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1 Introduction

Symmetries are crucial mathematical structures that underpin numerous physical theories.
In the realm of black hole physics, the asymptotic symmetry analysis of spacetime geometries
under specific boundary conditions helps to reveal potential dual field theories of black
holes. The seminal work in that direction comes with a concrete set up of the duality
based on the asymptotic symmetry analysis in three dimensions, which is known as the
AdS3/CFT2 [1]. Utilizing this duality, black holes with AdS factors acquire microscopic
descriptions under which their thermal entropy can be reproduced by the asymptotic growth
of states in a 2D CFT [2, 3].

Explicit AdS factors are however not necessary conditions for black holes to acquire
CFT descriptions. One of the counter example is the Kerr black hole. Kerr black holes are
four dimensional asymptotically flat spacetimes with two parameters labeling their mass and
angular momentum. For an extremal Kerr black hole with outer and inner horizons coinciding,
its near horizon region can be mapped to an infinite large spacetime with SL(2, R)× U(1)
isometry [4]. Under specific boundary conditions, the U(1) isometry can be enhanced to
the local conformal symmetries represented by the Virasoro algebra. The central charge in
the Virasoro algebra is found to be proportional to the angular momentum of the extremal
Kerr black hole. The Cardy formula with the derived central charge then can be used
to reproduce the black hole entropy in the extremal case. This duality is known as the
Kerr/CFT [5]. For an non-extremal Kerr black hole, the near horizon region no longer
has conformal symmetry as it is approximated by a Rindler space. Nevertheless, the wave
equation of scalar perturbations near the horizon of the non-extremal Kerr background
can be shown to be identical to the Casimir equation of SL(2, R) with two copies. This
SL(2, R) × SL(2, R) symmetry is known as the hidden conformal symmetry which should
be understood as intrinsic to the Kerr black hole and governs the dynamics of the scalar
perturbation on it [6]. See [7] for the relevant discussion of hidden conformal symmetry for
more general Kerr-Newmann-AdS-dS black holes. The hidden conformal symmetry is a global
symmetry which will be spontaneously broken to two translational symmetries in regarding
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the periodicity along the angular direction. Interestingly, these translational symmetries can
be enhanced to the local conformal symmetries represented by two copies of the Virasoro
algebra once two sets of chosen vector fields are taken into account in the near horizon region.
The vector fields are in forms that infinitesimally keep the Casimir operator of SL(2, R)
invariant. The corresponding central charges in the two copies of the Virasoro algebra can
be carried out by considering the Dirac brackets among the vector fields induced linearized
covariant charges. [8]. In defining the variation of the covariant charges, a Wald-Zoupas
counterterm is introduced to guarantee the central terms state independent, which is also
applicable to Kerr-Newmann black holes [9]. With the help of the counterterm, the central
charges are found to share the same expressions as in the extremal case in terms of the
angular momentum and the Cardy formula now with both left and right-moving sectors
recovers the black hole entropy in the non-extremal case [8, 9].

In this paper, we will generalize the symmetry analysis of the Kerr black hole both
on the gravity side and on the field theory side. On the gravity side, we will consider a
complete family of type D spacetimes in four dimensions, which are generalized from the
Plebański-Demiański solution [10] by certain transformations and limiting procedures [11].
These spacetimes are characterized by seven parameters with clear physical meanings. Many
special cases, like black holes with electric and magnetic charges, rotation, acceleration, NUT
charge, or cosmological constant, are included within this family. On the field theory side, we
will consider the possible dual field theories of the family of spacetimes as warped CFTs, which
are two dimensional non-relativistic quantum field theories. Much like its 2D CFT cousin,
the warped CFT also contains infinitely many local symmetries [12], featured by one Virasoro
algebra and one U(1) Kac-Moody algebra [13]. It was initiated from the investigation of the
holography of a large class of geometries with SL(2, R)×U(1) isometry. One typical example
of those geometries is the warped AdS3 where consistent boundary conditions can be imposed
to realize the symmetries in a warped CFT [14–20]. The complete family of spacetimes
generalized from the Plebański-Demiański solution can be shown to possess SL(2, R)× U(1)
isometry near their extremal horizons which makes it natural to take the warped CFTs as
their dual field theories. As a field theory with extended local symmetries, many properties
of the warped CFT have been uncovered especially in the context of holography [21–39].

The generalized Plebański-Demiański solutions are black hole-like spacetimes each with
a horizon polynomial being a quartic function of the radius, which indicates that each of
the spacetimes contains at most four different kinds of horizons depending on the relation
among parameters. Generically picking a solution, we will focus on one of its horizons and
analyze the possible warped conformal symmetries attached to the horizon. The horizon
is said to be extremal if it is a double zero of the horizon polynomial and non-extremal
when it is a single zero. In the extremal case, the near horizon region can be mapped to
an infinite large spacetime with an AdS2 factor where specific boundary conditions can be
imposed at the asymptotic boundary. To figure out the warped conformal symmetries, the
new boundary conditions for AdS2 [40] as well as their higher dimensional uplifts [41] will be
invoked here to pick out the allowed differomorphisms induced by the consistent asymptotic
Killing vectors. The corresponding covariant charges of the asymptotic Killing vectors then
can be shown to satisfy the warped conformal algebra with non-trivial central extensions.
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In the non-extremal case with non-zero horizon temperature, the conformal symmetries
somehow hide in the wave equation of perturbations on the fixed background like in the Kerr
case. We will consider a perturbative massless scalar field to exhibit the hidden conformal
symmetry. The scalar field is conformally coupled to the gravity with its wave equation being
separable after a conformal transformation. The separated radial wave equation then can be
casted into the Casimir equation of SL(2, R) with two copies. As discussed in [42, 43], the
global warped conformal symmetry as a subset of the hidden conformal symmetry survives
under the constraint that the scalar field having fixed constant frequency. Imposing this
constraint in the bulk will restrict our discussion to the warped CFT holography. Similar
to the Kerr case, the local warped conformal symmetries can be represented by the vector
fields with forms infinitesimally keeping the Casimir operator from the survived SL(2, R)
generators as well as the U(1) generator of the global warped symmetry invariant. The Dirac
brackets among covariant charges associated to the vector fields are found to be the warped
conformal algebra with non-trivial central extensions.

In deriving the standard warped confromal algebra on the non-extremal background, a
proper counterterm is introduced in the definition of the charge variation. In the non-extremal
Kerr black hole case, the counterterm is chosen as the Wald-Zoupas counterterm which is
originally proposed in [8, 9] and has been shown also essential in recovering the warped
conformal algebra for Kerr black holes [44] and accelerating Kerr black holes [43]. The choice
of the counterterm is however not unique. For Kerr black holes with cosmological constant
or NUT charge, a more general counterterm is need for getting the right Virasoro central
charges [45, 46]. In the present paper, the bulk geometry we are considering is a black hole-like
spacetime with all possible physical parameters. We define a new kind of counterterm so
that the charge algebra agrees with the standard warped conformal algebra with vanishing
mixed central extension term in the non-extremal case. The counterterm here works for the
complete family of spacetimes where all the previously studied black hole cases are included.
The warped conformal algebras derived in the extremal and non-extremal cases both have
non-trivial central extensions and they are consistent with each other in the extremal limit.
As a consistency check, we will show that the entropy associated to the horizon through the
area law can be recovered from the entropy formula of a finite temperature warped CFT,
which is a dual field theory calculation using the modular properties of the warped CFT
partition as well as the dictionaries of the Virasoro central charge, Kac-Moody level, and
thermal parameters obtained in the non-extremal bulk spacetime.

This paper is organized as follows. In section 2, we analyze the basic properties the family
of generalized Plebański-Demiański solutions and carry out the hidden conformal symmetry
from scalar perturbations. Keeping the scalar frequency as a constant, the allowed generators
of the hidden conformal symmetry will form a subalgebra generating the global warped
conformal symmetry. Section 3 is for presenting the local warped conformal symmetries in
the phase space near the horizon with different methods for the extremal and non-extremal
cases. For the extremal case, the near horizon region can be mapped to an infinite scaling
region where the new boundary conditions for AdS2 can be applied here at the asymptotic
boundary. The asymptotic symmetry is found to be identical to the local symmetries of
a warped CFT. For the non-extremal case, the linearized covariant charges associated to
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the vector fields that preserve the scalar radial equation and frequency satisfy the warped
conformal algebra under Dirac brackets. The variation of the covariant charges are defined
with a proper counterterm which is essential in obtaining the right central extension terms. In
section 4, we perform a consistency check for the validity of the warped conformal symmetries
by reproducing the horizon entropy of the black hole-like spacetime from the entropy formula
of a finite temperature warped CFT. Section 5 is for summary and discussion.

2 Scalar perturbations and hidden conformal symmetry

The metric of the black hole-like spacetime generalized from the Plebański-Demiański solu-
tion [10] can be written as the following form in the Boyer-Lindquist coordinate system [11]

ds2 = 1
Ω2

{
− Q

ρ2

[
dt −

(
a(1− x2) + 2l(1 + x)

)
dϕ
]2

+ ρ2
[

dr2

Q
+ dx2

(1− x2)P

]

+ a2(1− x2)P
ρ2

[
dt − r2 + (a + l)2

a
dϕ

]2}
, (2.1)

where

Ω = 1− α

λ
(l − ax)r ,

ρ2 = r2 + (l − ax)2 ,

P = 1 + a3x + a4x2 ,

Q = (λ2k + e2 + g2)− 2Mr + ϵr2 − 2αn

λ
r3 −

(
α2k + Λ

3

)
r4 ,

a3 = 2αMa

λ
− 4α2al

λ2 (λ2k + e2 + g2)− 4al
Λ
3 , (2.2)

a4 = α2a2

λ2 (λ2k + e2 + g2) + a2Λ
3 ,

k =
[
1 + 2αMl

λ
− 3α2l2

λ2 (e2 + g2)− l2Λ
]/( λ2

a2 − l2
+ 3α2l2

)
,

ϵ = λ2k

a2 − l2
+ 4αMl

λ
− (a2 + 3l2)

[
α2

λ2 (λ
2k + e2 + g2) + Λ

3

]
,

n = λ2kl

a2 − l2
− αM(a2 − l2)

λ
+ (a2 − l2)l

[
α2

λ2 (λ
2k + e2 + g2) + Λ

3

]
.

t and r are the time and radial coordinates and the longitudinal part of the spacetime is
labeled by coordinates x and ϕ with ranges x ∈ [−1, 1] and ϕ ∈ [0, 2π). There are seven
independent physical parameters which are the black hole mass M , electric charge e, magnetic
charge g, rotation parameter a, acceleration α, NUT parameter l, and cosmological constant
Λ. The free parameter λ can be set to any convenient value if a and l are not both zero.
The electric and magnetic charges induce an aligned non-null electromagnetic field F = dA

with the vector potential given by

A = 1
ρ2

{
−er

[
dt −

(
a(1− x2) + 2l(1 + x)

)
dϕ
]
+ gx

[
adt − (r2 + (a + l)2)dϕ

]}
. (2.3)
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l < −a −a ≤ l ≤ a l > a

−1 ≤ x ≤ 1 −1 ≤ x ≤ l
a

l
a < x ≤ 1 −1 ≤ x ≤ 1

rΩ=0 = λ
α(l−ax) < 0 rΩ=0 = λ

α(l−ax) ≥ 0 rΩ=0 = λ
α(l−ax) < 0 rΩ=0 = λ

α(l−ax) > 0
r ∈

(
λ

α(l−ax) ,+∞
)

r ∈
(
0, λ

α(l−ax)

)
r ∈ (0,+∞) r ∈

(
−∞, λ

α(l−ax)

)
Table 1. Ranges of radial coordinate for different x and parameter relations.

The curvature singularity of the metric (2.1) locates at ρ2 = 0. This occurs at r = 0
and x = l/a when |l| ≤ |a|. When |l| > |a|, ρ2 can not be zero and the corresponding
spacetime is non-singular. The conformal infinity of the metric (2.1) lies at Ω = 0 where
the boundary value of the radial coordinate r is determined given the relation between l

and a. When there is no curvature singularity, r in principle can extend to negative values.
We summarize the different ranges of r for different cases with the following table in which
we assume a > 0, α > 0, and λ > 0 for example

The metric (2.1) has conical singularities at poles where x = ±1. Near x = −1, the
constant t, r, and x lines are small spatial circles with the ratio of circumference to radius
given by

lim
x→−1

2π

1− x2

√
gϕϕ

gxx
= 2π(1− a3 + a4) . (2.4)

This corresponds to a conical singularity with a deficit angle of

2π(a3 − a4) = 2αMa

λ
− α2a(4l + a)

λ2 (λ2k + e2 + g2)− a(4l + a)Λ3 . (2.5)

Physically, the acceleration of the spacetime describes a pair of black holes constantly
accelerating away from each other, and the deficit angle near x = −1 is right induced by two
cosmic strings connecting those two black holes to infinity which cause the acceleration. Near
x = 1, the constant t, r, and x lines include closed time-like curves in the stationary region
where Q > 0 due to the non-vanishing NUT parameter l. This leads to an additional “torsion”
singularity which can be transformed to the other pole by transformation t′ = t − 4lϕ [47].
The constant t′, r, and x lines near x = 1 now become space-like circles, and the ratio of
circumference to radius can be figured out

lim
x→1

2π

1− x2

√
16l2gtt + 8lgtϕ + gϕϕ

gxx
= 2π(1 + a3 + a4) . (2.6)

This corresponds to a conical singularity with an excess angle of

2π(a3 + a4) = 2αMa

λ
− α2a(4l − a)

λ2 (λ2k + e2 + g2)− a(4l − a)Λ3 . (2.7)

The excess angle near x = 1 can be understood as induced by a strut connecting those two
black holes which also cause the acceleration. Only one of the conical singularities at the
poles can be removed by a scaling of the angular coordinate ϕ, and the remaining conical
singularity with deficit or excess angle is responsible for the acceleration.
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Q is the horizon polynomial whose zeros determine the radius of horizons. For the
black hole-like spacetime (2.1) obtained form the Plebański-Demiański solution with seven
parameters, the horizon polynomial Q in (2.2) is a quartic function of r. Generically, roots
of Q can be labeled as

Q = −
(

α2k + Λ
3

)
(r − r0)(r − r1)(r − r2)(r − r3) . (2.8)

When α2k + 1
3Λ < 0, the spacetime does not contain a cosmic horizon, the largest root of Q

has positive slop which corresponds an event horizon of the black hole. Otherwise, the largest
root of Q has negative slop which sets a cosmic horizon for the spacetime. In the following
discussion, we will take one of the horizons into account and denote the horizon radius as r+.
It can be any of the event horizon, Cauchy horizon, or cosmic horizon. In the near horizon
region, the horizon polynomial Q can be expanded up to quadratic order around r+

Q ≈ Q(r+) +
dQ

dr

∣∣∣
r=r+

(r − r+) +
1
2

d2Q

dr2

∣∣∣
r=r+

(r − r+)2 +O
(
(r − r+)3

)
≈ k+(r − r+)(r − rs) +O

(
(r − r+)3

)
, (2.9)

where

k+ = 1
2

d2Q

dr2

∣∣∣
r=r+

= ϵ − 6r+
αn

λ
− 6r2

+(α2k + Λ
3 ) , (2.10)

rs = r+ − 1
k+

dQ

dr

∣∣∣
r=r+

= r+ − 1
k+

[
2r+ϵ − 2M − 6r2

+
αn

λ
− 4r3

+

(
α2k + Λ

3

)]
. (2.11)

Here rs is not a horizon radius unless there are only two horizons exist. For instance, in
the Kerr-Newman case where λ = a and α = l = Λ = 0, rs = 2M − r+ is the other
horizon radius. The horizon surface gravity κH and area AH determine the temperature
and entropy of the horizon

TH = κH

2π
= k+(r+ − rs)

4π(r2
+ + (a + l)2)

, (2.12)

SH = AH

4 =
πλ2(r2

+ + (a + l)2)
(λ − r+α(a + l))(λ + r+α(a − l)) . (2.13)

The higher than quadratic order terms around r+ in Q does not contribute to the temperature.
When r+ = rs, the temperature vanishes and the horizon becomes an extremal one. Later we
will see that the quadratic order in Q is also responsible for the hidden conformal symmetry
of scalar perturbations in the near horizon region.

Now let us discuss scalar perturbations on the background of the black hole-like space-
time (2.1) from which the hidden conformal symmetry will become manifest in the low
frequency and near horizon limit. Consider a perturbative massless neutral scalar field Φ
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conformally coupled to the gravity, and its equation of motion is the conformally coupled
Klein-Gordon equation

(∇µ∇µ − χR)Φ = 0 , (2.14)

where R is the curvature scalar and χ = 1/6 is the coupling constant in four dimensions.
The scalar field is not separable due to the conformal factor Ω−2 in the metric. Therefor,
we can perform a Weyl transformation g̃µν = Ω2gµν so that the Weyl transformed scalar
field Φ̃ = Ω−1Φ now become separable and the corresponding field equation for Φ̃ takes
a similar form

(∇̃µ∇̃µ − χR̃)Φ̃ = 0 , (2.15)

where the covariant derivative and scalar curvature with tilde are evaluated on

ds̃2 = −Q

ρ2

[
dt −

(
a(1− x2) + 2l(1 + x)

)
dϕ
]2

+ ρ2
[

dr2

Q
+ dx2

(1− x2)P

]

+ a2(1− x2)P
ρ2

[
dt − r2 + (a + l)2

a
dϕ

]2

. (2.16)

The Weyl transformed scalar field Φ̃ is separable which can be written in the following form

Φ̃ = e−iωt+imϕR(r)S(x) . (2.17)

The t and ϕ dependence is expressed using their Fourier modes since ∂t and ∂ϕ are Killing
vectors. ω is the frequency of the scalar field and m is its angular momentum which takes
integer values due to the 2π periodicity along ϕ. Given this ansatz, the field equation (2.15)
can be separated into radial and angular equations

d

dr

(
Q

dR(r)
dr

)
+
[(

(r2 + (a + l)2)ω − am
)2

Q
+ Q′′

6

]
R(r) = KR(r) , (2.18)

d

dx

(
(1− x2)P dS(x)

dx

)
−
[((

a(1− x2) + 2l(1 + x)
)

ω − m
)2

(1− x2)P

+2P + 4xP ′ − (1− x2)P ′′

6

]
S(x) = −KS(x) , (2.19)

where K is the separation constant. Both equations above are Heun-type second order
ordinary differential equations. In the near horizon region, using the expansion (2.9), the
radial equation (2.18) can be approximately written as

d

dr

(
(r − r+)(r − rs)

dR(r)
dr

)
+
[(

(r2
+ + (a + l)2)ω − am

)2
(r − r+)(r+ − rs)k2

+
−
(
(r2

s + (a + l)2)ω − am
)2

(r − rs)(r+ − rs)k2
+

+
(
r2 + (r+ + rs)r + r2

+ + r2
s + r+rs + 2(a + l)2

) ω2

k2
+
− 2amω

k2
+

+ 1
3k+

+O(r − r+)
]
R(r)

= K
k+

R(r) . (2.20)
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To figure out the hidden conformal symmetry, we further assume the frequency ω to be
relatively small so that the near horizon region is within the near region defined by

r ≪ 1
ω

. (2.21)

In these limits, rω is well approximated by r+ω, and the potential term of the above radial
equation only contains two regular singular points around r+ and rs. Thus, the radial
equation can be further reduced to

d

dr

(
∆dR(r)

dr

)
+
[(

(r2
+ + (a + l)2)ω − am

)2
(r − r+)(r+ − rs)k2

+
−
(
(r2

s + (a + l)2)ω − am
)2

(r − rs)(r+ − rs)k2
+

]
R(r)

= K′R(r) , (2.22)

where ∆ = (r − r+)(r − rs) and K′ = K/k+ − 1/(3k+) +O ((r − r+), ω). This reduced radial
equation (2.22) is a hypergeometric equation with solutions transforming in the representation
of SL(2, R) × SL(2, R) which coincides the global conformal symmetry in two dimensions.
The equation (2.22) has two regular singular points at r = r+ and r = rs and the solutions
have branch cuts at these points. Around the branch cuts, the corresponding radial solutions
take the following forms

R(r) ∼ c+
out(r − r+)iα+ + c+

in(r − r+)−iα+ , R(r) ∼ cs
out(r − rs)iαs + cs

in(r − rs)−iαs , (2.23)

where

α+ =
(
r2

+ + (a + l)2)ω − am

k+(r+ − rs)
, αs =

(
r2

s + (a + l)2)ω − am

k+(r+ − rs)
, (2.24)

are the monodromies. The coefficients c+
out,in and cs

out,in combine the two linearly independent
solutions with outgoing and ingoing modes near the surfaces at r = r+ and r = rs, respectively.

To explicitly show the hidden conformal symmetry, it is convenient to invoke the following
conformal coordinates

ω+ =
√

r − r+
r − rs

e2πTRϕ+2nRt ,

ω− =
√

r − r+
r − rs

e2πTLϕ+2nLt , (2.25)

y =
√

r+ − rs

r − rs
eπ(TR+TL)ϕ+(nR+nL)t ,

where

TR = k+(r+ − rs)
4πa

, TL =
k+(r2

+ + r2
s + 2(a + l)2)

4πa(r+ + rs)
, nR = 0, nL = − k+

2(r+ + rs)
. (2.26)

TR and TL are the dual field theory thermal parameters as we will explain in section 4.
In terms of the conformal coordinates, one can define two sets of local conformal vectors
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with the following forms [6]

H+ = i
∂

∂ω+ ,

H0 = i

(
ω+ ∂

∂ω+ + y

2
∂

∂y

)
, (2.27)

H− = i

(
(ω+)2 ∂

∂ω+ + ω+y
∂

∂y
− y2 ∂

∂ω−

)
,

and

H̄+ = i
∂

∂ω− ,

H̄0 = i

(
ω− ∂

∂ω− + y

2
∂

∂y

)
, (2.28)

H̄− = i

(
(ω−)2 ∂

∂ω− + ω−y
∂

∂y
− y2 ∂

∂ω+

)
.

The commutation relations among the above conformal vectors satisfy the sl(2, R)× sl(2, R)
algebra

[H0, H±] = ∓iH±, [H−, H+] = −2iH0 , (2.29)
[H̄0, H̄±] = ∓iH̄±, [H̄−, H̄+] = −2iH̄0 . (2.30)

In terms of the Boyer-Lindquist coordinates, the local conformal vectors can be expressed as

H+ = ie−2πTRϕ−2nRt

(√
∆ ∂

∂r
− nL∆′ + nR(r+ − rs)

4π
√
∆(nRTL − nLTR)

∂

∂ϕ
+ TL∆′ + TR(r+ − rs)

4
√
∆(nRTL − nLTR)

∂

∂t

)
,

H0 = i

(
− nL

2π(nRTL − nLTR)
∂

∂ϕ
+ TL

2(nRTL − nLTR)
∂

∂t

)
, (2.31)

H− = ie2πTRϕ+2nRt

(
−
√
∆ ∂

∂r
− nL∆′ + nR(r+ − rs)

4π
√
∆(nRTL − nLTR)

∂

∂ϕ
+ TL∆′ + TR(r+ − rs)

4
√
∆(nRTL − nLTR)

∂

∂t

)
,

and

H̄+ = ie−2πTLϕ−2nLt

(√
∆ ∂

∂r
+ nR∆′ + nL(r+ − rs)

4π
√
∆(nRTL − nLTR)

∂

∂ϕ
− TR∆′ + TL(r+ − rs)

4
√
∆(nRTL − nLTR)

∂

∂t

)
,

H̄0 = i

(
nR

2π(nRTL − nLTR)
∂

∂ϕ
− TR

2(nRTL − nLTR)
∂

∂t

)
, (2.32)

H̄− = ie2πTLϕ+2nLt

(
−
√
∆ ∂

∂r
+ nR∆′ + nL(r+ − rs)

4π
√
∆(nRTL − nLTR)

∂

∂ϕ
− TR∆′ + TL(r+ − rs)

4
√
∆(nRTL − nLTR)

∂

∂t

)
.

Using the parameters in (2.26), one can verify that the reduced radial equation (2.22) is
identical to the following Casimir equation of SL(2, R)

H2Ψ = h(h + 1)Ψ , (2.33)

where

H2 = H̄2 = −H2
0 + 1

2(H+H− + H−H+)

= 1
4

(
y2 ∂2

∂y2 − y
∂

∂y

)
+ y2 ∂2

∂ω+∂ω− , (2.34)
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is the conformal Casimir operator and the eigenvalue in (2.22) has been set to K′ = h(h + 1).
Ψ = e−iωt+imϕR(r) is the x independent part of the scalar field which is now endowed
with equal left and right-moving conformal weights (h, h). In this sense, the solutions of
scalar perturbation equation on the background (2.1) locally form the SL(2, R)× SL(2, R)
representations. Similar to the Kerr case [6], this is the hidden conformal symmetry intrinsic
to the Plebański-Demiański background and will govern the dynamics of the scalar field on it.

In this paper, we will focus on the warped conformal symmetries appear in the near
horizon region. Therefore, not all the conformal generators in (2.27) and (2.28) are legal
under this consideration. In the Boyer-Lindquist coordinates, since nR = 0 given in (2.26),
we have H̄0 ∝ ∂t as expressed in (2.32). So the eigenvalue of the generator H̄0 acting on the
scalar field is proportional to its frequency ω. However, the actions from H̄± generators will
change the eigenvalue as well as the scalar frequency since they have non-trivial commutation
relations with H̄0. As discussed in [42, 43], a consistent holographic setup for warped CFT
operators requires the corresponding dual bulk fields having fixed constant frequency instead
of a variable conjugate to time. In this sense, only H0,± and H̄0 are allowed when taking
the warped conformal symmetries in the near horizon region into account. H± will generate
the SL(2, R) symmetry while H̄0 is responsible for the U(1) symmetry. These survived
generators form a subgroup SL(2, R)×U(1) which is identical to the global warped conformal
symmetry of a warped CFT.

The global warped conformal symmetry SL(2, R) × U(1) is spontaneously broken to
U(1)×U(1) by the 2π periodicity along ϕ, i.e., ϕ ∼ ϕ+2π. Under this periodic identification,
the conformal coordinates defined in (2.25) inherit the following identifications

ω+ ∼ e4π2TRω+, ω− ∼ e4π2TLω−, y ∼ e2π2(TR+TL)y . (2.35)

Only H0 and H̄0 are invariant under the above transformations. So from the hidden symmetry
perspective, only the U(1)× U(1) part is globally well defined and this part will play the role
as the translational symmetry along the two coordinates defined in a warped CFT.

3 Warped conformal symmetries in phase space

Nevertheless, in a warped CFT, there are infinitely many extended local symmetries featured
by the Virasoro and U(1) Kac-Moody algebra. To support the warped CFT dual of the black
hole-like spacetime (2.1), one need to further specify the extended local warped conformal
symmetries as well in the bulk geometry. In this section, we will present two different methods
for recovering the local symmetries in the bulk spacetime (2.1). In the extremal case, that
is the horizon radius r+ is a double zero of the horizon polynomial Q, the near horizon
region can be mapped to an infinite scaling region where specific boundary conditions can be
imposed to its asymptotic boundary. Then the charge algebra with central extensions defined
in the phase space of the asymptotic Killing vectors induced by the boundary conditions can
be implemented to include the local warped conformal symmetries. In the non-extremal case,
there is no near horizon infinite scaling region. However, one can define a set of local vector
fields whose induced infinitesimal diffeomorphisms can keep the Casimir operator H2 (2.34)
as well as the U(1) generator H̄0 (2.28) invariant. Such vector fields which will keep the
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scalar wave equation and frequency invariant in the near horizon region can be viewed as
carrying local symmetries represented from both the dynamics and kinematics of the scalar
perturbation. The charge algebra with central extensions in the phase space of these vector
fields can be shown to represent the local warped conformal symmetries.

3.1 Extremal case

In the extremal case, the temperature (2.12) vanishes and the horizon radius r+ coincides
with rs which makes it as a double zero of the horizon polynomial Q. Then in the near
horizon region where r is close to r+, the divergent behavior in the metric components can
be removed by infinite coordinate scalings, and the resultant scaling independent metric
characterizes a decoupled near horizon geometry. Explicitly, the near horizon geometry can
be obtained by the following coordinate transformation

r = r+ + δr0r̃, t = r0
δ

t̃, ϕ = ϕ̃ +ΩH
r0
δ

t̃ , (3.1)

where δ → 0 is the near horizon limit, r0 is introduced to cancel redundant factors, and ΩH

is the horizon angular velocity. For the black hole-like spacetime (2.1),

ΩH = a

r2
+ + (a + l)2 , (3.2)

and the near horizon geometry in the extremal case where r+ = rs can be expressed as

ds2 = Γ(x)
(
−r̃2dt̃2 + 1

r̃2 dr̃2 + σ2(x)dx2 + γ2(x)(dϕ̃ + br̃dt̃)2
)

, (3.3)

where

r0 =

√
r2

+ + (a + l)2

k+
, Γ(x) =

λ2(r2
+ + (l − ax)2)

k+(λ − r+α(l − ax))2 , σ2(x) = k+
(1− x2)P ,

(3.4)

b = 2r+a

k+(r2
+ + (a + l)2)

, γ2(x) =
k+(r2

+ + (a + l)2)2(1− x2)P
(r2

+ + (l − ax)2)2 . (3.5)

The δ independent near horizon metric (3.3) has SL(2, R)×U(1) isometry and can be viewed
as a warped and twisted product of AdS2 and S2. Such kind of geometry has been previously
found in the near horizon region of extremal accelerating Kerr black holes [48]. The AdS2
factor expressed in the first two terms of (3.3) is a universal part which also appears in the
near horizon region of general extremal black holes [49]. In studying the black hole physics
near extremal horizons, AdS2 plays essential roles. Many different sets of AdS2 boundary
conditions have been proposed for realizing different symmetries in the two dimensional
Jackiw-Teitelboim gravity [50]. Furthermore, new boundary conditions for AdS2 have been
proposed in [40] where the enhanced asymptotic symmetry group contains the local warped
conformal symmetries, and the higher dimensional uplift of the new boundary conditions
applied to extremal black holes also has been worked out in [41]. We will use the new boundary
conditions to determine the asymptotic symmetry of the near horizon geometry (3.3).
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Following [41], we use the Bondi-like coordinates

u = t̃ + 1
r̃

, φ = 1
b

ϕ̃ + ln r̃ , (3.6)

in terms of which the near horizon metric takes the form

ds2 = Γ(x)
(
−r̃2du2 − 2dudr̃ + σ2(x)dx2 + γ2(x)b2(dφ + r̃du)2

)
. (3.7)

In this Bondi-like gauge, we consider the following boundary conditions
huu = O(r̃) hur̃ = O(r̃−1) hux = O(r̃−1) huφ = O(r̃0)
hr̃u = hur̃ hr̃r̃ = O(r̃−3) hr̃x = O(r̃−2) hr̃φ = O(r̃−2)
hxu = hux hxr̃ = hr̃x hxx = O(r̃−1) hxφ = O(r̃−1)
hφu = huφ hφr̃ = hr̃φ hφx = hxφ hφφ = O(r̃−1)

 , (3.8)

where hµν is the metric perturbation which sets the specific radial falloff conditions at the
asymptotic boundary r̃ → ∞. Due to the infinite scaling in (3.1), the asymptotic boundary
is still within the near horizon region. For these geometries, the asymptotic symmetries
are specified by asymptotic Killing vectors that preserve the full metric up to the allowed
perturbation

Lη(gµν + hµν) = hµν , (3.9)

where Lη is the Lie derivative along η and gµν is the near horizon metric (3.7). The most
general asymptotic Killing vector which satisfies (3.9) takes the following form

η =
(
f(u) +O(r̃−3)

) ∂

∂u
+
(
−r̃f ′(u)− g′(u) +O(r̃−1)

) ∂

∂r̃

+O(r̃−1) ∂

∂x
+
(
g(u) +O(r̃−2)

) ∂

∂φ
, (3.10)

where f(u) and g(u) are arbitrary functions of u. The leading term in the asymptotic Killing
vector will only perturb the AdS2 factor in the original metric and the its result is consistent
with the new boundary conditions discuss in [40]. Effectively, the leading asymptotic Killing
vector keeps the form of the following class of metrics invariant

ds2 = Γ(x)
(
(−r̃2 + 2P (u)r̃ + 2T (u))du2 − 2dudr̃ + σ2(x)dx2 + γ2(x)b2(dφ + r̃du)2

)
,

(3.11)
where P (u) and T (u) are arbitrary functions of u and transform under the Lie action of
η according to

δηP (u) = f(u)P ′(u) + f ′(u)P (u) + f ′′(u) + g′(u) , (3.12)
δηT (u) = f(u)T ′(u) + 2f ′(u)T (u)− g′(u)P (u) + g′′(u) . (3.13)

As the AdS2 boundary conditions proposed in [40] is related to the warped conformal
symmetry, we will focus on the leading term in the asymptotic Killing vector which is

η = f(u) ∂

∂u
+ (−r̃f ′(u)− g′(u)) ∂

∂r̃
+ g(u) ∂

∂φ
, (3.14)
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and figure out its asymptotic symmetry on the background (3.7). Correspondingly, the finite
coordinate transformation that relates (3.7) and (3.11) can be written as

u → F(u), r̃ → 1
F ′(u)(r̃ + G′(u)), x → x, φ → φ − G(u) , (3.15)

where F(u) and G(u) are arbitrary functions of u, and they are related to P (u) and T (u) by

P (u) = −G′(u) + F ′′(u)
F ′(u) , (3.16)

T (u) = −1
2G

′(u)2 + G′(u)F
′′(u)

F ′(u) − G′′(u) . (3.17)

The original Boyer-Lindquist coordinates t and ϕ are defined on a torus which is de-
termined by the identifications

(t, ϕ) ∼ (t, ϕ + 2π) ∼ (t + iβ, ϕ + iβΩH) , (3.18)

where β = 1/TH is the inverse horizon temperature. They are the spatial and thermal
circles on which a finite temperature filed theory can be defined. By using coordinate
transformations (3.1) and (3.6), the Bondi-like coordinates u and φ will inherit the following
identifications

(u, φ) ∼
(

u, φ + 2π

b

)
∼
(

u + iβ
δ

r0
, φ

)
. (3.19)

In the extremal and near horizon limit, i.e., β → ∞ and δ → 0, the Bondi-like time coordinate
u can have finite periodic length which we denote it as τ . If we Wick rotate to the Euclidean
version of the near horizon geometry, the smoothness condition at the horizon requires τ

to be 2πi. In the later discussion, we will find this value is reasonable when compare the
Kac-Moody level in the symmetry algebra to the non-extremal case. The leading asymptotic
Killing vector (3.14) can be divided into two sets by taking the Fourier modes of the periodic
functions f(u) and g(u)

fn = η

(
f(u) = τ

2π
e

2πinu
τ , g(u) = 0

)
, (3.20)

gn = η

(
f(u) = 0, g(u) = τ

2πi
e

2πinu
τ

)
, (3.21)

where n is an integer. These two sets of mode vectors satisfy the following Virasoro and U(1)
Kac-Moody algebra without central extensions under Lie brackets

i[fm, fn] = (m − n)fm+n ,

i[fm, gn] = −ngm+n , (3.22)
i[gm, gn] = 0 .

To figure out the possible central extensions, we will use the linearized covariant charges
associated to the diffeomorphisms induced by the mode vectors (3.20) and (3.21). The charges
are acting on the asymptotic boundary and implement the asymptotic symmetry algebra
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through Dirac brackets. On a background geometry g, the variation of covariant charge
associated to a vector field ζ in general relativity can be expressed as

δQ(ζ, h; g) = 1
16π

∫
∂Σ

∗FIW , (3.23)

where the two-form field FIW has components given by [51]

(FIW )µν = 1
2∇µζνh +∇µhσ

νζσ +∇σζµhσ
ν +∇σhσ

µζν −∇µhζν − (µ ↔ ν) , (3.24)

hµν is the variation of inverse metric hµν = δgµν and h = gµνhµν . The co-dimension two
surface of integration ∂Σ is chosen as the asymptotic boundary where r̃ → ∞ and φ is
kept as a constant. The integration is then performed along u and x in finite regions (0, τ)
and (−1, 1). The dual warped CFT in this extremal case is defined at the asymptotic
boundary of the near horizon geometry with coordinates φ and u. In a warped CFT, the
time direction usually takes along the U(1) direction [13]. In the current set up, as indicating
in the asymptotic Killing vector (3.14), the warped CFT U(1) symmetry is generated by
∂/∂φ and the SL(2R) conformal symmetry is related to ∂/∂u. So from the warped CFT
perspective, the constant φ slice is a constant warped CFT time slice and the charges are
integrated over the warped CFT spatial coordinate u with periodicity from the horizon
smoothness condition. The bulk coordinate x is invisible from the boundary theory which
should be averaged by a full integration.

The variation of the charge (3.23) is integrable with the boundary conditions satisfied
by the asymptotic Killing vector (3.14). The variation of the inverse metric satisfying the
same boundary conditions can be written as

hµν = δgµν

δP (u)δP (u) + δgµν

δT (u)δT (u) , (3.25)

where gµν is the inverse metric of (3.11). Then the corresponding variation of the charge
takes the form

δQ(η, h; g) = 1
8π

∫ 1

−1

∫ τ

0
bΓ(x)σ(x)γ(x) (g(u)δP (u)− f(u)δT (u)) dxdu , (3.26)

and the above variation can be integrated to obtain the finite charge

Q(η, h; g) = 1
8π

∫ 1

−1

∫ τ

0
bΓ(x)σ(x)γ(x) (g(u)P (u)− f(u)T (u)) dxdu . (3.27)

For any two vector fields ξ and ζ, given the charge integrability, the covariant charges form
an algebra under Dirac bracket [52]

{Qξ,Qζ} = Q[ξ,ζ] + Kζ,ξ, Kζ,ξ = δQ(ξ,Lζg; g) , (3.28)

where “[ , ]” is the Lie bracket, Kζ,ξ is the possible central extension term, and Lζ is the Lie
derivative along ζ. Let us define the charge variation associated to the mode vectors (3.20)
and (3.21) as

δLext
n = δQ(fn, h; g), δP ext

n = δQ(gn, h; g) . (3.29)
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These charges are integrable and the corresponding charge algebra in the form of (3.28) can
be divided into Virasoro, mixed, and Kac-Moody sectors with possible central extensions

{Lext
n , Lext

m } = (m − n)Lext
m+n + Kext

m,n, Kext
m,n = δQ(fn,Lfmg; g) ,

{Lext
n , P ext

m } = mP ext
m+n +Rext

m,n, Rext
m,n = δQ(fn,Lgmg; g) , (3.30)

{P ext
n , P ext

m } = kext
m,n, kext

m,n = δQ(gn,Lgmg; g) .

Performing the integration (3.23) at the asymptotic boundary of the background geome-
try (3.7) with mode vectors (3.20) and (3.21), the central extension terms in the above
charge algebra can be calculated

δQ(fn,Lfmg; g) = 0 , (3.31)

δQ(fn,Lgmg; g) = 1
16π

∫ 1

−1

∫ τ

0
−2im2bΓ(x)σ(x)γ(x)e

2πi(m+n)u
τ dxdu

= i
λ2r+aτ

2πk+(λ − r+α(a + l))(λ + r+α(a − l))m2δm,−n , (3.32)

δQ(gn,Lgmg; g) = 1
16π

∫ 1

−1

∫ τ

0
− iτm

π
bΓ(x)σ(x)γ(x)e

2πi(m+n)u
τ dxdu

= i
λ2r+aτ2

4π2k+(λ − r+α(a + l))(λ + r+α(a − l))mδm,−n . (3.33)

The charge algebra for the generators defined in (3.29) thus can be expressed in a concise form

{Lext
n , Lext

m } = (m − n)Lext
m+n + i

cext

12 m3δm,−n ,

{Lext
n , P ext

m } = mP ext
m+n + iκextm2δm,−n , (3.34)

{P ext
n , P ext

m } = i
κext

2 mδm,−n ,

This is the warped conformal algebra consists of a Virasoro and an U(1) Kac-Moody algebra
with the Virasoro central charge cext, the mixed central charge κext, and the Kac-Moody
level κext given by

cext = 0 , (3.35)

κext = λ2r+aτ

2πk+(λ − r+α(a + l))(λ + r+α(a − l)) , (3.36)

κext = λ2r+aτ2

2π2k+(λ − r+α(a + l))(λ + r+α(a − l)) . (3.37)

The mixed central extension term in (3.34) however can be removed by the following charge
redefinition [40]

L∗ext
n = Lext

n + 2κext

κext nP ext
n , P ∗ext

n = P ext
n . (3.38)
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under which the new charge algebra takes the form

{L∗ext
n , L∗ext

m } = (m − n)L∗ext
m+n + i

c∗ext

12 m3δm,−n ,

{L∗ext
n , P ∗ext

m } = mP ∗ext
m+n , (3.39)

{P ∗ext
n , P ∗ext

m } = i
κ∗ext

2 mδm,−n .

This is the standard warped conformal algebra with the Virasoro central charge c∗ext and
the Kac-Moody level κ∗ext given by

c∗ext = 12λ2r+a

k+(λ − r+α(a + l))(λ + r+α(a − l)) , (3.40)

κ∗ext = λ2r+aτ2

2π2k+(λ − r+α(a + l))(λ + r+α(a − l)) . (3.41)

3.2 Non-extremal case

In the non-extremal case, the temperature (2.12) does not vanish and the horizon radius
r+ is a single zero of the horizon polynomial Q. In contrast to the extremal case, the near
horizon geometry is approximated by a Rindler spacetime in the non-extremal case instead
of the one with an AdS2 fiber. The Rindler spacetime contains no conformal symmetry,
however, the dynamics of near horizon low frequency scalar perturbations on the non-extremal
background (2.1) is governed by the hidden conformal symmetry (2.33). The global warped
conformal symmetry can be generated by H0,± and H̄0 defined in (2.27) and (2.28). As
discussed in [43, 44], for non-extremal black holes, the infinite local symmetries can be
recovered from the diffeomorphisms that keep the radial equation in the near horizon region
as well as the frequency of the scalar perturbation invariant. We will follow this prescription
to figure out the local warped conformal symmetries for the non-extremal background (2.1)

Consider a set of diffeomorphisms induced by the following vector fields in conformal
coordinates

ξ(l(ω+)) = l(ω+) ∂

∂ω+ + ∂l(ω+)
∂ω+

y

2
∂

∂y
, (3.42)

ζ(p(ω+)) = p(ω+)
(

ω− ∂

∂ω− + y

2
∂

∂y

)
, (3.43)

where l(ω+) and p(ω+) are chosen functions such that the above vector fields are periodic
under the identifications (2.35). This is equivalent to require

l(e4π2TRω+) = e4π2TR l(ω+) , p(e4π2TRω+) = p(ω+) . (3.44)

The form of the vector fields (3.42) and (3.43) are chosen so that the induced infinitesimal
coordinate transformations can keep the SL(2, R) quadratic Casimir H2 (2.34) and the U(1)
generator H̄0 (2.28) invariant. This means that the vector fields keep the scalar radial equation
in the near horizon region (2.33) as well as the eigenvalue of H̄0 which is proportional to
the scalar frequency invariant. These vector fields which preserve the dynamics of the scalar
field can be understood as the non-extremal analog of the asymptotic Killing vector (3.14)
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which preserve the near horizon geometry. Invoking the Fourier modes derived from the
periodic condition (3.44), one can define the mode vectors

ln = ξ

(
l(ω+) = 2πTR(ω+)1+ in

2πTR

)
, (3.45)

pn = ζ

(
p(ω+) = (ω+)

in
2πTR

)
, (3.46)

where n is an integer. These mode vectors also satisfy the classical Virasoro and U(1)
Kac-Moody algebra

i[lm, ln] = (m − n)lm+n ,

i[lm, pn] = −npm+n , (3.47)
i[pm, pn] = 0 .

The possible central extensions in this case can be carried out by the method analyzing
the phase space of the vector fields (3.42) and (3.43) in the near horizon region [44], which is
initiated form the calculation for the central charges of two copies of the Virasoro algebra
on an non-extremal Kerr background [8]. The linearized covariant charges associated to
the diffeomorphisms induced by the vector fields (3.42) and (3.43) are now evaluated at the
horizon bifurcation surface. The variation of the covariant charge contains two parts

δQ = δQIW + δQct . (3.48)

The first term is the Iyer-Wald charge [51] with its explicit form expressed in (3.23) and (3.24).
The surface of integration ∂Σ is chosen as the horizon bifurcation surface, which is the
intersection of the future and past horizons. In the Boyer-Lindquist coordinates, the future
horizon is located at r = r+, t ∈ (0,∞) and the past horizon is located at r = r+, t ∈ (−∞, 0).
In terms of the conformal coordinates defined in (2.25), these correspond to ω− = 0 and
ω+ = 0, respectively. So the horizon bifurcation is located at ω+ = ω− = 0. The geometry
near this surface can be expressed as a double expansion of the original metric (2.1) around
ω+ = ω− = 0 in conformal coordinates

ds2 = F+−
y2 dω+dωs + Fyy

y2 dy2 + Fxxdx2 + ω+ F−y

y3 dω−dy + ω−F+y

y3 dω+dy

+O((ω+)2, ω+ω−, (ω−)2) , (3.49)

where

F+− =
4λ2 (r2

+ + (l − ax)2)
k+ (λ − r+α(l − ax))2 ,

Fyy = 4λ2(r+ + rs)2a2(1− x2)P
k2

+
(
r2

+ + (l − ax)2) (λ − r+α(l − ax))2 ,

Fxx =
λ2 (r2

+ + (l − ax)2)
(λ − r+α(l − ax))2 (1− x2)P

, (3.50)

F−y =
−4λ2(r2

+ − r2
s)
[
k+
(
r2

+ + (l − ax)2)+ a2(1− x2)P
]

k2
+
(
r2

+ + (l − ax)2) (λ − r+α(l − ax))2 ,

F+y =
−4λ2 [k+

(
r2

+ + r2
s + 2(l − ax)2) (r2

+ + (l − ax)2)− (3r2
+ + 4r+rs + r2

s)a2(1− x2)P
]

k2
+
(
r2

+ + (l − ax)2) (λ − r+α(l − ax))2 .
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The second term in (3.48) is a counterterm which is introduced for some consistency conditions
like charge associativity and central extension terms in the charge algebra being state
independent. The specific form of the counterterm here is further demanded that it can
eliminate the mixed central extension term to realize a standard warped conformal algebra
like (3.39) in the phase space. The counterterm has different forms in different contexts. For
example, it is specified as the Wald-Zoupas counterterm for Kerr black holes in deriving the
two copies of the Virasoro algebra [8, 9] and the standard warped conformal algebra [43, 44].
For Kerr-AdS or Kerr-NUT black holes, a more general counterterm is required in getting
the Virasoro central charges [45, 46]. In this paper, for the black hole-like spacetime (2.1),
we propose another counterterm to derive the standard warped conformal algebra in the
phase space of the vector fields (3.42) and (3.43). The form of the counterterm associated
to a vector field ξ can be expressed as

δQct(ξ, h; g) = 1
16π

∫
∂Σ

iξ · ( ∗X) , (3.51)

where X is a spacetime one-form defined by

X = 2hν
µ∇ρNρ

νdxµ , (3.52)

Nµν are components of the volume two-form N on the normal bundle of the integration
surface ∂Σ. X is linear in the inverse metric variation hµν which indicates that it might be
raised from the ambiguity in defining a symplectic potential [53]. Taking ∂Σ as the horizon
bifurcation surface, the volume form on its normal bundle is given by

N = Nµνdxµ ∧ dxν = −(lµnν − nµlν)|∂Σdxµ ∧ dxν , (3.53)

where

lµ|∂Σdxµ = y
−2TL

TR+TL dω−, nµ|∂Σdxµ = −F+−
2 y

−2TR
TR+TL dω+ , (3.54)

are the null normal co-vectors of the future and past horizons, respectively, and satisfy
lµnµ|∂Σ = −1. The y dependent factors in the definitions of the co-vectors are set for the
periodicity under identifications (2.35). With the metric expansion (3.49) and the normal
co-vectors (3.54), one can verify that

Nµ
ν =


1 0 0 0
0 − 1 0 0
0 0 0 0
0 0 0 0

 . (3.55)

Let us define the charge variation with counterterm associated to the mode vectors (3.45)
and (3.46) as

δLn = δQ(ln, h; g), δPn = δQ(pn, h; g) . (3.56)
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In the form of (3.28), the algebra for these charges also includes the Virasoro, mixed, and
Kac-Moody sectors with possible central extensions

{Ln, Lm} = (m − n)Lm+n + Km,n, Km,n = δQ(ln,Llmg; g) ,

{Ln, Pm} = mPm+n +Rm,n, Rm,n = δQ(ln,Lpmg; g) , (3.57)
{Pn, Pm} = km,n, km,n = δQ(pn,Lpmg; g) .

Using the metric expansion (3.49) and the mode vectors (3.45) and (3.46), one can evaluate the
charge variation defined in (3.48) with the Iyer-Wald charge (3.23) and the counterterm (3.51)
to carry out the central extension terms in the above algebra. In calculating the charge
variation, one need to perform integrations on the horizon bifurcation surface. These
integrations will only receive non-vanishing contributions from the simple poles at ω+. For a
reference point ω+

0 near ω+, the relevant part of the contribution has the form

∫ e4π2TR ω+
0

ω+
0

(ω+)−1+ i(m+n)
2πTR dω+ = 4π2TRδm,−n . (3.58)

Taking this into account, the central term in the Virasoro sector in (3.57) contains the
following two parts

δQIW (ln,Llmg;g)= i
(
(4π2T 2

R)m+m3
)

δm,−n

∫ 1

−1
dx

√
FyyFxx(2F+−+F−y −F+y)

16F+−
, (3.59)

δQct(ln,Llmg;g)=−i
(
(4π2T 2

R)m+m3
)

δm,−n

∫ 1

−1
dx

√
FyyFxx(F−y −F+y)

16F+−
. (3.60)

Adding these two parts together and absorbing the linear term in m into L0, we get the
central extension term for the Virasoro sector

Km,n = i

8m3δm,−n

∫ 1

−1
dx
√

FyyFxx

= i
λ2(r+ + rs)a

2k+ (λ − r+α(a + l)) (λ + r+α(a − l))m3δm,−n . (3.61)

As one can see that the counterterm is not unique since it always takes an integration along
x. The integrand in counterterm may has additional nonzero terms which have zero x

integration. The Wald-Zoupas counterterm [8] takes a similar form as in (3.51), but with
the spacetime one-form X given by

XW Z = 2hν
µqρ

νnσ∇ρlσdxµ , (3.62)

where qµν = gµν + lµnν + nµlν is the induced metric on ∂Σ. By the same token, the Wald-
Zoupas counterterm for the Virasoro sector also can be calculated with the following form

δQW Z(ln,Llmg; g) = −i
(
(4π2T 2

R)m + m3
)

δm,−n (3.63)

×
∫ 1

−1
dx

√
FyyFxx (2(TR − TL)F+− + (TR + TL)(F−y − F+y))

32(TR + TL)F+−
.
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In the Kerr case where λ = a, e = g = α = l = Λ = 0, and rs = r−, one can easily show that
the Wald-Zoupas counterterm (3.63) gives exactly the result in (3.60) after the x integration.
Similar for the other two sectors. The central term in the mixed sector in (3.57) has the
following two parts with opposite signs

δQIW (ln,Lpmg; g) =
(
(2πiTR)m + m2

)
δm,−n

∫ 1

−1
dx

√
FyyFxx(F−y − F+y)

16F+−
, (3.64)

δQct(ln,Lpmg; g) = −
(
(2πiTR)m + m2

)
δm,−n

∫ 1

−1
dx

√
FyyFxx(F−y − F+y)

16F+−
. (3.65)

These two parts cancel with each other and give vanishing central extension term for the
mixed sector

Rm,n = 0 . (3.66)

The cancellation of the mixed central extension term does not depend on the details of the
functions (3.50), so the counterterm (3.51) we proposed here might work for a large class of
spacetime geometry that endowed with near horizon bifurcation surface expansions in the form
of (3.49). The central term in the Kac-Moody sector in (3.57) has the following two terms

δQIW (pn,Lpmg; g) = −imδm,−n

∫ 1

−1
dx

√
FyyFxx(2F+− − F−y + F+y)

16F+−
, (3.67)

δQct(pn,Lpmg; g) = −imδm,−n

∫ 1

−1
dx

√
FyyFxx(F−y − F+y)

16F+−
. (3.68)

Sum of the above two terms gives the central extension term for the Kac-Moody sector

km,n = − i

8mδm,−n

∫ 1

−1
dx
√

FyyFxx

= −i
λ2(r+ + rs)a

2k+ (λ − r+α(a + l)) (λ + r+α(a − l))mδm,−n . (3.69)

In all, the charge algebra induced from the commutation relations (3.47) take the form as
the standard warped conformal algebra

{Ln, Lm} = (m − n)Lm+n + i
c

12m3δm,−n ,

{Ln, Pm} = mPm+n , (3.70)

{Pn, Pm} = i
κ

2mδm,−n ,

with the Virasoro central charge c and the Kac-Moody level κ given by

c = 6λ2(r+ + rs)a
k+ (λ − r+α(a + l)) (λ + r+α(a − l)) , (3.71)

κ = − λ2(r+ + rs)a
k+ (λ − r+α(a + l)) (λ + r+α(a − l)) . (3.72)

Taking the extremal limit where r+ = rs, one find that the non-extremal central charge c (3.71)
reproduce exactly the extremal central charge c∗ext (3.40), while the non-extremal Kac-Moody
level κ (3.72) will match the extremal Kac-Moody level κ∗ext (3.41) in the case that

τ = 2πi . (3.73)
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As claimed below (3.19), the Bondi-like time coordinate u can have finite periodicity τ which
now can be fixed as 2πi for matching the extremal and non-extremal central extension terms
in the warped conformal algebras derived with different methods.

4 Horizon entropy from warped conformal symmetries

Either in the extremal or in the non-extremal case, the horizon has non-vanishing area and
thus has non-vanishing entropy. In this section, we will use the entropy formula of a finite
temperature warped CFT derived from the modular properties of its partition function to
recover the entropy of the horizon at r = r+ as expressed in (2.13). The coordinates t+

and t− of the warped CFT are defined as

t+ = 2πTRϕ + 2nRt, t− = −2πTLϕ − 2nLt . (4.1)

It is a natural choice of the field theory coordinates. As one can verify that

e−iωt+imϕ = e−iωRt+−iωLt−
, (4.2)

where
ωR = α+ + αs, ωL = α+ − αs , (4.3)

with α+ and αs being the monodromies around the branch cuts of the radial solutions (2.24),
the U(1) × U(1) part of the global warped conformal symmetry generated by

H0 = i
∂

∂t+ , H̄0 = −i
∂

∂t−
, (4.4)

becomes the translational symmetry along these two coordinates with momentum eigenvalues
ωR and ωL, respectively. The phase factor in the scalar field by the 2π identification along
ϕ can be expressed as

ei2πm = e−i4π2TRωR+i4π2TLωL , (4.5)

from which the parameters TR and TL given in (2.26) can be recognized as the thermal
parameters in the dual field theory with coordinates t+ and t−.

Using relations (2.12), (2.26), and (3.2), the spatial and thermal circles defined in the
original Boyer-Lindquist coordinates (3.18) can be translated into those in the coordinates
t+ and t−

(t+, t−) ∼ (t+ + 4π2TR, t− − 4π2TL) ∼ (t+ + 2πi, t− + 2πi) . (4.6)

The above identifications define a generic torus where the warped CFT lives on. By further
performing a warped conformal transformation

t̂+ = − t+

2πTR
, t̂− = t− + TL

TR
t+ , (4.7)

the generic torus (4.6) can be transformed into a canonical one in terms of the new coordinates
t̂+ and t̂−

(t̂+, t̂−) ∼ (t̂+ − 2π, t̂−) ∼ (t̂+ − 2πτ̂ , t̂− + 2π ˆ̄τ) , (4.8)
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where
τ̂ = i

2πTR
, ˆ̄τ = i(TR + TL)

TR
. (4.9)

On the canonical torus (4.8), the thermal entropy of the warped CFT takes the form [13]

S(0|1)(ˆ̄τ |τ̂) = 2πi
ˆ̄τ
τ̂

P̂ vac
0 + 4πi

1
τ̂

L̂vac
0 , (4.10)

where L̂vac
0 and P̂ vac

0 are the vacuum expectation values of the Virasoro and Kac-Moody
zero modes on the canonical torus, respectively. These two vacuum values are somehow
related through a spectral flow parameter which labels the vacuum state of a warped CFT.
To see this, it is convenient to map the canonical torus back to a Lorentzian plane, where the
vacuum values of zero modes are zeros, with the following warped conformal transformation

t̄+ = eit̂+
, t̄− = t̂− + 2µt̂+ , (4.11)

where µ is the spectral flow parameter. The Virasoro and Kac-Moody modes (L̂n, P̂n) on the
canonical torus and (L̄n, P̄n) on the plane are related under the above transformation [13]

L̂n = L̄n + 2µP̄n +
(

κµ2 − c

24

)
δn,0 (4.12)

P̂n = P̄n + κµδn,0 , (4.13)

where c is the Virasoro central charge and κ is the Kac-Moody level. Given that zero modes
have vanishing vacuum expectation values defined on the plane, i.e. L̄vac

0 = P̄ vac
0 = 0, the

zero modes on the canonical torus take the following vacuum values

L̂vac
0 = κµ2 − c

24 , P̂ vac
0 = κµ . (4.14)

The vacuum state labeled by different µ gives different vacuum values of the zero modes.
Now, in order to recover the bulk horizon entropy, we choose a specific vacuum state of
the warped CFT with

µ2 = c

24κ
, (4.15)

and this implies L̂vac
0 = 0. Since the Virasoro zero mode on the canonical torus is dual to

the conserved charge associated to ∂/∂t̂+ = −∂/∂ϕ which is proportional to the angular
momentum of the background (2.1), such a vacuum state is dual to a bulk spacetime with
zero angular momentum. With this vacuum state, and substituting the results of c (3.71) and
κ (3.72) derived from the non-extremal case into (4.14), one can write down the following
vacuum values of the zero modes

L̂vac
0 = 0, (P̂ vac

0 )2 = −
(

λ2(r+ + rs)a
2k+ (λ − r+α(a + l)) (λ + r+α(a − l))

)2

. (4.16)

With the above vacuum values and the thermal parameters (4.9) and (2.26), the thermal
entropy of the warped CFT given in (4.10) can be evaluated as

S(0|1)(ˆ̄τ |τ̂) = 4π2|P̂ vac
0 |(TR + TL) =

πλ2(r2
+ + (a + l)2)

(λ − r+α(a + l))(λ + r+α(a − l)) , (4.17)

which exactly agrees with the horizon entropy calculated by the area law (2.13).
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5 Summary and discussion

In this paper, we analyze the underlying symmetry of the family of black hole-like space-
times (2.1) generalized from the Plebański-Demiański solution. Such kind of a spacetime
is labeled by seven physical parameters which characterize the black hole mass, electric
and magnetic charges, angular momentum, acceleration, NUT charge, and cosmological
constant. Physically, this configuration describes two black holes and the metric contains
conical singularities at the poles of its axis. The corresponding deficit or excess angles at the
poles can be understood as the effects induced by two cosmic strings linking the two black
holes to infinity or a strut connecting them. These effective objects can be viewed as the
cause of the constant relative acceleration between the two black holes.

The horizon polynomial of the metric which indicates the location of the horizons by its
zeros is a quartic function of the radius. We focus on one of its zeros and discuss the hidden
conformal symmetry near the corresponding horizon. The hidden conformal symmetry can be
carried out by considering the wave equation of a perturbative massless scalar field. The scalar
field is conformally coupled to the gravity such that after a proper conformal transformation its
transformed wave equation become separable. The separated radial and angular equations are
all Heun-type equations. In the near horizon region, the radial equation can be approximated
by a hypergeometric equation when the scalar frequency is small which indicates there must
be conformal symmetry in controlling the dynamics of the scalar field. By invoking the
conformal coordinates, the low frequency scalar radial equation in the near horizon region can
be further casted into the form of a Casimir equation of SL(2, R) with two copies. The hidden
conformal symmetry SL(2, R)×SL(2, R) has a subgroup SL(2, R)×U(1) that keep the radial
equation as well as the scalar frequency invariant. This part of the symmetry is viewed as the
global warped conformal symmetry of a warped CFT. The global symmetry is spontaneously
broken to U(1)× U(1) due to the 2π periodicity along the coordinate ϕ which in turn plays
the role as the translational symmetry along the two coordinates defined in the warped CFT.

The local warped conformal symmetries can be obtained by analyzing the phase space of
specific vector fields defined in the asymptotic region of the near horizon extremal geome-
try (3.7) or in the near horizon region of the non-extremal background (2.1). There are two
different methods to carry out the local symmetries. In the extremal case, the near horizon
region can be mapped into an infinite spacetime which has an AdS2 factor. The new boundary
conditions for AdS2 can be applied to this spacetime under which the Lie brackets of the
asymptotic Killing vectors form a Virasoro and U(1) Kac-Moody algebra without central
extension. The central terms can be recovered by considering the Dirac brackets of the lin-
earized covariant charges associated to the asymptotic Killing vectors at the boundary within
the near horizon region. In the non-extremal case, the specific vector fields are determined
by the diffeomorphisms that keep the Casimir operator as well as the U(1) generator for the
global warped conformal symmetry invariant. The selected vector fields thus will also keep the
scalar radial equation and its frequency in the near horizon region invariant. The Lie brackets
of these vector fields also satisfy the classical warped conformal symmetry. The central terms
in the non-extremal case can be recovered by considering the Dirac brackets of the linearized
covariant charges associated to these vector fields at the horizon bifurcation surface with a
proper counterterm (3.51). The counterterm here is introduced for eliminating the mixed
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central extension term in deriving the standard warped conformal algebra. Our counterterm
works for a large class of spacetime geometries that endowed with metric expansions near
their horizon bifurcation surfaces in the form of (3.49), since the cancellation of the mixed
central extension term does not depend on the details of the functions (3.50).

The central terms in the standard warped conformal algebra obtained from the extremal
and non-extremal cases are consistent with each other. In the extremal limit, the Virasoro
central charges calculated by the two methods are the same and the Kac-Moody levels
from the two cases match when the finite periodicity for the Bondi-like time coordinate
u mentioned in (3.19) is 2πi. Using the algebra as well as the central extension terms of
the warped conformal symmetries derived in the bulk spacetime, the entropy formula of
a finite temperature warped CFT which only depends on the symmetries, central terms,
and modular properties of the theory then can be used to reproduce the horizon entropy
with a precise agreement.
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