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ABSTRACT: Multi-matrix invariants, and in particular the scalar multi-trace operators of
N =4 SYM with U(N) gauge symmetry, can be described using permutation centraliser
algebras (PCA), which are generalisations of the symmetric group algebras and independent
of N. Free-field two-point functions define an N-dependent inner product on the PCA,
and bases of operators have been constructed which are orthogonal at finite N. Two
such bases are well-known, the restricted Schur and covariant bases, and both definitions
involve representation-theoretic quantities such as Young diagram labels, multiplicity labels,
branching and Clebsch-Gordan coefficients for symmetric groups. The explicit computation
of these coefficients grows rapidly in complexity as the operator length increases. We
develop a new method for explicitly constructing all the operators with specified Young
diagram labels, based on an N-independent integer eigensystem formulated in the PCA.
The eigensystem construction naturally leads to orthogonal basis elements which are integer
linear combinations of the multi-trace operators, and the N-dependence of their norms
are simple known dimension factors. We provide examples and give computer codes in
SageMath which efficiently implement the construction for operators of classical dimension
up to 14. While the restricted Schur basis relies on the Artin-Wedderburn decomposition
of symmetric group algebras, the covariant basis relies on a variant which we refer to as
the Kronecker decomposition. Analogous decompositions exist for any finite group algebra
and the eigenvalue construction of integer orthogonal bases extends to the group algebra
of any finite group with rational characters.
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1 Introduction

An important problem in the AdS/CFT correspondence [1-3] is to understand the map
between quantum states in the CFT and in the string theory side. The operator-state map
in CFTs [4] means that the quantum states in CFT correspond to local operators. In any
CFT with gauge symmetry, the local operators are constructed as gauge-invariant composites
of the elementary fields. The study of the construction and correlators of general half-BPS
operators in four-dimensional N' = 4 super Yang-Mills (SYM) with U(N) gauge group N =4
SYM [5] has allowed a detailed study of the physics of giant gravitons [6] and half-BPS
geometries [7] in ten-dimensional space-time from the dual CFT point of view.

Half-BPS local operators in the U(N) theory are gauge-invariant holomorphic functions
of a complex matrix Z of size N x N. Since the half-BPS sector is protected, the inner
product on the space of half-BPS operators defined by the free-field two-point functions is
valid for any coupling. The operators of dimension L, which are polynomial gauge invariants
of degree L, have an orthogonal basis labelled by Young diagrams with L boxes and no
more than N rows. The elements of the basis are expressible as linear combinations of
multi-trace operators with coefficients given by characters of the symmetric group Sy, for the
irreducible representation specified by the Young diagram, evaluated on a conjugacy class
determined by the trace structure of the multi-trace operator. The norm of the operator
in the free-field inner product is a polynomial in N which is related to dimensions of U(N)
and Sy, representations associated with the Young diagram [5].

The quarter-BPS and 1/8-BPS sectors contain gauge-invariant operators of more than
one type of complex matrices, which we call multi-matrix operators or multi-matrix invariants.
Multi-matrix operators are relevant to strings attached to giant gravitons and to brane-anti-
brane systems. Finite N bases for multi-matrix operators were constructed in [8-12], which
are orthogonal under the free-field inner product, and the norms of the basis elements were
calculated. The number of elements in these finite N bases were shown ([13] and section 6
of [12]) to agree with finite N counting formulae for gauge invariant operators [14-17]. The
basis in [10, 13] is known as the restricted Schur basis, and has its origins in studies of
general (BPS or non-BPS) open string excitations of giant gravitons [18-20]. The simplest
instance involves holomorphic gauge-invariant functions of two matrices. The construction
of [8] was motivated by the brane-anti-brane interpretation of operators constructed from
Z,Z' and employed Walled Brauer algebras. The basis in [9] was studied with motivations
coming from the quarter-BPS sector and involved holomorphic functions of two complex
matrices, which are quarter-BPS at zero Yang-Mills coupling. This basis is known as the
covariant basis for the two-matrix system, since the global U(2) rotating the two matrices
into each other is manifest. The generalisation to multi-matrix systems for general global



symmetry group was described in [12]. The existence of different orthogonal bases was
explained in terms of Casimirs for enhanced symmetries in the zero coupling limit in [21]. The
generalisation of the restricted Schur and covariant matrix bases to quiver gauge theories was
given in [22]. Reviews of work on applications of these results on field theoretic multi-matrix
combinatorics are available in [23-26].

It has been explained that the space of two-matrix gauge-invariant operators is closely
related to the structure of an algebra A(u1,p2) which is an instance of a permutation
centraliser algebra (PCA) [27]. A(p1, p2) is a sub-algebra of C[S.], where C[SL] is the group
algebra of the symmetric group Sy, of all permutations of {1,2,---, L}. It is the sub-algebra
which commutes with the sub-group S,, x S, of S, where p1 + pu2 = L and S,,, permutes
{1,---, 1} and S,, permutes {p + 1, -+, pu1 + p2 = L}:

A(MLNZ) = {U € C[S#H—M]

More generally, the gauge-invariant operators of M types of complex matrices are related to

yoy =0, Vye Sy X SM}. (1.1)

Ap) = Apas pos - o, ) = {G € C[S1] ’707_1 =0, VY €S8y X Sy X XSy, © SL}?

(1.2)
w1+ p2 + -+ par = L. The structure constants of PCAs have been shown to arise in the
correlators of Gaussian matrix models with background fields [28] and these algebras have
been found to be useful in proving identities for Littlewood-Richardson coefficients which
arise in quantum information theory [29].

In this paper we develop efficient algorithms to compute orthogonal bases for the
permutation centraliser algebras A(u1, p2). These lead to orthogonal bases for the two-matrix
system, which are closely related to the restricted Schur and covariant bases.

The restricted Schur basis for gauge-invariant composites of matrices Z, W of size N x N,
of degree p; in Z and degree py in W takes the form

R,(r1,r
OfG1r) 2, W) (1.3)

where r1, 72, R are Young diagrams with pq, ua, g1 + 2 = L boxes respectively, with their
number of rows should be less or equal to N. These Young diagrams label irreducible
representations of symmetric groups, denoted by Vf“ 1,%5“ Q,Vs“ 172 respectively. The
index v+ is an integer ranging over the Littlewood-Richardson coefficient g(r1,r2; R), which
has an interpretation as the multiplicity in the reduction of the irreducible representation
V}g“ 142 6 the representation Vré;“ '® Vri‘q . The restricted Schur basis is closely related to
the Artin-Wedderburn decomposition of A(u). The explicit formula for the operators (1.3)
involves branching coefficients for this reduction (for the details see [10, 11, 21]). The explicit
construction of these branching coefficients has been discussed in the mathematical physics
literature [30-37] and become very complex when p1, o increase up to say 4,5. Nevertheless
the Young diagram structure of the restricted Schur basis has been useful in identifying new
large N integrable sectors in the two-matrix system (see [38-40] and references therein).

The covariant basis elements [9, 12] for gauge-invariant composites of Z, W of size N x N
of total degree L in the two matrices take the form

ORMMAT 7 W] (1.4)



where R, A are Young diagrams with L boxes whose length (number of non-vanishing rows)
obey ¢(R) < N,¢(A) < 2. A is associated with a representation VASL of S; and also
by Schur-Weyl duality with a representation V/F @ of U(2). My denotes a state in the
representation V/F @ of U(2). The index 7 runs over the multiplicity of Vf L in the tensor
product decomposition of VlgL ® VéqL. This multiplicity is equal to the Kronecker coefficient
C(R, R, A) for the triple of representations (R, R, A) of S, and is also equal to the number of
times the trivial representation of S;, appears in this tensor product Vg L® Vg L® VAS L. In this
two-matrix case, the state label M, can further be decomposed into a pair of non-negative
integers (1, o) with gy + pg = L, along with a branching multiplicity 5. The integers puq
and po are the numbers of Z and W respectively in the composite operator, and the index

8 ranges over the Kotska number K which represents how many times the trivial

1,M42)7
representation of S, x S, appears Whel:l ‘sh)e representation Vf L is restricted from Sy, to the
subgroup S),; x S, . The explicit formula for the basis elements involves Clebsch-Gordan
coefficients for the overlaps of the states in Vlf E® V]‘g L with the states in the subspace Vf L as
well as the branching coefficients for the trivial representation of S, x S, in V/f L. Explicit
examples at small p1, p2 in [9, 12] were given using standard group theory constructions of
symmetric group Clebsch-Gordan coefficients [41], but these constructions become rapidly
very complex as L increases.
We will explain in section 2.2 that the covariant construction is closely related to a
variant of Artin-Wedderburn decomposition of C[S] which we call Kronecker decomposition.
We will describe an eigenvalue system for matrices derived from a selection of central
elements in A(u1, p2), which allows the construction of multi-matrix invariants of restricted
Schur type in the vector space of dimension g(ry,rs; R)?

g(r1,m2;R)
P  span (0fG)z,W]) (1.5)

v_,vp=1

The matrices in this eigenvalue system have non-negative integer entries. The eigenvalues are
also integers, as they are expressible in terms of characters of symmetric group elements in
the irreducible representations rq, 72, R. This integrality of the matrices and their eigenvalues
means that the eigenvectors can be constructed as integer linear combinations of multi-trace
functions of Z, W by standard algorithms for null vectors of integer matrices based on Hermite
normal forms. The output of the null vector algorithms can be efficiently orthogonalised, in
the planar limit of the free-field inner product by a Gram-Schmidt procedure. This naturally
produces rational linear combinations of multi-traces but can easily be adapted to produce
integer combinations. Interestingly, the orthogonal basis for the planar inner product thus
produced is automatically orthogonal under the finite N inner product.

Extending these considerations to the covariant basis (1.4) for each R, A, My, we will
describe an eigenvalue system allowing the construction of multi-matrix invariants in the
vector space of dimension C(R, R, A)

C(R,R,\)
@  Span (0"MMTZ W), (1.6)

=1



In this case the eigenvalue system is derived by considering the matrix elements of the
appropriate actions of central elements of C[Sz]. The left or right action selects R and the
adjoint action selects A. The integrality of the eigenvalue system leads to a basis for (1.6)
which consists of integer linear combinations of multi-traces. The states of different M, are
related by the generators of U(2), expressed as operators on

D Alu, p2)- (1.7)

K142
p1t+pe=L

Similar eigenvalue methods have been developed in the context of representation-theoretic
orthogonal bases arising in tensor models with U(N) symmetries [42] as well as matrix [43]
and tensor [44] models with Sy symmetries. In a close similarity to (1.3) and (1.4) the basis
labels in these cases include representation labels as well as appropriate multiplicity labels.
These applications, as well as the present one, exploit properties of centres of symmetric group
algebras whereby the characters of a small set conjugacy classes of Sy, which multiplicatively
generate the centres, suffice to identify an irreducible representation of Sy, [45, 46].

The paper is organised as follows. In section 2 we review the connection between
multi-matrix invariants, symmetric group algebras, permutation centraliser algebras and
the previously mentioned representation bases. An important result in section 3 is that
the representation bases of A(u) is characterised as eigenstates of an integer eigensystem
constructed from certain linear combinations in C[Sy] acting on A(u). We explain how to
construct integer eigenvector solutions to the eigensystem by using the Hermite normal form
from the theory of integer matrices. A similar construction is applied to the Artin-Wedderburn
and the Kronecker decompositions of C[Sy] in section 4. Section 5 extends this dicussion
to general finite group algebras, specialises to rational groups where analogous integrality
properties hold. Appendix A details the notation used for group and representation theoretic
quantities. Details on the algorithm used to compute integer bases for A(u1, u2) are given
in B. This paper is accompanied by a computer code which easily produces the results up
to L = 10 by laptop, and in principle works up to L = 14. We give a complete set of the
restricted and covariant basis elements for A(u1, u2) up to L = 5, and give an interesting
example at L = 6 in appendix C. Following section 4, we give a complete set of bases elements
for C[S] up to L = 4 in appendix D.

2 Symmetric group algebras and multi-matrix invariants

Physically, we are interested in constructing an orthogonal basis of all multi-trace operators of
N =4 SYM. The N/ =4 SYM contains six real scalar fields in the adjoint representation of
the gauge group U(N), denoted by <I>i[j with I =1,2,...,6 and i,j = 1,2,..., N. The su(2)
sector of N' = 4 SYM is made of two complex scalars, Z = ®°++/—1®% and W = ®3+,/—1 o
The general multi-trace operator in the su(2) sector of length L = pj + po can be written as

N u1 p1tp2
O4l2, W] = Z H Zigig(a) H Wisiga,) (2.1)
7;177;27~-~,iu1+;¢2:1 a=1 b=p1+1



with ¢ in the symmetric group S, ,,. It is straightforward to generalize (2.1) to all multi-
trace operators made of M complex scalars as

N
0@ =3 X ) X2 gy X0 ) (2.2)

11,82,..,8L=1

where a; € {1,2,..., M}. We call O4(@) multi-matrix invariants, or gauge-invariant operators.
As will be shown below, the multi-matrix invariants possess a conjugation symmetry

Og(al, as...ap) = O,yg,y—l(a,y(l) Ary(2) -+ aW(L)), Vy e Sr. (2.3)

An extra sign is needed in this equation when X are fermionic fields. One example of
such situations is the su(2|3) sector of N' = 4 SYM consisting of three complex scalars
and two fermions [47, 48].

2.1 Notation

The symmetric group algebra C[Sy] helps organise contractions of tensor indices of multi-
matrix U(N) invariants, and Young diagrams are useful for describing the irreducible repre-
sentations of C[Sy]. We begin by fixing our notation about C[Sz] and Young diagrams.

2.1.1 Group algebra actions

Let g1 , g2 be elements in Sz, . The composition of two permutations acts on i € {1,2,...,L} as
(9192) (i) = 92(91(2))- (2.4)
Let o € C[SL] be given by

o= Z cg(0) g, cq(0) € C. (2.5)

We define the §-function by

0 otherwise

and extend it linearly to the group algebra C[SL] by

3(o) = D cg(0)d(g) = ca(0). (2.7)

geSL

The left and right actions of C[Sz] are denoted by the following linear operators
m*®[o](1) = o, mo](1) = 70, o, € C[SL]. (2.8)
The left and right actions always commute,

m®o1] (mM o] (h)) = m¥ o) (mE[o1](h)) = o1 0. (2.9)



Expanding the left or right action of C[S1] in a basis of Sz, , we obtain their matrix elements as
oh = Z mﬁh[a] 9, ho = Z m?h[a]gv (210)
geSL gesL
which can be written as
mylo] = 5( *10h) my (o] = (5( *1h0) (2.11)
We also introduce the involution
S(o)= Y ¢ylo)g™! (2.12)
geSL

which is known as the antipode in the context of group Hopf algebras. The adjoint action
of C[SL], often called conjugation in the literature, is denoted by

m®[o](h) = Z cq(0) ghg™, for o= Z cg(0) g, o,heC[SL]. (2.13)
9€SL 9€SL
The matrix elements of the adjoint action is denoted by

m®[al(h) = ) mgolg. (2.14)
gESL

2.1.2 Centre of C[S]
The centre of C[SL], denoted Z(C[SL]), is the subalgebra defined by

Z(C[SL)) = {z e C[SL] ’zg =gz forall g € SL}. (2.15)

The centre has two important bases. The first basis is labelled by conjugacy classes of
Sr. Let p+ L (here - L means an integer partition of L, see equation (2.35)) and C, the
corresponding conjugacy class of Sy, we define

-1
2.16
’Stab w2 Z V907 (2.16)

for any g, € C,, where Stab(g,) is the stabiliser subgroup of Sz, which leaves g, invariant.
That z, is central is proven as follows

1
hz hygyy ' = ———— v g,y " h = z,h (2.17)
a !Stab Stab(g,)| WEXS:L 71 [Stab(gp)l W,GZSL g g
where we defined v/ = hvy. The second basis is a set of the projection operators to the
irreducible representation R + L,
d
PR =23 xf(g) g7 (2.18)
L
geSL
where x(g) is a character of S7. That PF is central follows from the fact that xf(g) is a
class function. The two bases are related by an eigensystem

m®[z,)(PT) = 2,P = X}Z(;‘J)PR (2.19)



and the eigenvalues are called normalised characters. The last equality follows from Schur’s
lemma. As we will see in subsequent sections, generalisations of this eigenvalue equation exist
for permutation centraliser algebras and play an important role in the eigenvalue method
used in this paper.

There exists a subset of the above equations that uniquely distinguish all P%. It was
proven in [45, section 3.4] (see [46, section 3.1] for the general group algebra case) that the
following two statements are equivalent

o A set of central elements 21, 22, ..., 2 € Z(C[SL]) multiplicatively generate the centre.

x"(z1) x"(zn)
dn 0 dn

o The ordered list of normalised characters ( ) uniquely determine R F L.

The following facts, which were observed in [45], contribute to the efficiency of our algorithms.
Let p € {1,...,L} and define

Ty = 2(p1-»), (2.20)

which is a sum of all the elements of S with a single cycle of length p and L—p cycles
of length 1. It was then observed that T, generates Z(C[Sg]) for L = 2,3,4,5,7, and T
together with T5 generates the centre for L = 6,8,9,...,14. Therefore, for L < 14 it is
sufficient to solve the eigensystem

X(T3)

@PR, m®[T5](PF) = =——=P"&, (2.21)

£ Ry _
me{n)(PR) = 2 -

to find the projectors P®. More generally, there exists a k, < L such that Ty,..., Tj-
generate the centre but 75, ..., T+_1 do not. An important observation is that k., is typically
much smaller than L.

2.1.3 Basis for multi-matrix U(IN) invariants

Denote an N-dimensional vector space by Vi = Spanc (e; |i € {1,2,...,N}), and its dual
vector space by V y = Spanc (¢;]j € {1,2,...,N}). Consider a set of M linear operators

Xa:VN—>VN, a=1,2,.... M (2.22)
which defines a set of N x N matrices as X%; = Zévzl X7;ej. For a given tuple @ =
(a1,as,...,ar) € {1,2,..., M}*L we define the tensor product of linear operators

O@)=X"X?®- - @ X7, (2.23)

The operator O(d) acts on

Vit = Spanc (es, ® €y ® -+ ® €, |1, ..., i = 1,...,N) (2.24)
as
L
O((_i) €, ¥ Qe = Xvalei1 & .- ®XaL€Z'L = H X](-l:ik e - Qej . (2.25)
k=1



We define an operator L : S;, — End(VﬁL) as the permutation of factors of the tensor product

E(g)‘en ®6i2 ®"'®67,L |€1 9(1) ®€z ®‘..®€ig(L)> (226)

9(2)
(€j, ®Ej, @+ ® &y | ﬁ(g_ ) = <éjg(1) ® éjg(z) Q- ® éjg(L)| : (2.27)

This permutation operator obeys the composition rule £(g1)L(g92) = L£(g192) under the
convention (2.4). It acts on the operator O(d@) as

L(g)O@) L(g™") = O(g-d@) = XM @ X%@ @ ... @ X%, (2.28)
where
9@ = (A1) ag(2)s - - Ag(r))- (2.29)
By combining (2.26)—(2.28), we find

L

)
H 399(4)’9@) H Jklk (2.30)

~

which means that the product of matrix elements are invariant under the relabelling.
By taking the trace over the tensor product space V]§L , we obtain the multi-matrix
invariant (2.2)

N
Oy(@) = tryer (L(9)O(@) = > X;llljg(l)X;l;jg(z) . X]"LLML) (2.31)

J1,J25JL=1

It defines a map between the pairs (g,d) and the space of multi-traces of multiple matrices.
For a fixed @ this map can be extended linearly to elements of the group algebra C[Sf]. Let
o € C[SL] be given by (2.5). The corresponding sum of multi-matrix invariants is given by

Og (@) = > ¢g(0) Og(a). (2.32)
geST
From the cyclic property of the trace, we have

Yo 6 ®. | L@)0@) e, @)= > (& ®..|LYL@)O@LH ) e ® ...

11,82,.50L 11,82,-50

(2.33)
for any v € S, . By evaluating this equation with the help of (2.26)—(2.28), we can derive
the identity for the multi-matrix invariants (2.3),

Op(@) = Oypor(y- @), Yy ESL. (2.34)

2.1.4 Representations and Young diagrams

The irreducible representations of Sy, are labelled by integer partitions of L, or equivalently
Young diagrams with L boxes. Young diagrams with L boxes are also denoted by

L
R=[Ry,Ry,...,RJFL, Ri>Ry>--->R;, Y Ri=L, (=/{(R). (2.35)



The dimension of the irreducible representation VlfL for R + L can be computed
combinatorially using Young diagrams. Given a Young diagram R, we label the boxes
using coordinates (7, j) where for example (1, 1) labels the top-left box. Then the dimension
dp = dim V3" is

L!
~ hookp’

hookp = H (hook length at (Z,j)) (2.36)
(i.j)ER

dr

From Schur-Weyl duality, R also labels an irreducible representation of U(/N). The dimension
(V) Jabelled by R is

of the irreducible representation Vlg

DimN(R):%WtN(R), Win(®R) = [] (V+i—)). (2.37)
’ (i,5)ER

We use the symbol eﬁ as the I-th basis element of VlgL with I = 1,2,...,dr. We
introduce the inner product of Sy by (e?, ed ). The representation R is called unitary if
the group action respects the inner product

(g e?,ge?) = (eﬁ,ef}), Vg € Sp,. (2.38)

When the inner product is diagonal, (e}%, eg) = 675517, we use Dirac’s bracket notation

e§:‘§>, (e?,.):<];‘, <? §>:5P~55U. (2.39)

The group element g € Sp, acts on this basis as

dr
R R
o|Ty =3 Dl (2.40)
J=1
where D% (g) is the matrix element of the irreducible representation R. The matrix element
for gigs is
dr
D?I(9192) = Z D?K(QI)DI]?I(QZ)' (2.41)
K=1
It follows that
R) 1S\ _ rs pR

The unitary representation R can also be defined by using the matrix elements as

D (971 = DF,(g) (2.43)

where R is the complex conjugate representation of R. The character of VéqL is defined by

dr
X (o) = Dii(0). (2.44)
I=1

,10,



Since (2.39) is a complete basis, the projection operator to Vg L can also be written as

dr
o v

The dimension dg is equal to the number of standard Young tableaux of shape R. For
example, when R = [3,1] = Hjj, we find dg = 3 and

U2 ) -4

2.2 Two decompositions of C[Sf]

2[3], §2|417 %3|4l}, (2.46)

l»b)—t

We will discuss two interesting decompositions of C[Sz]. In the first decomposition, C[SL]
decomposes into a direct sum of matrix sub-algebras, which transform as Vlg L® Vg L under the
simultaneous left and right action of C[Sy] on itself. We refer to this as the Artin-Wedderburn
decomposition since it is an example of the Artin-Wedderburn decomposition of general
semi-simple associative algebras into simple algebras. It is also known, in the context of
finite groups, as the Maschke’s decomposition, since Maschke’s decomposition establishes the
semi-simplicity of the group algebras of finite groups [49, 50]. In the second decomposition,
the simultaneous left and right actions of C[SL] on C[SL] are recognised as an action of
C[SL] ® C[SL] and we decompose the matrix blocks Vg ® Vlf L under the diagonal embedding
C[SL] <= C[SL]®C][SL]. We call it Kronecker decomposition, as it involves a multiplicity space
whose dimension is equal to the Kronecker coefficient C'(R, R, A). These Kronecker coefficient
multiplicities have appeared in the construction of covariant bases of matrix operators [9, 12].

2.2.1 Artin-Wedderburn decomposition
Any irreducible representations of Sy, satisfy the orthogonality relation
R (. —1\ S _ Stlsrs 5 5
> Diy(¢7") Dilg) = L0k - (2.47)
geSL dr

All irreducible representations of Sy, can be chosen real and unitary, so that Dﬁ](g_l) =
DT, (g). With this assumption, we define the following elements of C[Sy],

d _
Q=S D9 g (2.48)

Using (2.47), one can prove that they satisfy the relation [51, Proposition 11, page 49],

QY Q% =06,k QT . (2.49)

These elements are called matrix units (borrowing the language in [52, Theorem 3.7]).
The matrix units form a complete basis of C[Sz] making the following group theoretical
identity manifest

1SL] =Ll =Y dx. (2.50)
RFL

— 11 -



The existence of a complete basis of matrix units is guaranteed by the Artin-Wedderburn
theorem. The Artin-Wedderburn theorem, applied to C[S], states that C[Sy] decomposes
into the direct sum of simple subalgebras, and each simple subalgebra is a matrix algebra over
an irreducible representation of Sz, [51, section 6.2]. The Artin-Wedderburn decomposition
of C[SL] is written as

C[Sr] = €D Mat (V5") (2.51)
RFL

where Mat(VgL) is the matrix algebra over VgL , consisting of dr X dr matrices. The matrix
units QF, in (2.49) can be identified as a complete basis of Mat (VgL).
The matrix algebra over Vi can be written as a tensor product

Mat(VaE) &Vt @ VAT . (2.52)

To see this, consider group actions on the matrix units. From the definition in (2.48), we have

hQF = S > D¥i(g)hg™
1St o5,
d dr dr (2.53)
R _
= S| Z Z DJK(k)DI]?I(h)k b= Z Dg(h) Qg
Ll kes, k=1 K=1

where in the second equality we defined k~' = hg~!. Following similar steps we also have

dr dr
Qiyh = Z D (W) QF = Z D (h) QT (2.54)
K=1 K=1

where we used the fact that the representation matrices D%, (h) are real and unitary. This
argument shows that under the following group action

(h,B)-QF = hQF5 (W)™, (h i) €SL xS, (2.55)
the subscripts of Qﬁ, separately form a basis for irreducible representations VgL ® VgL of
SL X SL, which is (2.52).

The centre Z(C[SL]) acts on the matrix units as the multiplication of a constant known
as a normalised character,

x"(2)
dr

where we used (2.53), (2.54) and Schur’s lemma which implies that DF,(2) = xf(2) 61;/dr
for z € Z(C[SL)).

m*[2)(Qf;) = m™[2](Qf)) = Qr (2.56)

2.2.2 Kronecker decomposition

Recall that the matrix algebra over the irreducible representation V}?L can be regarded as
a tensor product of a pair of V}‘;?L’s (2.52). We decompose this tensor product into a sum
of irreducible representations,

ClSt] = @ Vite Ve = D @ Vi* @ Vara (2.57)
RFL RFLARL
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where the multiplicity space Vg g A has the dimension equal to the Kronecker coefficient,

dim Vg pa = C(R, R, A) Z X" )xMg). (2.58)
QESL

We take an explicit basis of VlfL as in section 2.1.4 and rewrite the irreducible decompo-

sition (2.57) as
R
e ) -

where ST}\(?? is called the Clebsch-Gordan coefficient and 7 is a label for an orthogonal basis

C(R,R,A) dy
> SIS SR ST

AFL  1=1

in the multiplicity space. You can read more about these in appendix A.2.
Now consider the following transformation of the matrix units,

Z STRTRQT . (2.60)
1,J=1

Since this is a unitary transformation, the elements {QRAT also form a complete basis

of C[S.],

C[SL] & Spang (QR’I/;’T

RAFLKe{l,...,dy}, Te{l,...,C(R,R, A)}) (2.61)

We call (2.60) Kronecker basis and (2.61) Kronecker decomposition. This equation is consistent
with the identity

Spl=L'= > C(R,R,A)dy. (2.62)
RAFL

It turns out that the subscript K of the Kronecker basis forms an irreducible representation
Vi L. In particular, if we consider the adjoint action of v € S, defined in (2.13), we will find

mab RA T Z QR[/;/T DK/K ) (263)
To see this, we combine (2.48) and (2.60) as

RA, dR A 1 -
m®H](Q"RT) = Z > STk D (9)vg
gESLIJ

ARR - R R -
E: E : STKIJ Jﬂ( I)DJUKQ)DFIVﬂg L.
geSLIJI'J

(2.64)

Since R is a real and unitary representation, we have D% (y) = DE,(y71). Using the
equivariance property of Clebsch-Gordan coefficients (A.19), the equation (2.64) simplifies as

A’T‘ — T AT
mPBQ RN = 5 X 3 Do) STRES Do) g™ = 3 Q" Diorc)
gesLI/JAK'
(2.65)
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which is (2.63).
Let us compute the inner product of the Kronecker basis using the é-function defined
by (2.6). We write

R,A
Ll ges, 1,0
R/A/ ’ dR/ ' AN R'R' _
Qe = Z Yo ST Do) o' (2.67)
o'eSy I',J!

and use the relation

S
> 5(DJI< ) D1 (0") ) ZDJ[ Df (o) = ’d? SR 510 811 (2.68)

o,0'€ST,

together with the orthogonality of the Clebsch-Gordan coefficients (A.18). Then we find

VA d / / /
o(SQMRT QM) = L SN 5T ey (2.69)
Sl
This §-function inner product is the same as the planar two-point function of N'=4 SYM
at zero coupling, as will be discussed in section 3.5.
Let us consider the adjoint action of the centre on C[Sy] and in particular on the basis

QRA ". Following the notation in section 2.1.1, we write

m®[z](0) = Z cg(2) g oy, for z= Z cq(2)g € Z(C[SL). (2.70)

gest geSsSL

The left and right action of the center Z(C[Sz]) on C[SL] are identical. This left/right action
commutes with the adjoint action of Z(C[SL]) on C[S]. For z1, 22 € Z(C[SL]) and o € C[SL)]

m®[z1](m*[z2] (o)) = m®[z1](m"[22](0)) = m®[2] (P [21](0)) = m™ 2] (m™ [21](0)).

(2.71)
Equivalently as linear operators on C[Sf],
m®[z1]m®[z2] = m*[z2]m®[z1] (2.72)
It follows from (2.63) and (2.56) that the centre acts on the Kronecker basis as
e RA,T R R AT XR(ZI) RA,T RA,T XA(ZQ) R,A,T
m=[2)(Q7g") = m [ )(Q7KT) = dr OAVaE m®[z](Q ") = da Q"
(2.73)

In other words, the Kronecker basis simultaneously diagonalises the left/right action and
the adjoint action of the centre Z(C[SL]).

The state label I,.J in the matrix units Q% 77 and K in the Kronecker basis Q"
determined by the action of non-central elements such as the Young-Jucys- Murphy elements.

A
RAT can be

We will elaborate on this in section 4.
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2.3 Permutation centraliser algebra A(u)

Consider the multi-matrix invariants O4(d@) in (2.31) which consist of M types of N x N
matrices. We fix the field content of O,4(@) as having p1 X'’s, uo X%’s and so on up
to uar XM’s. Each multi-matrix invariant corresponds to a choice of the field contents
w = (p1,..., 1) within the range

M
pe € {0,1,..., L} such that » pp=L. (2.74)
=1

For simplicity we assume that the matrix size is larger than or equal to the operator length,
N > L.
Using the conjugation symmetry (2.3), we may rearrange d as

@ =(1,1,...,1,2,2,....,2,..., M, M,..., M). (2.75)
—_——
251 2 war

We denote the multi-matrix invariant for the field content p = (1, ..., unr) by
Oy(@) = tryer (L(g) (X)) @ (X222 @ - @ (X)), (2.76)
This Og4(d,) is invariant under conjugation by the subgroup,
Og(@n) = Ongn-1(a@y),  V(g,h) € Sp x Sy, (2.77)
where S, is called the Young subgroup indexed by s,
Sy =Su X Spy X+ xSy, CSL. (2.78)

The sum over the orbits of the equivalence class of S, in (2.77) defines an interesting
subalgebra of C[Sy] called permutation centraliser algebra [27],

A(p) = A, pia, -, par) = {0 € CISu) | hoh™ = o forall he S} (2.79)

One may also write A(u) = C[S1]%, where G* is the H-invariant subspace of G.
For any g € S we define the S,-orbit

{g}u = {hgh™" |Vh € S,}. (2.80)

Let [ = dim A(u) and ¢1,92,...,9; be a complete set of representatives. That is, a set of
elements satisfying

{91} pU{g2}tpy---U.. {a}t, =5t (2.81)

and {g;}, N {g;}, is empty if i # j. Let us define a linear operator P, : S;, — A(p) by

1
Pu(g) = |Stab ngv (2.82)
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where Stab(g) is the subgroup of S, that leaves ¢ invariant under conjugation.! The algebra
A(p) has a linear basis labelled by the S,-orbits,

{Pulg1), Pulg2),- -, Pula)} (2.83)

that we call the orbit basis. It follows that
(’)pu(a) (d@u) = |Orb(0)|0x(a,), o € C[S] (2.84)

where |Orb(o)| is the number of different elements in C[Sy] which belong to the same
equivalence class of A(u). We have |Orb(o)||Stab(o)| = |S,| according to the orbit-stabilizer
theorem.

There are two interesting cases where A(u) reduces to well-known algebras. The first
case is

A(L) = {0 € C[St]|hoh™ = & forall he S} = Z(C[Sy1]) (2.85)

which corresponds to the centre of the symmetric group algebra and describes the half-BPS
operators of N/ = 4 SYM. The second case is

A(1,1,...,1) = C[SL] (2.86)
———
L
which is the symmetric group algebra discussed in section 2.2.
The dimension of A(u) is equal to the number of multi-matrix invariants at large N,
i.e. for operators with L < N.
large N

oe Ap) O, (a,) € {M—matrix invariants of degree L < N and field content u}.

(2.87)
The restricted Schur basis of multi-matrix operators [10, 11] corresponds to a restricted basis
in A(p) with labels R+ L, r; - p;, in addition to multiplicity labels 1 < v < g(r1,72; R). The
finite NV constraint is the condition ¢(R) < N on this basis. Equivalently the space of finite
N multi-matrix invariants is in 1-1 correspondence with a quotient of A(u) defined by setting
to zero all the elements of the restricted basis with [(R) > N. In the next two sub-sections
we will arrive at the restricted basis in A(u) by starting with the Artin-Wedderburn basis in
C[Sz] and projecting with branching coefficients for the subgroup S, — Sr.

The covariant basis [9, 12] corresponds to a basis in A(u) with labels R, A = L, along
with a branching multiplicity coefficient for branching of the irreducible representation of
St labelled by A into the trivial representation of S, and a Clebsch-Gordan (or Kronecker)
multiplicity for Vf L in the tensor product VgL ® VSL. The finite N constraint is again the
condition /(R) < N on this basis. Equivalently the space of finite N multi-matrix invariants
is in 1-1 correspondence with a quotient of A(u) defined by setting to zero all the elements
of the covariant basis with ¢(R) > N.

'The stabilizer subgroup Stab(o) is also called Automorphism group, denoted by Aut(c) in [28].
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2.4 Restricted Schur basis

We review the restricted Schur basis [19] emphasising the connection with the Artin-
Wedderburn basis for C[Sy] in section 2.2.

Given an irreducible representation of S, we can restrict S, — S, and look at the
corresponding decomposition into irreducible representations of S,

SL ~ S
VRL [ @ @ (VMM ® - ® Vr MM 5 VR%(M "’M)) (2.88)
ribp rvbpm
Here Vr_,(y,...ry,) is the multiplicity space of this decomposition, and its dimension is equal
to the Littlewood-Richardson coefficient
dim Ve_(rypg) = 9(r1 -+ 7m; R). (2.89)
Concretely, we can write an orthonormal basis of states for the irreducible representation
of §, as
T r dr R—( y | R
1---TM _ —(r1...7 v
11 ... 10 > N IZIBIH(Z‘I-JM),V I> (2.90)
o _ . . . R‘)(T’l...’l“]\/{)
where iy =1,...,d,, and v =1,...,9(r1...7m; R). The transformation matrix Bla(il‘..iM) g

is called the branching coefficients, whose properties are discussed in detail in appendix A.l.
The restricted Schur basis is built from this decomposition as

A(w) = Spanc (QF ")

R,(r1..m07) _ R—(r1...rar) R—> (r1...rar)
ViV— - Z Z BI—) (41..tp1),v— QIJ J—=(i1.90) Vg

I,J i1,..5im

REL,rp b pp,ve € {1,...,g(R;T1,...,rM)})
(2.91)

Tracing over the representations (r1 ®- - -®mjs) ensures that the restricted Schur basis satisfies

hQRmra) p=t — QRmera) - yp e S (2.92)

Viy,V— vyiv—

(ri..ra) .

The numerical coefficient of QV v in front of g~ € Sy, is called the restricted Schur

character [19],

R _ R—) T1.. ’I”M R R—)(T1...TM)
XV—&-(;E TM ‘S | Z Z B[—)(’U ZM) v_ DJI(g) BJ—>(i1...’i1u);V+ : (293)
L I,J 100
Note that the restricted Schur character is invariant under the permutation of (rq,..., 7).

The restricted Schur basis is a matrix unit of A(u) as they satisfy the relation [27, 53]

M
Qg Q3 — o ([ ) o, QL™ o

1/+u, & z/+§_
k=1
The d-function inner product of the restricted Schur basis can be computed as

M
ri..T S,(s1...s LS R,(r1...7
5(S(QIran)) QF o)) =6RS(kHlék $) Bue, Q)
= (2.95)

M
_ 6RS ( H T kSk d'r'k) 6y+§+ (5,/_5_
k=1
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where we used the real unitarity of R,

(QR T1.. TA{) Z Z BRA) T1.- T]M) D]RJ(U) BRH(TI T]v[ —Q ;‘1 T]VI (296)

|2y 7 I—)(Z1 Z]\/[)V J_>('Ll Z]M WVt
I,J i1,...im

In fact, this basis is a Artin-Wedderburn decomposition of A(u) [21]

A(p) = P Mat(Vi . rap) (2.97)

REL
il p

and it gives the formula

dim A(u) = Z g(ri,...,ra R)2 (2.98)

REL
il g

With the help of (2.87), we write the corresponding multi-matrix invariants as

OF 7 (dy) = tryger (LQETE™) (X)™ @ (X)) @ @ (XM)20) - (299)

vyv_ vyv—

which is called the restricted Schur operators. The operators off +(,,T,1 Tm)( ,,) form a basis of

multi-matrix invariants for L < N. At finite N, only the subset of operators with ¢(R) < N
remain linearly independent [5, 19]. The restricted Schur operators form an orthonormal
basis with respect to the two-point functions of ' =4 SYM at zero coupling. The operators
above the cutoff /(R) > N have zero norm. Further discussion will be given in section 3.5
about the two-point functions at finite V.

Let us investigate the properties of the restricted Schur basis as in section 2.2. The
following basic observations were made in [21]. First, it follows from (2.91) that for z €

Z(C[SL])
ZQ J(r1..rar) :@ R,(r1.. TM) (2.100)

vyiv— dR vyv—

Secondly, the irreducible representations r; can be determined in a similar manner. For
this, the relevant subalgebras are the centres of the group algebras C[S,, ] C C[SL]. As we
will now show, for any z, € Z(C[S,,])

2 QEErra) = d( )Qﬁ;} ™) (2.101)
To prove this, consider
=Y, c(z)y € Z(C[Sy,) (2.102)
YESpuy,

and compute its left action on the restricted Schur basis

R R .7 _
2QUEUT= 30 3 30 D e B Pk @) DR ) BT
'yES”kaeSLI,J,Kil...iM

o R—(r1...7m) R~>(r1“.rM) 1
B Z Z Z Z CW(Zk)BK%(jl-an);Vf J)clk (H(s]“[)DJK J—>(’i1--~iM)?l’+a
YESu, 0€SL JK i1...im L#k
Ji---dm

(2.103)
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where we used the equivariance property of branching coefficients (A.11). Since the central
element z, € Z(C[S,,]) satisfies D’*, (z) = x"™*(2k) 0j,iy,/dr,,» We find

JElk
R,(r1..vpr) Zk? 7‘1 T‘]u) R*)(Tl L)
Zle/+l/ - Z Z —(i1..90m); QKJ J—= (210 )i+
T R (2.104)
_ X k(zk) R,(r1..mp1)
- d vyiv_
Tk

which is (2.101). The actions of Z(C[S]), Z(C[S,,]),..., Z(C[S,

224
be simultaneously diagonalised. The corresponding eigenspaces, which we will construct

]) all commute and can

in section 3 are

AR (1) = Span(QR’(”i""”M) vy, v =1,...9(r1, .., 7 R)) (2.105)

viv

2.5 Covariant basis

In a similar manner we will review the covariant basis [9, 12], which can be viewed as
generalisation of the Kronecker basis of C[SL].

Recall that the Kronecker basis was organised in terms of irreducible representations
Vf “ of the adjoint action of Sy. Restricting to the adjoint action of S, gives the following

decomposition
SL ~ Suy S
Vb EB GB (Vm Q- Q@ VM VAa(n...rM)) (2.106)
riFpn rvbpa
where Vj_, (. r,,) is the multiplicity space. Since we are interested in the states invariant

under the adjoint action of S, , we pick out the trivial representation as

~ S Sy

s ~ 18 B s
Vi* = Viivw @ VAo (ua)luad)) - Vo) = Via] @ @V (2.107)

Sp-inv

where triv(u) = ([p1] ... [um]) is the trivial representation of S,,. The multiplicity space
has the dimension

dim Vo (] fuar)) = 90l - (o] A) = Ky, (2.108)

which is also known as the Kostka number. In concrete terms, we take orthonormal bases
of states and express (2.106) as

da
T ... 7“1 TM)
ki .. > Z —(k1...kar),B8

K=1

A> (2.109)

with 8 =1,..., Ky, as in (2.90). We are interested in the S,-invariant subspace as in (2.107).
Let us write the branching coefficients (2.90) to the trivial representation as

K K,p K—(1..1),8

[,Ufl]w A—triv(p)
o ZB 5

A> 7 BA%triv(u) = BAﬁ([Nl]m[uM}) ' (2.110)
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From (2.110) we obtain the covariant basis for A(u),

RI—L,AD—L,TG{1,...,C(R,R,A)},ﬂ€{1,...,KAM})

12

A(n) = Spanc Q™7

RApr _ Astriv(s) ARAT
op = ; By s Qg

(2.111)
which implies
dim A(u) = Y C(R,R,A)Ky,, . (2.112)
R,AFL
The corresponding matrix invariants
R,A, T (= R7A7 5T
O (a#):trV]SgL(E(QB BTY (X @ (X2 @ (XM B ) (2.113)

is called the covariant basis of operators. Again, the covariant basis of operators diagonalises
the two-point functions of ' =4 SYM at zero coupling. When L > N we need a cut-off on
R given by ¢(R) < N. We may impose an extra condition ¢(A) < M to the equation (2.111),
because the Kotska number K, vanishes if ((A) > M.?

The real unitarity of R gives

S(QlﬁiA,ltﬂ') — Q?J\vﬂﬂ' (2114)

and the d-function inner product of the covariant basis is

R,A,/L,T /7A/7/"‘l77—/ _di RR, AA, ’7'7'/ MM’ ,
5(s(efMm) off )= g SO 6T 6 g (2.115)

This result follows from (2.69) and the orthogonality relation of the branching coeffi-
cients (A.10).

It immediately follows from the fact that we started with the Kronecker basis that,

RAu,m XR(Z) R,Au,T

z Qg =——9; , z€ Z(C[SL)) (2.116)

dr

A

m®[2)(QIMTy = X d(Z) QiMT 2 e Z(C[SL)). (2.117)

A

We give a name to the corresponding eigenspaces

AR () = Span (QFMT [ € {1,...,C(R, R, M)}, B € {1,..., K} ). (2.118)

They will be constructed in section 3.

2The symbol K Ap counts the number of semi-standard Young tableau of shape A and contents . In other
words, one must fill the numbers 1... M in the Young diagram A. If £(A) > M the Young tableau cannot be
semi-standard.
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2.6 General covariant basis

Recall that the multi-matrix invariants in (2.31) respect the global U(M) symmetry. The

tuple @ = (ay,...,ar) belongs to the tensor product VEL, which decomposes into
Vit = @ (virevy) (2.119)
AFL
A<M

under the Schur-Weyl duality of S x U(M) symmetry. By taking an explicit basis of states,
we can rewrite it as

Dll’l’l]\[

|a’17"'7 Z Z ZCKMAG’

AFL  My=1 K=1
oA)<M

AN A
K> ‘MA> (2.120)
u(M)

where CIAJQA (@) is the Clebsch-Gordan coefficient of S7, x U(M), whose properties will be
explained in detail in appendix A.3. Following [12], we define the general covariant basis
of operators as

M
ORAMAT — SR () trvm(g(g%»f)@(@)) (2.121)

at,...,ar=1 K

where A is the irreducible representation of SU(M) with its dimension equal to Dimps(A). The
general covariant basis respects the global U(M) symmetry, and hence the name ‘covariant’.

The parameters = (u1, ..., par) in (2.113) represent the U(1) charges of the Cartan
generators in U(M).? If the states with different M, carry the same U(1)M charges, the
number of such states is counted by the Kotska number. Therefore, we can interchangeably
specify a state in A by My or (u,3). Concretely we can write

A A—(
) xS
U(M)

psespir 20 =1
prteFup =L

A
(2.122)
M,B>U(M)

where B]/\\/[jg%“ M) s the coefficients of some unitary transformation. This equation implies

Dimpy(A) = Y Ka,. (2.123)
K1y 20
pi+etppm=L

We stress that the multiplicity space of U(M) — U(1)M has the same dimension as the
multiplicity space of the restriction S;, — S, in (2.108),

dim VU(M)%U(I)M

A=p = dim Vs (). |

parl) = Kap (2.124)

which can be explained by Schur-Weyl duality [39].

30ur U(1) charges take non-negative integer values.
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By using (2.122), we can relate the original covariant basis and the general covariant
basis as

Span (Olg’A,N,T(C—iu) ‘ B 6 {1, ey KA/J'}) = Span (ZBAMY&L:%“.'LLJW)OR’AJMAaT
My

ﬁE{l,...,KAu}).

(2.125)
In other words, the original covariant basis is a fixed-charge projection of the general
covariant basis.

3 Eigenvalue method for A(pq, p2)

Having described the general representation theoretic structure of the restricted Schur and
covariant bases of the PCA A(u1,- -, uar) we now turn our attention to concrete construction
algorithms. These involve integer matrix algorithms, in particular Hermite normal forms.
We will see that these constructions give finite N integer orthogonal bases (with respect
to the free two-point function in N'=4 SYM). Similar integer matrix methods were used
in [42] to describe and construct representation theoretic subspace of algebras related to
tensor invariants and Kronecker coefficients.

For concreteness, we will consider the case of M =2, L = 1 + po < 14 and p = (1, p2),
but the generalisation is straightforward. In this section, we describe the mathematical
aspects of the construction, while a detailed description of the code is given in appendix B.
For specified pu1, uo, the code produces as output:

o A restricted basis A(u1, u2), labelled by Young diagrams R F uy 4+ o = Lyri b g, ro b
po, presented as g(r1,r2; R)? linear combinations of multi-traces, where g(r1,72; R) is
the Littlewood-Richardson coefficient for the triple.

o A covariant basis of A(u1,u2), labelled by Young diagrams R+ L and A + L, with
((A) <2, presented as C(R, R, A)Ky,, with = (u1, p12) linear combinations of multi-
traces, where C'(R, R, A) is the Kronecker coefficient (or Clebsch-Gordan multiplicity)
for the triple of Young diagrams.

For N > L, these span the space of 2-matrix invariants and diagonalise the free field inner
product. For N < L, the basis of 2-matrix invariants is obtained by keeping only basis states
of A(p1, pe) with £(R) < N. The basis states of A(u1, u2) labelled by Young diagrams with
((R) > N span the vector space of multi-traces with (i1, u2) copies of the two matrices
which vanish by finite N trace relations (which are also known as Mandelstam identities
in the physics literature [54-56]).

The finite N relations for the 2-matrix invariants are also encoded in 2-variable partition
functions, or Hilbert series, for this problem. The form of these partition functions rapidly
increase in complexity as a function of N, and are explicitly available for IV up to 7 in the
mathematics and physics literature [57-60]. These partition functions are of interest in the
thermodyamics of the 2-matrix system which captures the deconfinement property of N' =4
SYM with U(NN) gauge group and is important in the AdS/CFT correspondence. Discussion
of the thermodynamic implications of finite IV relations in the context of these partition
functions are available in [60-62]. The description of the basis of null states given by the code
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for a fixed value of L, contains information related to the finite IV relations for all N < L.
For L = 14, this includes N up to 13. This illustrates that the algebraic method presented
here is a substantial explicit information about finite N relations in the 2-matrix system.

3.1 Regular representation of A(u1, p2)

To decompose A(p1, u2) we will study its regular representation and a set of relevant eigenvalue
systems. The regular representation of A(u1, o) is defined as follows.

Let ¢1,...,9; € S be a complete set of representatives, which forms an orbit basis of
A(p, p2), defined in (2.81). We apply o € A(p1, p2) to Py u,(gi) from left, and expand
it in the orbit basis as

l
mg[o-](P#h,UQ (9:)) = 0Py pp(9:) = Z Py 12(95)- (3.1)

The matrix elements m; £ [o] define the (left) regular representation of A(u1, 12). Borrowing the
notation in section 2.1.1, we define the adjoint action of o = Y, ¢x,(0) h on the orbit basis as

maa[a](PMth (9i)) = Z (o )hPHth gi)h™ t= Zm By s g]) (3.2)
hesSt,

We can extract the matrix elements from (3.1) or (3.2) using the d-function as in (2.11), keeping
in mind that we should sum over the conjugacy class of S, when working with A(s1, p2).

When o is an integer linear combination of the basis elements Py, ,.,(g:), the corresponding
?
that the structure constants Cj;, are integers

representation matrices mfi [0], m% (o) are all integer matrices. This follows from the fact

l

By s (9:) Pm,uz QJ Z Clijk Py o (g%) (3.3)
k=1

To show that Cj;, are integers, we rewrite P,(g;) as

. |Orb(g,)|
P, i) — 7 i.a A4
1(9i) = ,Stab va a; 9, (3.4)

'yES

with g; = ¢;1. By using the multiplication rule of Sz, we find

|Orb(g:)| [Orb(g;)] I |Orb(gr)]
Pu(9i) Pulgj) = > Z Giadip=>_>. > 5<gzag],bgkc) Gke-  (35)
a=1 a,b k=1 c=1
The sum over the d-functions can be written as
1
5(Gia 90 9t ) = §(vigivi 957 G
gb: (za i k,C) ’Stab(gl)HStab(‘q])%7;‘9” ( 1Jr g 793 1y k,c)
1
|Stab(g;)| [Stab(g;)| -1726:5, (92779]77 Y Qk,c%) (3.6)

_ [Stab(gk)|
|Stab(gz)‘ |Stab gj ‘ Z Zé(gl ng;n gk c)
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with n = ~;~ L 7 - This equation shows that the quantity
Cije = > 0900 9 91 ) (3.7)
a,b
is independent of ¢. The equation (3.5) simplifies as

|Orb(gx)| !

l
Pu(9:) Pu(g;) = Y Ciji gke =Y Cijk Pmn(gk) (3.8)
k=1 c=1 k=1

which is (3.3). From (3.7) we find that Cjjj is an integer.

3.2 Generating sets of central elements and integer eigenvalues

Having defined the representation matrices corresponding to left and adjoint actions, we will
now formulate the eigenspaces A% (1, i2), A%A (11, p2) defined in (2.105), (2.118) as the
intersections of kernels of explicit integer matrices acting on A(u1, u2).

Define the following elements in A(u1, u2)

L ..

nP= 3" (ij), = 3" (ab), Y= S () (3.9)
1<i<j<L 1<a<b<p n1+1<p<g<L

V= N Gk)+GkG), TEV= > (abo)+(ach), Ti= ST (pgr)+(prg).
1<i<j<k<L 1<a<b<c<Lpr p1+1<p<qg<r<L

We call T;Sk) Casimir operators, because they are the central elements we encountered
in (2.100) and (2.101),

T e 2(C[S)), T € Z(C[S,)), T € Z(C[Sy,)). (3.10)

As discussed in section 2.1.2, only the generating set of Casimir operators is needed to distin-

guish different representations. Furthermore, the elements in (3.9) are integer combinations

. £ ad
of the basis elements P, ,,, i i

First, consider the case of A2 (1, uo) related to the restricted Schur basis. We will

(gi) and therefore the corresponding m are integer matrices.

use the following shorthand notation for these eigenvalues,

1 ((p) ro (H2)
Xy =, %lle(dTp ) QIZQZXQ(CZTP ), p-23 @31
1 T2
which are normalised characters. The normalised characters of symmetric groups are known
to have integer values [63]. Now we have a collection of integer matrices with integer
eigenvalues acting on (the regular representation of) A(u1, p2). According to the discussion
in section 2.1.2, these matrices and corresponding eigenvalues are sufficient, for p; + po < 14,

to distinguish all the subspaces A®"72(yq, po) in the sense that
~ L)y~ L)y~ -
AR, ) = Ker (m(137) = 357) 0 Ker (m (13" = %57) 0 Ker (m (73] - 75/ )

Ker (m®[T{"] — £5') 0 Ker (m(12)) ~ 52) Ker (m (18] - 37
(3.12)
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where Ker(M) for a linear operator M is the subspace of vectors x satisfying Mx = 0.
For completeness, let us now describe the situation for A% related to the covariant

basis, which is analogous. From (2.117) we know that the matrices mg! [T. Q(L)],mgf [TéL)]
have eigenvalues given by normalised characters

A (L)

As before, A - L < 14 is uniquely determined by these eigenvalues and it follows that
AN, o) 2= Ker (m(13"] = 34) 0 Ker (m*[137] — 2§')

(3.14)
Ker (mab [T2(L)] - )?9) N Ker (mab [TéL)] - X?)

3.3 Hermite normal forms and kernels of integer matrices

Computing the intersection of kernels of square matrices corresponds to computing the kernel
of a single rectangular matrix. For example, given a pair of [ x [ matrices M7, My we find
the intersection Ker(M;) N Ker(Ms) by finding the kernel of the matrix

M= | M 3.15
—[Mj- (3.15)

This follows since Mz = 0 if and only if Mjx = Msx = 0 and this generalises to the intersection
of kernels of several matrices. Therefore, the space (3.12) corresponds to solutions to

[T - (5
me[TyM] - 38
1 T
LS P 3.16)
m [Tz ]— 2
me[1) - %
| m ) -

We will now give a procedure for solving this equation over the integers. In other words,
for fixed (R, 71,72) we will give a procedure for constructing an integer basis for the space
satisfying the simultaneous equations. We will see that this can be turned into an integer
orthogonal basis of two-matrix invariants related to the restricted Schur basis. The method
works identically for the system of equations

m?[1;")] - 3§
me[15"] - of
me (1) - 3
m (T3] - 3

=0 (3.17)

corresponding to (3.14), which gives an integer orthogonal basis related to the covariant
basis for two-matrix invariants.

Computing an integer basis for Ker(M) uses Hermite normal forms, which are the analog
of the more familiar echelon forms, adapted to integer matrix problems, as we will now
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describe. We now make some general remarks about Hermite normal forms. The fundamental
result on Hermite normal forms is the following (see [64, Theorem 2.4.3]). Let M be an
m X n integer matrix, then there exists a unimodular n x n matrix U — an integer matrix

with det(U) = £1 — such that
MU = H = [0h], (3.18)

where h is an invertible, upper triangular integer matrix and O represents are rectangular
matrix of zeros. By upper triangular we mean h;; = 0 for ¢ > j. Further conditions are put
on h to make it unique, see [64, Definition 2.4.2]. The matrix H is called the Hermite normal
form of M. Note that, despite H being unique, U is not unique in general. In particular, H
is invariant under permutations of the zero columns; multiplication of any zero column by
+1; addition of any scalar multiple of a zero column to any other column. These operations
can be implemented by right multiplication with unimodular matrices V' and we get

H=HV = MUV = MU’ (3.19)

where U’ = UV is another unimodular matrix giving an Hermite decomposition of M =
H(U')~!. A Hermite decomposition gives a basis for the kernel of an integer matrix M as
follows [64, Proposition 2.4.9]. Let H = MU be a Hermite decomposition such that the
first r columns of H are equal to zero

(0 h] = MU. (3.20)

T

Then the first r columns of U form a basis for the kernel of M. In other words, define
the vectors v'*) = U,;, then
i 8%

Ker(M) = Span(v®, 0@ .. ™). (3.21)

The number of independent solutions r is precisely equal to the dimensions of the subal-
gebra, namely

dim AR""2 (4 o) = g(r1, 795 R)? (3.22)
for the restricted Schur basis and

dim A (u1, p2) = C(R, R, A) Ky (3.23)

H1,p42)

for the covariant basis. In appendix B.2 we will explain an algorithm to compute an Hermite
normal form.

3.4 Simple example

As a simple example to illustrate the procedure, we will consider the Schur case A(3,0) =
Z(C[S3]) in detail. We have a set of representatives given by the identity permutation
g1 = (1)(2)(3) and g2 = (12)(3), g3 = (123) with orbit basis
P3p(g1) = (1)
Pyo(gz) = (12)(3) + (13)(2) + (23)(1), (3.24)
Paolgs) = (123) + (132).



We will only need the left action of T2(3) = P30(g2) in this basis, it is straightforward to compute

T3% Pyo(g1) = Pso(g2), (3.25)
T2(3)P370(92) =3P30(g1) +3Ps3,0(93), (3.26)
75" Pso(g3) = 2Ps0(92), (3.27)

and equivalently, the left action matrix in this basis is

030
meTP) =102 (3.28)
030

We will only consider the eigenspace corresponding to R = [3]. This has normalised
eigenvalue )A(R(TQ(S)) = 3 and so we are looking for the kernel of the matrix

33 0
méTP) 3= 1 -3 2 (3.29)
0 3 -3

It is easy to confirm that the vector (1,1,1) lies in the kernel and forms an integer basis
(this is derived in appendix B.3 using an integer matrix algorithm). In the orbit basis,
this corresponds to

P30(g1) + Pso(g2) + Pso(gs) = Y g (3.30)
gES3
or in terms of traces
Te(2)* + 3Te(2) Te (2%) +2Tx(2°), (3.31)

3.5 Orthogonality from planar to finite NV

We will show that the finite N two-point functions in N/ = 4 SYM at zero coupling are
proportional to the planar two-point functions in any operator bases which are labeled by
the irreducible representation R under the left/right action of the centre of C[SL].

The finite N free-field two-point functions in the permutation basis is given by

(00 [2,W]0g,[2,W]') = (0g, [Z WO [Z8 W) = 37 > 8(g1795 17 1g3)NCs,
YESuy X Spuy g3ESL
(3.32)

where the operators have p1 Z’s and ps W'’s, and C4 is the number of cycles in g € Sy, . The
two-point functions vanish if Oy, [Z, W] and Og,[Z, W] have different (u1, p12)’s. This defines
an inner product on A(ui,p2). Let 01,00 € A(p1, pu2), then

(01,02)mmien=" > Y 8(0178(02)y 9N =l Y 5(018(02)g) N, (3.33)

YESuy X Suy gESL 9€SL

where S(o2) is defined in (2.12). Clearly, this inner product is symmetric, (01, 02)fnite N =

(0'2; Ul)ﬁniteN-
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The planar inner product is defined by the large N limit

. 1
(01,02)planar = A W(O’l, 02)finite N = H1!p2! 6(018(02)). (3.34)

The planar inner product is essentially the same as the §-function inner product computed
in (2.115). Conversely, the finite NV inner product can be obtained by deforming the planar
inner product

(Ula UQ)ﬁniteN = (Q 01, U2)p1anar s (335)

where we defined Q2 € C[Sg] by

Q=Y NOg=LY%"

geSsSy RHL

Dimn(R) pr. (3.36)
dr
Here PT is the projector to the representation R in (2.45), and Dimy(R) is the U(N)
dimension of the representation R as in (2.37). See [5] for the derivation of the second
equality. As we will now see, orthogonalisation with respect to the planar limit is very closely
related to orthogonalisation in the finite IV case.

The left and adjoint actions of T, € Z(C[S.]) used in (3.16), (3.17) are self-adjoint with
respect to the planar as well as finite N inner products. For the left action we have

(Tp 01, 02) planar = p1lp! 6(T, 01S(02)) = pi'lpa! 0(01S8(Tpo2)) = (01, 1) 02)planar,  (3.37)

where we have used T}, = S(T),) because every conjugacy class of Sy, contains its inverse
elements and S(o7) = S(7)S(0) for 0,7 € C[SL]. For the adjoint action, define C), to be
the conjugacy class C, with p = (p, 1X7P) - L, then we have

(maa [Tp](01)>(72)p1anar = Z (9019_1; U2)planar = pr!po! Z 5(g 019_1 S(02))
gECp gECp

= lpe! Y 6(018(g  oag)) = mlue! Y 6(01S(goag™)) (3.38)
9€Cyp 9€Cp

= (01 5 maa [Tp] (02 ) )planar .

1

In the penultimate step we used the fact that if g € C), then so is g7~ and therefore we can

relabel the sum under the transformation g — ¢~'. The proofs are similar for the finite N case.

3.5.1 Restricted Schur basis

R,rire

Let the eigenvectors of the first equation in (3.16) be Q , where A corresponds to the
multiplicity in a fixed eigenspace of dimension g(r1,ro; R)?. Explicitly, we write them as
linear combinations of the restricted Schur basis

g(Rir1,r2)

Ryrire R,ri,r Rr1,
Q"= Y Ny QU (3.39)

vy, v_=1
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where NZZZQ_ is a numerical coefficient. With the help of (2.95), the planar inner product

is given by

g(R;r1,72)
R ,r1,72 S ,81,582 _ RS ¢risi sros R ,T'1,72 R ,r1,r2 R ,T1,T2 R ,T'1,72
(Q Q )planar =9 orrergrese dﬁd?“z gAB ) gAB = Z NA 2 NB RZEN 7
vy, v_=1
(3.40)
where g5 is a Gram (real symmetric) matrix of dimensions g(r1,7; R)2. Note that the

inner product must vanish if (R,r1,72) # (5, s1, s2), because they label the eigenvectors of
the self-adjoint operators (ngL) ,ng‘“) ,TZS”Q)).

To compute the finite N inner product, consider the deformation by €2 in (3.35). Because
Q is central, using (2.100) we get

R
QQR T2 ( ) QR 71,72 ) (341)

The normalised character is readily computed using equation (3.36)

XM _ Lt ) DiLN(S) R(pS) — L 3 DimiN(S)dMRS _ py Do (R) (3.42)

dp  drgm  ds dr G, ds R
Consequently,
Ri1r2 ~S,s1, Ry, S,s1, Dimpy Ri1,r2 ~S,s1,
(Q 71,72 Q 81 52)ﬁniteN (Q Q yT1,T2 Q »S1 SQ)planar = 1! dR() (Q 71,72 Q ,81 S2)planar

(3.43)
which shows that the finite IV inner product is proportional to the planar inner product in the
restricted Schur basis. Note that all the N-dependence is captured by the factor Dimy (R).

3.5.2 Covariant basis

Analogous statements hold for the eigenvectors of (3.17), which we denote by Qf A A1 where
Ae{l,...,C(R,R,A)K,,}. Explicitly, they are linear combinations of covariant bases

elements
C(R,R,A) Kap

QRA,,U, Z Z NRATuﬁ QR A, ) (344)

By using (2.115) we find that the planar inner product is given by

C(R7R7A) KAH

SN/ dr ' ARA RA RA RA
(QA nu' Q 7“)]:)13,1’1&1' — |SL| 6R56AA GAB 7/‘1" GA_’B 2 = Z Z NA, 7T7N/7ﬁ NB’ aTnuvﬁ
T

(3.45)

where Gi’é\’“ is a Gram matrix of dimensions C(R, R, A) Ky,. As before, the inner product
vanishes if (R,A) # (S,A’). From (2.116)
B
Qi - X gra, (3.46)
dr
This gives
Dimy(R)

RA, S,A’,
d (QA H,QB u)planar'
R

(3.47)

RA, S,A, RA, S,A,
(QA HaQB “)ﬁniteN = (QQA “aQB #)planar = L!
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3.5.3 Gram-Schmidt orthogonalisation

The orbit basis is orthogonal with respect to the planar inner product (3.34) since

8(Puy i (90) S(Puy yin(9))) = > 6(gh™") = [Orb(g;)[8s;. (3.48)
ge{gi}ﬂlvl’Q
he{g;}uq mo

It follows that

(PMth (gi)7 PMLNQ (gj))planar = p1!po! |Orb(g,~)| 5ij ) (3'49)

which is integer valued.

As we have seen, the integer eigenvectors QR L2 op QIX’A’” are not automatically
orthogonal. Integer orthogonal eigenvectors are readily constructed using Gram-Schmidt

orthogonalisation. We simply define

Q?ﬂ“lﬂ? _ Qf»ﬂ“lﬂ“z

)

. R A—1 Qer,rz QRTL )1 ~R 9
anar 1,
QA77“177“2 _ oftrire Z er,rz ~ R P Qp o Ae{2,...,9(r,r; R)}
le Q )planar
(3.50)
and it follows that
Dimpy(R
@B QRrirey sas = (@ QR et DIV 5 a5

Similarly for the eigenvectors QR A Note that, even if QR T2 QR Al are integer vectors,

AR ARA,
Q"

the orthogonalised vectors are in general ratlonal. This is easily remedied

by multiplying each basis element by an appropriate factor.

3.5.4 General basis

We have discovered that the finite IV inner product is proportional to the planar inner
product in a basis diagonalising the left action of the centre of C[Sr]. The planar inner
products are proportional to the Gram matrix, gy in (3.40) and GHA" in (3.45). If
we orthogonalise the Gram matrices, for example using Gram-Schmidt (3.50), we obtain
orthogonal finite N bases.

In both (3.43) and (3.47), the proportionality constant only depends on the label R+ L.
Let QF € A(u1, pu2) be solutions to the eigenvalue equations only for the left action of TISL).
Written explicitly, they are

g(R;r1,m2)? C(R,RA)Kp,
QaR _ Z Z MT1T2 errz o Z Z AQRA,u (352)
ribu AFL
T2t p2 £(A)<2

for some numerical constants M/'}? and Mé\ 4 - If we define the Gram matrix QO% by

<Q§ ) C‘)I‘g)planar = (5ng§5 (353)
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from arguments similar to those above we find

Dimpy(R)

R S
nite N — L!
(Qa 7Qﬁ)ﬁ te N dR

(Qg ) Qg)planar . (354)

Now the dimensions of the Gram matrix gfﬁ is

> C(R,R MKy, = Y g(ri,r2 R)%. (3.55)
AL Tl'_l/bl
L(AN)<2 rabpz

Orthogonalising g gives a finite N orthogonal basis, which is a linear combination of the
restricted Schur or covarlant basis.

4 Eigenvalue method for C[Sy]

In section 3 we developed eigenvalue systems for A(u) which give bases of multi-matrix
invariants related to the restricted Schur and covariant bases. Similarly, in this section we
develop two eigensystems for A(1,...,1) = C[Sg]. The first one gives the Artin-Wedderburn
decomposition, and the second gives the Kronecker decomposition of C[Sf].

4.1 Decomposition of the regular representation

We will construct and diagonalise a set of mutually commuting Hermitian operators in order to
decompose the regular representation of C[Sy] denoted by Vieg . A set of commuting operators

{m*[01],...,m%[Oq]} € End(Vieg), X € {€,R,ad} (4.1)
is called complete if their eigenvalues specify a unique vector in Vi up to normalisation.

That is, for

L!

S m0u(ay) = A @ (4.2)

Jj=1

and any pair of eigenstates a, 8 € Vieg

a#B8 o A A n\® Dy (4.3)
We are interested in finding a set of commuting operators {m*[O1],...,m*[Oq]} whose

eigenstates correspond to the two decompositions of C[Sy] discussed in section 2.2. These
decompositions allow us to construct orthogonal bases of operators of N' =4 SYM for the case
of A(1,...,1) = C[SL]. This is a good starting point for considering the general case of A(u).
One natural choice of the commuting operators comes from C[Sy] itself. The elements

k—1

T=0,  Tp=)_(i,k), (k=2,3,...,L) (4.4)

=1

are known as Young-Jucys-Murphy elements [65, 66] They generate a maximal commuting
subalgebra,* denoted M(C[S1]), of the full group algebra and Z(C[Sy]) is a subalgebra

2(C[SL])) © M(C[SL]) C C[SL]. (4.5)

“This subalgebra is called Gelfand-Tsetlin algebra in [67].
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They satisfy [Jx,J¢] = 0 for any k, ¢ [65, 66] and the following relation with s = (k,k +
1) € S¢

Sk Jk+1 = Tk Sk + 1. (4.6)

In the regular representation, every element of C[Sy] corresponds to an element of End(Vieg)
and the YJM elements correspond to a complete set of commuting matrices.
The YJM elements are not central in general, but power symmetric polynomials

L L
S ST (4.7)
k=1 k=1

are related to central elements by [65, 68, 69]

L L

=) (i,j) => T (4.8)
1<J k
L L

T; = Z {(i,j,k)—i—(j,i,k)}:Zj’?_L(Ié_l)’ (LZS) (49)
i<j<k k

Because the YJM elements generate a maximal commuting subalgebra, the eigenvalues
of the corresponding matrices uniquely specify a standard Young tableau. More precisely,
the left or right eigenvalue of J; is equal to the content of the box k inside the Young
tableau I of shape R,

Tk

J;>—Cont?(k)‘?> s D) = b1 Cont (k) (4.10)

where the content function Cont assigns (z — y) for the box k found at the z-th column
and the y-th row,

\ ol1]2]3]4
Cont —1—1lol1]2 . (4.11)
—2l—1] 0

One can also show that the adjoint actions of J; have the same eigenvalues as in the left
or right actions by using (4.6).°

The relations (4.8) and (4.9) make it clear that the eigenbasis {’?>} in (4.10) diago-
nalises the central elements T}, , and their eigenvalues depend only on the Young diagram
R. Furthermore, it was shown that this eigenbasis coincides with the Young seminormal
representation by computing the action of si [66, 67]. To obtain the Young-Yamanouchi

orthonormal representation, which is real and unitary, we need to rescale the basis elements
of {|F
I

>} in the Young seminormal representation.

®See the argument in [70].
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4.2 Eigenvalue system for the Artin-Wedderburn decomposition

Recall that the Artin-Wedderburn decomposition of C[Sy] gives the matrix unit denoted
by Qﬁj. The matrix unit satisfies the relation

Qfy Qr = 0™ 61k QT - (4.12)

As shown in (2.53) and (2.54), the left and right actions of C[Sg] on the matrix unit can
be written as the multiplication of the irreducible representation matrix. Let us identify
the subscripts of Q?J as a basis of Young seminormal representations. If we apply the YJM
elements from left and right, we obtain

Tk Q1 =Y Di(Tk) Qi 5 = Conti'(k) Q7
K

(4.13)
Qi T = Qfx DY (Ty) = Cont’ (k) Qff
K

where we used (4.10).
The matrix unit Q?J satisfies the following set of eigenvalue system,

R
X" (1p)
T, Qry = Qs Ty = = = Q1

Ti QI = Cont (k) QF, (4.14)
Qfy T = Cont (k) QF; .

Conversely, we can reconstruct the matrix unit by solving this eigensystem up to an overall

normalisation, which is fixed by (4.12). Since the matrix unit should be expanded as

dr

R _
QIJ ‘SL’

> Di(g)g7! (4.15)
geSL

we can also reconstruct the matrix of the Young seminormal representations fo[(g) by
reading off the coefficients in (4.15).

We have seen that a complete basis of C[S] is given by the matrix units {Q%,}, and
the matrix units can be reconstructed as the solution of the eigensystem (4.14). This means
that the following permutations

{m5) = m™L,], m* (7], m™ (] |p+ Lok € {2,3,..., L}} (4.16)

form a complete set of commuting operators in End (Vyeg)-

Here are some remarks. The eigenvalue method for modules was first developed by
Murphy [66] for constructing the Young seminormal representation, which was further refined
n [67]. We extended this method to construct complete bases of C[SL], corresponding to
Artin-Wedderburn and Kronecker decompositions.

The matrix units Qﬁ, is called the Young seminormal units, when the subscripts I, J
diagonalise the action of YJM elements.® The Young seminormal units can also be constructed

In this sense, the Young seminormal units can be written as QF, = ’R> <}; , which automatically

I
satisfy (4.12).
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by a recursive method in [71]. However, the recursive method is not as efficient as our
eigenvalue method, because it takes a long time to execute the iterative steps.

The efficiency of our algorithm comes from the fact that we only need the minimal
generating set of the centre instead of T}, for all p in (4.16). This should be contrasted
with Murphy’s approach where he used to distinguish all basis elements of irreducible

representations.

4.3 Eigenvalue system for the Kronecker decomposition
The Kronecker basis QR}?’T satisfies the following set of eigenvalue system,

RAT RAT XHT,) Aras
1,0 =Q" " T, = ar Q"

w1, (QRAT) = X d( )QRAT (4.17)

P7J(QMRT) = Cont (k) Q™"

where the last equation follows from (2.63) and (4.10).

Conversely, we take a solution of the eigenvalue system (4.17). We fix the overall
normalisation, which is fixed by the d-function inner product (2.69). For each R, A), the
dimension of the solution space should be equal to C(R, R, A). We take a real orthogonal
basis with respect to the inner product, and use 7 to label its components. In this way, we
can reconstruct the Kronecker basis. Since the Kronecker basis should be expanded as

dr
A _
S DO S VL TP Sy Vi1 RS
LT gesp 1,0=1 1,J=1
we can determine the Clebsch-Gordan coefficients as
RA,
SRR = 9(S(QF) Q"R7). (4.19)
Related to this is the fact that in general the set
{m[1] = mP5),mT), m® (7] |p+ Lok Lk €{2,3,...,L}} (4.20)

forms an incomplete set of commuting operators in End (V;eg) due to the extra multiplic-
ity label 7.

5 Integer eigenvalue system for general rational finite groups

It is known that characters and normalised characters of finite groups are algebraic integers [51,
chapter 6.5]. A finite group G is called rational if all irreducible representations have rational-
valued characters. Since rational algebraic integers are ordinary integers, it follows that
rational groups have integer characters and integer normalised characters. In this section, we
will generalise the above integer constructions to any pair of rational groups (G, H) where H
is a subgroup of G and can be used to define a corresponding centraliser algebra

ClG)" ={o € C[G] : ho =ch Yhe H}. (5.1)

We will start the presentation with a discussion of general pairs (G, H) of group and subgroup,
and subsequently specialise to the case where these are both rational groups.
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5.1 Two decompositions of C[G]

The Artin-Wedderburn decomposition holds for general group algebras (see [51, chapter 6.2]
or [41, chapter 3-17]). Let Rep(G) be a complete set of unitary irreducible representations
of G and for every R € Rep(G) let dr be the dimension. The elements

Qfy ==Y D979, ReRep(G), I,J€{1,...,dr} (5.2)

geG

!G!

form a basis of matrix units of C[G]. As before, we have

dR dR
g1 Q?J: Z Dﬁ[(!]l)@?}a Q?Jggl = Z D?K QIK Z DKJ g2 QIK (5.3)
K=1 K=1 K=1

where we have used unitarity in the last line of the second equation and R is the complex
conjugate representation of R. Therefore, as a representation of G x G,

calz P vieVy. (5.4)
ReRep(G)

This implies the famous counting formula

Gl= Y di (5.5)

ReRep(G)

Restricting G x G to the diagonal subgroup of elements (g1, ¢92) = (g, ¢) and decomposing
into irreducible representations of this diagonal subgroup gives the Kronecker decomposition
of C[G], generalising our discussion for C[Sz]. As a representation of the diagonal subgroup

we have
Vg@VRG = D V/\G®VR,§,A’ (5.6)
A€Rep(G)
where the multiplicity space
Vizia = Homa(VE, VE @ V), dimVega = C(R.R,A) (5.7)

has dimension given by Clebsch-Gordan multiplicities. Therefore, we get

Clal= @ VEViga (5.8)
R,A€Rep(G)

which implies the counting formula

Gl= S dyC(RRA). (5.9)
R,A€Rep(G)

The corresponding basis has the form

C[G] = Span(Q™47

(G),K €{1,....dy},7€{1,...,C(R,R,A)}.  (5.10)
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The centre of a general group algebra Z(C[G]) has a basis labelled by conjugacy classes.
Let CL(G) be the set of conjugacy classes of G and for every C' € CL(G) define

Te=> 9. (5.11)

geC

The elements form a basis for the centre
Z(C[G)) = Span(T¢ | C € CL(@)). (5.12)

The matrix units diagonalise the left/right action of the centre

x*(Te)
dr

m*[To)(QTy) = Q1 (5.13)

and the “Kronecker basis”, in addition, diagonalises the adjoint action of the centre,

MT
A
As previously mentioned, the above eigenvalues are integers for all rational groups G.

5.2 Two decompositions of C[G]H

The construction of orbit bases of C[G]" is completely analogous to A(u) and follows by
replacing
S, - G, S, = H,  Alp) — ClGH (5.15)

where H is any subgroup of G. An orbit basis of C[G]¥ is defined by

Py (g; hash~! 5.16
(gi) = ‘Stabgl h;{g (5.16)

for a selection of orbit representatives {g;}, as in section 2.3. The matrix elements of the
left action are defined by

l
Z o] Pr(g;) = m*[0](Pr(9:)) = o Pr(g:) (5.17)

as in section 3.1. ¢ is an integer linear combination of the basis elements Pp(g;), the

£ ad

corresponding representation matrices mZ; [o], m$j[o] are all integer matrices.

5.2.1 Restriction basis

Restricting G to H gives a decomposition of Vlg into irreducible representations V.7 of H,

Vi P vileve., (5.18)
rERep(H)

where Vg, = Hompg(V,, Vg) is the multiplicity space of dimension

dim Vg, = g(r; R). (5.19)
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This restriction defines a set of branching coefficients
Bi,, Te{l,....dg} ie€{l,....d}, ve{l,...,g(rR)} (5.20)

Let us apply the restriction (5.18) to the Artin-Wedderburn decomposition of C[G]
n (5.4). We obtain a Artin-Wedderburn decomposition of C[G]

C[G]H = @ VR—>7‘ ® VR—M’ (521)
ReRep(G)
réRep(H)
which implies
dim C[G]* = Z g(r; R)?. (5.22)
ReRep(G)
reRep(H)

Following the construction of the restricted Schur basis, we combine the matrix units of C[G]
and branching coefficients to define a set of elements

S =) BIS, QBT (5.23)
IJ i
These elements satisfy
hQyh, =QW, h, VheH. (5.24)

It is known that the centre of a centraliser algebra Z(C[G]¥) is generated by Z(C[G])
together with Z(C[H]) [72]. Let C € CL(G) and d € CL(H), then we have the eigensystems

R
¥ r X T r
el ) = T g
: éﬁ ) (5.25)
T X T
mAITNQL, ) = S QL

5.2.2 H-invariant Kronecker basis

As before, we can start from the “Kronecker basis” of C[G] to find a basis for C[G]. Here,
we restrict to the diagonal subgroup of elements (h,h) € H C G x G. Under this restriction,
we have decompositions

Vi P VeV (5.26)
reRep(H)

In particular, we are interested in the trivial representation ry of H appearing in this
decomposition since

ClA"= B Viga®Vasn: (5.27)
R,A€Rep(G)

This corresponds to a basis of elements
oM H G, re{l,....C(RR AN}, Be{l,....glre;A)} (5.28)

and gives the equality

dim C[G]" = Z C(R,R,A) g(ro; A) = Z g(r; R)?. (5.29)
R,A€Rep(G) Relsep((g))
reRep
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5.3 Integer orthogonal bases for rational groups

We now restrict to G, H rational groups with H C G. As mentioned before, normalised char-
acters of rational groups are integers and the central elements (5.11) are integer combinations
of orbit basis elements. Therefore, the matrices mS; [Tc], m$) [T¢] are integer matrices with
integer eigenvalues. Following section 3 we obtain the integer eigenvalue system

(clar =N {Ker(mE[TC] - yg) N Ker (mS[Td] - ;zc)} (5.30)
C,d
and
(ClG1™)r = () {Ker(m*[Tc] - X&) N Ker (m™[Te] — ) }- (5.31)
c,c’

It suffices to use a subset of conjugacy classes C,C’ in CL(G) with the property that their
normalised characters uniquely identify the irreducible representations Rep(G). Similarly it
suffices to use a subset of conjugacy classes d € C'L(H) which uniquely identify the irreducible
representations in Rep(H). The integer eigenvectors can be found following the discussion
in section 3.3. Because all characters are rational, 7o = S(T¢) and it follows that the
operators m*[T¢], m*[Ty], m®[T¢], m™[Ty] are self-adjoint with respect to the d-function
inner product. This argument is identical to the proof in equation (3.37). Therefore the
eigenvectors corresponding to different eigenvalues are orthogonal.

6 Conclusions

In this paper we developed the theory of multi-matrix invariants and constructions of
bases of operators in /' = 4 SYM through their connection to permutation centraliser
algebras A(u), which generalise the symmetric group algebras C[Sz]. We discussed two
decompositions of C[SL], the Artin-Wedderburn and Kronecker decompositions, and reviewed
the correspondence between elements of A(x) and multi-matrix invariants in section 2.3. Two
orthogonal bases of multi-matrix invariants were well-studied in the literature, the restricted
Schur and covariant bases. The restricted Schur basis decomposes A(u) into a direct sum of
subspaces AT (1) while the covariant basis gives a direct sum of subspaces A% (1).
Section 2.4 explained how the restricted Schur basis (2.91) can be understood as descending
from the Artin-Wedderburn decomposition of C[Sy]. Analogously, section 2.5 explained
how the covariant basis (2.111) comes from the Kronecker decomposition. In section 3, we
derived an efficient algorithm for constructing finite N orthogonal bases of N' = 4 SYM
operators which are integer linear combinatons of multi-traces. We set up integer eigensystems
whose solutions give a basis for A®772(p) and A2 (1), which are realised as eigenspaces.
The eigenspaces A7"72(1) have dimensions equal to g(ry,72; R)?, while the eigenspaces
ARA (1) have dimensions equal to C(R, R, A)K,,,. It was emphasised that these equations,
summarised in (3.16), (3.17), can be solved by finding kernels of integer matrices using
Hermite normal forms. In section 4, we considered generalised eigenvalue systems derived
from the Artin-Wedderburn and Kronecker decompositions of C[Sr]. In the case of the
Artin-Wedderburn decomposition, we constructed the matrix units of C[S.] in the Young
seminormal representation. For the case of the Kronecker decomposition, we obtained the
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Kronecker basis and associated Clebsch-Gordan coefficients. The implementation in SageMath
is explained in appendix B, and many examples are given in appendices C and D.

The integer orthogonal bases up to L = 10 can be easily determined by running our code
in a laptop, and our code is attached to this paper as supplementary material. The code
needs minor modification beyond L = 14 because more Casimir operators Ty, 75, ... should
be added to the eigensystem from the discussion of k, in section (2.1.2).

It is an open problem to systematically determine the multiplicity indices, v+ in (2.105)
and 7, in (2.118). Resolving v+ involves finding a subset of elements in A(yx) that generate
a maximal commutative subalgebra of A(u). It is interesting that the 7 multiplicity in
the covariant basis has already appeared in the Kronecker decomposition of C[Sz]. This
Clebsch-Gordan multiplicity should be explained from the structural properties of another
PCA called K(n), which has appeared in the study of tensor models. The multiplicity
problem can be addressed by developing results in [21, 27, 73, 74]. It is straightforward to
generalise our algorithm to M-matrix models with M > 2. We will consider these problems
in more detail in upcoming work [75].

The representation theoretic approach we have used in this paper provides a comprehensive
characterization of the trace relations for finite N by imposing the constraint ¢(R) < N for a
Young diagram label R. We have focused on the two-matrix problem here, but the approach
also works with multiple fields [9, 12, 48]. An interesting avenue to explore is the application
of this systematic description of finite N relations in the context of the construction of %G—BPS
operators (for related comments and steps in this direction see [76-78]).
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A Notation

In this appendix we define the notation used for branching coefficients and Clebsch-Gordan co-
efficients for S; and U(M). They are used to define the decompositions in sections 2.2.2, 2.5, 2.4
and 2.6.

A.1 Branching coefficients

We review branching coefficients for Sy, to its subgroup, which are used to define the restricted
Schur basis in section 2.4 and the covariant basis in section 2.5. A Young subgroup of Sy,
is defined by a list of positive integers p = (p1, ..., uar) such that

k

-39 —



The Young subgroup corresponding to p is defined as

Sp = Spy X Spg X -+ X Sy, €51 (A.2)

Suppose that the restriction of the irreducible representation R under S, C S decomposes
into the direct sum of (r; ® --- ® rpr), where r; - g for k= 1,..., M. The basis of states
in R decomposes as

R g(r1,-.srar;R) drq R—> .
‘I>: Z Z Z Z I—>1111M]V)I,u

riFpy rarEpas v=1

r...Tm > (A3)

Zl . ZM

where Bf_t}g:lz;%)y is called the branching coefficient and v is called the multiplicity label.

The symbol g(R;r1,...,ra) is the Littlewood-Richardson coefficient defined by
1 M
g(ri,....ra; R) = A Yoo Y XMoo @an) [ ™ (o). (A.4)
H oquM OCMES;”W k=1

We introduce the standard inner product in the restricted basis,
M

rn...Tm S1...8Mm r.s . .
Car i v e ) = e(II 0 0us). (i € (1o (A9

The original basis and the restricted basis have the same dimensions,

M
dr = Z Z (g(rl,...,rM;R)kl_[drk> (A.6)
=1

rikpa rartpas

which is consistent with (2.88). This shows that the transformation (A.3) relates two complete
orthonormal bases, and therefore unitary. Because Sy, and S,, are real groups, we can choose
the branching coefficients to be real, giving

R—(ri.rpg) [/ T1--- TM R . Ryry... M
Brotuianw = <i1 ] I> = <I P ”>' (A7)

The inverse transformation of (A.3) is”

1 ... 17

rn...T7T R~> r1.. T]VI
3 > ZBIH 7,1 ’L]\/I

R
I> . (A.8)

The restricted basis (A.3) forms an irreducible representation of .S, for each multiplicity label v.
As such, a generic element h = h; ®---®hy € S, acts diagonally on the multiplicity space as

dry dryy

T ... y 71 . A
h ’11 - > jlzl ]1;1 D;l“ D;JJCIIZM (hM) ‘]1 e IM v > (A.Q)

"Note that the restricted basis depends on R through the multiplicity label, v € {1,...,g(r1...7m; R)}.
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The branching coefficients satisfy the completeness relations [22, 41]

M
R*} 1. ’I“]\/[ R*)(Sl...s‘]u) _ r1. R S1.-.SM _ TLSK §. .
ZBIH(H A )sv I%(jlmjzu),f_;<' ) ‘I><[ ‘.71 Y £>_6V£ (}}:[16 * ka’lk]k)

i1
(A.10)
R—(ri.rm) pR—=(r1.mm) ...ty |R _

IPIPIEECEI S EIEDID I IR (AT Il ()RS

T1...TM V G1...00 T1..."M V i1...00
They also exhibit an equivariance property
R% 7'1 ""]\/1) _ R‘)(T’l...’r‘]w) r
ZD I—) ’Ll Z]\/[) - Z BJ—)(jL..j]\/[) jlll(hl) Djijllju(hM)' (Al]‘)

J1--JMm
A.2 CG coefficients of Sy,

We revire the Clebsch-Gordan (CG) coefficients for Sy, , which are used to define the Kronecker
basis in section 2.2.2 and covariant basis in 2.5.
Let ng ,V}% be the irreducible representations of S7,. We define the tensor product

Ry 2
I

generalising (2.40). This equation implies that the tensor produce representation is decom-

representation by

R
J22> (A.12)

Ry\ R R Ry
I2> = DJllll(U) DJQQIQ(U) |J1> ®

posed into irreducible representations of Sy, as

Vil @Vl =2 V" @ Ve, goa,  dim Vi, g4 = C(R1, Ra, A) (A.13)
AFL

where C(Ry, Ra, A) is the Kronecker coefficient defined by
QESL

By equating the dimensions of the representations, we obtain

dr, dr, = Y C(A, Ry, Ry)dy . (A.15)
AFL

By taking a complete basis of Sy, we define the CG coefficients from the irreducible

decomposition as,

R C(A,R1,R2) dy A

1 A R R

I> > >3 X > (A16)
1 AFL =1

whose inverse relation is

de dR2
\ > YT Y spnE

RiFL RoFL I1=11>=1

R1>®

R
I§> . (A.17)
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Since Sy, is a real group, we can choose the CG coefficients to be real. From (A.16) and (A.17)
we find the orthogonality relations [22, 41]

TA RiRa o' A RiRa _ sAN s77/ TARi Ry or A BRI Ry _ cRiR! cRoR)
ZS KIl 12 S Klll 12 —6 6 (SKK/, Z S KIl IQ S KJI J2 6 (5 26[1J16[2J2
I,I ALK
(A.18)
The CG coeflicients satisfy the equivariance property
7A Ri1 Ry nR1 R TA RiR>
Z S KJ, Jp DJ111( DJ212 ZDKK/ K'h Iy - (A'lg)

J1,J2
A.3 CG coefficients of U(M)

The CG coefficients for U(N) are important in defining the general covariant basis in section 2.6.
Let Vis be the fundamental representation of U(M ), equipped with the standard inner product

<a|b>U(M) = Oab » a,be {1,2,...,M}. (A20)
Under the Schur-Weyl duality, the tensor product V]\%L decomposes as

Vel = @ (vyM o v, (A.21)

AL

where K labels a component of the irreducible representation A of Sy, and M, labels a
component of the irreducible representation A of U(M). The symbol C’[A{]’}/[A (@) in (A.22) is the
CG coeflicient of S, x U(M) used in (2.121). By comparing the dimensions in (A.22), we obtain

If we write down explicit components, we find

Dlm]V[ (A) dA

ld) =la1,...,a U(M Z Z ZCKMA

AFL  Mpy=1 K=1
(A<M

M" = 3" dyDimp(A). (A.23)
AFL
L(AN)<M

The CG coeflicients satisfy the orthogonality relations

A' A — AN
Z K, (@) Croi,, (@) = 0 Sarya,, Ok Y Crir, (@) Cii, (0) = H5a”
A,Mp, K

(A.24)

B Algorithm: decomposition of A(p1, p2)

In this appendix we outline the algorithm used to construct an integer basis for A®A,
ARTL2 ysing the ingredients introduced in the main text. We used the GAP package in
SageMath [79, 80] to run the code. The code produces a text file enumerating the integer
orthogonal basis elements in terms of linear combinations of multi-traces. In this appendix
we write A(u1, u2) = A(m,n) in order not to deviate from the notation in the code. The
code comes in two files:
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e Amn_Restriction_Decomposition.sage
e Amn_Covariant_Decomposition.sage
and can be run in the terminal by executing, for example,

sage Amn_Covariant_Decomposition.sage L n N (B.1)

The first parameter determines L = m + n and the second parameter determines n. The last
parameter N divides the output into two files. The first file contains a basis of operators
for L < N, and the second file contains a basis for the finite N trace relations. The output
is independent of N if N > L, in which case the second file is empty.

B.1 Outline of SageMath code

In this part we will give an outline of the SageMath code. Each file/algorithm consists of
three parts: (1) Constructing the orbit basis for A(m,n). (2) constructing the representation
matrices of central elements T5, T3, .. .; (3) computing the intersection of kernels in section 3.

1. The first step of the algorithm is to construct A(m,n) using the orbit basis described in 2.3.
The orbits are given by S, x .S, acting on Sy, by conjugation and can be constructed in
Sage as follows.

(a) Construct the groups Sy, x S, and Sp4n

SmSn=1ibgap.DirectProduct(libgap.SymmetricGroup(m),libgap.SymmetricGroup(n))

Smn=1ibgap.SymmetricGroup(m+n)
(B.2)

(b) Compute the orbits
orbit_basis = libgap.OrbitsDomain(SmSn, Smn) (B.3)

The variable orbit_basis is a set of orbits, each orbit contains elements of Sy, related by
conjugation of S, x .S,. We also collect a set of representatives of each orbit

basis keys = [ b[0] for b in orbit basis ] (B.4)

This gives the orbit basis of A(m,n) — each orbit or representative corresponds to a basis
element of A(m,n). In the rest of this section we will refer to the representative elements
as g;, where g; = basis_keys[i — 1] in the code.

2. The second step is to compute the left and adjoint action of Ty, T35 € Z(C[SL]) on A(m,n).
We will compute the matrix elements m]Ll [T3] given by (3.1), and this can be understood
in terms of actions on the orbit sets above. Focusing on the left action of T, we compute
the following

(a) GAP gives the conjugacy classes as a list

T2 = libgap.ConjugacyClass(Smn, libgap.eval(”(1,2)”)).List() (B.5)
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(b)

Construct an empty matrix of size dim.A(m,n) = len(orbits)
T2 left matrix = zero_ matrix(ZZ, len(orbit basis)) (B.6)

The input ZZ forces the matrix to have integer entries.

The left action on Py, ,,(g;) is computed in parallel for every representative. We intro-
duce the notation {T5g} for the set of elements with non-zero coefficients appearing in
the expansion of the product T5¢g. The action on an orbit basis element is determined
by the action on representatives because

1
~ |Stab(gs)|

1 _
= b o, o,

h€SmxSn ge{T2gi}
1 (B.7)

= > [Stab(g)|Pnn(g)
|Stab(gl)| g€{T2g:}

Orb(g:)
2. [or(g|

g€{T2g:}

TQPm,n<gi) Z thgihfl

hESm XSn

where the last step uses the orbit-stabilizer theorem |Stab(g)||Orb(g)| = |Sm X Shl-
Therefore, as an intermediate step, it is useful to compute

t2_orb = tuple(t2* g for t2 in T2), (B.8)

t2_orb corresponds to the set {T»g;}. Now, for every h € {Thg;} that is also in
the orbit {g;}m,» we get a contribution to the coefficient in front of P, »(g;) in the
expansion of T5 Py, ,,(g;) in the orbit basis. It follows that the expansion is given by
the vector

t2_left_vec = list(
len(orbit)/len(orb) * sum(1 for x in t2_orb if x in orb)

for orb in orbits

)
(B.9)

where len(orbit) is the length of the orbit {g;}m . The sum computes the order of
the intersection of {T5¢;} and {gj}m for all j € {1,...,dim A(m,n)}.

sum(1 for x in t2_orb if x in orb) = |{Elements in t2_orb that are also in orb}|

(B.10)
t2_left_vec corresponds to the ith column in the representation of T acting on
A(m,n). We append it to the matrix by setting

T2 left matrix[i — 1] =t2_ left_ vec (B.11)

for every representative.
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(d) Lastly, transpose T2_left_matrix.

Similar procedures can be used to compute the left actions of T3, adjoint actions of T5, T3
and so on. We call the matrix corresponding to the adjoint action T2_adjoint_matrix
and similarly for T3.

. Having computed the representation matrices we want to compute the kernels in section 3.
We will focus on the covariant case, the restricted Schur case is analogous. For every R, A
we do the following

(a) Compute the normalised characters/eigenvalues Y&, x4. This is done using the
functions T2eigval(), T3eigval() which simply computes (4.8), (4.9),

R1 = T2eigval(R)
R2 = T3eigval(R)

(B.12)
Lambdal = T2eigval(Lambda)
Lambda2 = T3eigval(Lambda)
(b) Construct a tuple of matrices
EV_matrices = tuple(R1 — T2 left matrix,
R2 — T3 left matrix,
(B.13)

Lambdal — T2 adjoint matrix,
Lambda2 — T3_adjoint_ matrix)

(c) Construct a new matrix made out of blocks, that is a 4-by-1 block matrix

simul kernel matrix = block matrix(ZZ,len(EV_matrices),1,EV_matrices)

(B.14)
where ZZ defines the block matrix to be over the integers.
(d) Compute a basis for the kernel
kernel basis = simul kernel matrix.right kernel matrix() (B.15)

The matrix kernel_basis is a matrix with rows giving a basis for the kernel of

simul_kernel_matrix or equivalently a basis for A" (m,n). For the benefit of the reader,

the next subsection contains a review of a simple algorithm for computing this matrix. Lastly,

we run the Gram-Schmidt process on the matrix kernel_basis and clear the denominators

for the space A

of the vectors to get integer orthogonal bases for A% (m,n). The procedure is very similar
Rz (m,n).

Note that the kernel (B.15) contains a non-trivial solution if and only if®

C(R,R,A) >0, ((A)<2, Ky, >0. (B.16)

8In the restricted Schur basis, the eigenspace has non-zero dimension if and only if g(R;r1,72) > 0.
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Therefore, it is sufficient to compute the eigenvalues and kernels in those cases. In the code,
the set of non-zero pairs (R, A) are computed using

sectors=tuple((R,Lambda) forRinPartitions(L)forLambdainPartitions(L,max_length=2)
if len(R) <=Nandkroncoeff(R,R,Lambda) > 0and

symmetrica.kostka_number(Lambda,[L—1,i])>0)

(B.17)
here kroncoeff is a function that computes the Kronecker multiplicity C'(R, R, A) and
kostka_number computes the Kostka number Kj,,.

We encounter some problems for L > 10. First, output files are huge, typically larger
than 1MB. Second, we need to solve memory shortage to run the code. A workstation with
1TB of memory can reach L = 12; computing L > 12 will require further refinement of the
algorithm or some tricks for the memory management for parallel evaluation.

B.2 Integer kernels

The following algorithm/procedure gives a basis for the kernel of a p x ¢ matrix M [64,
Algorithm 2.4.5]:

1. Seti=p,j =q,k =q, U = I, the ¢ x ¢ identity matrix. If p < gsetl =1elsel =p—qg+1.
2. If j #£ 1 go top step 3. Otherwise, go top step 4.
3. Reduce j by one. If M;; = 0 go to step 2. Otherwise do the following:
(a) Set a = M, b= M;j, compute d, u,v such that
d = ged(a, b) = ua + vb. (B.18)

It is technically necessary for |ul,|v| to be minimal, see the remark below [64, Algo-
rithm 2.4.5] for more details.

(b) We introduce an auxiliary column vector B. For every r € {1,...,p} set

B, = uM, + ’UMTJ‘ (Blg)

a b
M,; = EMTj - ngk (B.20)
M, = B, (B.21)

and analogously for r =1,... ¢

B, = uU, + UUTJ‘ (B.22)

a b
Urj = gUrj - gUrk (B23)
U = By (B.24)

4. Set a = My and do the following steps:
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(a) If a < 0, then for every r =1,...,p set
M., =M., Uyp=-Ump, a=—a. (B.25)

(b) If a = 0, increase k by one. Otherwise, each r =k+1,...,q

q=|Mi/a] (B.26)
Mg, = Mg — qMy, for every s € {1,...,p} (B.27)
Usr = Ugp — qUg, for every s € {1,...,q} (B.28)

(B.29)

(c) If i =1 output the k — 1 first column of U and terminate the algorithm. Otherwise,
seti=i—1,k=k—1,7 =k and go to step 2.

The above procedure is not the one used in practice, for reasons of efficiency, SageMath will
choose an appropriate algorithm based on the input matrix.

B.3 Simple example: integer kernel

In section 3.4 we illustrated a simple example of applying the eigenvalue method to A(3,0) =
Z(C[Ss]) and R = [3]. This appendix contains the details of computing the integer eigenvectors
using the algorithm in the previous subsection.

We apply the algorithm on the augmented matrix

33 0
1 -3 2

() 0 3 -3

) -3 = [—— B.30

mL7] =3 = |4 (B.30)
010
0 0 1

Starting at the third row, we want turn all columns to the left of —3 to zero. We do this
by adding the third column to the second column giving

-3 3 0
1 -1 2
0 03 (B.31)
10 0
0 1 0
0 1 1

Note that multiplying the upper matrix in (B.30) by the lower matrix of (B.31) on the right,
gives the upper matrix of (B.31). There is nothing left to clear to the left of —3, but we
switch the sign by multiplying the third column by —1 giving

-3 3 0
1 —-1-2
0.0 3 (B.32)
1 0 O
0 1 O
0 1 -1

There is nothing to the right of the third column and so no further reduction is needed.
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Now consider the second row. We want to clear all columns to the left of —1. We do
this by adding the second column to the first giving

03 O
0-1-2

00 3 (B.33)

— = OO
@)

1
1
1 -1

Since —1 is not positive, we multiply the second column by —1

0-3 0
01 -2
00 3
10 0
1-10
1-1-1

(B.34)

We have already found a basis for the kernel here, the vector (1,1,1). But for completeness we
carry out the full algorithm which says to further reduce to the right of the second column. Let

q=]-2/1] = —2, we remove ¢ = —2 times the second column from the third column to get
0-3 6
01 0
00 3
(B.35)
10 0
1-1-2
1-1-3

We now consider the first row and column, and the algorithm says to go to step 4. Because
the entry is already zero we do not have to do anything and the algorithm terminates. As
previously mentioned, a basis for the kernel is given by the first column of the augmented
matrix. That is, the vector (1,1,1).

C Data: integer orthogonal bases for A(u1, p2)

In this appendix we give examples of solutions to the eigensystems in section 3, giving integer
orthogonal bases for two-matrix invariants in /' = 4 SYM.

C.1 Half-BPS operators

The multi-matrix invariants for A(L,0) describe the half-BPS operators of N' = 4 SYM.
These operators are labelled by the Young diagram R only, and the restricted Schur and
covariant operators become identical.” Following the methods in section 3 we obtain the

9The label A is always given by the totally symmetric representation [L].
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integer basis of operators of A(L,0), which can be denoted by
0F(Z2] = tryon (LQ™) 27) = 3 |11 ¢%(g) O, 2] (C.1)
9€Tp

where T}, is a sum over the conjugacy class of Sy, having the cycle type p = L. We can view
Q% as the restricted Schur or covariant basis whose multiplicity labels are all trivial,

R ’127-(;}77‘2) ) (7“1,’]”2,1/4”1/7) = (R’®7171)
Q" o A (C.2)
o MEOT (A7, 8) = ([L],1,1).

Below we will present the explicit form of Of[Z]. These data suggest that the coefficients
n (C.1) are equal to the Sp characters,

|| 5R(9) = XR(TP)' (C.3)

Since the normalised characters x®(T},)/dr are known to be integers [42], the coefficients
have the common factor equal to the dimensions of the Sj, representations,

GCDyer, {(9)} = dr. (C.4)
C.1.1 A(2,0)
R =[2], Tr(Z) Tr(Z) + Tr(2?)
R=[1,1],  Tx(Z)Tx(Z) - Tr(2?)
C.1.2 A(3,0)
R =[3], Te(Z)° +3Te(2) Te(2%) + 2T (2°)
R =[2,1], 2{Te(2)’ - Tx(2°)}
R=[1,1,1],  T(2)’ —3Te(2)Te(2?) +27Tx(2%)
C.1.3 A(4,0)
R =[4], Te(2)" +6Te(2)” Te(2?) + 8 Tu(2) Te(2°) + 3 Tx (2%) T (22) + 6 T (2%)
R =[3,1], 3{Te(2)" +2Tx(2)" Tx(2?) - Tr(2?) T (22) - 27Tx(2") }
R =[2,2], 2{Tr(2)* - 4T(2) Tx(2%) + 3Tx(2%) T (22) }
R=[2,1,1], 3{Tr(2)" —2Te(2)* Tx(2%) - Tx(2%) T (22) + 2T (2") }
R=[1,1,1,1],  Te(2)" = 6Te(2)" Tx(2%) + 8 Te(2) Te(222) + 3 Tx(2%) Tr(2?) — 6 Tx(2*)

C.2 Restricted basis
We will present the operators which are proportional to the restricted Schur operators (2.99),
ok Rrra(g, )= trV®L ([’(Qi,m,m) 701 g W®u2)
9(Ryr1,r2) (C.5)

QRﬂ”l,T‘z _ Z J(r1,r2) QR (rl,rg
A - A WV vyv—
vy, v_=1
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where QR T2 g an integer eigenvector for the eigenvalue system of the restricted Schur
basis (3.12), obtained according to the methods described in section 3.3.

c.2.1 A(1,1)

(R, r1,m2) = (2], [1], [1]), Te(Z) Te(W) + Te(ZW)
(R, r1,me) = ([, 1, (1), Te(2) Te(W) — Tr(ZW)

C.2.2 A(2,1)
(R,r1,7m2) = ([3], (2, [1]). Te(Z)° Te(W) + 2Tr(Z) Te(ZW) + Tr(22) Te(W) + 2 Te (22W)
(R,r1,m2) = ([2,1],[2], (1)), 2{Tx(2)” Te(W) - Te(2) Te(2W) + Tr(22) Te(W) — Tr(22W) }
(R,r1,72) = ([2,1],[1,1], [1)), 2{Tx(2)* Te(W) + Ta(2) Te(ZW) — Tx(2%) Te(W) - Tr(2°W ) |
(R,r1,72) = ([1,1,1], [1,1], [1]), Tr(Z)* Te(W) = 27Te(Z) Te(ZW) = Te(22) Te(W) + 2 Tx (22W)
C.2.3 A(3,1)

(R7 1, 7"2) = ([4]7 [3]7 [1])7
6 Tx(WZZZ)+6Te(WZZ)Te(Z) + 3Te(WZ) Te(Z)? + Te(W) Te(Z)? 4+ 3 Te(WZ) Tx(ZZ)
+3Te(W) Te(2) Te(ZZ) + 2Te(W) Te(ZZ Z)
(R7 1, r?) = ([37 1]7 [3]7 [1])7
3 {—2 Te(WZZZ) —2Te(WZZ) Tr(Z) — Te(W Z) Te(Z)? + Te(W) Tx(Z) — Te(W Z) Te(Z Z)
+ 3T (W) Te(Z) Ta(Z2) + 2 Te(W) Tr(22Z) |
(R, 1, 7"2) = ([3> 1]7 [2> 1]7 [1])7
6 {—2 Te(WZZZ) + Te(WZZ) Te(Z) + 2 Te(W Z) Te(Z)? + Te(W) Tx(2)? — Te(W Z) Te(Z Z)
—Te(W) Tx(222) }
(R’ 1, 7"2) = ([27 2]’ [2’ 1]? [H)a
2{-3Te(WZ2) Te(Z) + Te(W) Te(2)* + 3 Te(W 2) Tr(2Z) — Te(W) Tr(222) |,
(R7 1, T2) = ([27 1, 1]7 [2’ ”7 [1])7
6 {2 Te(WZZZ) + Te(WZZ) Tr(Z) — 2Te(W Z) Tr(Z)* + Te(W) Te(Z)® — Te(W 2Z) T (Z Z)
~Te(W) Tx(222) }
(R 7’1,7"2) ([2>171] [1 1’1]7[1})7
{2 Te(WZZZ) —2Te(WZZ) Te(Z) + Te(W Z) Te(Z)* + Te(W) Tr(Z)? — Te(W Z) Te(Z Z)
— 3T(W) Te(2) Te(22) + 2 Te(W) Tr(22Z) |
(R’Tla 2) ([1>1»17” [17171] [1])
—6Te(WZZZ)+6Te(WZZ)Te(Z) — 3Te(WZ) Te(Z2)* + Te(W) Tre(2)* + 3T (W Z) Te(Z2)
—3Te(W) Te(Z) Te(ZZ) + 2 Te(W) T(ZZ Z)
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Cc.2.4 A(2,2)

(Rv T17T2) = ([4}7 [2]7 [2])7
ATe(WWZZ) +2Te(WZ)2 + 2Te(WZW Z) + 4 Te(W) Te(W ZZ) + A Te(WW Z) Te(Z)
+4Te(W) Te(W2Z) Te(Z) + Te(W)2 Te(2)? + Te(WW) Te(2)? + Te(W)? Tre(Z2Z) + Te(WW) Te(Z2Z),

(R7 T17T2) = ([37 1]7 [2}7 [2])7
—2Tr(WZ)? = 2Te(WZW Z) + Te(W)? Tr(Z)? + Te(WW) Tr(Z)? + Te(W)? Te(ZZ) + Te(WW) Tx(Z Z),

(R,r1,m2) = ([3,1], [2], [1,1]),
{—2 Te(WWZZ) +2Te(W) Te(WZZ) =2 Te(WW Z) Tr(Z) + 2 Te(W) Te(W Z) Te(Z) 4 Te(W)? Tr(Z)?
— Te(WW) Tr(Z)* + Tx(W)* Te(ZZ) — Te(WW) Tr(ZZ)},
(R, 74177a2) = ([37 1]7 [17 1]7 [2})7
2 {72 Te(WWZZ) = 2Te(W)Te(WZZ) + 2Te(WW Z) Te(Z) 4+ 2 Te(W) Te(W Z) Tr(Z) + Te(W)? Tr(Z)?
+ Te(WW) Tr(Z)? — Te(W)? Te(Z22Z) — Te(WW) Tr(ZZ)},
(R7 r17r2) = ([27 2]7 [2}7 [2])7
2 {—2 Te(WWZZ)+2Te(WZ)? +2Te(WZW Z) — 2 Te(W) Te(W ZZ) — 2Te(WW Z) Tr(Z)
—2Te(W) Te(W Z) Tx(Z) + Te(W)* Tr(Z)? 4+ Te(WW) Tr(Z)? 4+ Te(W)? Te(ZZ) + Te(WW) Tr(ZZ)},
(R7 7"177'2) = ([27 2]7 [17 1]7 [17 1])7
2 {2 Te(WWZZ)+2Te(WZ)? —2Te(WZW Z) — 2Te(W) Te(W ZZ) — 2 Te(WW Z) Tx(Z)
+2Te(W) Te(W Z) Te(Z) + Te(W)? Te(2)? — Te(WW) Tr(2)? — Te(W)? Tr(ZZ) + Te(WW) Tr(ZZ)}7
(R, T17T2) = ([27 1, 1]7 [2]7 [17 1])7
2 {2 Te(WWZZ) = 2Te(W) Te(WZZ) + 2 Te(WW Z) Tx(Z) — 2 Te(W) Te(W Z) Tr(Z) + Te(W)? Tr(Z)*
— Te(WW) Tr(Z)? + Te(W)? Te(ZZ) — Te(WW) TY(ZZ)},
(R7 T17T2) = ([27 1, 1]7 [17 1]7 [2])7
2 {2 Te(WWZZ)+2Te(W)Te(WZZ) — 2Te(WW Z) Te(Z) — 2 Te(W) Te(W Z) Tr(Z) + Te(W)? Tr(2)?
+ Te(WW) Tr(2)* = Te(W)* Te(22) - Te(WW) Te(22) },
(R,r1,7m2) = ([2,1,1],[1,1],[1,1]),
—2Te(WZ)? + 2Te(WZW Z) + Te(W)* Tr(Z)? — Te(WW) Tr(Z)? — Te(W)? Te(Z22Z) + Te(WW) Tr(Z Z),
(R,r1,m9) = ([1,1,1,1],[1,1],[1,1]),
— AT (WWZZ) +2Te(WZ)? =2 Te(WZW Z) 4+ 4 Te(W) Te(W ZZ) + 4 Te(WW Z) Tr(Z)
—4Te(W) Te(W Z) Te(Z) + Te(W)? Te(Z)? — Te(WW) Tr(Z)? — Te(W)? Te(Z2Z) + Te(WW) Te(ZZ)

C.2.5 A(4,1)
(R,r1,m2) = ([5],[4],[1]),
UTH(W ZZZZ)+24Te(W ZZ Z) Te(Z)+12Te (W ZZ) Te(Z)? +ATe (W Z) Te(Z)> + Te (W) Tr(2)*
F12Te(W Z2) Te(Z2)+12Te(W Z) Te(Z) Te(Z Z) +6 Te(W) Te(2)> Te(Z Z) +3Te(W) Te (2 Z)?
FT(WZ) T (ZZZ)+8Te(W)Te(Z)Te(ZZZ)+6Te(W)Tr(ZZ Z Z)
(Rorvor) = (14,11, 4] 1)),
4{—6Tr(WZZZZ) —6TH(WZZZ)Te(Z)—3Te(W ZZ)Te(Z)*—Te(W Z) Te(Z)> + Te(W) Te(Z)*
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—3Te(WZZ)Tx(ZZ)=3Te(W Z)Tr(Z) Te(Z Z)+6 Te(W) Tr(Z)* Te(Z Z2)+3Te (W) Tr(Z Z)?
—2Tr(WZ)Tr(ZZZ)+8Tr(W)Tr(Z)Tr(ZZZ)+6Tr(W)Tr(ZZZZ)}

(R,r1,m2)=([4,1],[3,1],[1]),
12{—6Tr(WZZZZ)+2Tr(WZZZ)Tr(Z)+5Tr(WZZ)Tr(Z)2+3Tr(WZ)Tr(Z)3+Tr(W)Tr(Z)4
—3Te(WZZ)Tx(ZZ)+Te(W 2)Tx(Z) Te(Z Z)+2Te(W) Tr(Z)* Te(Z Z) - Te(W) Te(Z Z)?

)+

—OTH(WZ)TH(ZZZ)—2Te(W )Tr(ZZZZ)}

(R,r1,m2)=([3,2],[3,1],1]),
6{ ATe(WZZZ)Te(Z)—ATe(W ZZ) Te(Z)? +Te (W) Te(2) +4Te(W 2) Te(Z2) Te (2 Z)
+2Te(W)Tx(Z)* Tx(ZZ)—Te(W) Tx(Z Z) +4Tr(WZ)Tr(ZZZ)—2Tr(W)Tr(ZZZZ)}

(R>T17T2):([3a2]7[272]7[1})7
4{—6Tr(WZZZ)Tr(Z)—|—2Tr(WZ)Tr(Z)3+Tr(W)Tr(Z)4+6Tr(WZZ)Tr(ZZ)
+3Te(W)Tx(Z2)* -2 Te(WZ)Tx (22 Z) — 4Tr(W)Tr(Z)Tr(ZZZ)}

(R,r1,m2)=([3,1,1],[3,1],[1]

12{4Tr(WZZZZ)+2Tr WZZZ)Te(Z)—2Te(W Z) Te(Z)*+ Te(W) Te(2)* +2Te(W ZZ) Tx(Z Z)

(

),

(

—ATY(W 2)Te(Z) Te(ZZ)+2Te (W) Te(2)* Te(ZZ)—Te(W) T (2 Z2)* —2Te(W Z) Tx(Z Z Z)
—2Tr(W)Tr(ZZZZ)}

(R,r1,m2)=([3,1,1],2,1,1],[1]),
12{4Tr(WZZZZ)—2Tr(WZZZ)Tr(Z)+2Tr(WZ)Tr(Z)3+Tr(W)Tr(Z)4—2Tr(WZZ)Tr(ZZ)
—ATY(WZ)Te(Z) Te(ZZ)—2Te (W) Tx(Z)* Te(ZZ) —Te(W) Te(Z Z)* +2Te(W Z) Tx(Z Z Z)
+2Tr(W)Tr(ZZZZ)}

(R,r1,r2)=([2,2,1],[2,2],[1]),
4{6Tr(WZZZ)Tr(Z)—2Tr(WZ)Tr(Z)3+Tr(W)Tr(Z)4—6Tr(WZZ)Tr(ZZ)+3Tr(W)Tr(ZZ)2
+2Tr(WZ)Tr(ZZZ)—4ﬁ(W)Tr(Z)ﬁ(ZZZ)}

(R,r1,r2)=([2,2,1],[2,1,1],[1]),
6{4”&(WZZZ)TT(Z)—4Tf(WZZ)T&“(Z)2+Tr(W)TT(Z)4+4Tr(WZ)Tr(Z)T&r(ZZ)
—2Tr(W)Tr(Z)2Tr(ZZ)—Tr(W)Tr(ZZ)2—4Tr(WZ)Tr(ZZZ)+2Tr(W)Tr(ZZZZ)}

(R,r1,m2)=((2,1,1,1],[2,1,1],[1]),
12{76Tr(WZZZZ)72Tr(WZZZ)Tr(Z)+5Tr(WZZ)Tr(Z)273Tr(WZ)Tr(Z)3+Tr(W)Tr(Z)4
+3Te(WZZ)Te(ZZ)+Te(W Z)Te(2) Te(ZZ)—2Te(W)Tx(Z)* Tr(Z Z) - Te(W) Tx(Z Z)?
+2Tr(WZ)Tr(ZZZ)+2Tr(W)Tr(ZZZZ)}

(R7T17T2):([2ﬂ17171}7[]‘7171?]‘]3[1])3
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4{—6Tr(WZZZZ)+6Tr(WZZZ)Tr(Z)—3Tr(WZZ)Tr(Z)2+T‘r(WZ)Tr(Z)3+Tr(W)Tr(Z)4
+3Te(WZ2Z)Tx(Z2Z)=3Te(W Z)Tx(Z) Te(ZZ)—6Te(W) Tx(Z)* Te(Z Z)+3Te(W) Tx(Z Z)?
+2Tr(WZ)Tr(ZZZ)—|—8Tr(W)Tr(Z)TY(ZZZ)—GTr(W)TY(ZZZZ)}
(R,r1,r2) = ([1,1,1,1,1],[1,1,1,1],[1]),
UTY(WZZZZ)—24Te(W ZZZ) Te(Z)+12Te(W ZZ) Tr(Z)? —ATe(W Z) Tr(Z)* +Te (W) Tr(2)*
—12Te(W ZZ)Tx(ZZ)+12Te(W Z)Tx(Z) Te(Z Z)—6 T (W) Tx(Z)* Te(Z Z) +3Te (W) Tx(Z Z)?
—8Te(W2Z)Tr(ZZZ)+8Te(W)Tr(2)T(ZZ Z)—6Te (W) Tx(ZZ Z Z)

C.2.6 A(3,2)

(R,r1,r2)=([5],[3],2]),
12Te(WW ZZZ)+12Te(W ZW Z Z)+12Te(W Z) Te(W ZZ)+12Te(W) Te(W ZZ Z) + 12 Te(WW Z Z) Tr(Z)
+6Te(W Z)? Tr(Z)+6Te(W ZW Z) Tr(Z)+12Te(W) Te(W ZZ) Tr(Z) +6 Te(WW Z) Tr(Z)?
+6Tre(W) Te(W Z) Tr(2)2+Te(W)2 Te(Z2) 3+ Te(WW) Tr(Z)3 +6 Te(WW Z) Tr(Z Z) +6 Te (W) Tr(W Z) Tr(Z Z)
+3Te(W)2Tr(2) Te(ZZ) +3Te(WW) Tr(Z2) Te(Z Z) +2Te(W) > Te(Z Z Z) +2Te(WW ) Te(Z Z Z)

(R,r1,r2) = ([4,1],[3],[2]),
6{2Tr(WWZZZ)—8Tr(WZWZZ)—8Tr(WZ)Tr(WZZ)+2Tr(W)Tr(WZZZ)+2Tr(WWZZ)Tr(Z)

—4Te(W Z)?Te(Z)—4Te(W ZW Z) Te(Z)+2Te (W) T (W Z Z) Te(Z) + Te(WW Z) Te(Z)* +Te (W) Te(W Z) Tr(Z)?
+Te(W)2Te(Z)3+Te(WW) Te(Z)3 +Te(WW Z) Te(Z Z)+Te(W) Te(W Z) Tr(Z Z)+3Te(W) 2 Te(Z) Tr (Z Z)
+3Tr(WW)Tr(Z)Tr(ZZ)+2Tr(W)2Tr(ZZZ)+2Tr(WW)Tr(ZZZ)}

(R,r1,r2) = ([4,1],[3],[1,1]),
2{—6Tr(WWZZZ)+6Tr(W)Tr(WZZZ)—6Tr(WWZZ)Tr(Z)+6Tr(W)Tr(WZZ)Tr(Z)—3Tr(WWZ)Tr(Z)2
+3Te(W)Te(W 2) Tr(Z)2+Tr(W)2 Te(Z)3 = Te(WW) Tr(2)3 —3Te(WW Z) T (Z Z) +3Te (W) Te(W Z) Tr(Z Z)
+3Tr(W)2Tr(Z)Tr(ZZ)—3Tr(WW)Tr(Z)Tr(ZZ)+2Tr(W)2Tr(ZZZ)—2Tr(WW)Tr(ZZZ)}

(R,r1,r2) = ([4,1],[2,1],[2]),
6{—4Tr(WWZZZ)—2Tr(WZWZZ)—2Tr(WZ)Tr(WZZ)—4Tr(W)Tr(WZZZ)+2Tr(WWZZ)Tr(Z)
+2Te(W 2)2Te(Z)+2Te(W ZW Z) Tr(Z)+2Te (W) Te(W Z Z) Tr (Z)+ATe(WW Z) Tr(Z)?
+4Te(W) Te(W Z) Te(2)? +Te(W) 2 Te(Z)3 + Te(WW) Tr(2) —2Te(WW Z) Tr(Z Z) —2Te(W) Te(W Z) Te(Z Z)
fTr(W)zTr(ZZZ)fTr(WW)Tr(ZZZ)}

(R,r1,r2)=([3,2],3]:[2]),
3{74Tr(WWZZZ)+4Tr(WZWZZ)+4Tr(WZ)Tr(WZZ)74Tr(W)Tr(WZZZ)74Tr(WWZZ)TY(Z)
+2Te(W 2)2Tx(Z2)+2Te(W ZW Z) Tr(Z) —4Te (W) Te(W ZZ) Te(Z) = 2Te (WW Z) Tr(Z)? —2Te(W) Tr(W Z) Tr(Z)?
+Te(W)2Te(Z)2 +Te(WW) Tr(2)2 —2Te(WW 2) Te(Z Z) —2Te (W) Te(W Z) Te(Z Z) +3Te(W) 2 Te(Z) Te(Z Z)
+3Tr(WW)Tr(Z)Tr(ZZ)+2Tr(W)2Tr(ZZZ)+2Tr(WW)Tr(ZZZ)}

(R7T17T2):([372]7[271]7[2])7
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12{—Tr(WWZZZ)+Tr(WZWZZ)+Tr(WZ)Tr(WZZ)—Tr(W)Tr(WZZZ)—4Tr(WWZZ)Tr(Z)
—Te(WZ)2Tr(Z) = Te(W ZW Z) Tr(Z) —ATe(W) Te(W Z Z) Te(Z)+Tr(WW Z) Tr(Z) 2+ Te(W) Te(W Z) Tr(Z)?
+Te(W)2Te(2)3 + Te(WW) Tr(2)2 +4Te(WW Z) Tr(Z Z) +4Te (W) Te(W 2) Te(Z 2) — Te(W) > Te(Z Z Z)
JI‘r(WW)Tr(ZZZ)}

(R,r1,r2) = ([3,2],[2,1],[1,1]),
4{3Tr(WWZZZ)73Tr(WZWZZ)+3Tr(WZ)Tr(WZZ)73Tr(W)Tr(WZZZ)+3Tr(WZ)2Tr(Z)
—3Te(WZW Z)Tr(Z)—3Te(WW Z) Tr(Z)% +3Te(W) Te(W Z) Tr(Z) 2+ Te (W) 2 Tr(Z)3 = Te(WW) Tr(Z)3
fTr(W)QTr(ZZZ)+Tr(WW)Tr(ZZZ)}

(R,r1,r2)=([3,1,1],[3],[1,1]),
3{4Tr(WWZZZ)f4Tr(W)Tr(WZZZ)+4Tr(WWZZ)Tr(Z)74Tr(W)Tr(WZZ)Tr(Z)+2Tr(WWZ)Tr(Z)2
—2Te(W)Te(W Z) Tr(Z)2 +Tr(W)2 Tr(Z)3 —Te(WW) Tr(Z)3 +2Te(WW Z) Tr(Z Z) —2Tx (W) T (W Z) Tr(Z Z)
+3Tr(W)2Tr(Z)Tr(ZZ)73T‘r(WW)Tr(Z)Tr(ZZ)+2Tr(W)2Tr(ZZZ)fQTr(WW)Tr(ZZZ)}

(R,r1,r2)=([3,1,1],[2,1],[2]),

12 {Tr(WWZZZ)+3Tr(WZWZZ)+3Tr(WZ)Tr(WZZ)+Tr(W)TT(WZZZ)+2Tr(WWZZ)Tr(Z)
—3Te(WZ)2Tr(2)—3Te(W ZW Z) Te(Z)+2Te(W) Te(W Z Z) Te(Z) = Te(WW Z) Tr(Z)2 =T (W) T (W Z) Tr(Z)?
+Te(W)2Te(Z2)2+Te(WW) Tr(2)% —2Te(WW 2) Tr(Z Z) —2Te(W) Te(W 2) Te(Z2 Z) = Tre(W)2 Tx(Z Z Z)
—Tr(WW)Tr(ZZZ)}

(R,r1,r2) = ([3,1,1],[2,1],[1,1]),

12 {Tr(WWZZZ)+3Tr(WZWZZ)—3Tr(WZ)Tr(WZZ)—Tr(W)Tr(WZZZ)—ZTr(WWZZ)Tr(Z)
—3Tr(WZ)?Te(Z)+3Te(W ZW Z) Tr(Z)+2Te(W) Te(W Z Z) Te(Z) = Te(WW Z) Te(Z)* +Te (W) Te(W Z) Tr(Z)?
+Tr(W)2Tr(Z2)2 = Te(WW) Te(Z)3+2Te(WW Z) Tr(Z Z)—2Te(W) Te(W Z) Te(Z Z) - Te(W) 2 Tx (2 Z Z)
+Tr(WW)Tr(ZZZ)}

(R,r1,m2)=([3,1,1],[1,1,1],[2]),
3{4Tr(WWZZZ)+4Tr(W)Tr(WZZZ)—4Tr(WWZZ)Tr(Z)—4Tr(W)Tr(WZZ)Tr(Z)+2Tr(WWZ)Tr(Z)2
+2Te(W) Te(W 2) Tr(2)2+Te(W)2 Te(Z) 2+ Te(WW) Tr(2)3 —2Te (WW Z) Tr(Z Z) — 2T (W) T (W Z) Tr(Z Z)
—3Tr(W)2Tr(Z)Tr(ZZ)—3Tr(WW)Tr(Z)Tr(ZZ)+2Tr(W)2Tr(ZZZ)+2Tr(WW)Tr(ZZZ)}

(R,r1,m2)=([2,2,1],[2,1],[2]),
4{3Tr(WWZZZ)—3Tr(WZWZZ)—3Tr(WZ)Tr(WZZ)+3Tr(W)Tr(WZZZ)+3Tr(WZ)2Tr(Z)
+3Te(WZW Z)Te(Z)—3Te(WW Z) Tr(Z)? =3 Te(W) Te(W Z) Te(Z) 2+ Tr(W)2 Tr (Z)3 4+ Te(W W) Tr(Z)3
—Tr(W)QTr(ZZZ)—Tr(WW)Tr(ZZZ)}

(R,r1,m2) =([2,2,1],2, 1], [1,1]),

12 { —Te(WWZZZ)+Te(WZW ZZ)=Te(W Z) Te(W ZZ)+ Te(W) Te(W ZZZ)+ATe(WW ZZ) Tx(Z)
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—Te(W2Z)2Te(Z)+Te(W ZW Z) Tr(Z) —ATe(W) Te(W ZZ) Te(Z)+Te(WW Z) Tre(Z)? = Te (W) Te(W Z) Tr(Z)?
+Te(W)2Tr(2)2 = Te(WW)Tr(2)2 —4Te(WW 2) Tr(Z Z)+4Te(W) Te(W Z) Te(Z 2) = Te(W)2 Tx(Z Z Z)
+’I‘r(WW)Tr(ZZZ)}

(R,r1,72) = ([2,2,1],[1,1,1],[1,1]),
3{74Tr(WWZZZ)+4Tr(WZWZZ)74Tr(WZ)Tr(WZZ)+4Tr(W)Tr(WZZZ)+4Tr(WWZZ)Tr(Z)
+2Te(W Z)? Tr(Z) —2Te(W ZW Z) Tr(Z) —4Te(W) Te(W Z Z) Tr(Z) =2 Te(WW Z) Tr(Z)* +-2Te(W) Te(W Z) Tr(Z)?
+Tr(W)2Tr(Z2)2 —Te(WW) Tr(Z)2+2Te(WW Z) Tr(Z Z)—2Te(W) Te(W Z) Tr(Z Z) —3Te(W) 2 Tr(Z2) Tr(Z Z)
+3Tr(WW)Tr(Z)Tr(ZZ)+2Tr(W)2Tr(ZZZ)—2Tr(WW)Tr(ZZZ)}

(R,r1,m2)=([2,1,1,1],2,1],[1,1]),
6{—4Tr(WWZZZ)—2Tr(WZWZZ)+2Tr(WZ)Tr(WZZ)+4Tr(W)Tr(WZZZ)—QTr(WWZZ)Tr(Z)
+2Te(W Z)2 Tr(Z) —2Te(W ZW Z) Tr(Z) 42 Te(W) Te(W Z Z) Tr(Z) +4Te(WW Z) Tr(Z)? —4Te(W) Te(W Z) Tr(Z)?
+Te(W)2Tr(Z2)3 = Te(WW)Te(Z)34+2Te(WW Z) Tr(Z Z) =2 Te(W) Te(W Z) Te(Z Z) - Te(W) 2 Tx(Z Z Z)
+Tr(WW)Tr(ZZZ)}

(R,r1,m2)=([2,1,1,1],[1,1,1],[2]),
2{76T‘r(WWZZZ)76Tr(W)Tr(WZZZ)+6Tr(WWZZ)Tr(Z)+6Tr(W)Tr(WZZ)Tr(Z)73Tr(WWZ)Tr(Z)2
—3Te(W)Te(W Z)Tr(Z)2 +Tr(W)2 Tr(Z2)3+Te(WW) Tr(Z)3 +3Te(WW Z) Tr(Z Z) 43T (W) Tr(W Z) Tr(Z Z)
73Tr(W)2Tr(Z)Tr(ZZ)73Tr(WW)Tr(Z)Tr(ZZ)+2Tr(W)2Tr(ZZZ)+2Tr(WW)Tr(ZZZ)}

(R,r1,m2)=([2,1,1,1],[1,1,1],[1,1]),
6{2Tr(WWZZZ)78Tr(WZWZZ)+8TY(WZ)Tr(WZZ)72Tr(W)Tr(WZZZ)72Tr(WWZZ)Tr(Z)

—ATe(W Z)2 Tr(2)+4Te(W ZW Z) Te(Z)4+2Te(W) Te(W Z Z) Te(Z)+Te(WW Z) Tr(Z)2 =T (W) T (W Z) Tr(Z)?
+Te(W)2Tr(2)2 —Te(WW) Tr(2)3 —Tr(WW Z) Te(Z Z)+Te (W) Te(W Z2) Tr(Z Z) -3 Te (W) 2 Tr(2) Tr(Z Z)
+3Tr(WW)’IY(Z)TY(ZZ)—i—ZTr(W)QTr(ZZZ)—QTr(WW)TY(ZZZ)}

(R,r1,72)=([1,1,1,1,1],[1,1,1],[1,1]),
12Te(WW ZZZ)+12Te(W ZW ZZ) —12Te(W Z) Te(W ZZ) — 12 Te(W) Te(W ZZ Z) — 12 Te(WW Z Z) Tr(Z)
+6Te(W Z)2Te(Z)—6Te(W ZW Z) Tr(Z)+12Te(W) Te(W Z Z) Tr(Z) +6 Te(WW Z) Tr(Z)?
—6Te(W)Te(WZ)Tr(Z)2+Te(W)2 Tr(2)3 = Te(WW) Tr(Z)3 =6 Te(WW Z) Tr(Z Z) +6 Te (W) Tr(W Z) Tr(Z Z)

—3Te(W)2Tr(2) Te(ZZ)+3Te(WW) Te(2) Tr(Z Z)+2Te(W)2 Te (22 Z) -2 Te(WW) Tr(Z Z Z)

C.2.7 A(3,3)

This is the first example of the restricted Schur basis with a non-trivial Littlewood-Richardson
coefficient

9(12,1],[2,1];[3,2,1]) = 2. (C.6)
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Below we show an integer basis of the four states with (R,ry,72) = ([3,2,1],[2,1],[2,1]),
which are orthogonal with respect to the §-function inner product.

(Ra7‘177a2) = ([3v271]7 [271]’ [271D7

12{ Te(Z)* Te(W)2 —Tr(2) Te(WW W) =3Tx(2) Te(ZZW ) Tr(W)?

+3Te(2)Te(ZZWWW)=3Tr(Z) Te(ZW)* Te(W) +3Te(Z2) Te(ZW ZWW)
+3Te(ZZ)Te(ZW) Te(W)? =3Te(Z Z) Te(ZWW W) =Tr(ZZ Z) Te(W)?
+Te(ZZZ)Te(WWW)—6Tx(ZZW ) Te(ZWW)+3Tre(ZZW ZW ) Te(W)
+3Te(ZZWW)Tr(ZW)}

(R,ry,r2)=([3,2,1],2,1],[2,1]),

12{ Te(Z)* Te(W) =Te(Z)> Te(WWW)+9Tx(Z)* Te(ZW) Te(WW)

—9TH(Z)* Te(ZWW) Te(W)+6Te(Z) Te(ZZW) Te(W)* =6 T (2) Te(ZZWW W)
—3Te(Z) Te(ZW)* Te (W) +3Te(Z2) Te(ZW ZWW ) —6 Tr(Z Z) Te(ZW) Te (W)

+6Tr
-9 (ZZZW)Te(WW
+3Te(ZZW ZW ) Te(W
(Bor1,ra) = (3,2,1, 2,11, [2.1)),
36{ Tr(Z
—Te(2)Te(ZW)Te(ZWW)+Te(Z) Te(ZW ZW ) Te (W
—Tr(ZZ)Te(ZW) Te(WW)+Te(ZZ) Te(ZWW) Tr(W
—Te(ZZW)Tr(ZW) Te(W)+Te(ZZWW ZW)

+

ZZ)Te(ZWWW)=Te(ZZZ)Te(W)* +Te(ZZ Z) Ty (WW W)
HIT(ZZZWW) Te(W)—6Te(ZZW) Te(ZWW)
+3Te(ZZWW)Tr(ZW)}

(
(
(
( )
)
VTe(ZZW) Te(WW)~Tr(Z) Te(ZZW W) Tr(W)

)
)

TH(ZW)? Tr(ZWZWZW)}

(R.r1,m2)=([3,2,1],[2,1],[2,1]),

36{ Tr(Z)Te(ZZW)Te(WW)—=Tr(Z)Te(ZZWW) Te(W)=Tr(Z) Te(ZW) Te(ZWW)
+T(Z)Te(ZW ZW) Te(W)—Tx(Z Z) Te(ZW) Te(WW)+Tx(Z Z) Te(ZW W) Te (W)
—TH(ZZW)Te(ZW)Te(W)+23Te(ZZW ZWW)—22Te(ZZWW ZW)

+TR(ZW)*~Te(ZW ZW ZW) }

C.3 Covariant basis

We will present the operators which are proportional to the covariant operators (2.113),

where Qi’A

OF ™M () = tryon (L(QE™) 25 @ W)

C(R,R,A) KA, (4 10) (C7>

QZ,A _ Z Z NRAT QRA J(pa,p2),m .
T=1

is an integer eigenvector for the eigenvalue system of the covariant basis (3.14),

obtained according to the methods described in section 3.3. The index 8 may be omitted

because Ky, = 0 or 1 for u = (1, p2).
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Cc.3.1 \A(1,1)

(r,A)=([2],[2]), Tr(Z) Tx(W)+Tr(ZW)
(R,A)=([1,1],[2]), Te(Z) Te(W)=Tr(ZW)
C.3.2 A(2,1)
(R,A)=([3],[3]), Tr(Z2)* Te(W)+2Te(Z) Te(ZW)+Tr (Z22) Te(W) +2Tr (Z°W)
(R.A)=(12,1],[3), 2{Tr(Z)2Tr(W)7Tr(Z2W)}
(R,A)=([2,1],[2,1]), 2 {Tr(Z)Tr(ZW) ~Tr(2%) Tr(W)}
(R,A)=([1,1,1],[3]), Tr(Z2)* Te(W)—2Tx(Z) Te(ZW) - Tr (Z2%) Te(W)+2Tx (Z°W)
C.3.3 A(3,1)

(R,A)= (14, 14)),
6Te(W ZZZ)+6Te(W ZZ) Te(Z)+3Te(W Z) Te(Z)>+Te(W) Tr(Z)* +3Te (W 2) Te(Z Z)
F3Te(W) Te(2) Tr(Z2Z)+ 2T (W) Te(Z 2 Z)

(R,A)=([3,1],[4]),
3{72Tr(WZZZ)+Tr(WZ)Tr(Z)2+Tr(W)Tr(Z)3—Tr(WZ)Tr(ZZ)JrTr(W)Tr(Z)Tr(ZZ)}

(R,A)=([3,1],[3,1]),

6 {Tr(WZZ) Tr(Z)+Tr(WZ)Tr(Z)2fTr(W)Tr(Z)Tr(ZZ)fTr(W)Tr(ZZZ)}

(R,A)=([2,2],[4]),
2{73Tr(WZZ)Tr(Z)+Tr(W)Tr(Z)3+3Tr(WZ)Tr(ZZ)fTr(W)Tr(ZZZ)}

(R,A)=([2,1,1],[4]),
3{2Tr(WZZZ)fTr(WZ)Tr(Z)2+Tr(W)Tr(Z)3fTr(WZ)Tr(ZZ)fTr(W)Tr(Z)Tr(ZZ)}

(R,A)=([2,1,1],[3,1]),

G{fTr(WZZ) Tr(Z)+Tr(WZ)Tr(Z)2fTr(W)Tr(Z)Tr(ZZ)+Tr(W)Tr(ZZZ)}

(R,A)=([1,1,1,1],[4]),

—6Te(WZZZ)+6Te(W ZZ)Te(Z)—3Te(W Z) Te(Z)* +Te (W) Tr(Z)?
F3Te(W2Z)Te(ZZ)—3Te(W) Te(Z2) Te(ZZ2)+2Te (W) Te(ZZ Z)

C.34 A(2,2)
(R,A)=([4],[4]),
ATe(WW ZZ)4+2Te(W Z)> +2Te(W ZW Z)+4Te(W) Te(W Z Z)+ATe(WW Z) Te(Z)
AT (W) Te(W Z) Te(Z2)+Te (W) Te(Z2)* + Te(WW) Tr(Z2)* +Tre(W)* Te(Z Z) + Te(WW) Tr(Z Z)
(RvA):([371]v[4])a
—AT(WW ZZ)—2Te(W Z)? =2Te(W ZW Z)+4Te(W) Tr(W Z) Tr(Z)+3Te(W)* Tr(Z)?
+Te(WW)Te(Z)2+Te (W) Te(Z Z)—Te(WW) Tr(Z Z)
(RvA):([371]7[371])7
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2{—2Tr(W)Tr(WZZ)—|—2Tr(WWZ)Tr(Z)—|—Tr(WW)Tr(Z)2 —Tr(W)2Tr(ZZ)}
(R»A):<[371]7[2721)7
2 {2Tr(WWZZ)—2Tr(WZ)2—2Tr(WZWZ)—2Tr(W)Tr(WZ)Tr(Z)+Tr(WW)Tr(Z)2
+TY(W)2Tr(ZZ)+2Tr(WW)Tr(ZZ)}
(RvA):([2’2]7[4])a
2{QTr(WZ)Q—ZTY(W)TY(WZZ)—QTY(WWZ)Tr(Z)—&-Tr(W)2TY(Z)2+Tr(WW)Tr(ZZ)}
(RvA):([2>2]7[272])’
2{—2Tr(WWZZ)+2Tr(WZWZ)—2Tr(W)Tr(WZ)Tr(Z)+Tr(WW)T‘r(Z)2+T‘r(W)2”I‘r(ZZ)}
(RvA):([27171]7[4])’
ATe(WW ZZ)—2Te(W Z)? +2Te(W ZW Z) —ATe(W) Te(W Z) Tr(Z) +3Te(W)* Tr(Z)?
—Te(WW)Tr(Z2)*>=Te(W)*Te(ZZ)—Te(WW) Tr(Z Z)
(RvA) = ([27171]7[371])7
2 {2Tr(W)Tr(WZZ) —2Te(WW Z)Te(Z)4+Te(WW) Tr(Z)? —Tr(W)QTr(ZZ)}
(RvA) = ([27171]7[2721)7
2 {2Tr(WWZZ)+2Tr(WZ)2—2Tr(WZWZ)—2Tr(W)Tr(WZ)Tr(Z)—i—Tr(WW)Tr(Z)Z
+TY(W)2Tr(ZZ)—2Tr(WW)Tr(ZZ)}
(RvA) = ([1717171]5[4])7
—ATe(WW ZZ)+2Te(W Z)? =2Te(W ZW Z)+4Te(W) Te(W ZZ)+4Te(WW Z) Tr(Z)
—ATe(W)Te(W Z) Tr(Z)+Te(W)* Te(Z)? —=Te(WW) Tr(Z)* = Te(W)> Te(Z Z)+Te(WW ) Tr(Z Z)

C.3.5 A(4,1)

(R,A)=([5],[5]),
UTe(WZZZZ)+24Te(W ZZ Z)Tr(Z)+12Te(W ZZ) Te(Z)? +4Te(W Z) Tr(Z)* +Tr(W) Tr(Z2)*
+12Te(WZZ) Tr(ZZ)+12Te(W Z) Te(Z2) Tr(Z Z)+6 Te(W) Tr(Z)* Tr(Z Z) +-3Te(W) Tr(Z Z)?
+8Tr(W2Z)Tr(ZZZ)+8Te(W)Tr(Z2)Tx(ZZZ)+6Tx(W) T2 (ZZZ Z)

(RvA):([471}7[5])7
4{—6Tr(WZZZZ)+3Tr(WZZ) Tr(Z)°4+2Te(W Z) Tr(Z)* +Te(W) Tr(Z2)* =3 Te(W ZZ) Te(Z2 Z)
+3Te(W)Te(Z2)* Te(Z22) —2Te(W Z) Te(ZZ Z)+2Te (W) Tr(Z)Tr(ZZZ)}

(R7A):([471}7[471])7
12{2Tr(WZZZ)Tr(Z)+2Tr(WZZ)Tr(Z)2+Tr(WZ)Tr(Z)3+Tr(WZ)Tr(Z)Tr(ZZ)
—Tr(W)Tr(Z)2Tr(ZZ)—Tr(W)Tr(ZZ)2—2Tr(W)Tr(Z)Tr(ZZZ)—2Tr(W)Tr(ZZZZ)}

(RvA):([372]7[5])7
—24Te(WZZZ)Te(Z)—12Te(W ZZ) Tr(Z)? +4Te(W Z) Tr(Z)* +5Tr(W) Tr(Z)*
+12Te(W ZZ)Te(Z Z)+12Te(W Z) Te(Z) Tr(Z Z) +6 Te(W) Tr(2)* Te (Z Z)+3Te (W) Tr (2 Z)?
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+8Te(W Z)Tx(ZZZ)—8Te(W)Tx(2) Tr(ZZZ)—6Tx(W) Tr(Z ZZ Z)

(R7A):([3’2L[471])3
24{—TY(WZZZ)Tr(Z)—f—QTY(WZZ)TT(Z)Q+Tr(WZ)TY(Z)3+3TY(WZZ)T&"(ZZ)

—2Te(W Z)Tr(Z) Te(Z Z)—Te(W)Tre(2)* Te(Z Z)+2Te(W) Te(Z2Z)* —3Te(W Z) Tx(Z Z Z)
—2’IY(W)Tr(Z)TY(ZZZ)—kTr(W)Tr(ZZZZ)}

(R7A):([3’1’1L[5])3
6{4T‘r(WZZZZ)+Tr(W)Tr(Z)474Tr(WZ)Tr(Z)Tr(ZZ)JI‘r(W)Tr(ZZ)Q},

(R7A) = ([35151}7[471])3
24{fTr(WZZZ)Tr(Z)+Tr(WZ)Tr(Z)3fTr(WZZ)Tr(ZZ)fTr(W)Tr(Z)2Tr(ZZ)
+Tr(WZ)Tr(ZZZ)+Tr(W)Tr(ZZZZ)}

(RvA):([27271}7[5]):

UT(WZZZ)Te(Z)—12Te(W ZZ) Tr(Z)* —4Te(W Z) Tr(Z)* +5Te (W) Tr(2)*
—12Tx(WZZ)Te(Z Z)+12Te(W Z) Tx(Z) Te(Z Z)—6 Te(W) Tx(Z)* Tr(Z Z)+3Te(W) T (2 Z)?
—8Te(WZ)Tr(ZZZ)—8Te(W)Tr(Z) Te(ZZ Z)+6 Te(W) Te(ZZ Z Z)

(RvA) = ([2a2a1}7[4?1])7
24{—Tr(WZZZ)Tr(Z)—2Tr(WZZ)’Dr(Z)2+Tr(WZ)Tr(Z)3+3”D~(WZZ)TY(ZZ)
+2Te(W Z)Tx(Z2) Tx(Z Z)=Te(W) Te(Z)* Tx(Z Z)—2Te(W) Tx(Z Z)* =3 Te(W Z) Te(Z Z Z)
+2Tr(W)Tr(Z)Tr(ZZZ)+Tr(W)Tr(ZZZZ)}

(R,A)=([2,1,1,1],[5]),
4{—6Tr(WZZZZ)+3Tr(WZZ) Tr(Z)? —2Te (W Z) Te(Z)* +Te(W) Te(Z2)  +3Te(W Z2) Te(Z2 Z)
—3’IY(W)Tr(Z)2’[Y(ZZ)—i—Z’I‘r(WZ)’IY(ZZZ)—i—ZTr(W)Tr(Z)TY(ZZZ)}

(R7A) = ([2515151}7[471])3
12 {2Tr(WZZZ)Tr(Z)72Tr(WZZ)Tr(Z)2+Tr(WZ)Tr(Z)3fTr(WZ)Tr(Z) T (Z%)
—Tr(W)Tr(Z)QTr(ZZ)+Tr(W)Tr(ZZ)2—|—2Tr(W)Tr(Z)Tr(ZZZ)—QTr(W)Tr(ZZZZ)}

(RvA) = ([171717171}7[5]):

UT(WZZZZ)—24Te(W ZZZ)Tr(Z)+12Te(W ZZ) Tr(Z)? —4Te(W Z) Tr(Z)* +Tr(W) Tr(2)*
—12Tx(WZZ)Tx(Z Z)+12Te(W Z) Tx(Z) Te(Z Z)— 6 Te(W) Tx(Z)* Tr(Z Z)+3Te(W) T (2 Z)?
—8Te(W2Z)Te(ZZZ)+8Te(W)Tr(Z) Te(ZZZ)—6Te(W) Te(ZZ Z Z)

C.3.6 A(3,2)

This is the first example of the covariant basis with a non-trivial Kronecker coefficient

C([3,1,1],[3,1,1],[3,2]) = 2. (C.8)
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Below we show an integer basis of the two states with (R, A) = ([3,1,1],[3,2]), which are
orthogonal with respect to the §-function inner product.

(7,A)=([3,1,1],3,2]),

3{ T(Z)’Te(WW)—2Tx(2)*Tx(ZW) Tx(W)+Tx(2) T(Z Z) Te(W)?
+ATH(Z) Te(ZZWW)—4Te(Z) Te(ZW ZW ) —2Te(Z Z) Te(ZW W)
—2Te(ZZZ) Te(WW)+4Te(ZZW)Tr(ZW)}

(R,A)=([3,1,1],[3,2]),

12{ Tx(2)’Te(ZWW)-Tx(2)Tx(ZZ) Te(WW)—2Tr(Z) Tx(ZZW) Tr(W)
+T(Z2)Te(ZW ) +T(ZZZ) Tx (W) + Te(ZZZWW) - Tx(ZZW ZW) }

The remaining states are given as follows.

(R,A)=([5],[5]),
12Te(WW ZZ2)+12Te(W ZW Z Z)+12Te (W Z) Te(W ZZ) +12Te(W) Te(W ZZ Z)+12Te(WW Z Z) Tx(Z)

+6Te(WZ)>Te(Z2)+6Te(W ZW Z) Tr(Z) +12Te (W) Te(W ZZ) Tr(Z) +6 Te(WW Z) Tr(Z)*

+3Tr

w
+6Te (W) Te(W Z) Te(Z2)*+Te(W)* Tr(2) + Te(WW) Tr(2)3 +6 Te(WW Z) Tr(Z Z)+6 Te (W) Te (W Z) Te(ZZ)
(W)2Tr(2)Te(Z2)+3Te(WW) Te(Z2) Te(ZZ)+2Te(W) 2 Te (Z Z Z)+2Te(WW) Tr(Z Z Z)

(

(R,A)=([4,1],[5]),
2 { —6Te(WW ZZZ)—6Te(W ZW ZZ)—6Te(W Z) Te(W ZZ)+6 Te(W) Te(W Z Z) Te(Z) +3Te(WW Z) Tr(Z)?
+6 T (W) Te(W Z) Tr(Z)*+2Te(W)* Tr(2)* + Te(WW) Tr(2)® =3 Te(WW 2) Tr(Z Z) +3Te(W)* T (2) Tx(Z Z)
+Tr(W)2Tr(ZZZ)—Tr(WW)Tr(ZZZ)}

(R,A)=([4,1],[4,1]),
6{—6Tr(W)Tr(WZZZ)+4Tr(WWZZ)Tr(Z)+2Tr(WZ)2Tr(Z)+2Tr(WZWZ)Tr(Z)
—2Te(W)Te(W ZZ) Tr(Z)+4Te(WW Z) Tr(Z)? +Te (W) Te(W Z) Tr(Z) >+ Te(WW) Tr(Z)?
—3Tr(W)Tr(WZ)Tr(ZZ)—2Tr(W)2Tr(Z)Tr(ZZ)+Tr(WW)Tr(Z)Tr(ZZ)—2Tr(W)2Tr(ZZZ)}

(R,A)=([4,1],3,2]),
6 {6Tr(WWZZZ)—6Tr(WZWZZ)—6Tr(WZ)Tr(WZZ)+4Tr(WWZZ)Tr(Z)—4Tr(WZ)2Tr(Z)
—4Te(WZW Z)Te(Z)—2Te(W) Te(W Z Z) Te(Z)+Te(WW Z) Tr(Z)* =2 Te (W) Te(W Z) Tr(Z)?
+Te(WW)Te(Z)2 +3Te(WW Z) Te(ZZ)+Te(W)? Te(Z) Te(Z Z)+4Te(WW) Tr(Z) Te(Z Z)
+Tr(W)2Tr(ZZZ)—I—STr(WW)TY(ZZZ)}

(R, A)=([3,2],[5]),
12Te(W Z) Te(W ZZ)—12Te(W) Te(W ZZ Z) —12Te(WW ZZ) Te(Z) +6 Te(W Z)> Tr(Z) -6 Te(W ZW Z) Tr(Z)
—12Te(W)Te(W ZZ) Tr(Z) -6 Te(WW Z) Te(Z) > +6 Te (W) Te(W Z) Tr(Z) 2 +5Te (W) Tr(Z)* + Te(WW) Tr( 2)?
F6TH(WW Z) Te(Z2)+6 Te(W) Te(W 2) Te(Z Z)+3Te(W)* Te(Z) Te(Z Z) +-3Te(WW) Tr(Z) Te(Z Z)
—2Te(W)?Te(ZZ 2)+2Te(WW) Tr(ZZ Z)
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(R,A)=([3,2],[4,1]),

12 { —3Te(WZ)Te(WZZ)+3Te(W)Te(W ZZ Z) -2 Te(WW ZZ) Tr(Z) —ATe(W Z)* Te(Z) = Te(W ZW Z) Tr(Z)
—2Te(W)Te(W ZZ) Tr(Z)+4Te(WW Z) Tr(Z)? +Te(W) Te(W Z) Te(Z) 2 +Te(WW) Tr(Z)?

+6Te(WW Z)Te(Z Z)+6 Te(W) Te(W Z) Te(Z Z) =2 Te(W)> Tr(Z) Te(Z Z) -2 Te(WW ) Tr(Z) Te(Z Z)
72Tr(W)2Tr(ZZZ)73Tr(WW)Tr(ZZZ)}

(R,A): ([372]’[372])’
12{73Tr(WWZZZ)+3Tr(WZWZZ)72Tr(WWZZ)Tr(Z)7Tr(WZ)2Tr(Z)+2Tr(WZWZ)Tr(Z)
—2Te(W)Te(W ZZ) Te(Z)+ Te(WW Z) Tx(Z)* —2Te(W) Te(W Z) Te(Z) 2+ Te(WW) Tr(Z)?
+Tr(W)2Tr(Z)Tr(ZZ)+Tr(WW)Tr(Z)Tr(ZZ)+Tr(W)2Tr(ZZZ)}

(RvA): ([371’1]7[5])’
6{QTr(WWZZZ)JrQTr(WZWZZ)72Tr(WZ)2Tr(Z)+Tr(W)2Tr(Z)372Tr(W)Tr(WZ)Tr(ZZ)
—Tr(WW)Tr(Z)Tr(ZZ)}

(R,A)=([3,1,1],[4,1]),

12 {Tr(WZ)Tr(WZZ)+3TT(W)Tr(WZZZ)—ZTr(WWZZ)Tr(Z)—TT(WZWZ)Tr(Z)+T‘r(W)T‘r(WZ)T‘r(Z)2
+Tr(WW)Tr(Z)3—2Tr(WWZ)Tr(ZZ)—2Tr(W)2Tr(Z)Tr(ZZ)+Tr(WW)Tr(ZZZ)}

(R,A)=([3,1,1],[3,2]),

3 {4Tr(WZ)Tr(WZZ)+4Tr(WWZZ)Tr(Z)—4Tr(WZWZ)Tr(Z)—2Tr(W)Tr(WZ)Tr(Z)2
+Tr(WW)Tr(Z)372Tr(WWZ)Tr(ZZ)+Tr(W)2Tr(Z)Tr(ZZ)72Tr(WW)Tr(ZZZ)}

(RvA): ([37171]7[3721)»

12 {Tr(WWZZZ)fTr(WZWZZ)JrTr(WZ)QTr(Z)72Tr(W)Tr(WZZ)Tr(Z)+Tr(WWZ)Tr(Z)2
—Tr(WW)T‘r(Z)T‘r(ZZ)+Tr(W)2Tr(ZZZ)}

(R,A)=([2,2,1],[5]),

—12Te(W Z) Te(W ZZ)+12Te(W) Te(W ZZ Z)+12Te(WW Z Z) Te(Z) +6 Te(W Z2)* Tr(Z) 46 Te(W ZW Z) Tr(2)
—12Te(W)Te(W ZZ)Tr(Z) -6 Te(WW Z) Tr(Z)> =6 Te (W) Te(W Z) Tr(Z) 2 +5Te (W) Tr(Z)? = Te(WW) Tr( 2)?
—6Te(WW Z)Tr(ZZ)+6Te(W) Te(W Z) Tr(Z Z)—3Te(W)> Te(2) Te(Z Z)+3Te(WW) Tr(Z) Te (2 Z)
—2Te(W)?Tx(ZZ2Z)—-2Te(WW)Tx(Z Z Z)

(R,A)=([2,2,1],[4,1]),
12{73Tr(WZ)Tr(WZZ)+3Tr(W)Tr(WZZZ)72Tr(WWZZ)Tr(Z)+4Tr(WZ)2Tr(Z)fTr(WZWZ)Tr(Z)
+2Te(W)Te(W ZZ) Te(Z)—4Te(WW Z) Te(Z)* +Te(W) Te(W Z2) Te(Z)? +Te(WW) Tr( Z)?
+6Te(WW Z)Tr(Z2Z)—6Te(W) Te(W Z) Tr(Z Z)—2Te(W) 2 Tr(Z2) Te(Z Z)+2Te(WW) Tr(Z) Te (Z Z)
+2Tr(W)2Tr(ZZZ)—3Tr(WW)Tr(ZZZ)}

(RvA): ([272’1]7[3721)7
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12 {3Tr(WWZZZ)—3Tr(WZWZZ)—2Tr(WWZZ)TT(Z)+TT(WZ)2Tr(Z)—i—QTr(WZWZ)Tr(Z)
+2Te(W)Te(W ZZ) Tr(Z)=Te(WW Z) Tr(Z)? =2 Te(W) Te(W Z) Tr(Z)* +Te(WW) Tr(2)*
+Tr(W)2Tr(Z)Tr(ZZ)—Tr(WW)Tr(Z)Tr(ZZ)—Tr(W)2Tr(ZZZ)}

(R,A)=([2,1,1,1],[5]),
2 { —6Te(WWZZZ)—6Te(WZW ZZ)+6Te(W Z) Te(W ZZ)+6Te(W) Te(W Z Z) Tr(Z) +3Te(WW Z) Tr(Z)?
—6Te(W)Te(W Z)Tr(2)>+2Te(W)> T (2) = Te (WW) Tr(Z)3 +3Te(WW Z) Tx(Z Z)— 3T (W) > Te(Z) Te(Z Z)
+Tr(W)2Tr(ZZZ)+Tr(WW)TT(ZZZ)}

(R, A)=([2,1,1,1],[4,1]),
6 { —6Te(W)Te(WZZZ)+4Te(WW ZZ) Tr(Z) —2Te(W Z)* Te(Z) +2Te (W ZW Z) Tr(Z)
+2Te(W)Te(W ZZ) Tr(Z)—4ATe(WW Z) Te(2)* + Te(W) Te(W Z) Tr(Z)* +Te(WW) Tr(2)®
+3Tr(W)Tr(WZ)Tr(ZZ)—2Tr(W)2Tr(Z)Tr(ZZ)—Tr(WW)Tr(Z)Tr(ZZ)—i—2Tr(W)2TT(ZZZ)}

(R, A)=([2,1,1,1],3,2]),
6 { —6Te(WW ZZZ)+6Te(WZW ZZ)—6Te(W Z) Te(W ZZ)+4ATe(WW ZZ) Te(Z) +4Te(W Z)* Tr(Z)
—ATe(WZW Z) Te(Z)+2Te(W) Te(W ZZ) Te(Z) = Te(WW Z) Tr(Z)* —2Te(W) Tre(W Z) Tr(Z)?
+Te(WW)Te(2)> +3Te(WW Z) Te(Z Z)+Te(W)> Tre(Z2) Te(Z Z) —ATe(WW) Tr(Z) Te (2 Z)
—Tr(W)ZTr(ZZZ)+3Tr(WW)Tr(ZZZ)}

(R, A)=([1,1,1,1,1],[5]),
12Te(WW ZZZ)+12Te(W ZW Z Z)—12Te(W Z) Te(W ZZ) =12 Te(W) Te(W ZZ Z)—12Te(WW Z Z) Tr(Z)
+6Te(W Z)>Tr(Z)—6Te(W ZW Z) Te(Z)+12Te (W) Te(W Z Z) Te(Z) +6 Te(WW Z) Tr(Z)?
—6Te(W)Te(WZ)Tr(Z)*+Te(W)2Tr(2)* —Te(WW) Tr(Z)* =6 Te(WW Z) Tr(Z Z) +6 Te(W) Te (W Z) Te(Z Z)

—3Te(W)*Tx(2) Te(Z2)+3Te(WW) Tr(2) Te(Z Z)+2Te(W)? Te(Z 2 Z) - 2Te(WW) Tx (2 2 Z)

D Data: orthonormal bases for C[Sf]

In this appendix we give examples of solutions to the eigensystems in 4, giving the Artin-
Wedderburn and Kronecker decomposition of C[Sy], respectively.

D.1 Matrix units of Sy,
The matrix unit of Sy, is defined by (2.48),

d _

QY =25 S Dh(g) g (D.1)
‘SL’ geSs

L

In the following we construct Qﬁ] , and thus determine the matrix elements of the irreducible
representation of Sy,.°

00ur construction gives the Young seminormal representation, which is real and unitary. See the discussion
at the end of section 4.
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We argued in the main text that by solving the eigenvalue system (4.14), the matrix unit
can be determined uniquely up to the normalisation constant. If we follow the method of
section 3.3 using the Hermite normal form, we obtain the eigenvectors whose components
are all integers. Let us call such an eigenvector the integer basis, denoted by

Q?J = N?J Q?J (D.2)

where N?J is a normalisation constant. The integer basis satisfies the condition

Q?J = Z Cg(Q?J)gv Cg(Q?J) €7, (D.3)

g€Basis

and the product relation

N NE
Qfy Qi = 7I§R L 61 5k Qf - (D.4)
IL
Note that the explicit data shown below may not give real and unitary matrices D in the
sense that D, (o071) # DI, (0).1! As discussed at the end of section 4.1, we need to rescale
the eigenvectors to obtain the Young-Yamanouchi orthogonal representation, which is real and
unitary. However, the rescaling spoils the integer property. Other Z-valued representation
matrices, such as arising from the Young natural and Kazhdan-Lusztig constructions, also
do not produce unitary matrices [81, 82].
We wrote a Mathematica code to compute the matrix units of Sy, explicitly up to L = 6.
Below we just present our results up to L = 4.

D.1.1 Case of S,
One finds

Q¥ =(+(2), QM=0-(2, Q"Q"=2Q" (D.5)
where we omit I,.J because all representations are one-dimensional.

D.1.2 Case of S3

We express the matrix unit Qﬁ] as a pair of Young tableaux {I, J} of shape R. We reorganise
them into a vector

5= (Ql.Q5" Q. 05" Q. af™) D)
- (e e, () (P (P 2 (P ) (D )
= = - = = = = =
We choose a basis of S3 as
Basis = {(), (23), (12), (123), (132), (13)} (D.7)

"In other words, we did not impose the real unitarity condition on the integer basis Q¥; with a generic
NE; .
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and expand &), as

&p = Z Epg 9. (D.8)

gEBasis

The coefficient matrix in the integer basis is given by

1 1 1 1 1
-1 2 -1-1-1
1 0 1 —-1-1
1 0 -11 -1
1 -2-1-11
-1-11 1 -1

1

2

0
= |, (D.9)

2

1

We can write down the product relation (D.4) explicitly as

665 0 0 0 O

0 662663 0 0

0 0 0 2866
0 66126 0 0

0 0 0 668,66
0 0 0 0 06

&6y = (D.10)

%OOOOO

6

In order to reproduce the standard matrix unit relation (2.49), we need to adjust the
normalisation so that N}%J = 1 for all eigenvectors. In this normalisation, we find

1111 11
6 6 6 6 6 i
111 1 1 _1
3 6 3 6 6 6
3 ~ - oL o L _ 1 _ 1
B= 3 Bwe B | N0 MR A (D.11)
g€Basis T\/g ﬁ 27\/5 m
11 1 1 11
111 1 1 _1
6 6 6 6 6 3
For example,
3 +(23) + (12) + (123) + (132) + (13
5’1:{7}:() (23) + (12) (6 ) + (132) + (13)
2 () = (23) — (12) + (123) + (132) — (13) (D.12)
s=1{2 12} - |
6
The product of &'s is given by
&00000
0 &eé30 00
;2 000660
o & & D.13
per 068000 (D.13)
00 0&6&DO0
0000 0 &

which agrees with (2.49).
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D.1.3 Case of S4

Define the vector of matrix units as

(D.14)

o (e s (P P (PO (P . (PTG
{32"”732"”}7{32'4[3'4'}»{23'“;2'3'}7{23'4@2'4'}7{23'4'723'4'}7
(P (T (R - B i
(e M M e )
FEPER P e

and choose a basis of S; as

Basis ::{(),(34),(23),(234),(243),(24), (12), (12)(34), (123), (1234), (1243), (124),

(132), (1342), (13), (134), (13)(24), (1324), (1432),(142),(143),(14),(1423),(14)(23)}.

The coefficient matrix in the integer normalisation is given by

111

0 0

0

3—-13 -1-1-1

0 -12 -1
—3—

1 11

2 -1-1
01 1

1-15

111111
-13 -1-1-1
0 2 -1-1
0 011
0-12 -1
-3-1-15

111 11
-13 -1-1-1
2 0 2 -1-1
0 0 0 11
-10 -1-1-1
—-3-1-3-1-4-4

o O O w

2-12-1-1-1
—-15-15 —-4-4

(D.15)

= oW O W

—1—
1-11-1

1
1
1
1
1-1-1

= =W
= w o =

3 3 11
0-10 -1
-3-1-3-1
—-2-2-1-1-1-1
2 2 -1-1-1-1
0 01-11-1

3
0
0
0
6
0
0
0

S O OIN N O N

—3-3-3-3-2-2
01 0-11-1
3 1 -3-1-22
-1-11 1
—1-1-1-1
-11-11

-1-1-1-12 2
01 0-11-1
3 1 -3-1-22
-1-11 1 0 0
—1-1-1-12
-11-110

S|lOoO NN O O Ol O O
OO N N O O O N O N

1
2-2
2-2-1
00
00
00

1 -1-11

-1-31

-3-11

1 -1-1
1 1 -1

1 0 -1

0 0-1-111
-22-111 -1
2 -2-111-1
0 0 3-1-31
0001 0-1
0-33 1-1

1 1 -1-1
-11 1 -1
-11-11
-31-31
0-10 -1
3 -3-3 3

N = N O N OO N O

2
0
-1-11 1 0 0
1 -1-11 -2 2
1-11-10 0
3 -13 -1-2-2
01 0 1 -1-1
-11 1 -12 -2

6 -2
02
00

3
0
3
3
0
0
02 0

1-1-1

~1-1-5

-21 -1
31 -3-

1 -2-1
0 1 -1

1-11

1 1 -1

-62-311 5
0-20-121
00 00-11
0-20 2-11
-3-13 1 1 -1
-11 1 -1-11

- 65

-31 3 -1-44
-10 1 1 -1
0 00 1-1
2 0-21-1
1 -3-1-11
-1-11 1 -1

_ w o o O

1 5-1-54 -4
21 -2-1-11
1 -1-11 1 -1
-11 1 -1-11
1 -1-11 1 -1
-11 1 -1-11

(D.16)



The product &, &), is given by

246, 0 0 0 0 0 0 0 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2462463246, 0 0 o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1264883486y 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 O 0 46, 1663 168, 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2485685 667 0 0 o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 486548654867 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 O 0 16651665 1687 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2483 689 6610 0 0 o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 48634864861 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 O 0 1663166516819 0 0 0 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 O 0 0 0 0 24&124812] O 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0 |88 2462 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 O 0 0 0 0 24&388&14| O 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0 [24&1324614 O 0 0 0 0 0 0 0 0 0
o 0 0 0 0 O o 0 0 0 0 0 0 0 1681516&1616817 0 0 0 0 0 0 0

0 0 0 0 0 O 0 0 0 0 0 0 0 0 0 486&15(48&1648417 0 0 0 0
0 0 0 0 0 O 0 0 0 O 0 0 0 0 0 0 0 0 0 0 6815 6816 24617 0
0 0 0 0 0 O o 0 0 0 0 0 0 0 16&1816&19168% 0 0 0 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0 0 0 0 0 0 486815|486194862 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6818 6819 2465 0
0 0 0 0 0 O 0 0 0 0 0 0 0 0 166211682 463 0 0 0 0 0 0 0
0 0 0 0 0 O 0 0 0 O 0 0 0 0 0 0 0 4861486221265 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2469124622463 0
0 0 0 0 0 O 0 0 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0 24

D.2 Kronecker basis of Sy,

Recall that the Kronecker basis of Sy, is defined by (2.60),

QRAT: Z Z STk DI (g) g7 = Z Z STk DH (9 g (D7)

gESLIJ 1 gGSLIJ 1

We solve the eigenvalue system (4.17) using the Hermite normal form to compute the integer
Kronecker basis, which is related to the original Kronecker basis by

QRAT _ QRAT (D]_S)

RA,T
N K

where is a normalisation constant.

We will omit the multiplicity label 7, because C'(R, R,A) € {0,1} for L < 4.

D.2.1 Case of S,

One finds
QI =()+(12),  QMIFI=() -2, QPEIQI =26MQM (D19
where we omit K because all representations are one-dimensional. There is no basis element

with A = [1,1] because C'(R,R,[1,1]) = 0 at L = 2.
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D.2.2 Case of S3

777—

We express the matrix unit Q" as a pair {R, K}, where R is a Young diagram and K

is a Young tableau K of shape A. We reorganise them into a vector

ﬁf = (Q[LlulL[lg] 7Q[3L[13} ’qul}’[llvlul] ’Q[2u1]7[13] 7Q[2’1]7[1271} ’Q[2’1L[2271])

- ({erm ommm). (P s (P ) AP PP ) (e

(D.20)
and expand it in the basis of S5 (D.7) as
> Fuy. (D.21)
gc€Basis
The coefficient matrix in the integer basis is given by
11 1 1 1 1
20 0 -1-10
01 -20 0 1
F,, = D.22
101 0 0 0 -1 (D-22)
00 0 1 -10
1-1-11 1 -1
For example,
1={[j:|j [T} = () + (23) + (12) + (123) + (132) + (13).
(D.23)

= @ - = () —(23) — (12) + (123) + (132) — (13).
If we define 7 1= > geBasis Fpg g~! and compute the J-function inner product, we find
5(9;1%,) =M,6,, M,=(6,606,2206). (D.24)

D.2.3 Case of S4

Again, the multiplicity label 7 is trivial at L = 4. Define the vector of Kronecker basis as

2|41}7
3]
}

[y

%z({l (10, meemE), { -, meem), { - 28 {H

2‘},{_ [

EB )

{
{
(5 e} {7 FPP T B P
{

[w»—

()

[]

_Il’é3l4 {_Il,éél}’{_ll’;i}’{ ’

[ukloa —

l»lkll\’) —

—_
w

IS

]
) {5 ez { . D (.
]

L]

Ol

an
EE
=
H -
-+
EEE
ﬁ/_lﬁ
=
-+
EEE

35}’ {E }) (D.25)
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and expand it in the basis of Sy (D.15). The coefficient matrix in the integer basis is given by

1 1
1
-2

1
1

I
—_

111111
1-10-1-10
-20-30 01
-20 0 0 0 -2
00 0

111111
0-11 0 -1-1
-30-21 00
01 100
0 -1-10 0
1 -10-2-2

11

11 11
-10 0
1
1

1 -1-1
0 1 2 00
0 -2 -10 0
0 0-1-10 0
1 0 0-1-2-2

OO R = = O
OO R R R O =
|
—

1

0 1-10
0 1-10
0 1-10
0 -1-10
0 0 -1

-1-10-20
1 01 00
1 0-10 -2
-3-20 -1
-10 0 -12
-1-10

o O oo ©o o

o
|
[\

1 00
-10 -1
1 21
-2-11
0 -1-1
-10 0 -1

o O O O =

S O O O O O Ol O NN ==

I
—
I
—

1 0 0 -1
0 1-10
0 0 -1
—2-1-12
1 -1-1-1
1 -1-11

O Ol O O O O ol o

0
-10 0
0-10
-10 -1
-2-10
1 -10
-11 0

SO O O = O OoO|N O

-10 0 1
-11 0
0 0 -1
-1-12
—-1-1
1 -1

S OO N O O O N

O O O - O O O NN o o
I
—

o O O

O O O O OO0 O O W o Ol N O O O OO0 o0 o o w

O O O O NIO NN

-1 0 -1
1 0 -1
-10
-10
-10

0
0

0
0
1
0
3
0
0
0

o O O = O =

-10
0-1-10
0-101
0-10 -1
-3 2 0 -1

|
[\

O O O NN
NN O O

0 -1-2 2
01 0 -2
0-10 0 0
-12 1 0-20
2-110-20

O OO N

0
1
0
0
0
1
1
1

0
0
01
1
1
1

—_
|

—_
|

1 1 -1 1 -1-11}j1-1-11 1 -1|-11 1 -1-11
(D.26)

Their é-function inner product is given by (7, YZ,) = M, 6,y , where

M, = (24,24,48,24,8,48, 16,8,24,48,24,24, 8,8,24,48,24,8, 48,16,8,24,48,24).
(D.27)

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has associated code in a code repository.
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