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1 Introduction

The 3-point correlators of conserved current operators in conformal field theories (CFTs)
have been systematically studied in the fundamental works [1, 2]. Here the conserved current
operators of interest include both the conserved spin 1 vector field operator Ja

µ and the stress
tensor operator Tµν . The results in [1, 2] show that in general dimensions, the conformal
3-point correlation functions can be fixed by conformal symmetry up to a few free parameters,
and the numbers of independent free parameters are further reduced by the conservation
conditions of the conserved currents. These parameters are the key ingredients in the studies
of the conformal current 3-point correlators. The parameters in the correlators ⟨TJJ⟩, ⟨TTT ⟩
are subject to the constraints from unitarity and causality, namely the conformal collider
bounds [3–6], and they play important roles in the studies of the strongly coupled systems
in condensed matter physics [5, 7–11] and quantum gravity through holography [12, 13].
The conformal current 3-point correlators have also been applied to study the cosmological
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correlators [14–19]. For instance, the stress tensor 3-point correlator corresponds to the
non-Gaussianity of gravitational waves generated during the early stage of cosmology [15].

We will be interested in the conserved current 3-point correlators ⟨Ja
µJ

b
νO⟩ and ⟨TµνTρσO⟩,

in which the operators O are the leading terms in the operator product expansions (OPEs):

Ja
µ × Jb

ν ∼ 1 δab +OS δ
ab + Tµν δ

ab + · · · , (1.1)
Tµν × Tρσ ∼ 1 +OS + Tµσ + · · · . (1.2)

The above OPEs can be used to determine the charge conductivity and viscosity near
quantum critical points at finite temperature [7–11], for which the dominat contributions are
from the vacuum state, relevant scalars OS and the stress tensor Tµν . A recent conformal
bootstrap study has shown that the conserved current operators can help to improve the
bootstrap results to remarkably high precision [20]. It is expected that a similar bootstrap
implementation associated with the conserved currents can be used to improve the bootstrap
results for the strongly coupled conformal gauge theories [21], in particular the infrared (IR)
fixed point of the three-dimensional quantum electrodynamics (QED3) coupled to Nf = 4
flavors electrons [22], and the perturbative results on the current 3-point correlators can
provide useful input data for the bootstrap computations, reminiscent of the special roles
played by the 1/N expansions of the QED3 spectrum [23–25].

The goal of this work is to develop large N diagrammatic techniques to compute the
1/N corrections to the parameters in the conserved current 3-point correlators. The method
can be applied to general conformal field theories. Here we will focus on the critical O(N)
vector model and the Gross-Neveu-Yukawa (GNY) model. The critical O(N) vector model
has been extensively studied in the past decades using 1/N perturbative expansions, and
plenty of CFT data for this theory have been obtained, see [26] for a comprehensive review.
Nevertheless, most of the perturbative studies focused on the spectrum [27–32] and the
central charges [33–36] as free parameters in the conserved current 2-point correlators;1 while
the perturbative results on the conserved current 3-point correlators were computed only at
the leading order in position space [1, 2] and in momentum space [5, 15]. These results are
given by the free field theories. The main challenge is that the Feynman loop integrals for the
3-point correlators are more difficult to evaluate than those for the 2-point correlators. In
fact, although the conformal 3-point correlators are fixed by conformal symmetry up to free
parameters and have compact forms in position space, their counterparts in momentum space
can only be written in complicated expressions in general dimensions.2 Since the Feynman
loop integrals are usually evaluated in momentum space, one cannot directly apply the
conformal 3-point correlation functions in position space [1, 2] to the Feynman loop integrals.

The conformal 3-point correlators in momentum space, especially those for the conserved
current operators have been extensively studied in the past decade [39–49], motivated by their
fundamental applications in holographic cosmology and other directions. It has been shown
that the conformal 3-point correlators in momentum space can be expressed as integrals
of triple Bessel K functions [39] or, equivalently, as Appell functions [40]. These formulas

1The 1/N corrections to the scalar three-point correlators have been computed recently in [37, 38].
2In 3D the conformal conserved current 3-point correlators in momentum space are given by conformal

integrals, which can be written in compact forms.
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provide the leading order results in the perturbative expansions of the 3-point correlators,
and the Feynman loop integrals for the subleading order corrections are considerably more
challenging. In this work, we apply the method of subgraphs [50–53] to decompose the
original multi-loop 3-point Feynman diagrams into a series of simpler Feynman integrals.
Due to the constraints from conformal symmetry, the subleading order corrections to the
3-point correlators can be completely fixed by the first few terms in the subgraph expansions,
therefore it significantly simplifies the Feynman loop integrals for the 1/N corrections.

The method of subgraphs provides a graph-theoretical expansion for multi-scale Feynman
loop integral in terms of its subgraphs. The Feynman loop integrals with multiple scales
appear ubiquitously in QFTs, while in general they are hard to evaluate analytically. A
natural idea is to expand the original loop integral with respect to a small/large scale
parameter p. The subtlety is that such expansion does not commute with the integration
and the preconditions for the p-expansion of the integrand are not satisfied in certain regions
of the integration domain. This problem can be systematically resolved using the method of
subgraphs or the method of regions [50–54]. The method of regions is physically motivated:
one divides the integration domain into different regions Di, within which the integrand
can be Taylor expanded with respect to parameters that are considered small in Di. This
method has been widely applied in Feynman loop computations, see [55] for new development.
Nevertheless, a strict proof of the method of regions is not available yet.

For the Feynman integrals in Euclidean spacetime, or those with off-shell momenta and
masses in Minkowski spacetime, the expansion of the original integral can be represented in a
graph-theoretical way, i.e., by its subgraphs. Here the role of the subgraphs is to provide
graphical labels for the small/large internal momenta in the Taylor expansion of the integrand.
The method of subgraphs has been proved for general Feynman diagrams in Euclidean space,
see appendix B.2 in [51]. Coincidentally, the Feynman loop integrals for the CFT data,
including the conformal 3-point correlators are evaluated in Euclidean spacetime, therefore
the method of subgraphs can be applied as a solid approach to simplify the loop computations.
Another remarkable advantage of applying the method of subgraphs to CFTs is that the
conformal 3-point correlators have already been almost fixed by conformal symmetry. As a
result, the 1/N corrections to the free parameters can be completely solved from the first few
terms in the subgraph expansion. This is however different from the Feynman loop integrals
in general QFTs, in which the method of subgraphs provides an asymptotic expansion and
requires taking the subgraph expansions to high orders to obtain sufficiently precise data
for the original Feynman integral [56].

A short summary of the results. The gist of this work is to show that the method
of subgraphs, together with the constraints from conformal symmetry provides an efficient
approach to compute the higher order corrections of the conformal 3-point correlators. Our
results can be summarized into three parts.

a. In section 2 we apply the method of subgraphs to study the general scalar conformal
3-point correlators in momentum space and demonstrate that it provides a graph-
theoretical expansion for the complicated correlation functions. A particularly important
property is that the subgraph expansion automatically captures the singularities in the
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OPE limit in the momentum space. We compare the subgraph expansions for the scalar
3-point functions ⟨O1O2O3⟩ with the solutions from the conformal Ward identities,
and find perfect agreement. In section 3 we present the subgraph expansions of the
conserved current 3-point correlators ⟨JJJ⟩, ⟨TJJ⟩ and ⟨TTT ⟩, and verify the results
using the exact correlation functions in 3D.

b. We compute the 1/N corrections to the conserved current 3-point correlators ⟨JJJ⟩ in
the critical O(N) vector model and GNY model. In both theories the 3-point correlators
can be expanded in terms of the free field theories

⟨JJJ⟩ = ns⟨JJJ⟩free scalar + nf ⟨JJJ⟩free fermion. (1.3)

The parameters ns and nf , up to the order O(1/N), are given by

ns = 1−
2D+2(3D − 4) sin

(
πD
2

)
Γ
(

D−1
2

)
π3/2(D − 2)2D2Γ

(
D
2 − 2

)
N

, nf = −
2D+3 sin

(
πD
2

)
Γ
(

D−1
2

)
π3/2(D − 2)2D2Γ

(
D
2 − 2

)
N
,

(1.4)

for the critical O(N) vector model and

ns =
2D+2 sin

(
πD
2

)
Γ
(

D−1
2

)
π3/2D2Γ

(
D
2 − 1

)
N

, nf = 1 +
2(D + 1) sin

(
πD
2

)
Γ(D − 1)

πΓ
(

D
2 + 1

)2
N

, (1.5)

for the GNY model. Details of the computations and the special role of the method of
subgraphs are presented in section 4.

c. We compute the 1/N corrections to the correlators ⟨JJO⟩ in the critical O(N) vector
model motivated by their applications in the conductivity at finite temperature. We
focus on the lowest O(N) traceless symmetric scalar σT and the O(N) singlet scalar σ.
Up to the subleading order, the results are

λJJσT
= D − 2 +

((D − 12)D + 16)(cos(πD)− 1)Γ
(
2− D

2

)
Γ(D − 2)

π2DΓ
(

D
2 + 1

)
N

, (1.6)

and
λJJσ|D=3 =

4
π
√
N

− 368
9π3

√
NN

. (1.7)

The normalization for above OPE coefficients is introduced in (5.6), which follows [57].
Details of the 1/N loop computations and renormalization are explained in section 5.

We expect the method developed in this work can be employed to provide a perturbative
study for the conserved current 3-point correlators in many physically interesting CFTs. We
discuss some future works in section 6.
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2 Method of subgraphs and conformal 3-point correlators in momentum
space

Feynman diagrams are usually evaluated in momentum space. Therefore, to study conformal
correlation functions using this method, one needs to know the momentum-space form of the
correlators. The conformal 2-point correlation functions in momentum space can be obtained
using Fourier transformations, and the results are given in simple forms. However, for the
conformal 3-point correlators, the Fourier transformations of the correlation functions in
position space lead to complicated expressions [39, 40]. Besides, there are extra contributions
from the contact terms of the correlation functions. In this section, we first review the
results on the conformal 3-point correlators in momentum space obtained from the Fourier
transformations and the conformal Ward identities [39, 40, 47], then we propose that the
method of subgraphs provides a useful graph-theoretical expansion for the conformal 3-point
correlation function in momentum space.

2.1 Conformal 3-point correlators in momentum space

We use the scalar 3-point correlator to exhibit the complexity of the expressions for the
conformal 3-point correlation functions in momentum space. The 3-point correlators of
spinning operators can be decomposed into scalar correlation functions associated with
specific tensor structures [39].

The conformal 3-point correlator in momentum space can be obtained through Fourier
transformations of the correlators in position space. Consider a 3-point correlator of scalars
Oi with scaling dimensions ∆i. In position space, the correlation function is given by

⟨O1(x1)O2(x2)O3(x3)⟩ =
λO1O2O3

x
∆1+∆2−∆3
12 x

∆2+∆3−∆1
23 x

∆1+∆3−∆2
31

, (2.1)

where xij ≡ |xi − xj |. We take the Fourier transformation of the above formula to get the
same conformal 3-point correlation function in momentum space ⟨O1(p1)O2(p2)O3(p3)⟩, up to
the contributions from contact terms.3 The Fourier transformation of the 3-point correlation
function (2.1) is proportional to the one-loop integral

⟨O1(p1)O2(p2)O3(p3)⟩ ∝ I(ν1, ν2, ν3) ≡
∫

dDk

(2π)D

1(
k2
)ν3

(
(p1 − k)2

)ν2
(
(p2 + k)2

)ν1 , (2.2)

where we have implicitly assumed momentum conservation condition pµ
3 = −pµ

1 − pµ
2 and

∆t = ∆1 +∆2 +∆3, νi =
D −∆t

2 + ∆i.

The integral I(ν1, ν2, ν3) can be studied using recursive relations derived from either conformal
symmetry constraints or integration-by-parts relations [40, 58]. Using standard techniques

3The conformal 3-point correlation functions in position space like (2.1) are valid when the three coor-
dinates xi do not coincide. The contact terms appear when the coordinates xi coincide, and their Fourier
transformations correspond to analytic terms of the external momenta [15].
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for Feynman integrals, the scalar conformal 3-point correlation function in momentum space
can be rewritten in an integral form [39]

⟨O1(p1)O2(p2)O3(p3)⟩ = cO1O2O3δ
d(p1 + p2 + p3)p

∆1− d
2

1 p
∆2− d

2
2 p

∆3− d
2

3

×
∫ ∞

0
dxx

d
2−1K∆1− d

2
(p1x)K∆2− d

2
(p2x)K∆3− d

2
(p3x), (2.3)

where cO1O2O3 is a constant related to λO1O2O3 in (2.1) and Ka(z) is the modified Bessel
function of the second kind. For general parameters, the above triple-K integral cannot
be solved in a compact form. In fact, it may be divergent and a suitable regularization
is needed, see [39] for more details.

The conformal 3-point correlators can be derived directly in momentum space by solving
the conformal Ward identities, without referring to their position-space counterparts [15, 39,
40]. Poincaré invariance enforces momentum conservation and implies that the scalar 3-point
function depends only on the magnitudes of the external momenta, pi ≡ |pµ

i |. The additional
conformal Ward identities are derived from dilatation and special conformal transformations,
which can be written in momentum space:(

2D +
3∑

i=1

(
pi

∂

∂pi
−∆i

))
⟨O1(p1)O2(p2)O3(p3)⟩ = 0, (2.4)

3∑
i=1

(
∂2

∂p2i
+ D + 1− 2∆i

pi

∂

∂pi

)
pµ

i ⟨O1(p1)O2(p2)O3(p3)⟩ = 0. (2.5)

The dilatation symmetry (2.4) implies that the scalar 3-point function is a homogeneous
function of the external momenta pi with degree ∆t − 2D:

⟨O1(p1)O2(p2)O3(p3)⟩ = p
∆t−2D
3 f

(
p1
p3
,
p2
p3

)
. (2.6)

Substituting this ansatz into the special conformal Ward identity (2.5) yields a system of
partial differential equations for the function f . The general solutions to these equations are
expressed in terms of the generalized hypergeometric function of two variables, the Appell F4
functions. Among these, the physical solution corresponds precisely to the momentum-space
expression given in (2.3).

We will be particularly interested in the zero-momentum limit, where

pµ
1 = pµ, pµ

2 = −pµ − qµ, pµ
3 = qµ, q ≡ |qµ| ≪ p ≡ |pµ|,

and the Bessel function Ka(p3x) in (2.3) admits the following series expansion

Ka(p3x) = 2a−1Γ(a)p−a
3 x−a

(
1 +O(p23)

)
+ 2−a−1Γ(−a)pa

3x
a
(
1 +O(p23)

)
.

By applying the above expansion to (2.3), the triple-K integral for the 3-point correlation
function (2.3) can be simplified to

⟨O1(p)O2(−p−q)O3(q)⟩ (2.7)

∝ p∆t−2D 2∆3−D
2 −1Γ

(
∆3−

D

2

)
R

(
D−∆3,∆1−

D

2 ,∆2−
D

2

)(
1+O(q2)

)
+p∆t−2∆3−Dq2∆3−D 2

D
2 −∆3−1Γ

(
D

2 −∆3

)
R

(
∆,∆1−

D

2 ,∆2−
D

2

)(
1+O(q2)

)
,
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in which we have applied the double-K integral [59]

R(a, b, c) ≡
∞∫
0

dxxa−1Kb(x)Kc(x) (2.8)

=
2a−3Γ

(
1
2(a− b− c)

)
Γ
(
1
2(a+ b− c)

)
Γ
(
1
2(a− b+ c)

)
Γ
(
1
2(a+ b+ c)

)
Γ(a) .

An important property in (2.7) is that, for general ∆i, the small q expansion separates into
two parts: a regular part whose leading term is independent of q and a second part with
leading term proportional to q2∆3−D. For ∆3 > D/2 the entire correlation function is regular
in the zero-momentum limit, while for ∆3 < D/2 the 3-point function is dominated by a
singular term proportional to q2∆3−D in the zero-momentum limit. Such behavior of the
conformal 3-point correlators has been studied in [10, 11] to evaluate the dynamical response
functions near quantum critical points. They also play an important role in analyzing the
relation between the scale and conformal invariance [41, 60].

The small q expansion of the scalar 3-point correlation function (2.7) can also be obtained
from the properties of the Appell function F4 [40]. In the following section, we show that the
two terms in the zero-momentum limit can be reconstructed through the subgraph expansion
of the one-loop integral (2.2). The advantage of the subgraph expansion is that it provides
a simplified diagrammatic representation of the asymptotic behaviors of the correlation
functions, without using the mathematical properties of the complicated expressions for
the original integrals.

2.2 Method of subgraphs for the 2-scale loop integrals

The conformal 3-point correlation functions in momentum space (2.2) depend on the one-loop
integral I(ν1, ν2, ν3), which contains two scales p1 and p2. The Feynman loop diagrams with
multiple scales are usually difficult to evaluate analytically. For the multi-scale Feynman
loop integrals in Euclidean space, the method of subgraphs provides an efficient approach to
evaluate the original integral by decomposing it into its subgraphs with lower scales [50–52]. In
this section, we briefly review the subgraph expansions of Feynman diagrams, and then apply
the method of subgraphs to compute the conformal 3-point correlators in momentum space.

The multi-scale Feynman integrals in the limits with small or large external momenta
have been studied for a long time [61]. This problem is subtle as the limit of the integral
cannot be obtained simply by taking the same limit on the integrand. Take the one-loop
integral I(1, 1, 1) for example:

I(1, 1, 1) =
∫

dDk

(2π)D

1
k2(p+ k)2(k − q)2

. (2.9)

This is an integral with two external momenta. In this work, the integrals with n external
momenta are dubbed n-scale integral. For n = 0, the integral becomes scaleless and vanishes∫

dDk

(2π)D

1(
k2
)a = 0. (2.10)
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The 2-point correlation functions are given by the 1-scale integrals, and their one-loop
diagrams can be exactly solved through

∫
ddk

(2π)D

1(
k2
)a (

(k − p)2
)b

= 1
(4π)D/2

Γ
(

D
2 − a

)
Γ
(

D
2 − b

)
Γ
(
a+ b− D

2

)
Γ(a)Γ(b)Γ(D − a− b) pD−2a−2b. (2.11)

The integrals for the 2-point correlators with tensor structures can be reduced to the scalar
integrals (2.11) through tensor reductions. The one-loop integrals will be extensively employed
throughout this work. In contrast, there are no compact solutions for the one-loop 2-scale
integrals like (2.9), and we take asymptotic expansions for these integrals.

We now show the subtlety in the small q expansion of the 2-scale integrals. Consider
the Taylor expansion with small q (Tq) for the integrand in (2.9):

1
k2(p+ k)2(k − q)2

= 1
k2(p+ k)2

Tq
1

(k − q)2
= 1

(k2)2(p+ k)2
+ 2k · q

(k2)3(p+ k)2
+ · · · . (2.12)

The integral of each term in the expansion is regular in q

∫
dDk

(2π)D

1(
k2
)2

(p+ k)2
+ 2k · q

(k2)3(p+ k)2
=

2−Dπ−
D
2 Γ
(
3− D

2

)
Γ
(

D
2 − 2

)
Γ
(

D
2 − 1

)
Γ(D − 3) pD−6

−
2−Dπ−

D
2 Γ
(
4− D

2

)
Γ
(

D
2 − 2

)
Γ
(

D
2 − 1

)
Γ(D − 3) pD−8 p · q. (2.13)

With D = 3, the two leading terms vanish. Actually the integral (2.13) is IR divergent in
3D, and the right-hand side of (2.13) gives the integral in dimensional regularization. The
result in (2.13) can be compared with the integral (2.9) in 3D, which becomes a conformal
integral and can be evaluated exactly:

I(1, 1, 1)|D=3 =
1

8pq|p+ q| =
1

8p2q
− p · q

8p4q
+ · · · . (2.14)

The original integral has a pole in the zero-momentum limit q → 0, which is not shown
in (2.13). The small q expansion of the integrand failed to capture the zero-momentum
limit of the one-loop integral (2.9). The reason is that the Taylor expansion (2.12) is broken
down in the integration domain k < q. In this region the integrand of I(1, 1, 1) can be
alternatively expanded with small k:

1
k2(p+ k)2(k − q)2

= 1
k2(k − q)2

Tk
1

(p+ k)2
= 1
p2k2(k − q)2

− 2k · p
(p2)2k2(k − q)2

+ · · · , (2.15)

and its integral is given by∫
dDk

(2π)D

1
p2k2(k−q)2

− 2k ·p
(p2)2k2(k−q)2

(2.16)

=
2−Dπ−

D
2 Γ
(
2−D

2

)
Γ
(

D
2 −1

)2
Γ(D−2)p2

qD−4−
21−Dπ−

D
2 Γ
(
2−D

2

)
Γ
(

D
2 −1

)
Γ
(

D
2

)
pµ

Γ(D−1)p4
qD−4q ·p,

which produces the exact asymptotic behavior (2.14) of I(1, 1, 1) in 3D.
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This example demonstrates that the integration domains of the loop momenta are crucial
for obtaining proper asymptotic expansions of the Feynman integrals. The method of regions
is proposed to resolve this problem [54]. It leads to asymptotic expansions for general
Feynman integrals in certain limits of external momenta and masses. The procedure can
be summarized as follows: first divide the integration domain of the internal momenta into
different regions Di associated with a set of parameters Ci which are considered small in
Di, and take the Taylor expansion for the integrand f in each region Di with respect to the
small parameters Ci: TCi

f ; then integrate the new integrands TCi
f over the entire integration

domain of the internal momenta. See [51] for detailed explanations of the method of regions.
The method of regions can be applied to general Feynman integrals, although a strict

proof has not yet been achieved. However, for Feynman integrals in Euclidean space, the
asymptotic expansion of the Feynman integrals can be formulated in a graph-theoretical
language, namely the method of subgraphs [50–52]. The Feynman loop integrals for the CFT
data are of the Euclidean type; therefore, their asymptotic expansions can be effectively
studied using the method of subgraphs.

Let us go back to the one-loop integral I(1, 1, 1). As explained after (2.13), a naive
Taylor expansion of the integrand with small q generates IR divergence. This problem can
be cured by expanding the integrand with small k (2.15). Consider the remainder of above
Taylor expansions up to the order n, denoted T n

q/k:

Rn I(1, 1, 1) =
∫

dDk

(2π)D

1
k2

(
(1− T n

k ) 1
(p+ k)2

)((
1− T n

q

) 1
(k − q)2

)
. (2.17)

The second Taylor expansion
(
1− T n

q

)
generates IR divergences for the integral, which is

cured by the remainder from the first Taylor expansion
(
1− T n

q

)
, and vice versa for the

integral in the UV limit. The operators in the remainder (2.17) can be interpreted graphically

Rn = (1−Mn
γ )(1−Mn

Γ ), (2.18)

in which MΓ refers to the operation on the original Feynman diagram and only the momentum
qµ is considered small, while Mγ refers to the operation on the subgraph given by the
propagator 1

(k−q)2 and both the momenta qµ, kµ are considered small. The original integral
is given by

I(1, 1, 1) = (1−Rn)I(1, 1, 1) +RnI(1, 1, 1) (2.19)
= (Mn

Γ +Mn
γ +Mn

Γ ·Mn
γ +Rn) I(1, 1, 1). (2.20)

The first two terms consist of the one-loop integrals with a single scale, which can be evaluated
using the formula (2.11). The third term generates a scaleless integral and vanishes (2.10).
Taking the order of the Taylor expansions to infinity n→ ∞, the remainder term vanishes
as well, and the original one-loop integral has an asymptotic expansion

I(1, 1, 1) =MΓI(1, 1, 1) +MγI(1, 1, 1). (2.21)

The operation MΓ (Mγ) corresponds to the Taylor expansion with respect to small momentum
q (momenta q, k) for the original Feynman diagram Γ (subgraph γ).
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This procedure can be generalized to higher-loop Feynman diagrams in Euclidean space-
time [50, 51]. Consider an L-loop Feynman diagram Γ in Euclidean space. Its external
momenta are separated into two sets: the large and small external momenta {Q1, Q2, . . . , Qi},
{q1, q2, . . . , qj}. All the masses are tuned to zero to reach the IR fixed points. It can be shown
that the remainder of the large Q or small q momenta expansion is given by the forest formula

Rn =
∑
S

∏
γ∈S

(
−Mn(γ)

γ

)
, (2.22)

where S denotes the set of non-overlapping subgraphs, i.e. the forests [62]. The rules to
determine S will be explained later. The order of the Taylor expansion n(γ) depends on the
UV degree of divergence Λ(γ) of the subgraph γ: n(γ) = Λ(γ) + n, so that the remainder Rn

scales as (q/Q)n in the large Q (small q) limit [63]. The subgraphs γ in (2.22) are determined
by two rules. First, the subgraphs γ ⊆ Γ contain all the vertices with large external momenta
Q. Besides, the new graph is 1PI after identifying the external vertices of γ with large
momenta Q. Let k1, . . . , kh(γ) denote the loop momenta restricted in the subgraph γ, and
kh(γ)+1,...,kL

denote the loop momenta which also flow through the complementary part of the
subgraph Γ/γ. When taking the Taylor expansion for the subgraph γ, the internal momenta
are separated into two scales: the momenta k1, . . . , kh(γ) are considered large, while the
momenta kk(γ)+1,...,kL

are considered small. The operation Mn(γ)
γ applies on the subgraph

γ while commutes with its complementary part Γ/γ:

Mn(γ)
γ IΓ = IΓ/γ ◦Mn(γ)

γ Iγ =
∫

dk1

(2π)d
. . .

dkL

(2π)d
PΓ/γT n(γ)

q1,··· ,qj ,kh(γ)+1,...,kL
Pγ , (2.23)

where Pγ represents the partial integrand from the subgraph γ and we use Iγ to denote
its integral.

The remainder form (2.22) leads to an identity for the original Feynman integral IΓ:

IΓ = (1−Rn) IΓ +Rn IΓ =
∑

γ

IΓ/γ ◦Mn(γ)
γ Iγ +RnIΓ. (2.24)

Here when expanding the subtraction 1 − Rn, we have implicitly employed the fact that
the multiple operations like Mγ1Mγ2IΓ generate scaleless Feynman integrals which vanish
automatically. Now take the infinity n limit, above formula gives the asymptotic expansion
of the original Feynman integral

IΓ =
∑

γ

IΓ/γ ◦MγIγ . (2.25)

The subgraph expansion can be applied to general Feynman loop diagrams in Euclidean
spacetime with external momenta separated into two scales.

Now we compute the subgraph expansion of the scalar 3-point correlator ⟨O1(p)O2(−p−
q)O3(q)⟩ in the limit q ≪ p. The correlator is proportional to the integral I(ν1, ν2, ν3)

I(ν1, ν2, ν3) =
∫

dDk

(2π)D

1(
(p+ k)2

)ν3
(
k2
)ν2

(
(k − q)2

)ν1 . (2.26)

This is a generalization of the integral (2.9) to general external scalars. The diagrammatic
representation of the integral I(ν1, ν2, ν3) is shown in figure 1, in which the links should
be considered as generalized scalar propagators: 1/(k2)νi . According to the rules for the
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O2(−p − q)

O1(p)

O3(q)
k

=

O2(−p − q)

O1(p)

O3(q)
k

+
k

Diagram Γ Subgraph Γ Subgraph γ

Figure 1. Diagrammatic representation of I(ν1, ν2, ν3) and the two subgraphs in the expansion: Γ
and γ marked in red color.

method of subgraphs (2.25), the subgraphs of the diagram I(ν1, ν2, ν3) consist of the 1PI
subgraphs containing all the external vertices with large external momenta, i.e., O1(p) and
O2(−p− q). So there are two subgraphs for the original Feynman diagram Γ: Γ itself and
the link connecting O1(p) with O2(−p − q), see the graphs in red color in figure 1. We
take Taylor expansions for the subgraphs with respect to the momenta of small scale. The
external momentum q is consider small for all the subgraphs. The internal loop momentum
k is considered large for the subgraph Γ; while for the subgraph γ, the loop momentum k

also flows over Γ/γ so is considered small.
Note in figure 1 we have ignored another putative subgraph Γ/γ, i.e., the two links

connecting operators {O2, O3} and {O3, O1}. The reason is that the integral IΓ/γ for this
subgraph, after taking Taylor expansion with respect to k and q, becomes an integral with
no scale and vanishes automatically4

IΓ/γ =
∫

dDk

(2π)D

1(
(k)2

)ν3 Tk,q
1(

(k − p)2
)ν2

(
(k − p− q)2

)ν1 = 0. (2.27)

We use Iγ,n to denote the contribution from the subgraph γ at the order n in the Taylor
expansion. The leading terms of the two subgraphs are given by

IΓ,0 =
∫

dDk

(2π)D
T 0

q
1(

(p+ k)2
)ν3

(
k2
)ν2

(
(k − q)2

)ν1 =
∫

dDk

(2π)D

1(
k2
)ν1+ν2

(
(p+ k)2

)ν3

=
2−Dπ−

D
2 p−2D+∆tΓ

(
1
2 (∆1 +∆2 −∆3)

)
Γ
(
D − ∆t

2

)
Γ
(
∆3 − D

2

)
Γ (D −∆3) Γ

(
1
2 (D −∆1 −∆2 +∆3)

)
Γ
(
1
2 (−D +∆t)

) , (2.28)

and

Iγ,0=
∫

dDk

(2π)D

1(
k2
)ν2

(
(k−q)2

)ν1 T
0

q,k
1(

(p+k)2
)ν3 =

∫
dDk

(2π)D

1(
p2
)ν3

(
k2
)ν2

(
(k−q)2

)ν1

=
2−Dπ−

D
2 p−D+∆t−2∆3q2∆3−DΓ

(
1
2 (∆t−2∆3)

)
Γ
(
1
2 (∆t−2∆1)

)
Γ
(

D
2 −∆3

)
Γ(∆3)Γ

(
1
2 (D+∆1−∆2−∆3)

)
Γ
(
1
2 (D−∆t+2∆2)

) . (2.29)

4Here the internal momentum k has been shifted to k → k − p comparing with (2.26) so that the large
external momentum p only flows inside the new subgraph Γ/γ.
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The two leading terms IΓ,0 and Iγ,0 are consistent with the results (2.7) up to an overall
normalization factor. Note the solution (2.7) is obtained using asymptotic behavior and
integral properties of the Bessel functions. In contrast, the above results can be directly
evaluated using the diagrammatic subgraph expansions. In the following sections of this
work, we will use the method of subgraphs to compute the conformal 3-point correlators of
conserved currents and higher loop Feynman integrals.

2.3 Comments on the subgraph expansion and operator product expansion

We provide physical interpretations for the subgraph expansions of the conformal 3-point
correlator (2.28), (2.29). We show that the subgraph expansions automatically reproduce the
singularities in the correlation functions in the OPE limit, and that the method of subgraphs
provides a useful technique to study the OPE in momentum space.

In position space, the product of two operators can be expanded

O1(x1)O2(x2) =
∑

i

Ci(x, ∂x)Oi(x2), (2.30)

in which we define xµ ≡ xµ
1 − xµ

2 for brevity. The above OPE is convergent in the regions
where no other operators are inserted. In the short distance limit x→ 0, the O3-dependent
part in the OPE is dominated by

O1(x1)O2(x2) ∼
λO1O2O3

x
∆1+∆2−∆3
12

O3(x2) + · · · . (2.31)

Applying the above OPE in the conformal scalar 3-point correlator (2.1), it leads to

⟨O1(x1)O2(x2)O3(x3)⟩ ∼
λO1O2O3

x
∆1+∆2−∆3
12

⟨O3(x2)O3(x3)⟩+ · · · . (2.32)

The OPE in momentum space is given by the Fourier transformation of (2.30):

O1(p)O2(0) ≡
∫
dDxeip·x O(x)O(0) ∼

∑
i

C̃i(p, ∂p)Oi(0). (2.33)

The OPE limit in position space x → 0 corresponds to the large momentum limit p → ∞
in momentum space. One might naively expect that the correlation function in momentum
space obtained from (2.33) should be identical to the Fourier transformation of the 3-point
correlation function on the right-hand side of (2.32). However, this is not correct.

The Fourier transformation of the OPE limit in position space (2.32) gives

⟨O1(p)O2(−p− q)O3(q)⟩ ∝ p∆1+∆2−∆3q2∆3−D + · · · , (2.34)

which is exactly the subgraph contribution Iγ (2.29). Recall that when evaluating Iγ , the
Taylor expansion Tq,k with respect to small q and k, or equivalently the large p limit has
been applied. This is just the OPE limit p → ∞ in momentum space. However, we have
shown that in the subgraph expansion with large p, the whole conformal 3-point correlator
also contains a q-regular term IΓ contributed from the subgraph Γ. For the scalar O3 with
∆3 > D/2, the q-regular term is dominating and the naive OPE expansion (2.34) completely
misses the asymptotic behavior of the correlator in this limit.
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The key is that the OPE in position space (2.30) is convergent only when no extra
operator in between O1(x) and O2(0). However, for the OPE in momentum space (2.33), one
integrates over the whole spacetime x ∈ RD, and when applying it in the 3-point correlator
with an extra operator O(x3), the integration domain covers the neighborhood of O(x3):
x3 ∈ Ux3 , where the operator O1(x1) is more close to the third operator O(x3) and the
OPE (2.30) for O1(x1) × O2(x2) is not convergent any more. The contribution from the
integration domain Ux3 corresponds to the large loop momentum k which is comparable to
the large external momentum k ∼ p, and the integrand should be expanded with respect to
large k and p, or equivalently small q denoted by Tq in (2.28), this is precisely the contribution
IΓ from the subgraph Γ! The correlation functions with coincident coordinates, e.g. x2 → x3
are the so-called contact terms, and their Fourier transformations generate functions that are
analytic in q [15]. The extra term IΓ in the OPE limit plays an important role in the studies
of the relation between scale and conformal invariance [41, 60] and also the conductivity
at finite temperature [10, 11].

In short, the subgraph expansion of the conformal 3-point correlator provides a com-
prehensive description for the asymptotic behavior of the correlator in the OPE limit in
momentum space, which is known to be a subtle problem [41, 60] as the integration domain
in the Fourier transformation covers the neighborhood of the third operator where the OPE
stops converging. In general such kind of problems can be carefully treated using the method
of regions, and for the integrals in Euclidean space, the results are given by the subgraphs
of the original integral. For the conformal correlators in Lorentzian space, the method of
subgraphs does not apply and one needs to go back to the method of regions to evaluate
contributions from different integration domains. We expect the method of subgraphs can
play an important role for the conformal 4-point correlators and the related studies, in
particular the conformal bootstrap in momentum space, for which we will provide more
discussions at the end of this paper.

3 Subgraph expansions of conserved current 3-point correlators

We compute the conformal 3-point correlators of the conserved currents in momentum space
using the subgraph expansion. It has been shown in [1, 2] that the conformal current 3-
point correlators can be decomposed into those derived from free field theories, and the
correlation functions have been solved in compact forms in position space. In momentum
space, the conformal conserved current 3-point correlation functions can also be solved from
the conformal Ward identities [39]. Nevertheless, they consist of complicated expressions
that are not convenient for further study. The method of subgraphs, as explained previously,
provides a simple graphical expansion for the conformal 3-point correlation functions, which
is useful for related studies. Specifically, the results in this section provide the bases to
compute the subleading order corrections in the 1/N expansion.

We study the three conformal 3-point correlators of conserved currents: ⟨JJJ⟩, ⟨TJJ⟩
and ⟨TTT ⟩. The independent tensor structures in these correlators have been classified
in [1, 2], which can be realized by free boson and free fermion theories. For the stress tensor
3-point correlator ⟨TTT ⟩ in 4D, its tensor structures also contain those from the free vector
field theory. In this work, we compute the conformal 3-point correlation functions in general
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dimensions. It has been known that the free vector field theory is not conformal in D ≠ 4 [64].
Therefore, we focus on the tensor structures realized by the free boson and free fermion
theories. The method in this work can be directly applied to the 4D free vector theory.

To compute the 3-point correlators in momentum space using Feynman diagrams, we need
to specify the propagators and vertices of the external operators. Here we briefly introduce
these ingredients for free scalars ϕi and free fermions ψi. A more detailed introduction to
the interacting theories will be provided in section 4.1.

Consider the theories with N real scalars or N 4-component Dirac fermions. Their
Lagrangians Ls/f are

Ls = 1
2
(
∂ϕi

0
)2
, Lf = −ψ̄0i/∂ψ

i
0, (3.1)

and the propagators of the free scalars ϕi
0 and free fermions ψi

0 are given by

⟨ϕi
0(p)ϕj

0(−p)⟩ =
δij

p2
, ⟨ψi

0(p)ψ̄0j(−p)⟩ =
δi

j/p

p2
. (3.2)

The conserved spin 1 current Ja
µ and the stress tensor operator Tµν read

Ja
µ(p) =

i

2

∫
dDk

(2π)D

(
2kµ + pµ

)
ϕi
0(−k) (ta)ij

ϕj
0(p+ k), (3.3)

Tµν(p) =
∫

dDk

(2π)D

(
kµkν +

kµpν + pµkν

2 + D − 2
4(D − 1)pµpν

)
ϕi
0(k + p)ϕi

0(−k)− trace, (3.4)

for the free scalar theory and

Ja
µ(p) = −

∫
dDk

(2π)D
ψ̄0i(−k) (ta)i

j γµψ
j
0(p+ k), (3.5)

Tµν(p) = − i

2

∫
dDk

(2π)D
ψ̄0iγµ

(
kν + 1

2pν

)
ψi
0(p+ k) + (µ↔ ν)− trace, (3.6)

for the free fermion theory. In the perturbative computations, the expressions for J and
T correspond to the vertices shown in figure 2. The momentum-dependent factors in the
vertices are given by

U(p, k) = i(2kµ + pµ), V (p, k) = 2kµkν + kµpν + pµkν + D − 2
2(D − 1)pµpν − trace, (3.7)

for the free boson theory and

U(p, k) = −γµ, V (p, k) = − i

4
(
2kµ + pµ

)
γν + (µ↔ ν)− trace, (3.8)

for the free fermion theory.
In free field theories, it is straightforward to compute the conformal 3-point correlation

functions of the conserved currents ⟨JJJ⟩, ⟨TJJ⟩ and ⟨TTT ⟩ using Wick contractions. The
final results are given by the one-loop Feynman integrals. In figure 3 we show the Feynman
diagram for the correlator ⟨JJJ⟩, and the Feynman diagrams for ⟨TJJ⟩ and ⟨TTT ⟩ have
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i

j

Ja
µ(p)

k

k + p

= U(p, k) (ta)i
j ,

i

j

Tµν(p)
k

k + p

= V (p, k) δi
j

Figure 2. Vertices of the conserved currents Ja
µ(p) and Tµν(p).

Jc
ρ(−p − q)

Jb
ν(p)

Ja
µ(q)

k

=

Jc
ρ(−p − q)

Jb
ν(p)

Ja
µ(q)

k

+
k

Diagram Γ Subgraph Γ Subgraph γ

Figure 3. Feynman diagram for the current 3-point correlator ⟨Ja
µJ

b
νJ

c
ρ⟩ and its expansion with

two subgraphs: Γ and γ marked in red color. The Feynman diagrams for the correlators ⟨TJJ⟩ and
⟨TTT ⟩ are similar but with different vertices for the stress tensor.

the same geometry but different vertices. The subgraph expansions of the conserved current
3-point correlators are similar to those of the scalar 3-point correlator: there are two subgraphs
Γ and γ, in which the integrands are expanded with respect to two sets of small momenta
{q} and {q, k}, respectively. Then the one-loop 2-scale Feynman integrals are reduced to
one-loop 1-scale Feynman integrals, which can be evaluated analytically.

In principle, one can take the Taylor expansions of the integrands for each subgraph
Tq/q,k to arbitrarily high orders. The resulting integrals are given by the series expansions of
the small parameter q/p. For the Feynman diagrams in general QFTs, the expansions to high
orders are needed to approximate the original integrals [56]. However, in CFTs the 3-point
correlation functions are fixed by conformal symmetry up to a few free parameters, and
the 1/N corrections are only applied to these free parameters. To extract these corrections
from the Feynman loop integrals, we just need to keep the first few terms in the Taylor
expansion of each subgraph.

In the following parts, we present the subgraph expansions for the correlators ⟨JJJ⟩,
⟨TJJ⟩ and ⟨TTT ⟩ to the subleading order, which will be sufficient to extract the subleading
corrections in the large N expansion. Higher order terms can be computed using the same
method. We use Iγ,i to denote the i-th order contribution from the subgraph γ.
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3.1 Conserved current 3-point correlator ⟨JJJ⟩

In the free scalar theory, the spin-1 current 3-point correlation function is given by

IΓ,0 = −
21−Dπ1−

D
2
(
p2
)D

2 −3
csc

(
πD
2

)
Γ
(

D
2

)
Γ(D) (3.9)

×
(
pµ

(
(D − 4)pνpρ − (D − 2)p2δ(ν, ρ)

)
+ p2

(
pρδ(µ, ν) + pνδ(µ, ρ)

))
,

IΓ,1 = −
21−2Dπ

3
2−

D
2
(
p2
)D

2 −4
csc

(
πD
2

)
Γ
(

D+1
2

) (3.10)

×
(
p2
(
(D − 4)pµpρqν + (D − 4)pν

(
pρqµ + pµqρ

))
+ (D − 6)(D − 4)pαpµpνpρqα

)
+ δ−dependent terms

Iγ,0 = −
21−Dπ1−

D
2
(
q2
)D

2 −2
csc

(
πD
2

)
Γ
(

D
2

)
(
p2
)2

Γ(D)
(3.11)

×
(
p2pν

(
q2δ(µ, ρ)− qµqρ

)
− pρ

(
p2
(
qµqν − q2δ(µ, ν)

)
+ q2pµpν

)
+ pαpνpρqαqµ

)
.

In the free fermion theory, the correlation function is

IΓ,0 =
21−2D(D − 2)π

3
2−

D
2
(
p2
)D

2 −3
csc

(
πD
2

)
Γ
(

D+1
2

) (3.12)

× pµ

(
(D − 4)pνpρ − (D − 2)p2δ(ν, ρ)

)
+ p2

(
pρδ(µ, ν) + pνδ(µ, ρ)

)
,

IΓ,1 =
4−Dπ

3
2−

D
2
(
p2
)D

2 −4
csc

(
πD
2

)
Γ
(

D+1
2

) (D − 4) (3.13)

×
(
pν

(
(D − 2)pρ

(
(D − 6)pµpσqσ + p2qµ

)
+ (2D − 3)p2pµqρ

)
− p2pµpρqν

)
+ δ−dependent terms

Iγ,0 =
21−2D(D − 2)π

3
2−

D
2
(
q2
)D

2 −2
csc

(
πD
2

)
p2Γ

(
D+1
2

) (3.14)

×
(
δ(ν, ρ)

(
q2pµ − pαqαqµ

)
+ pρ

(
qµqν − q2δ(µ, ν)

)
+ pν

(
qµqρ − q2δ(µ, ρ)

))
.

3.2 Conserved current 3-point correlator ⟨T JJ⟩

The subgraph expansion of the conformal correlation function ⟨TJJ⟩ in the free scalar
theory is given by

IΓ,0 =
21−2Dπ

3
2−

D
2
(
p2
)D

2 −3
csc

(
πD
2

)
DΓ

(
D+1
2

) (3.15)

×
(
Dpµpν

(
(D − 4)pρpσ − (D − 2)p2δ(ρ, σ)

)
− (D − 4)p2pρpσδ(µ, ν)

+
(
p2
)2

(Dδ(µ, σ)δ(ν, ρ) +Dδ(µ, ρ)δ(ν, σ) + (D − 4)δ(µ, ν)δ(ρ, σ))
)
,
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IΓ,1 =
4−Dπ

3
2−

D
2
(
p2
)D

2 −4
csc

(
πD
2

)
DΓ

(
D+1
2

) (D − 4)Dpρ (3.16)

×
(
(D − 6)pβpµpνpσqβ + p2

(
pµpσqν + pν

(
pσqµ + 2pµqσ

)))
+ δ−dependent terms,

Iγ,0 =
4−Dπ

3
2−

D
2
(
q2
)D−4

2 csc
(

πD
2

)
(D − 1)(p2)2Γ

(
D+3
2

) (3.17)

×
(
−
(
(D − 1)q2pµqν

(
pσqρ + pρqσ

))
+ 2(D − 2)pαqαqµqν

(
pσqρ + pρqσ

)
+qµ

(
−2qν

(
(D − 2)p2qρqσ − 2q2pρpσ

)
−
(
(D − 1)q2pν

(
pσqρ + pρqσ

))))
+ δ−dependent terms.

Note that the lowest non-vanishing term in Iγ appears at the order O(qD), in contrast to
the order O(qD−2) for the correlator ⟨JJJ⟩.

In the free fermion theory, the correlation function ⟨TJJ⟩ is

IΓ,0=−
4−D(D−2)π

3
2−

D
2
(
p2
)D−6

2 csc
(

πD
2

)
DΓ

(
D+1
2

) (3.18)

×
(
p2
(
2(D−2)p2δ(µ,ν)δ(ρ,σ)+Dpνpσδ(µ,ρ)+pρ (Dpνδ(µ,σ)−2(D−2)pσδ(µ,ν))

)
+Dpµ

(
2pν

(
(D−4)pρpσ−(D−2)p2δ(ρ,σ)

)
+p2

(
pσδ(ν,ρ)+pρδ(ν,σ)

)))
,

IΓ,1=−
2−D−1(D−2)π1−

D
2 z
(
p2
)D

2 −4
csc
(

πD
2

)
Γ
(

D
2

)
Γ(D+1) (3.19)

×
(
(D−6)pαpµpνpσqα+p2

(
pµpσqν+pν

(
pσqµ+2pµqσ

)))
+δ−dependent terms,

Iγ,0= O(qD+1). (3.20)

The subgraph γ vanishes at the order O(qD) in the free fermion theory.

3.3 Conserved current 3-point correlator ⟨T T T ⟩

The correlation function ⟨TTT ⟩ has more complicated tensor structures. In the free scalar
theory, it is given by

IΓ,0 =
2−2(D+1)(D − 2)π

3
2−

D
2
(
p2
)D/2

csc
(

πD
2

)
(D − 1)p6Γ

(
D+3
2

) (
2(D − 4)pαpβpµpνpρpσ (3.21)

+ pα

(
−
(
(D − 1)p2pµpν

(
pσδ(β, ρ) + pρδ(β, σ)

))− 2p2pβδ(µ, ν) + p2pµpνδ(ρ, σ)
)

+ p2pµpν

(
pρ

(
2pσδ(α, β)− (D − 1)pβδ(α, σ)

)− (D − 1)pβpσδ(α, ρ)
))

+ · · · ,

– 17 –



J
H
E
P
1
2
(
2
0
2
5
)
0
6
6

IΓ,1 =
4−D−1(D − 4)(D − 2)π

3
2−

D
2
(
p2
)D−8

2 csc
(

πD
2

)
(D − 1)Γ

(
D+3
2

) pρpσ (3.22)

×
(
(D − 6)pαpβpµpνpτqτ + p2

(
pν

(
2pµ

(
pβqα + pαqβ

)
+ pαpβqµ

)
+ pαpβpµqν

))
+ δ−dependent terms,

Iγ,0 = O(qD−1). (3.23)

For brevity, here we have ignored terms with more than one δ functions in IΓ,0, and all
the δ-dependent terms in IΓ,1 and Iγ,0.

The correlation function in the free fermion theory is

IΓ,0 = −
4−D(D − 4)(D − 2)π

3
2−

D
2
(
p2
)D

2 −3
csc

(
πD
2

)
Γ
(

D+3
2

) pαpβpµpνpρpσ (3.24)

+ δ−dependent terms,

IΓ,1 =
pρpσ

(
2−2D−1(D − 4)(D − 2)π

3
2−

D
2
(
p2
)D

2 −4
csc

(
πD
2

))
Γ
(

D+3
2

) (3.25)

×
(
(D − 6)pαpβpγpµpνqγ + p2

(
pαpβpνqµ + pµ

(
2pν

(
pβqα + pαqβ

)
+ pαpβqν

)))
+ δ−dependent terms,

Iγ,0 = O(qD−1). (3.26)

The correlators with stress tensor Tµν are found to have weaker singularity in q within
the subgraph γ.

3.4 Compare the subgraph expansions with the 3D exact results

We verify the subgraph expansions of the conformal current 3-point correlators. It is
straightforward to compare the above results with the solutions of the conformal Ward
identities in momentum space [39]. This has been done for the scalar 3-point correlators
in (2.28) and (2.29). Here we show another verification of the subgraph expansions based
on the exact results in 3D, in which the Feynman diagrams generate conformal integrals
and can be evaluated analytically for the conformal current 3-point correlators in free scalar
and free fermion theories.

Let us take the correlator ⟨JJJ⟩ in the 3D free boson theory as an example. The
correlation function is given by the Feynman diagram in figure 3 with vertices of the operator
J , which corresponds to the integral

⟨Ja
µ(q)Jb

ν(p)Jc
ρ(−p− q)⟩ = αJ

∫
d3k

(2π)6

(
2kµ − qµ

)
(pν + 2kν)

(
2kρ + pρ − qρ

)
k2(k + p)2(k − q)2

, (3.27)

where αJ = i3tr(tatbtc) is the symmetry factor and will be assumed implicitly. Using tensor
reduction, above integral can be reduced to scalar conformal 3-point integrals or the 2-

– 18 –



J
H
E
P
1
2
(
2
0
2
5
)
0
6
6

point integrals (2.11), both of which can be solved in compact forms. The exact integral
in (3.27) is given by

IJJJ, 3D =
pµpνpρq

(
p2 + pq + (2p+ q) + 2q2|p+ q|+ |p+ q|2

)
+ · · ·

8pq|p+ q|(p+ q + |p+ q|)3

+
δ(µ, ν)

(
pρ (p+ |p+ q|)− qρ (q + |p+ q|))

8 (p+ q + |p+ q|)2
+ · · · (3.28)

In the zero-momentum limit q → 0, above correlation function admits a small q Taylor
expansion, and indeed there are two parts which are respectively regular/singular in the
small q limit. The results completely agree with the subgraph expansions (3.9)–(3.11). In
particular, there is a q-singular sector in IJJJ, 3D which contains a factor 1/q:

− pνpρqµ

8pq|p+ q| +
pνpρqµ

4q|p+ q| (p+ q + |p+ q|) + · · · . (3.29)

This sector corresponds to Iγ,0 in the subgraph expansion (3.11).
We have verified the subgraph expansions of the correlators ⟨TJJ⟩ and ⟨TTT ⟩ in both

free scalar and free fermion theories using the 3D exact results, and found perfect agreements.
Comparing with the conformal 3-point correlation functions solved from the conformal Ward
identities, the subgraph expansions of the correlators provide diagrammatic representations
for the complicated results, and are convenient for further studies of these correlators, e.g.,
the 1/N corrections for the conformal 3-point correlators which we will compute in the
following two sections.

4 Method of subgraphs and the 1/N expansions: ⟨JJJ⟩

In this section, we compute the subleading order corrections to the conformal current 3-point
correlators ⟨JJJ⟩ in the 1/N expansion. The correlation function ⟨JJJ⟩ is, in general, given
by a linear combination of those from the free scalar and free fermion theories, which have
already been computed in section 3. It is the coefficients in the linear combinations that
receive 1/N corrections.

The higher order corrections to the conformal 3-point correlators involve 2-scale multi-
loop Feynman diagrams, which are quite challenging to evaluate analytically. We use the
method of subgraphs to simplify the loop computations. Here, we study the large N expansion
of the correlator ⟨JJJ⟩ in the O(N) vector model and GNY model. We aim to illustrate the
role of the method of subgraphs in computing loop corrections to higher-point correlators.
This method can be directly applied to general CFTs.

4.1 The large N diagrammatic techniques

The large N perturbative expansion has been widely applied to study critical phenomena,
see [65] for a review. In this work, we follow the theoretical implementation of the large N
expansion developed in [36, 66], which has been employed to compute the 1/N corrections
to the conformal current 2-point correlators ⟨JJ⟩ and ⟨TT ⟩.
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The critical O(N) vector model can be realized as the IR fixed point of the theory

L = 1
2
(
∂ϕi

0
)2

+ λ
(
ϕi
0ϕ

i
0
)2
, i = 1, 2, . . . , N. (4.1)

Using the Hubbard-Stratonovich transformation, the Lagrangian can be rewritten as

L = 1
2
(
∂ϕi

0
)2

+ 1√
N
σ0ϕ

i
0ϕ

i
0 −

1
4Nλσ

2
0. (4.2)

The propagator of the bare scalar field ϕ0 has already been shown in (3.2). The auxiliary field
σ0 receives quantum loop corrections through the interaction σ0ϕ

i
0ϕ

i
0 and becomes dynamical.

According to the normalization in (4.2), its effective propagator is [36]

⟨σ0(p)σ0(−p)⟩ =
C0

σ(
p2
) d

2−2+ϵ
, C0

σ = 2D+1(4π)
D−3

2 Γ
(
D − 1

2

)
sin
(
πD

2

)
, (4.3)

in which the parameter ϵ denotes the shift of the scaling dimension of σ0. It plays the role
of a regulator in the loop computations and vanishes in the final results. The quadratic
term σ20 in (4.3) is irrelevant near the IR fixed point; therefore, the effective Lagrangian
for the O(N) critical point is

LIR = 1
2
(
∂ϕi

0
)2

+ 1√
N
σ0ϕ

i
0ϕ

i
0. (4.4)

Since we have introduced the regularization parameter ϵ for σ0, its dimension is modified
accordingly, which makes the vertex in LIR dimensionful. To make the vertex dimensionless,
an arbitrary renormalization scale µ is introduced in the vertex

Lvertex = µϵ 1√
N
σ0ϕ

i
0ϕ

i
0. (4.5)

The renormalization factor µϵ will be implicitly assumed throughout this work.
It is straightforward to apply renormalization within the minimal subtraction scheme.

The renormalization factors Zϕ and Zσ are introduced for the bare operators ϕ0 and σ0.
Then the physical fields ϕ and σ and given by

ϕi = Z
1
2
ϕ ϕ

i
0, σ = Z

1
2
σ σ0, (4.6)

which absorb the divergences in the loop computations

Zϕ = 1 + 1
N

rϕ

ϵ
+O(N−2), Zσ = 1 + 1

N

rσ

ϵ
+O(N−2). (4.7)

After renormalization, the 2-point correlators of the renormalized fields have the standard
forms of the 2-point conformal correlation functions in momentum space

⟨ϕ(p)iϕ(−p)j⟩ = δij Cϕ(
p2
)D

2 −∆ϕ

, ⟨σ(p)σ(−p)⟩ = Cσ(
p2
)D

2 −∆σ

. (4.8)

Both the scaling dimensions ∆ϕ and the coefficient Cϕ have been computed to the order
O(1/N) in [36]. We will compute the subleading order corrections to the coefficient Cσ and
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the anomalous dimension ∆σ in section 5.3. We will also be interested in the conserved
currents J and T , whose definitions have been given in (3.3) and (3.4). It has been found
that at the order O(1/N), the renormalization factor of the spin-1 conserved current Ja

µ is
trivial, ZJ = 1+O(N−2), while the stress tensor operator Tµν needs a special renormalization
factor ZT

T p
µν = ZTTµν , ZT = 1 + 1

N

(
rT

ϵ
+ sT

)
+O(N−2), (4.9)

and the coefficients rT , sT are given by [36]

rT = 2Γ(D − 2) sin(πD/2)
πΓ
(

D
2 − 2

)
Γ
(

D
2 + 2

) , sT = 4Γ(D − 2) sin(πD/2)
πΓ
(

D
2 − 1

)
Γ
(

D
2 + 2

) . (4.10)

We now combine the large N diagrammatic approach and method of subgraphs to
compute the 1/N corrections to the conformal current 3-point correlator ⟨JJJ⟩.

4.2 ⟨JJJ⟩ in the O(N) vector model

Our strategy for compute the 1/N corrections to the conformal 3-point correlators can be
briefly summarized as follows. We start with the effective Lagrangian (4.4), and write all
the Feynman diagrams for the 3-point correlator ⟨O1O2O3⟩ up to the order O(1/N). The
Feynman diagrams are evaluated using the method of subgraphs, and the results contain
divergences regularized by the parameter ϵ in (4.3). Then we introduce the renormalization
factors ZOi

to cancel the divergences. After renormalization, the Feynman loop integrals give
the “physical” 3-point correlation function up to the order O(1/N), which should be able to
reproduce the correlation functions solved from the conformal Ward identities and also provide
the subleading order corrections to the free parameters in the conformal 3-point correlators.

4.2.1 Subgraph expansions of the Feynman diagrams

The 3-point correlator ⟨Ja
µ(q)Jb

ν(p)Jc
ρ(−p − q)⟩ at the order O(1/N) is given by the seven

Feynman diagrams in figure 4

⟨Ja
µ(q)Jb

ν(p)Jc
ρ(−p− q)⟩ = D0 +D1 + · · ·+D6 +O(1/N2). (4.11)

The exact results of the loop integrals in figure 4 are hard to evaluate analytically. Nevertheless,
due to the constraints from the conformal symmetry, the conformal 3-point correlator
⟨Ja

µ(q)Jb
ν(p)Jc

ρ(−p− q)⟩ is fixed up to two free parameters CJ and λJJJ , or equivalently the
coefficients ns and nf in the linear combination of free scalar and free fermion theories (1.3).
The parameter CJ also appears in the 2-point correlator ⟨Ja

µ(p)Jb
ν(−p)⟩ and its subleading

order correction has been computed in [36]. To evaluate the second parameter λJJJ to the
subleading order, we take the zero-momentum limit q → 0 for the correlator (4.11). The
leading term of the correlation function in the zero-momentum limit degenerates to the 2-point
correlation function and involves in the parameter CJ only. To fix the second parameter λJJJ

it is necessary to expand the correlator ⟨Ja
µ(q)Jb

ν(p)Jc
ρ(−p− q)⟩ to the subleading order in

the small q expansion. In other words, we evaluate the subgraphs of the Feynman diagrams
to the subleading order in the small q expansion.
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Jc
ρ(−p − q)

Jb
ν(p)

Ja
µ(q)

D0 D1 D2 D3

D4 D5 D6

Figure 4. Feynman diagram for the conformal current 3-point correlator ⟨Ja
µJ

b
νJ

c
ρ⟩ up to the

order O(1/N).

6 1

2
3

5
4

−→ + + · · ·

D4 D4 − γ1 D4 − γ2

Figure 5. Subgraphs γ1 (1234) and γ2 (16) of the Feynman diagram D4 in figure 4. The diagram D4
itself constructs a trivial subgraph Γ. In addition, there are extra subgraphs of D4 which relate to
scaleless integrals.

As explained in section 2.2, the subgraph γ of a Feynman diagram is chosen based on
the two rules: (a) γ contains all the vertices with large external momenta and (b) γ is 1PI
after identifying all the vertices with large external momenta. We take the diagram D4 as
an example to show its expansion by subgraphs.
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The Feynman diagram D4 is given by the 2-scale integral

D4 ∝
∫

dDk1

(2π)D

dDk2

(2π)D

(
2k1,ν + pν

) (
2k1,µ − qµ

) (
2k2,ρ + pρ − qρ

)
k21 (k1 + p)2 (k2 + p)2 (k1 − q)2 (k2 − q)2

(
(k1 − k2)2

) d
2−2+ϵ

, (4.12)

where we have omitted the overall normalization Nσ (4.3) for σ propagator and the algebraic
factor i3tr(tatbtc) for brevity. All the subgraphs of D4 contain the vertices Jb

ν(p) and
Jc

ρ(−p − q). There is a trivial subgraph of D4 given the diagram itself Γ = D4, and to
evaluate the subgraph Γ, we simply take the Taylor expansion of the whole integrand in (4.12)
with respect to the small momentum q

IΓ ∝
∫

dDk1

(2π)D

dDk2

(2π)D
Tq

(
2k1,ν + pν

) (
2k1,µ − qµ

) (
2k2,ρ + pρ − qρ

)
k21 (k1 + p)2 (k2 + p)2 (k1 − q)2 (k2 − q)2

(
(k1 − k2)2

) d
2−2+ϵ

. (4.13)

After the Taylor expansion, the original 2-scale two-loop integral in (4.12) becomes a 1-scale
two-loop integral with external momentum p. A typical example is given by

K(∆, p) ≡
∫

dDk1

(2π)D

dDk2

(2π)D

1

k21 (k1 + p)2 k22 (k2 + p)2
(
(k1 − k2)2

)∆ . (4.14)

This is the so called “Kite” diagram, which can be analytically evaluated using the Gegenbauer
polynomial technique [67, 68]. The price we pay is that by taking the Taylor expansion Tq,
the integrand has higher rank tensor structures. In this work, it suffices to take the Taylor
expansion to the second order, which increases the rank of the tensor structures by 1. The
Feynman integrals with tensor structures can be decomposed into scalar integrals using tensor
reductions [69]. The final integrals in general dimension, even in the zero-momentum limit,
are too cumbersome to show here. In 3D, the first few leading terms of the integral is given by

IΓ =
3pαpµpνpρqα − p2

(
pνpρqµ + pµ

(
pρqν + pν

(
2pρ + qρ

)))
24π2

(
p2
)5/2

ϵ

+
p2
(
15pνpρqµ + pµ

(
3pρqν + pν

(−6pρ − 13qρ

)))
+ 39pαpµpνpρqα

144π2
(
p2
)5/2 (4.15)

+ δ−dependent terms
ϵ

+ δ−dependent terms.

An important property of the subgraph Γ is that its leading order term is independent of
the small momentum q. In contrast, the subgraphs γ will be shown to contain factors of
qD−n, which makes them radically different from IΓ.

Besides the subgraph Γ, the Feynman diagram D4 also contains the subgraphs γ1 and γ2
depicted in red color in figure 5. For the subgraph γ1, the internal momentum k2 flows in
the propagators (234) and is considered large; in contrast, the internal momentum k1 flows
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in Γ/γ1 so is considered small. Therefore, the integral for the subgraph γ1 is

Iγ1 ∝
∫

dDk1

(2π)D

dDk2

(2π)D

1
k21 (k1 − q)2

× Tk1,q

(
2k1,ν + pν

) (
2k1,µ − qµ

) (
2k2,ρ + pρ − qρ

)
(k1 + p)2 (k2 + p)2 (k2 − q)2

(
(k1 − k2) 2

) d
2−2+ϵ

. (4.16)

We take the above Taylor expansion Tk1,q to second order, after which the new integration
the two internal momenta k1 and k2 decouple. The integral Iγ1 consists of two one-loop
integrals for k1 and k2 which can be evaluated directly.

Iγ1 =
2−D(D − 4)π−

D
2
(
q2
)D

2 −2 (
pαpνpρqαqµ − pρ

(
p2qµqν + q2pµpν

))
(D − 1)Γ

(
D
2 + 1

) (
p2
)2
ϵ

+ · · · . (4.17)

The leading term contributes at the order O(qD−2), and the terms with a pole 1/ϵ will be
canceled in the final results.

For the subgraph γ2, the two internal momenta k1 and k2 are considered small, as both
of them flow through the links in Γ/γ2. The integral of the subgraph γ2 is

Iγ2 ∝
∫

dDk1

(2π)D

dDk2

(2π)D

(
2k1,µ − qµ

) (
2k1,ν + pν

) (
2k2,ρ + pρ − qρ

)
k21 (k1 − q)2 (k2 − q)2

(
(k1 − k2)2

) d
2−2+ϵ

× Tk1,k2,q
1

(k1 + p)2 (k2 + p)2
. (4.18)

Here, the Taylor expansion Tk1,k2,q is identical to the Taylor expansion with respect to the
large external momentum p, through which the integral Iγ2 becomes a 1-scale (external
momentum q) two-loop integral, reminiscent to the integral (4.13) but with a different scale
parameter. At the leading order, the subgraph integral gives

Iγ2 =
21−2D(D − 4)π1−D csc

(
πD
2

) (
q2
)D

2 −1
pνpρqµ

(D − 2)
(
p2
)2

Γ(D + 1)
+O(qD). (4.19)

There is no singular term in ϵ, and the leading term contributes at the order O(qD−1), higher
than the leading term in Iγ1 .

In figure 5, we have ignored more subgraphs of the diagram D4. Actually, the links (143),
(653), (14562), (14563) and (12356) also construct subgraphs of D4. Nevertheless, they all
correspond to vanishing integrals. For instance, the subgraph (145632) relates to the integral

I145632 =
∫

dDk1

(2π)D

dDk2

(2π)D

1
(k2 − q)2

× Tk2,q

(
2k1,ν + pν

) (
2k1,µ − qµ

) (
2k2,ρ + pρ − qρ

)
k21 (k1 + p)2 (k1 − q)2 (k2 + p)2

(
(k1 − k2) 2

) d
2−2+ϵ

, (4.20)
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in which the integration over k2 becomes scaleless after taking the Taylor expansion

I145632 =
∫

dDk2

(2π)D

1
(k2 − q)2

× (polynomials of k2) = 0. (4.21)

This explains why the subgraphs omitted in figure 5 have zero contributions to the original
loop integral.

To summarize, besides the subgraph Γ constructed by the diagram D4 itself, there
are several subgraphs decomposed from D4, and the leading contribution comes from the
subgraph γ1 in figure 5. The rest of the subgraphs either contributes at higher orders or
correspond to scaleless integrals. We have done similar analysis for other Feynman diagrams
in figure 4, and the dominating subgraphs γ are shown in figure 6. Note that the Feynman
diagram D3 has two subgraphs γ1 and γ2, both of which contribute at the order O(qD−2):

ID3,γ1 =
21−D(4−D)π−

D
2
(
q2
)D

2 −2

(D−1)Γ
(

D
2 +1

)
p4ϵ

(
pρ

(
p2qµqν+q2pµpν

)
+p2pνqµqρ−pαpνpρqαqµ

)
+· · · ,

ID3,γ2 =−
2−D(4−D)π−

D
2
(
q2
)D

2 −2

(D−1)Γ
(

D
2 +1

)
p4ϵ

(
pρ

(
p2qµqν+q2pµpν

)
+p2pνqµqρ−pαpνpρqαqµ

)
+· · · .

The two subgraphs have the same tensor structure in the ϵ-divergent terms, but their
ϵ-regular terms are different.

Using the subgraph expansion, the 3-point correlator (4.11) can be expanded as

⟨Ja
µ(q)Jb

ν(p)Jc
ρ(−p− q)⟩ = SΓ + Sγ , (4.22)

with

SΓ =
6∑

i=0
IDi,Γ, Sγ =

6∑
i=0

IDi,γ1 + ID3,γ2 , (4.23)

where IDi,X
denotes the integral of the subgraph X of the Feynman diagram Di. In the

small momentum limit q → 0, the two sectors SΓ and Sγ scale as:

SΓ ∼ q0, Sγ ∼ qD−2. (4.24)

As a result, in general dimensions the two sectors do not overlap, and the subleading order
corrections to the free parameters CJ , λJJJ can be extracted from either SΓ or Sγ . We have
verified the results from the two different sectors are identical, as they should be.

4.2.2 Renormalization of the 3-point correlator

In general, the 3-point correlators obtained from the Feynman diagrams are divergent, and
one needs to introduce a renormalization factor ZJ to absorb the infinities

⟨Jphy,a
µ Jphy,b

ν Jphy,c
ρ ⟩ = Z3

J ⟨Ja
µJ

b
νJ

c
ρ⟩. (4.25)

Here, for the spin-1 conserved current Ja
µ , its renormalization factor ZJ has been evaluated

in [36], and the result is ZJ = 1 +O(1/N2). Therefore, at order O(1/N), no renormalization
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Jc
ρ(−p − q)

Jb
ν(p)

Ja
µ(q)

D0 − γ1 D1 − γ1 D2 − γ1 D3 − γ1

D3 − γ2 D4 − γ1 D5 − γ1 D6 − γ1

Figure 6. The subgraphs γ marked in red color give the dominating subgraphs (besides the original
diagram Γ) of the Feynman diagrams Di up to the order O(1/N).

for the correlator ⟨JJJ⟩ is needed. The net results SΓ and Sγ from the Feynman loop integrals
should be finite. This has been confirmed in our loop computations. We have evaluated the
Feynman integrals for the subgraphs γ in figure 5 in general dimensions. After combining
all the contributions of Sγ in (4.23), the poles in ϵ and the logarithmic terms log p, log q
arising from the ϵ-regularization of the σ propagator have been cancelled. At the leading
order O(N0), the result is given by the free boson theory (3.11). At the next-to-leading
order, O(1/N) the result Sγ,1/N is

Sγ,1/N =
25−D(3D − 4)π−

D
2
(
q2
)D

2 −2
pνpρ

(
q2pµ − pαqαqµ

)
(D − 2)2(D − 1)D2Γ

(
D
2 − 2

)
p4N

+
23−D(D − 4)π−

D
2
(
q2
)D

2 −2

(D − 2)DΓ
(

D
2 + 1

)
p2N

(
pρqµqν + pνqµqρ

)
+ δ−dependent terms. (4.26)

The integrals of the subgraphs IDi,Γ are rather cumbersome in general dimensions; therefore,
we evaluate the integrals IDi,Γ within fixed dimension D = 3. At order O(N0), it is given by
the free boson theory (3.9) and (3.10). At the subleading order O(1/N), the result is

SΓ,1/N |D=3 =
p2
(
2pνpρqµ + pµ

(
3pρqν + pν

(
4pρ + qρ

)))− 6pαpµpνpρqα

9π2
(
p2
)5/2

N

+ δ−dependent terms. (4.27)

Like the subgraphs γ, the poles and logarithmic terms are canceled after collecting all the
contributions from Di, and the final result SΓ|D=3 is finite without renormalization.

– 26 –



J
H
E
P
1
2
(
2
0
2
5
)
0
6
6

4.2.3 Compare with the correlation functions from conformal symmetry

Now we are ready to extract the 1/N corrections to the free parameters CJ and λJJJ —
or equivalently, the ns and nf from the Feynman integrals SΓ and Sγ . Since SΓ and Sγ

represent two distinct sectors of the correlation functions, both of them contain the same
information on ns and nf at the order O(1/N).

We start with the sector Sγ , which has been evaluated in general dimensions. As shown
in the seminal work [1], the conformal 3-point correlator ⟨JJJ⟩ is strongly restricted by the
conformal symmetry. The general conformal 3-point correlator ⟨JJJ⟩ consists of functions
generated by the free scalar and free fermion theories. The two free parameters in the
correlation function can be defined through

⟨JJJ⟩crit. O(N) = ns⟨JJJ⟩free scalar + nf ⟨JJJ⟩free fermion. (4.28)

At order O(N0), we have ns = 1 and nf = 0. At order O(1/N), the correlation function
Sγ,1/N is a combination of ⟨JJJ⟩free scalar and ⟨JJJ⟩free fermion. The parameters ns and
nf can be simply fixed by comparing Sγ,1/N in (4.26) with ⟨JJJ⟩free scalar in (3.11) and
⟨JJJ⟩free fermion in (3.14), which are given by

ns = 1−
2D+2(3D − 4) sin

(
πD
2

)
Γ
(

D−1
2

)
π3/2(D − 2)2D2Γ

(
D
2 − 2

)
N

, (4.29)

nf = −
2D+3 sin

(
πD
2

)
Γ
(

D−1
2

)
π3/2(D − 2)2D2Γ

(
D
2 − 2

)
N
. (4.30)

The above results can also be obtained from the subgraph sector SΓ (4.27). We compare the
result SΓ,1/N |D=3 with correlation functions from the free scalar and free fermion theories
in section 3.1. The 3D results are

ns|D=3 = − 80
9π2N

, nf |D=3 = − 32
9π2N

, (4.31)

which agree with the solutions of the subgraph sector Sγ in (4.29) and (4.30). This provides
a consistency check for the method of subgraphs.

4.3 ⟨JJJ⟩ in the GNY model

We use the same method to compute the 1/N corrections to the free parameters in ⟨JJJ⟩ in
the GNY model.5 The effective Lagrangian for the IR fixed point reads

LIR,f = −ψ̄0i/∂ψ
i
0 +

1√
N
σ0ψ̄0iψ

i
0. (4.32)

The propagator of the bare fermion operator is provided in (3.2). The critical scalar σ0
has an effective propagator:

⟨σ0(p)σ0(−p)⟩ =
Mσ(

p2
) d

2−1+ϵ
, Mσ = −2D+1(4π)

D−3
2 Γ

(
D − 1

2

)
sin
(
πD

2

)
, (4.33)

5See the recent works [70, 71] for bootstrap studies of the GNY model.
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where the parameter ϵ is introduced to regularize the divergences in the loop integrals, like
we have done in the critical O(N) vector model. The vertices of the spin-1 conserved current
Ja

µ and stress tensor Tµν have been presented in (3.5) and (3.6). The normalization of the
bare operators ψi

0, σ0, the spin-1 conserved current Ja
µ , and the stress tensor Tµν in GNY

model have been studied in [36]. An interesting property is that the renormalization factor
for the operator Ja

µ is ZJ = 1 + O(1/N2); therefore, the renormalization for the 3-point
correlator ⟨JJJ⟩ is trivial at the order O(1/N).

We compute the 3-point correlator ⟨Ja
µ(q)Jb

ν(p)Jc
ρ(−p − q)⟩ in GNY model using the

Feynman diagrams to the order O(1/N). Actually, the Feynman diagrams for this correlator
have the same geometry as those in figure 4 for the critical O(N) vector model. The reason is
that the propagators and vertices defined by the Lagrangian (4.32) have the same structures
as the critical O(N) vector model. Differences appear in the vertices of Ja; however, they
only affect the elements in the numerators of the integrands.

We computed the Feynman diagrams using subgraph expansions, and the leading sub-
graphs γ for the Feynman diagrams are also given by those in figure 6, but with propagators
and vertices replaced by those of the GNY model. We focus on the subgraph sector Sγ for
simplicity. The leading term at the order O(N0) is given by the free fermion theory (3.14).
The subleading terms at the order O(1/N) are given by the subgraphs in figure 6. After
collecting all the contributions from each subgraph, the net result is

Sγ =
24−Dπ−

D
2
(
q2
)D

2 −2 (
qµ

(
(D − 1)p2

(
pρqν + pνqρ

)
+ 2pαpνpρqα

)
− 2q2pµpνpρ

)
(D − 1)D2Γ

(
D
2 − 1

)
p4N

+ δ−dependent terms. (4.34)

We decompose the correlation function into free scalar and free fermion parts:

⟨JJJ⟩GNY = ns⟨JJJ⟩free scalar + nf ⟨JJJ⟩free fermion. (4.35)

By matching the subgraph integrals on both sides, we obtain the free parameters

ns =
2D+2 sin

(
πD
2

)
Γ
(

D−1
2

)
π3/2D2Γ

(
D
2 − 1

)
N

, (4.36)

nf = 1 +
2(D + 1) sin

(
πD
2

)
Γ(D − 1)

πΓ
(

D
2 + 1

)2
N

. (4.37)

The two parameters can also be evaluated from the subgraph sector SΓ. For simplicity, we
compute the integrations of the subgraph Γ in 3D. The result is

SΓ,1/N |D=3 =
3pαpµpνpρqα − p2

(
pνpρqµ + pµ

(
pν

(
2pρ + 5qρ

)− 3pρqν

))
9π2p5N

+ δ−dependent terms. (4.38)

Comparing with the correlation functions from the free scalar and free fermion theories,
we obtain

ns|D=3 = − 32
9π2N

, nf |D=3 = − 128
9π2N

, (4.39)

which are well consistent with the results (4.36) and (4.37) obtained from Sγ .
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5 1/N expansions of ⟨JJO⟩ and conductivity at finite temperature

Near the IR fixed point, some fundamental physical parameters can be computed using
conformal perturbation theory. In particular, the conductivity near the quantum critical
point can be estimated using the CFT data related to the spin-1 conserved current operators.
In this section, we briefly review the conformal perturbation studies of the conductivity near
the IR fixed point [8–11], which motivates our perturbative study of the 3-point correlator
⟨JJO⟩. Then we apply the method of subgraphs to compute the 1/N corrections to the
correlators ⟨JJO⟩ in the critical O(N) vector model.

5.1 Conformal correlator ⟨JJO⟩ and conductivity at finite temperature

Consider a general CFT in 2 + 1 dimensions with coordinates xµ = (t,x). The imaginary
frequency conductivity, ω(ik), is defined by the 2-point correlator of the spin-1 conserved
current Jµ in the space-like direction, e.g., µ = 2:

ω(ik)
ωQ

= −1
k
⟨Jµ=2(k)Jν=2(−k)⟩T + contact terms, (5.1)

where ωQ = e2/ℏ is the quantum unit of conductance, and the external momentum k is
taken to be in the time direction, k = (k, 0, 0), where k is the analytic continuation of the
Matsubara frequencies kn = 2πnT . The 2-point correlator is evaluated at a finite temperature
T . In the large momentum limit k ≫ T , the thermal 2-point correlator ⟨J2(k)J2(−k)⟩T

can be evaluated using the OPE

lim
k≫|q|

Jµ=2(k)Jν=2(−k + q) = −c1|k|δ3(q)−
c2

|k|∆−1O(q) + · · · , (5.2)

where c1 and c2 are the OPE coefficients in momentum space, and we have ignored the
contributions from operators with higher scaling dimensions — in particular, the stress
tensor Tµν . Here we have implicitly assumed that the lowest scalar operator O is relevant;
therefore, in the OPE limit, it provides the subleading order contribution to the thermal
2-point function. Applying the above OPE in the thermal 2-point correlator in (5.1), it gives

ω(ik)
ωQ

= CJ

32 + λJJO
CJ

4π
Γ(∆O + 1) sin

(
π
2∆O

)
2−∆O

f(T, k) + · · · (5.3)

in which the factor f(T, k) is related to the thermal one-point function of the scalar ⟨O⟩T ;
see [8] for more details. The parameters CJ and λJJO are the usual OPE coefficients defined
in position space; they relate to the parameters c1 and c2 in (5.2) up to the constants from
Fourier transformations.

The conductivity at finite temperature (5.1) can be generalized to a CFT deformed
by a relevant operator O

Sh = SCFT − h

∫
dDxO. (5.4)

The conductivity in the theory Sh with h ≪ k can also be estimated using the confor-
mal perturbation theory [11]. Again, the leading two terms are related to the correlator
⟨J2(k)J2(−k)⟩ and the 3-point correlator ⟨O(q)J2(k)J2(−k − q)⟩.
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Jν(−p − q)

Jµ(p)

O(q)
k

=

Jν(−p − q)

Jµ(p)

O(q)
k

+
k

Diagram Γ Subgraph Γ Subgraph γ

Figure 7. Diagrammatic representation of I(ν1, ν2, ν3) and the two subgraphs in the expansion: Γ
and γ marked in red color.

We compute the conformal 3-point correlator ⟨O(q)Jµ(p)Jν(−p−q)⟩ in momentum space.
We follow the normalization of the 3-point correlator in the bootstrap work [57], which has
obtained a nonperturbative estimation of the OPE coefficient λJJO for the critical O(2) vector
model. Assume that the scalar O with scaling dimension ∆ is normalized as

⟨O(0)O(x)⟩ = CO(
x2
)∆ . (5.5)

The correlator ⟨OJµJν⟩ in position space is given by [57, 72, 73]

⟨O(x1)Jµ(x2)Jν(x3)⟩ =
CJC

1/2
O

(4π)2
λJJO

(∆−D + 1)Hµν +∆V1,µV2,ν

∆x∆12x
∆
13x

2D−2−∆
23

, (5.6)

where we have ignored the global symmetry indices. The correlation function contains only
one independent parameter, λJJO, while the tensor structures in (5.6) are defined as follows

Hµν = δ(µ, ν)− 2
x23,µx23,ν

x223
, (5.7)

V1,µ = x23
x12x13

x12,µ + x12
x23x13

x23,µ, (5.8)

V2,ν = x23
x12x13

x13,ν − x13
x23x12

x23,ν , (5.9)

where xij,µ = xi,µ − xj,µ and xij =
√
x2ij .

The correlator ⟨O(q)Jµ(p)Jν(−p− q)⟩ in momentum space can be obtained by Fourier
transformation of the above formula. There could be extra contributions from contact terms
in position space, whose Fourier transformations only give terms analytical in the external
momenta. Like the scalar 3-point correlator, the Fourier transformation of (5.6) leads to
one-loop integrals (2.26) associated with tensor structures for the spinning operators. We
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take subgraph expansions in the small q limit for these integrals. The results consist of
two terms which are regular/singular in q

⟨O(q)Jµ(p)Jν(−p−q)⟩=
CJC

1/2
O

(4π)2
λJJO (5.10)

×

23−DπD+ 1
2Γ
(
2−∆

2

)(
p2
)∆

2 −2
Γ
(
1
2(D−∆+2)

)
Γ
(
∆−D

2

)(
p2δ(µ,ν)−pµpν

)
Γ
(
∆
2 +1

)2
Γ
(
1
2(D−∆+1)

)
Γ
(
1
2(D+∆−2)

)

+
22−∆πD(−D+∆+1)Γ

(
D
2 −∆

)
Γ
(
1
2(−D+∆+2)

)(
p2
) 1

2 (D−∆−2)(
q2
)∆−D

2 δ(µ,ν)

Γ(∆+1)Γ
(
D−∆

2 −1
) +···

,
where we only keep the leading terms in the subgraph expansions. The q-singular (q-regular)
term is from the Subgraph γ (Γ). For the scalars with scaling dimension ∆ < d/2, the
q-singular term dominates in the small q limit.

In this work, we consider the conductivity near the critical O(N) vector model. The
leading order result of ω(ik) in the large k limit is given by the spin-1 conserved current
central charge CJ . The parameter CJ in the critical O(N) vector model has been computed
to the order O(1/N) in [33–36]. The subleading order contribution to ω(ik) depends on the
OPE coefficient λJJσ. The leading order result of λJJσ has been computed in [8]. We will
compute its next-to-leading order correction using the method of subgraphs.

5.2 ⟨JJσT ⟩ in the O(N) vector model

In the critical O(N) vector model, there are two relevant scalars in the J × J OPE: the
O(N) traceless symmetric scalar σT = ϕiϕj − 1

N δijϕkϕk and the O(N) singlet σ = ϕiϕi.6

It is the coefficient of the correlator ⟨JJσ⟩ that appears in the conductivity formula (5.1).
The coefficient ⟨JJσT ⟩ is expected to play a significant role in bootstrap studies involving
conserved currents. It turns out that subgraph expansions of the two 3-point correlators
show interesting differences.

We first study the 3-point correlator with a non-singlet scalar ⟨JJσT ⟩. The scalar
operator σT is associated with a renormalization factor ZσT

:

σphyT = ZσT
σT , ZσT

= 1 + 1
N

rσT

ϵ
. (5.11)

The renormalization factor ZσT
is fixed by the cancellation of the divergences in the propagator

⟨σT (p)σT (−p)⟩, after which the correlation function ⟨σT (p)σT (−p)⟩ takes the standard form
fixed by conformal symmetry

⟨σphyT (p)σphyT (−p)⟩ = Z2
σT

⟨σT (p)σT (−p)⟩ =
CσT(

p2
)D

2 −∆σT

. (5.12)

6The expressions ϕiϕj − 1
N

δijϕkϕk and ϕiϕi give the physical operators only for the free scalar theory or
in the large N limit. At finite N , these operators are modified by the renormalization factors.
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σT (−p)σT (p)

D0 D1 D2

Figure 8. Feynman diagrams for the ⟨σT (p)σT (−p)⟩ propagator.

At the order O(1/N), the propagator is given by the Feynman diagrams in figure 8, from
which the factors rσT

, CσT
and ∆σT

can be solved to the order O(1/N). The results read

rσT
= −

2D sin
(

πD
2

)
Γ
(

D−1
2

)
π3/2DΓ

(
D
2

) , ∆σT
= D − 2−

2D sin
(

πD
2

)
Γ
(

D−1
2

)
π3/2Γ

(
D
2 + 1

)
N

. (5.13)

The scaling dimension ∆σT
agrees with previous results [27, 32]. The coefficients CσT

is
given by

CσT
= C0

σT

(
1 +

C1
σT

N
+O

( 1
N2

))
, (5.14)

in which

C0
σT

= −
23−2Dπ

3
2−

D
2 csc

(
πD
2

)
Γ
(

D−1
2

) , (5.15)

C1
σT

=
(
8CO(N)
D − 4 + 128− 12(D − 6)(D − 4)D

(D − 4)2(D − 2)D

) 2 sin
(

πD
2

)
Γ(D − 2)

πΓ
(

D
2 − 2

)
Γ
(

D
2 + 1

)
N
, (5.16)

where CO(N) = ψ
(
3− D

2

)
+ ψ(D − 1) − ψ

(
D
2

)
+ ψ(1), and ψ(x) = Γ′(x)/Γ(x).

The Feynman diagrams for the 3-point correlator ⟨σT (q)Ja
µ(p)Ja

ν (−p− q)⟩ have the same
geometry as the seven Feynman diagrams in figure 4, but with the first vertex Ja

µ(q) replaced
by the scalar vertex σT (q). We use the subgraph expansions to evaluate the integrals — in
particular the subgraphs Γ of the original diagrams, which are regular in q in the small q
expansion. Since this 3-point correlator has one independent tensor structure, it suffices
to keep the leading order in q in the small q expansion. The integrals of these subgraphs
are too cumbersome to be shown here or in appendices; instead, we present the integrals
in a Mathematica file attached to this submission.

Combining the renormalization factor of σT and the loop integrals to the order O(1/N),
we extract the coefficient λJJσT

of the 3-point correlator ⟨σT (q)Ja
µ(p)Ja

ν (−p − q)⟩. Using
the normalization (5.10), the coefficient reads

λJJσT
= D − 2 +

((D − 12)D + 16)(cos(πD)− 1)Γ
(
2− D

2

)
Γ(D − 2)

π2DΓ
(

D
2 + 1

)
N

+O(1/N2). (5.17)

– 32 –



J
H
E
P
1
2
(
2
0
2
5
)
0
6
6

p p p

D0 D1

p p p p

D2 D3

Figure 9. Feynman diagrams for the propagator of the singlet scalar ⟨σ(p)σ(−p)⟩ up to the
order O(1/N).

We emphasize that for the above 3-point correlator, it is the subgraphs Γ which produce
the q-regular term in (5.10). The integrals of the subgraphs γ are not mentioned here, but
they generate the q-singular term in ⟨JJσT ⟩. In contrast, the roles of the subgraphs Γ and
γ are switched for the 3-point correlator ⟨σT (q)Ja

µ(p)Ja
ν (−p − q)⟩.

5.3 ⟨JJσ⟩ in the O(N) vector model

The critical scalar σ has a propagator (4.8), and its renormalization factor Zσ is defined
in (4.7). Up to the order O(1/N), the 2-point correlator ⟨σ(p)σ(−p)⟩ is given by the four
Feynman diagrams in figure 9. The Feynman diagrams can be evaluated using the formulas
shown before, except for the three-loop diagram D3, which is of Aslamazov-Larkin type [74].
Details of these integrals are presented in an attached Mathematica file.

Based on the Feynman integrals in figure 9, the renormalization factor of the field σ

can be solved to the subleading order

Zσ = 1 + rσ

∆
1
N

+O(1/N2), rσ =
2D sin

(
πD
2

)
Γ
(

D−1
2

)
π3/2Γ

(
D
2 + 1

) . (5.18)

The scaling dimension ∆σ and the coefficient Cσ are given by

∆σ = 2 + 4(D − 2)(D − 1)ηON
(D − 4)

1
N

+O(1/N2), (5.19)

and

Cσ = C0
σ

(
1 + C1

σ

N
+O(1/N2)

)
, (5.20)

C1
σ = ηON

N

2CON((D − 3)D + 4)
4−D

−
2
(
(D − 4)D

(
2(D − 4)D2 +D + 36

)
+ 64

)
(D − 4)2(D − 2)D

 , (5.21)
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Jν(−p − q)

Jµ(p)

q q q

D0 D1 D2

q q q

D3 D4 D5

q q q

D6 D7 D8

q

D9

Figure 10. Feynman diagrams for the 3-point correlator ⟨σ(q)Jµ(p)Jν(−p − q)⟩ up to the order
O(1/N). There are extra Feynman diagrams similar to D1 and D3 but with the σ propagator
connecting with different solid lines. However, since we only keep the leading terms in the small q
expansion, these diagrams are identical to D1 or D3.

where

ηON =
2 sin

(
πD
2

)
Γ(D − 2)

πΓ
(

D
2 − 2

)
Γ
(

D
2 + 1

) . (5.22)

The anomalous dimension of σ agrees with previous result [28, 30].
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To the subleading order, the 3-point correlator ⟨σ(q)Jµ(p)Jν(−p− q)⟩ can be expanded
by the Feynman diagrams in figure 10. The Feynman diagrams Di, i = 0, 1, . . . , 4 are the
same as the Feynman diagrams in figure 4, attached with an extra σ propagator. The
Feynman diagrams D7, D8, and D9 are the combinations of the 1PI loop corrections of the σ
propagator and the one-loop diagram of the correlator ⟨JJϕ2⟩. The three-loop integrals D5
and D6 are the generalizations of the Aslamazov-Larkin diagram to three external momenta,
which are hard to evaluate analytically. We use the method of subgraphs to compute the
two integrals in the small q limit. Since the 3-point correlator contains only one independent
coefficient λJJσ, to fix its 1/N correction we only need to keep the leading order term in
the small q expansion of each subgraph.

We focus on the subgraphs of the Feynman diagrams which generate the q-regular terms
in the small q expansion (5.10) of the correlator ⟨JJσ⟩. We separate the Feynman integrals
I⟨σJJ⟩ in figure 10 into two components:

I⟨σJJ⟩ = Pσ · I⟨JJϕ
2⟩ ∝

(
q2
)2−D

2 · I⟨JJϕ
2⟩, (5.23)

where Pσ gives the σ propagator or its 1PI loop corrections, while I⟨JJϕ
2⟩ denotes the

contributions from the amputated diagrams in figure 10 without the σ propagators. The
subgraph expansion will be taken with respect to these amputated diagrams. The subgraphs
consist of two sectors Γ and γ, which depend on the external momenta as follows

I⟨JJϕ
2⟩,Γ ∝

(
p2
)D

2 −3
pµpν + · · · , (5.24)

I⟨JJϕ
2⟩,γ ∝

(
p2
)−1 (

q2
)D

2 −2
pµpν + · · · . (5.25)

Combining with the σ propagator factor Pσ in (5.23), it is the subgraphs γ of the amputated
diagram which generate the q-regular term in the 3-point correlator ⟨σJJ⟩. This is opposite
to the 3-point correlator ⟨JJσT ⟩.

The amputated diagrams for the Feynman diagrams Di, i = 0, 1, 2, 3, 4, 7, 8, 9 have the
same geometry as those in figure 4, and their subgraph expansions are given by those in
figure 6. The three-loop Feynman diagrams D5 and D6 contain more complicated subgraphs.
In figure 11, we show the subgraphs for the Feynman diagram D5 and D6 in figure 10. There
are more subgraphs for the diagram D5, but they lead to scaleless integrals and are ignored
in figure 11. The integrals for the subgraphs γ are significantly simplified compared with the
original Feynman integrals. In particular, the original 2-scale three-loop Feynman diagrams
D5 and D6 reduce to the Aslamazov-Larkin diagrams in the subgraphs D5,γ1 and D6,γ1 , and
to the Kite diagrams in the subgraphs D5,γ2 , D6,γ2 and D6,γ3 . To evaluate the subgraph
D6,γ3 , we have employed the following identity between two Kite diagrams in 3D:

K(D − 3 + 2ϵ, p)p2 + 2K(D − 4 + 2ϵ, p)
∣∣∣
D=3

= − 3
16π2

+O(ϵ), (5.26)

which we have verified numerically. Its generalization to general D is not known yet.
The integrals of the subgraphs are presented in the attached Mathematica file. For

simplicity, we focus on the leading order results in 3D, and ignore the terms with δ-functions.
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Jν(−p − q)

Jµ(p)

q q q

D5,γ1 D5,γ2 D5,γ3

Jν(−p − q)

Jµ(p)

q q q

D6,γ1 D6,γ2 D6,γ3

Figure 11. Subgraphs (in red color) of the Feynman diagrams D5 and D6 in figure 10.

Collecting all subgraph contributions, the final result is given by

⟨σ(q)Jµ(p)Jν(−p− q)⟩|D=3 =
2pρpσ

p2
−

32
(
3 log

(
p2
)
− 2

)
pρpσ

9π2p2N
+ · · · . (5.27)

Comparing with the same conformal 3-point correlation function (5.10) solved from conformal
symmetry, we obtain

λJJσ|D=3 =
4

π
√
N

− 80
9π3

√
NN

+O(1/N5/2). (5.28)

For the O(2) vector model, the leading order result is λJJσ ≃ 0.900 [57], and the subleading
order correction leads to λJJσ ≃ 0.799, while the nonperturbative bootstrap result gives
λJJσ = 0.645(4) [57]. There is a notable difference between the large N expansion and the
nonperturbative result, which is expected for small N = 2.

The 1/N correction to the parameter λJJσ in (5.28) provides necessary ingredient to
compute the conductivity near the O(N) critical points at finite temperature. The next-
to-next-to-leading-order term of the conductivity ω(ik) arises from the stress tensor, whose
contribution depends on the 3-point correlator ⟨TJJ⟩, and we leave its 1/N correction for
future work.
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6 Conclusion and discussion

We have developed a new approach to compute the subleading order corrections to the
conformal current 3-point correlators in the large N expansion. The main technical challenge
is that both the conformal 3-point correlators in momentum space and the Feynman loop
integrals with three external momenta are hard to evaluate analytically. We introduced the
method of subgraphs to resolve this problem, which can generate graph-theoretical expansions
for the 3-point loop integrals. Specifically, we diagrammatically expanded the original 2-
scale loop integrals in terms of the 1-scale loop integrals, which are much easier to evaluate
analytically. Such diagrammatic expansions of the Feynman integrals are subtle in Lorentzian
spacetime, while the Feynman loop integrals for CFT data are given in Euclidean spacetime
and can be expanded in terms of their subgraphs. This provides a powerful approach to
compute the multi-point correlation functions in general CFTs. We have applied the method
of subgraphs for the following problems:

• The small momentum expansions of the conformal conserved current 3-point correlators
⟨JJJ⟩, ⟨TJJ⟩, and ⟨TTT ⟩.
The conformal 3-point correlation functions can be solved from the conformal Ward
identities in momentum space, while the solutions in general dimensions are given by
complicated integrals and are hard to apply for the 1/N perturbative computations.
Using the method of subgraphs, these correlators can be expanded in a graph-theoretical
way. The subgraph expansions provide diagrammatic representations for the behaviors
of the correlation functions in the zero-momentum limit. In particular, the method
of subgraphs captures the singularities of the correlator in the OPE limit in momen-
tum space.

• The 1/N corrections to the conformal 3-point correlators ⟨JJJ⟩ in the critical O(N)
vector model and GNY model.

The conformal conserved current 3-point correlators play important roles in various
directions, while they are only known at the leading order. We use the correlator
⟨JJJ⟩ as an example to demonstrate that the method of subgraphs provides a powerful
approach to compute the 1/N corrections. Different from the subgraph expansions in
general QFTs, for CFTs, one needs to keep only the first few terms in the subgraph
expansions to obtain the 1/N corrections.

• The 1/N corrections to the conformal 3-point correlators ⟨JJO⟩ in the critical O(N)
vector model.

This problem is motivated by the fundamental role of the correlator ⟨JJσ⟩ in evaluating
the conductivity of quantum critical systems at finite temperature. We computed the
coefficients for both the lowest O(N) traceless symmetric scalar σT and the singlet scalar
σ, which can be used to compute the subleading term of the conductivity. An interesting
observation is that, due to the attachment of the σ propagator in the Feynman diagrams
for ⟨JJσ⟩, the subgraphs Γ and γ switch their roles in reproducing the asymptotic
behaviors of the correlators ⟨JJO⟩ in the subgraph expansion.
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We expect this work to pave the way to perturbatively study the conformal current
3-point correlators in general CFTs and their applications in various directions. We elaborate
on part of the problems below.

It is straightforward to apply the method of subgraphs to compute the subleading order
corrections to the conformal current 3-point correlators ⟨JJO⟩ and ⟨JJT ⟩ in the conformal
gauge theories, e.g., the IR fixed points of the QED3 coupled with massless fermions [75, 76].
The theories are strongly coupled in the IR, and they provide ideal candidates for the modern
conformal bootstrap studies [77, 78]. The conserved currents are important elements in the
bootstrap equations, and the large N perturbative estimations on the conserved current
3-point correlators can provide necessary input data for the bootstrap computations.

We have computed the conserved current 3-point correlator ⟨JJO⟩ in the critical O(N)
vector model, motivated by its application in the conductivity at finite temperature [5, 7–11].
The next dominant contribution comes from the stress tensor Tµν . For the CFTs without
relevant singlet scalars, e.g., the conformal QED3 coupled with many-flavor massless fermions,
the stress tensor provides the dominating contribution to the thermal conductivity in addition
to the vacuum state. Therefore, it is important to evaluate the conformal current 3-point
correlators ⟨JJT ⟩ in these theories to provide better estimations of the conductivities near
the IR fixed points. The leading order results of the correlator ⟨JJT ⟩ are given by the free
fermion and free scalar theories, which have been computed in [5]. The Feynman diagrams
for the correlator ⟨JJT ⟩ to order O(1/N) are similar to those for ⟨JJσ⟩ in figure 10, but
with a new vertex for the stress tensor Tµν . We expect the subleading order correction to
⟨JJT ⟩ can be solved using the method developed in this work, and it would be interesting to
compare the perturbative results with the Monte Carlo simulations [7, 8, 10, 79, 80].

It is tempting to generalize the studies of conformal current 3-point correlators to the
parity-breaking CFTs. A prominent family of such theories is the Chern-Simons matter field
theories in 3D, which exhibit interesting conductivity properties at finite temperature; see [81]
for a recent study. Prior to the Feynman loop computations, it is necessary to know the
conformal symmetry constraints on the parity-odd 3-point correlation functions [82–85]. To
compute the 1/N corrections, it would be helpful to get the diagrammatic representations of
the parity-odd correlation functions. A remarkable property of the 3D Chern-Simons matter
field theories is the so-called bosonization, namely the duality between the Chern-Simons
theories coupled with fermions and scalars. A classical example of the 3D bosonization is
provided by the U(N)k Chern-Simons theory coupled to a fundamental boson or fermion [86–
88]. In the planar limit N → ∞ with fixed ’t Hooft coupling λ = N/k, all the current 3-point
correlators can be solved through a bootstrap approach [89, 90], and the results confirm
the bosonization duality at large N . The duality is conjectured to be true even at finite N ,
with more details on the relations between the gauge groups and matter fields [91, 92]. It
would be interesting to study this duality at finite N by computing the 1/N corrections of
the conformal current 3-point correlators. The 3D bosonization can also be realized by the
Abelian Chern-Simons theories coupled to matter fields [93–96], in which different theories
are connected through the SL(2, Z) actions and form a duality web. The duality web has a
close relation to the deconfined quantum critical points [97]. The current 3-point correlators
with 1/N corrections can help to decode the underlying physics of these theories.
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We have shown that the subgraph expansion is closely related to the operator product
expansion in momentum space. Specifically, it provides a diagrammatic classification of
the contributions from different regions in the integration domain. This approach can be
straightforwardly generalized to the conformal 4-point correlators. The conformal 4-point
correlator and its OPE are the key ingredients for the bootstrap studies, which are usually
formulated in position space [77, 78]. There have been attempts to implement bootstrap
methods in momentum space [98–101]. The challenge is that the OPE for conformal 4-point
correlator is quite subtle in momentum space, as the external operators have complicated
coincident limits, which requires careful classification of the integration domains. We expect
the method of subgraphs can help to resolve this problem in a graph-theoretical approach.
In the conformal 4-point correlator, there are three independent external momenta and the
correlation functions consist of 3-scale loop integrals, for which it needs to take two subgraph
expansions sequentially to realize the OPE of the 4-point correlator. It would be interesting
to understand how the associativity of the OPEs and also the crossing symmetry are realized
in the final results. Moreover, there are constraints from the consistency conditions, including
unitarity and locality [102]. These constraints have been explored in Mellin space and lead
to remarkable results for the CFT data [103, 104]. It would be intriguing to explore these
constraints further in momentum space. We leave this problem for future study.
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