheme defined in Definition 2.3 and pz(Z) € Z) (DP*(X))
is represented by the Koszul complex of the sequence { f,11, fa,--- , fp}. Inspired by Idea
1.3, we use uz(Z) to eliminate obstructions to deforming py (V).

Since py (Y') can be written as a formal sum

py (Y) = (ny (V) + pz(2)) — uz(Z) € 2,1 (D*(X)),

to lift py (Y') is equivalent to lifting uy (Y) + pz(Z) and pz(Z) respectively.

By Corollary 3.3, the element [C4] is a Milnor K-theoretic cycle and it is a first
order deformation of py (Y) + pz(Z). By Remark 2.10, uz(Z) € Z) (DY (X)), so the
formal sum [Cy]—pz(Z) € Z)! (DP(X1)). Since g7 ([C1] = pz(2)) = (uy (V) +12(Z)) -
wz(Z) = py (YY), where gi is the map (2.2), [C1] — pz(Z) is a first order deformation of
py (Y).

The Milnor K-theoretic cycle [C1] — pz(Z) lies in the direct sum of K-groups

[C1] = nz(2) € 2, (DP'(X1)) € @ Kj'(Ox,,y on y).
yeX ®)

Let ([C1] —pz(2))|y denote the direct summand corresponding to Y (with generic point
a

y) of [C1]=pz(Z), one sees that ([C1]—pz(2))ly = [F(f1+€f711,f27 e fp)l =y (Y.
p+

By Remark 2.10, for each integer j > 1, uz(Z) € Zé”(DPerf(Xj)). According to Corol-
lary 3.3, the element [C1] € Z) (DY (X)) lifts to [C)] € Z)' (D™ (X)) successively.
It follows that [C1] — uz(Z) € Z)(DP(Xy)) lifts to [C)] — pz(2) € ZM (DY (X))
successively. In summary,

Theorem 3.6. With notation as above, in the case b1 € (fi,- -, fp, fp+1), there ex-
ists a Milnor K-theoretic cycle uz(Z) € ZM(DT*''(X)), where Z C X is another
irreducible closed subscheme of codimension p, and a Milnor K-theoretic cycle [Cy] €
Z)M(DPe (X)), which is a first order deformation of py (Y) + pz(Z) such that

L ([C1] = pz(2))ly = py (Y);

2. [C1] = uz(Z) is a first order deformation of uy (Y);
3. [C1] — nz(Z) lifts to higher order successively.
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