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1 Introduction

Correlation functions are fundamental observables in quantum field theories. In a conformal
field theory, they encode rich conformal data (scaling dimensions and OPE coefficients) and
through AdS/CFT duality, they are dual to scattering process in the bulk which offer useful
insights into quantum gravity. In four-dimensional N = 4 super-Yang-Mills (N = 4 SYM)
theory, the most extensively studied correlation functions are those of single-trace half-BPS
operators, which are dual to gravitons and Kaluza-Klein (KK) modes in type-IIB supergravity.
While two- and three-point functions of these operators are protected by supersymmetry and
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do not receive quantum corrections, their four-point functions are no longer protected and are
highly non-trivial functions of the coupling constant. Computing these four-point functions is
a key challenge in unraveling the full structure of N = 4 SYM theory. Over the past decades,
significant progress has been made at both weak [1–9] and strong coupling [10–25] through
cutting edge perturbative methods and bootstrap approach. Additionally, non-perturbative
techniques such as integrability and supersymmetric localization have been developed to
compute special classes of four-point functions [5, 26–35] and integrated correlators [36–39],
providing valuable finite coupling data.

Type-IIB supergravity/superstring theory in AdS5×S5 hosts a diverse spectrum of objects
beyond graviton and KK modes. In particular, due to the Myers effect [40, 41], a graviton
with large angular momentum in the presence of Ramond-Ramond flux will expand into an
extended object called a ‘giant graviton’ [41–43]. It is described by a D3 brane wrapping an
S3 ⊂ S5 in the internal space. The size of the D3-brane is bounded, a manifestation of the
stringy exclusion principle, and the configuration with maximal size is termed a maximal
giant graviton. In AdS/CFT correspondence, giant gravitons are dual to (sub-)determinant
operators which are also half-BPS operators. Correlation functions involving these operators
alongside the single-trace operators are of significant interest from both field theoretic and
bulk perspectives. On the bulk side, they describe interactions between giant gravitons and
KK modes, while on the field theory side, determinant operators represent baryonic states in
large-N gauge theory [44–47], serving as a valuable toy model for studying baryonic physics.

Correlation functions involving determinant operators have been much less studied, espe-
cially at quantum level compared to their single-trace counterparts. One of the main reasons
is their computational complexity. With scaling dimensions of order Nc, the determinant
operators are very heavy in the large-Nc limit. Wick contractions among these operators is
rather intricate and identifying the dominant contributions to the correlation functions in
the large-Nc limit is much more non-trivial [48–55]. A large number of seemingly subleading
non-planar contributions can add up together and lead to non-negligible contributions. As a
result, exact computation of quantum corrections of the giant graviton correlation functions
have only started recently. At weak coupling, one-loop results involving two maximal giant
gravitons and two arbitrary single-trace half-BPS operators are obtained by the partially
contracted giant graviton (PCGG) method and a direct Feynman diagram computation [56].
Progress at higher loops has been more limited: current two- and three-loop results are
restricted to cases involving length-2 single-trace operators, obtained through by Lagrangian
insertion and a bootstrap approach [56, 57]. At strong coupling, correlation functions in-
volving two maximal giant gravitons and two arbitrary KK modes have been computed very
recently by superconformal bootstrap [58]. At finite coupling, integrated correlation functions
with two giants and two length-2 operators have been obtained by localization [38, 39, 59].
In this work, we extend these results by presenting the complete two-loop computation of
correlation functions involving two maximal giant gravitons and two single-trace operators
of arbitrary length in the large-Nc limit.

To achieve this, we developed a new method by merging the N = 2 harmonic superspace
with the PCGG method, which we term the harmonic PCGG approach. By exploiting
supersymmetry and planarity, harmonic PCGG method reduces the number of required
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Feynman diagrams significantly. For example, in the previous one-loop computation [56],
one needs to compute 31 distinct Feynman diagrams while using the harmonic PCGG
approach we only need to compute 1 diagram. At the two-loop level, as we will demonstrate,
the complete result for two single-trace operators of arbitrary length can be obtained by
computing only 26 diagrams.

Our one- and two-loop results reveal a remarkable structural pattern at the integrand
level, which can be interpreted as a defect generalization of the hidden 10D conformal
symmetry. This symmetry has a well-established counterpart in the four-point functions of
single-trace operators, first identified at strong coupling [20] and later at weak coupling [21]
in N = 4 SYM theory. Subsequent work has uncovered analogous structures in various other
contexts [23, 24, 60, 61]. For giant graviton two-point functions, this symmetry was previously
observed at strong coupling [58]. Our results now demonstrate its persistence at weak coupling
up to at least two-loop order. While the fundamental origin of this hidden conformal symmetry
remains mysterious, it provides a powerful organizational principle: knowledge of length-2
operator results suffices to reconstruct correlation functions for operators of arbitrary lengths.
This remarkable property offers significant computational advantages and suggests deeper
underlying structure in the theory.

The rest of this paper is organized as follows. Section 2 provides a concise introduction
to the N = 2 harmonic superspace formalism. Building on this, section 3 presents a detailed
development of the harmonic PCGG method. We then apply this method to compute
correlation functions at one-loop (section 4) and two-loop (section 5) orders. The resulting
structures reveal a hidden 10D conformal symmetry, which we analyze in section 6. In section 7,
we extract OPE data through conformal block decomposition and compare these results with
integrability predictions, providing a consistency check of our approach. Finally, section 8
summarizes our findings and outlines future research directions. Additional technical details
can be found in the appendices.

2 Review of harmonic superspace

We review N = 2 harmonic superspace in this section, providing necessary background for
later discussions as well as fixing notations and conventions. For a more detailed introduction
to harmonic superspace and its applications, we refer to [62–71] and references therein.

2.1 Harmonic superfields

A superfield is a function defined on a superspace, which extends Minkowski spacetime by
the addition of Grassmann coordinates. In the standard N = 2 superspace, the superfield
corresponding to a hypermultiplet Φi(x, θ) depends on spacetime coordinate xµ and two sets
of Grassmann coordinates {θiα, θ̄iα̇} (i = 1, 2). Expanding the superfield with respect to the
Grassmann coordinates yields coefficients that include both physical and auxiliary fields. To
eliminate the auxiliary fields, one imposes the additional constraints

D(i
α Φj)(x, θ) = D̄

(i
α̇ Φj)(x, θ) = 0, (2.1)
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where Di
α and D̄i

α̇ are covariant spinor derivatives in the standard N = 2 superspace. However,
these constraints put the physical fields on-shell at the same time. Therefore the standard
N = 2 does not permit an off-shell formulation for supersymmetric quantum field theory.

Harmonic superspace. The resolution to this issue is to further enlarge the space by
introducing harmonic variables u+

i (and their complex conjugates (u+
i )∗ = u−i ) and defining

harmonic superspace. The harmonic variables parametrize the coset space S2 ∼ SU(2)/U(1)
and satisfy the following relations

u+
i u

−i = ϵiju+
i u

−
j = 1, (u+i)∗ = u−i = ϵiju

−j , ϵ12 = −ϵ12 = 1. (2.2)

We may now consider superfields Φi(x, θ, u) in harmonic superspace. The physical con-
straint (2.1) in the standard superspace is equivalent to imposing two constraints: Grassmann
analyticity and harmonic analyticity.

Grassmann analyticity. The Grassmann analyticity condition is given by

D+
α Φ(x, θ, u) = D̄+

α̇ Φ(x, θ, u) = 0, (2.3)

where the derivatives are defined as

D+
α = u+

i D
i
α = ∂

∂θ−α
, D̄+

α̇ = u+
i D̄

i
α̇ = ∂

∂θ̄−α̇
, (2.4)

with
θ+α ≡ u+

i θ
iα, θ̄+α̇ ≡ u+

i θ̄
iα̇ . (2.5)

The Grassmann analyticity condition (2.3) can be solved by introducing the following
coordinates

xα,α̇
A = xµσα,α̇

µ − 4iθ(iαθ̄j)α̇u+
i u

−
j . (2.6)

A superfield q(xA, θ
+, θ̄+, u) that depends only on xαα̇

A , θ+α, θ̄+α̇, and u±i automatically
satisfies the Grassmann analyticity condition. For simplicity, we will denote such superfields
simply as q(xA).

Unlike (2.1), the constraints (2.3) do not automatically place the physical fields of q(xA) on-
shell. Thus, the path integrals of hypermultiplets remain well-defined in harmonic superspace.
This allows us to use harmonic supergraphs to compute correlation functions of superfields,
simplifying calculations compared to evaluating individual field components separately.

Harmonic analyticity. Expanding a harmonic superfield q(xA, θ
+, θ̄+, u) in terms of har-

monic variables u±i introduces an infinite tower of auxiliary fields. These fields can be
eliminated by imposing the following condition

D++q(xA, θ
+, θ̄+, u) = 0 , (2.7)

where D++ is the harmonic derivative on the two-sphere S2. Using the coordinate xαα̇
A

defined in (2.6), D++ can be written as

D++ = u+i ∂

∂u−i
− 4i θ+αθ̄+α̇ ∂

∂xα,α̇
A

. (2.8)
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The condition (2.7) is called the harmonic analyticity (H-analyticity) condition. By imposing
both the G-analyticity condition (2.3) and the H-analyticity condition (2.7), we obtain the
following expansion for the on-shell hypermultiplet

q(xA, θ
+, θ̄+, u) = ϕi(xA)u+

i + θ+αψα(xA) + θ̄+
α̇ κ̄

α̇(xA) + 4i θ+σµθ̄+∂µϕ
i(xA)u−i . (2.9)

The hypermultiplet consists of an SU(2) doublet of scalars ϕi(x)(i = 1, 2), along with the
Majorana spinors ψα, κ̄α̇. All physical fields ϕi, ψα, κ̄α̇ satisfy their respective free equations
of motion □ϕi = /∂ψ = /∂κ̄ = 0.

The hypermultiplet q(xA) is complex and its conjugate q̃(xA) also satisfies Grassmann
analyticity condition. After imposing harmonic analyticity condition, it can be expanded as

q̃
(
xA, θ

+, θ̄+, u
)

= ϕ̄i(xA)u+
i + θ+ακα(xA) + θ̄+

α̇ ψ̄
α̇(xA) + 4iθ̄+σ̄µθ+∂µϕ̄

i(xA)u−i . (2.10)

2.2 Action and Feynman rules

With harmonic superfields, we can construct supersymmetric invariant actions and define
the path integral. The harmonic analyticity condition can be regarded as the equation of
motion derived from the following action for hypermultiplets

SHM = −2
∫

du d4xAd2θ+d2θ̄+ Tr
(
q̃D++q

)
. (2.11)

When coupled to the gauge sector, this action becomes

SHM/SYM = −2
∫

du d4xAd2θ+d2θ̄+ Tr(q̃D++q + ig q̃V ++q), (2.12)

where g is the gauge coupling constant and V ++ is the real Grassmann analytic super gauge
potential (i.e. Ṽ ++ = V ++ and V ++ satisfies (2.3)). In the Wess-Zumino gauge, the potential
V ++ includes the gauge field Aµ, the complex scalar ϕ, the doublet of Majorana gluinos
λi

α, λ̄α̇i and the real auxiliary field Y ij :

V ++
WZ (xA,θ

+,θ̄+,u)=−2iθ+σµθ̄+Aµ(xA)−i
√

2(θ+)2ϕ̄(xA)+i
√

2(θ̄+)2ϕ(xA) (2.13)
+4(θ̄+)2θ+αλi

α(xA)u−i −4(θ+)2θ̄+
α̇ λ

α̇i(xA)u−i +3(θ+)2(θ̄+)2Y ij(xA)u−i u
−
j .

The gauge sector action can be constructed from either the chiral superfield strength W (xL, θ)
or the antichiral superfied strength W (xR, θ̄)

SN=2 SYM = 1
2g2

∫
d4xLd4θTrW 2 = 1

2g2

∫
d4xRd4θ̄TrW 2

. (2.14)

where xL, xR are chiral and antichiral coordinates:

xα,α̇
L = xα,α̇ − 2iθiαθ̄α̇

i , xα,α̇
R = xα,α̇ − 2iθ̄α̇

i θ
iα . (2.15)

The chiral superfield strength W (xL, θ) can be expressed in terms of superpotential V ++ as

W = i
4u

+
i u

+
j D̄

i
α̇D̄

jα̇
∞∑

r=1

∫
du1 . . . dur

(−ig)rV ++ (u1) . . . V ++ (ur)(
u+u+

1

) (
u+

1 u
+
2

)
. . .
(
u+

r u+
) , (2.16)

where u+u+
a ≡ u+iϵiju

+j
a . The on-shell expansion of W (xL, θ) is given by

W (xL, θ) = ω(xL) + θα
i λ

i
α(xL) + ϵijθα

i θ
β
j Fαβ(xL), (2.17)

which includes a complex scalar ω, an SU(2) doublet of chiral fermions λi
α and the self-dual

gauge field strength Fαβ.

– 5 –



J
H
E
P
0
3
(
2
0
2
6
)
0
9
7

Figure 1. Propagator of the hypermultiplet superfield.

Figure 2. The gauge independent gluon propagator.

Feynman rules. We now present the Feynman rules necessary for one- and two-loop
calculations. Consider the following correlation function in N = 2 harmonic superspace

Gn = ⟨Q1Q2 · · ·Qn⟩ =
∫
DqDVQ1Q2 · · ·Qne

i(SN=2 SYM +SHM/SYM), (2.18)

where the operators Qi are constructed from the hypermultiplets q(xA) and q̃(xA), and the
actions are defined in (2.12) and (2.14). After rescaling the gauge potential superfield as

V ++ → 1
g
V ++, (2.19)

the action SHM/SYM becomes independent of g, while SN=2 SYM is simply proportional to
g−2. Therefore, differentiating (2.18) with respect to g2 is equivalent to inserting a chiral
Lagrangian density into the path integral

g2 ∂

∂g2Gn =
∫

d4xn+1d4θn+1⟨Q1Q2 · · ·QnLn+1⟩, Ln+1 = 1
2g2 TrW (xn+1, un+1)2 . (2.20)

In this way, the ℓ-loop correction of n-point correlation function can be converted to an
integration of an (n + ℓ)-point correlation function at tree-level.

From the action SHM/SYM, we derive the hypermultiplet propagator and the gauge-matter
interaction vertex. The hypermultiplet propagator is shown in figure 1, where a, b are color
indices of the adjoint representation of the SU(N) group and

x̂µ
12 ≡ xµ

A1 − xµ
A2 + 2i

[12]
{

[1−2]θ+
1 σ

µθ̄+
1 + [2−1]θ+

2 σ
µθ̄+

2 + θ+
1 σ

µθ̄+
1 + θ+

2 σ
µθ̄+

2

}
. (2.21)

We have introduced the following shorthand notations for the contraction of harmonic variables

[m n] = −[n m] = u+i
m ϵiju

+j
n , [m− n] = u−i

m ϵiju
+j
n , [m n−] = u+i

m ϵiju
−j
n , (2.22)

which satisfy the following harmonic cyclic identity

[l m][n k] + [m n][l k] + [n l][m k] = 0. (2.23)

The gluon propagator depends on the gauge choice, but for our purposes, we only need the
gauge independent propagator ⟨Wa(xL1)V ++

b (xA2)⟩, shown in figure 2 .
The coordinate differences are defined as

x̃αα̇
12 ≡ xαα̇

L1 − xαα̇
A2 − 4iθ−α

1 θ̄+α̇
2 , θα

12 ≡ θ+α
1 − θ+α

2 . (2.24)
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Figure 3. The vertex between a super gluon and matter fields.

Figure 4. The diagram corresponding to the T-block T125.

The interaction vertex between a gluon and two matter fields is given in figure 3. A
fundamental building block for loop computations is the T-block, shown in figure 4, which
represents the tree-level three-point function of two G-analytic hypermultiplet superfields
and one chiral superfield strength. Up to two-loop order, we need the expressions of the
following T-blocks

T125 = ⟨q̃a(xA1)Wb(xL5)qc(xA2)⟩ = − 2ig2fabc

(2π)4x2
12

[
[21−]ρ2

1 + [12−]ρ2
2 − 2 (ρ1ρ2)

]
(2.25)

T126 = ⟨q̃a(xA1)Wb(xL6)qc(xA2)⟩ = − 2ig2fabc

(2π)4x2
12

[
[21−]σ2

1 + [12−]σ2
2 − 2 (σ1σ2)

]
(2.26)

where ρr and σr are defined as

ρr = (θ+
r − θi

5u
+
ri)x

−1
r5 , σs = (θ+

s − θi
6u

+
si)x

−1
s6 , r, s = 1, . . . , 4 . (2.27)

Here, x−1
ij is short for

(x−1
ij )αα̇ =

xαα̇
ij

x2
ij

. (2.28)

3 Harmonic PCGG

In this section, we develop the harmonic PCGG method for computing loop corrections to
giant graviton correlation functions.

3.1 Set-up

We study a class of four-point correlation functions in N = 4 SYM theory

G{p,q}(x1, . . . , x4) = ⟨D(x1)D(x2)Op(x3)Oq(x4)⟩ (3.1)

– 7 –
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where

D(xi) ≡ det(Yi · ϕ(xi)), Op(xj) ≡ tr((Yj · ϕ)p(xj)) i = 1, 2; j = 3, 4.

Here Yj · ϕ(x) ≡
∑6

I=1 Y
IϕI with Y I

j being a 6-dimensional null vector (Yj · Yj = 0). At
weak coupling, G{p,q} admits a perturbative expansion

G{p,q} = G
(0)
{p,q} + g2G

(1)
{p,q} + g4G

(2)
{p,q} + g6G

(3)
{p,q} + . . . , (3.2)

where g2 = g2
YMNc/(16π2) is the ’tHooft coupling constant. The goal of this work is to

compute the two-loop correction G
(2)
{p,q} for arbitrary lengths p, q ≥ 2. We will first focus on

the computation of G(2)
{p,p}, the results for G(2)

{p,q} can be easily derived from G
(2)
{p,p}.

General structure. Superconformal symmetry constraints G
(k)
{p,p} to the following

form [64, 72]

G
(k)
{p,p} = RN=4d

N−p
12

∑
m+n+l=p−2

F
(k)
[l,m,n](u, v)X lYmZn , (3.3)

where RN=4 is a universal factor

RN=4 = d2
12d

2
34x

2
12x

2
34 + d2

13d
2
24x

2
13x

2
24 + d2

14d
2
23x

2
14x

2
23 (3.4)

+ d12d23d34d14(x2
13x

2
24 − x2

12x
2
34 − x2

14x
2
23)

+ d12d13d24d34(x2
14x

2
23 − x2

12x
2
34 − x2

13x
2
24)

+ d13d14d23d24(x2
12x

2
34 − x2

14x
2
23 − x2

13x
2
24).

The summation in (3.3) runs over all non-negative integers m,n, l with the constraint
m + n + l = p − 2 and X ,Y,Z are defined as

X = d12d34, Y = d13d24, Z = d14d23, (3.5)

with

dij ≡ Yi · Yj

(xi − xj)2 , x2
ij ≡ (xi − xj)2. (3.6)

We will also denote Yi · Yj ≡ (yi − yj)2 ≡ y2
ij . The coefficients F (k)

[m,n,l] are functions of the
conformal cross ratios

u = zz̄ = x2
12x

2
34

x2
13x

2
24
, v = (1 − z)(1 − z̄) = x2

14x
2
23

x2
13x

2
24
. (3.7)

We also define the harmonic cross ratios for yi

σ = y2
13y

2
24

y2
12y

2
34
, τ = y2

14y
2
23

y2
12y

2
34
. (3.8)

All dynamical information of the correlation function is encoded in the conformal invariant
coefficient functions F (k)

[l,m,n], which will be the focus of our subsequent analysis.
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3.2 N = 2 reduction

To apply N = 2 harmonic superspace techniques, we must rewrite quantities from N = 4 SYM
to the N = 2 framework. A vector multiplet in N = 4 SYM decomposes into a hypermultiplet
(HM) and a gauge multiplet in N = 2 SYM. Correspondingly, the action splits as

SN=4 SYM = SHM + SN=2 SYM. (3.9)

The supermultiplet containing scalar fields ϕI (I = 1, . . . , 6) as the lowest components
decomposes into the following four N = 2 supermultiplets

• A hypermultiplet q = u+
i ϕ

i(x) + . . .

• The complex conjugate q̃ = u+
i ϕ̄i(x) + . . .

• Superfield strength W = w(x) + . . .

• Antichiral conjugate W = w̄(x) + . . . .

The 6 scalar fields ϕI in N = 4 SYM decompose into the 3 + 3̄ representation of SU(3)

ϕI → ϕA, ϕ̄A, A = 1, 2, 3. (3.10)

The fields ϕA can be further projected from SU(3) → SU(2) × U(1)

ϕA → ϕi, ω, i = 1, 2, (3.11)

where u+
i ϕ

i is the lowest component of hypermultiplet q+ and ω is the lowest component of
the superfield strength W . Similarly, the conjugate field ϕ̄A is decomposed into ϕ̄i and ω̄.

The propagators can be decomposed accordingly. First, we split the SO(6) harmonic
variable contractions into SU(3) invariants

⟨ϕI(x1)ϕJ(x2)⟩ = δIJY
I

1 Y
J

2
x2

12
(3.12)

SO(6)→SU(3)−−−−−−−−→ ⟨ϕA(x1)ϕ̄B(x2)⟩ + ⟨ϕ̄A(x1)ϕB(x2)⟩ =
∣∣12̄
∣∣+ ∣∣1̄2

∣∣
x2

12
,

where
∣∣∣ij̄∣∣∣, ∣∣∣̄ij∣∣∣ represents ϵABi

AjB, ϵABiAj
B, respectively. Here iA and īA denote SU(3)

harmonic variables for ϕA and ϕ̄A respectively. Next, we project to SU(2) by replacing SU(3)
contractions as

∣∣∣ij̄∣∣∣ → [ij],
∣∣∣̄ij∣∣∣ → −[ij] where [ij] is defined in (2.22)

⟨ϕA(x1)ϕ̄B(x2)⟩ = |12̄|
x2

12
(3.13)

SU(3)→SU(2)−−−−−−−−→ ⟨ϕi(x1)ϕj(x2)⟩ = ⟨q+(xA1)q̃+(xA2)⟩
∣∣∣
θ1,2=0

= [12]
x2

A12

∣∣∣
θ1,2=0

.

The single-trace operators Op(x) and the determinant operators D(x) are constructed by
the scalar field Y · ϕ(x). In the N = 2 framework, we replace each scalar field by one of its
N = 2 counterparts, this is called N = 2 projection. Since for each scalar field, we have
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several choices for the N = 2 projection, a priori we need to take different projections in
order to reconstruct the original N = 4 correlation function. However, as is shown in [68],
there exists nice choices of the N = 2 projection which makes the reconstruction particularly
simple. In the current case, the following projection turns out to be convenient

G{p,p} → G{p,p} ≡ ⟨det q̃1 det q2 tr(q̃r
3q

p−r
3 )tr(qr

4q̃
p−r
4 )⟩ (3.14)

In other words, we replace all scalar fields in the determinant operators D(x1) and D(x2) by
q̃1 ≡ q̃(x1A) and q2 ≡ q(x2A) respectively. As for the single trace operators, we replace r out
of the p scalar fields by q̃j ≡ q̃(xjA) while the rest p− r scalar fields by qj ≡ q(xjA) (j = 3, 4).
When r = 0 or p − r = 0, we call the projection a pure projection. At the moment we do
not fix the number r, in principle we need to compute the projected correlation functions for
several different r to recover the N = 4 SYM result. Nevertheless, as we will prove below,
by using Grassmann analyticity and planarity, it turns out we only need to consider one
fixed value of r for each correlation function. For the coefficient F[l,m,n], we choose r = m

in (3.14) whose expansion involve F[l,m,n] and other coefficients F[a,b,c] with |b− c| > |m− n|.
This allows us to recover F[l,m,n] recursively through a series of projections. Moreover, the
projection (3.14) simplifies the contraction between the two determinant operators, leading
to compact formulae for partially contracting the giant gravitons. After computing the
correlation functions involving harmonic superfields, we can set all Grassmann variables
θ1,2,3,4 to zero to extract correlation functions of the pure scalar operators.

The N = 2 correlation function G{p,p} admits a perturbative expansion

G{p,p} = G(0)
{p,p} + g2 G(1)

{p,p} + g4 G(2)
{p,p} + · · · (3.15)

Similar to the N = 4 case, the N = 2 superconformal symmetry constraints the loop
corrections to the form [64, 73, 74]

G(k)
{p,p}

∣∣∣
θ1,2,3,4=0

= RN=2
( [12]
x2

12

)N−p ∑
l+m+n=p−2

X lY mZnf
(k)
[l,m,n], (3.16)

where RN=2 is the N = 2 universal factor given by

RN=2 = u
[12]2[34]2

x4
12x

4
24

+ [13]2[42]2

x4
13x

4
24

+ [12][34][13][42]
x2

12x
2
34x

2
13x

2
24

(v − u− 1). (3.17)

The variables X,Y and Z are defined by

X = [12][34]
x2

12x
2
34
, Y = [13][24]

x2
13x

2
24
, Z = [14][23]

x2
14x

2
23
, (3.18)

which are the N = 2 counterparts of X ,Y and Z defined in (3.5). The coefficients F (k)
[m,n,l] are

linear combinations of the coefficients f (k)
[m,n,l]. To establish their relations, we first expand the

N = 4 propagators d2
ij using (3.12) and (3.13), and then match the coefficients of harmonic

factors [ij] by comparing with (3.16). Explicit examples are provided in appendix A. In
summary, the N = 2 reduction translates the computation of N = 4 SYM correlators into
determining f

(k)
[l,m,n] within the N = 2 harmonic superspace framework.
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3.3 Lagrangian insertion

Now we turn to the calculation of G(2)
{p,p} in the N = 2 harmonic superspace. We use the

Lagrangian insertion method to compute loop corrections. At two-loop order, we have

G(2)
{p,p} = − 1

2g4

∫
d4x5d4θ5d4x6d4θ6⟨D̃DOpOpL5L6⟩ , (3.19)

where the integrand is a six-point function at Born level. N = 2 superconformal symmetry
fixes the integrand to be of the form [3, 68]

⟨D̃DOpOpL5L6⟩ = Θ5,6 ×A(xA, θ
+, θ̄+, u), (3.20)

where Θ5,6 is the nilpotent six-point superconformal invariant [67]. It carries a harmonic U(1)
charge of 2 at points 1 to 4 and an R-charge of 2 at points 5 and 6. The explicit form of Θ5,6
is determined by the superconformal symmetry and the Grassmann analyticity, given by [69]:

Θ5,6 =
∏4

r=1 x
2
r5x

2
r6

x4
56

x2
12x

2
34x

4
13x

4
24

RN=2
(3.21)

×
{

[12]2[34]2τ14τ23 + [14]2[23]2τ12τ34 + [12][23][34][41]
[
τ13τ24 − τ12τ34 − τ14τ23

]}
where

τrs = 4(ρrρs)(σrσs) + ρ2
rσ

2
s + ρ2

sσ
2
r , (3.22)

and we recall that ρr and σs have been defined in (2.27).

Superconformal frame. To obtain the correlation functions of the lowest components
in the supermultiplet, we need to take θr = θ̄r = 0 (r = 1, . . . , 4) in G(2)

{p,p}. In this case,
Θ5,6 is simplified and given by

Θ5,6|θ1,2,3,4=0 = θ4
5θ

4
6
x2

12x
2
34x

4
13x

4
24

x4
56

RN=2. (3.23)

Drawing on the experience from [3, 69, 70], sometimes it is more convenient to perform the
computations with θ5,6 = θ̄5,6 = 0. In this case, Θ5,6 is even simpler

Θ|θ5,6=0 =
4∏

r=1
(θ+

r )2. (3.24)

In explicit computations, whether we take θr = 0, (r = 1, 2, 3, 4) or θ5,6 = 0 in the intermediate
steps is a matter of choice and we call such a choice a superconformal frame. Due to the
knowledge of the structure of Θ5,6, we can switch from one frame to the other straightforwardly.

3.4 Partially contracted giant graviton

The integrand (3.20) can be computed by the partially contracted giant graviton method.
The idea is simple: we first perform a partial Wick contraction between the giant gravitons,
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leaving open legs to be contracted with single-trace operators and the Lagrangian density.
After N = 2 reduction, the two giant gravitons become

det (q̃1) = 1
Nc!

ϵã1···ãNc
ϵb̃1···b̃Nc (q̃1)ã1

b̃1
· · · (q̃1)ãNc

b̃Nc
, (3.25)

det (q2) = 1
Nc!

ϵa1···aNc
ϵb1···bNc (q2)a1

b1 · · · (q2)aNc bNc
.

Performing partial contractions between the determinants, we obtain

det(q̃1) det(q2)
∣∣∣
partial contractions

=
Nc∑
ℓ=0

( [12]2

8π2x2
12

)Nc−ℓ
Gℓ(x1, x2), (3.26)

where Gℓ(x1, x2) is the partially contracted giant graviton with ℓ pairs of un-contracted
fields, given by

Gℓ(x1, x2) ≡ 1
(Nc!)2

 Nc

Nc − ℓ

2

ϵã1···ãNc−ℓc̃1···c̃ℓ
ϵb̃1···b̃Nc−ℓd̃1···d̃ℓϵa1···aNc−ℓc1···cℓ

ϵb1···bNc−ℓd1···dℓ

(3.27)

×

〈
(q̃1)ã1

b̃1
· · · (q̃1)ãNc−ℓ

b̃Nc−ℓ
(q2)ã1

b̃1
· · · (q2)ãNc−ℓ

b̃Nc−ℓ

〉
0

([12]/8π2x2
12))Nc−ℓ

(q̃1)c̃1
d̃1
· · · (q̃1)c̃ℓ

d̃ℓ
(q2)c1

d1
· · · (q2)cℓ

dℓ
.

To highlight the patterns of index contractions, we colored the indices in (3.27). The prefactor
in (3.26) originates from the free propagators.

⟨(q̃1)a
b(q2)c

d⟩ = [12]
8π2x2

12
δa

dδ
c
b (3.28)

By using the identities of the Levi-Civita tensor (see for example [75]), we can evaluate (3.27)
explicitly, yielding

Gℓ(x1, x2) = (Nc − ℓ)!(−1)ℓ
∑

k1,...,kℓ∑
s

sks=ℓ

ℓ∏
m=1

(− tr [(q̃1q2)m])km

mkmkm! . (3.29)

Using the PCGG, the integrand (3.20) can be written as

⟨D̃DOpOpL5L6⟩0 =
Nc∑
ℓ=0

( [12]2

8π2x2
12

)Nc−ℓ
⟨GℓOpOpL5L6⟩ (3.30)

Planarity. By large-Nc counting, the dominant contribution in the large-Nc limit comes
from the single-trace part of the PCGG (3.29), which can be viewed as a single-trace but
non-local operator. The calculation of the integrand (3.20) can be done in three steps

1. List all Feynman diagrams that correspond to the planar Wick contractions between the
PCGG and two single-trace operators, these diagrams will be called skeleton diagrams.

2. Decorate each skeleton diagram in the previous step by inserting two Lagrangian
densities while maintaining planarity, which correspond to quantum corrections of the
skeleton diagrams.
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3. Sum over all possible decorations from the previous step.

The above procedure results in many Feynman diagrams to compute a priori. However, as
we will prove, planarity and harmonic analyticity imply that a lot of such diagrams actually
do not contribute and many f[l,m,n] are vanishing.

3.5 Harmonic analyticity

In this subsection, we will prove that the coefficients f (2)
[l,m,n] and F

(2)
[l,m,n] are vanishing for

|m − n| > 1. The proof is based on planarity and harmonic identification. Harmonic
identification means we identify harmonic variables at two different points. Since [jk] = −[kj],
it follows that [jj] = 0. Therefore, if we identify the harmonic variables u±j and u±k , the
resulting contraction of the harmonic variables is vanishing.

Another important fact that we need is that the coefficients f[l,m,n] are independent of
the harmonic variables u±k . This is a consequence of harmonic analyticity, which means that
the correlator does not depend on u−k . This property comes from the fact that each operator
of the correlator is annihilated by the harmonic derivative u+ ∂

∂u− . We can choose the frame
θ5 = θ6 = 0, in which all harmonic charges are encoded in the factor

∏4
i=1 θ

+2
i and X lY mZn.

This indicates that the coefficients f[l,m,n] have vanishing harmonic charge. If f[l,m,n] depend
on harmonic variables, it must depend on both u+ and u− to have zero total charge, but the
dependence on u− violates the harmonic analyticity. Therefore f[l,m,n] are independent of
u±k . To prove F (2)

[l,m,n] = 0 for |m − n| > 1, we start with the following lemma.

Lemma 1. The coefficients f (2)
[0,m,n] = 0 for |m− n| > 1. Proof The coefficient f (2)

[0,m,n] corre-
sponds to the term f

(2)
[0,m,n]Y

mZn in the correlation function. Since this term is independent
of X, the harmonic identification u±3 = u±4 does not affect f (2)

[0,m,n], as it is independent of
the harmonic variables.

On the other hand, the identification u±3 = u±4 forces any free propagator between q̃3 and
q4 (and q3 and q̃4) to vanish, as these propagators are proportional to the factor [34] = −[43].
Consequently, only diagrams without free propagators connecting Op(x3) and Op(x4) can
contribute to f (2)

[0,m,n]. This restriction leaves three possible types of skeleton diagrams

1. No propagator between Op(x3) and Op(x4);

2. One propagator between Op(x3) and Op(x4). Attaching one of the Lagrangian
densities to this propagator converts it into a T-block, which remains non-vanishing
under the harmonic identification.

3. Two propagators between Op(x3) and Op(x4). Attaching one Lagrangian density
to each propagator converts both free propagators into T-blocks, preserving their
contribution.

The power of Y mZn can be determined explicitly for each type of skeleton diagrams. By
planarity,1 it is not hard to see that the contributing skeleton diagrams all satisfy |m−n| = 0

1This means we only consider the leading contribution of PCGG in the large N limit, which is a single-trace
operator of the form tr(q̃1q2 · · · q̃1q2).
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or |m − n| = 1. Thus, all non-zero contributions to f
(2)
[0,m,n] must obey |m − n| ≤ 1. It

follows that f (2)
[0,m,n] = 0 for |m − n| > 1.

The above result can be generalized to the following theorem.

Theorem 1. The coefficients f (2)
[l,m,n] = 0 for |m− n| > 1.

Proof The coefficient f (2)
[l,m,n] corresponds to the term f

(2)
[l,m,n]X

lY mZn in the correlation
function, with l propagators between the operators Op(x3) and Op(x4). If we perform the
harmonic identification u±3 = u±4 , the term vanishes because X = 0. However, we can first
divide it by the free propagator ⟨q̃3q4⟩l and then make the harmonic identification. This
allows us to isolate the non-vanishing contributions for the coefficient f (2)

[l,m,n]. Following a
similarly argument to the f (2)

[0,m,n] case, we conclude that the skeleton diagrams contributing to

lim
u±

3 →u±
4

f
(2)
[l,m,n]

(
X

⟨q̃3q4⟩

)l

Y mZn (3.31)

fall into three classes

1. l propagator between Op(x3) and Op(x4);

2. l + 1 propagator between Op(x3) and Op(x4). Attaching one of the Lagrangian
densities to one of the propagators (while respecting planarity) converts it into a T-
block, which is non-vanishing after dividing by ⟨q̃3q4⟩l and the harmonic identification
afterwards.

3. l+ 2 propagators between Op(x3) and Op(x4). Attaching two Lagrangian densities to
two propagators (while respecting planarity) converts them into T-blocks, preserving
their contribution after dividing by ⟨q̃3q4⟩l.

Planarity enforces the constraint |m − n| ≤ 1 for all three types of diagrams. Therefore,
if |m − n| > 1, no planar diagram contributes and the corresponding f

(2)
[l,m,n] = 0 in the

large-N limit.

3.5.1 From N = 2 to N = 4

Eventually we are interested in the coefficients F (2)
[l,m,n] in N = 4 SYM, we will prove that

these coefficients also satisfy the same constraint as their N = 2 counterparts f (2)
[l,m,n]. We

start with the following lemma.

Lemma 2. The coefficient F (2)
[0,m,n] = 0 if |m− n| > 1.

Proof For the correlation function G
(2)
{p,p}, the indices of F (2)

[0,m,n] are subject to the restriction
m+n = p−2 with m,n ≥ 0. For p = 2, the only non-zero coefficient is F (2)

[0,0,0] (corresponding
to m = n = 0), so the lemma holds trivially. For p = 3, we have m+ n = 1, yielding only
two non-zero coefficients F (2)

[0,1,0] and F
(2)
[0,0,1]. Again, the lemma is satisfied since |m− n| = 1.

Henceforth, we assume p ≥ 4. Without loss of generality, we restrict to m ≤ n, the proof
for m > n follows symmetrically.
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For fixed m, we perform an N = 2 reduction (3.14) with r = m. At two-loop order, the
expansion of this correlation function takes the form

⟨det q̃1 det q2tr(q̃p−m
3 qm

3 )tr(qp−m
4 q̃m

4 )⟩(2) = RN=2
( [12]
x2

12

)N−p (
Y mZp−m−2f

(2)
[0,m,p−m−2] + · · ·

)
(3.32)

where the ellipsis denotes lower order terms in Y . The reduction yields the relation

f
(2)
[0,m,p−m−2] = aF

(2)
[0,m,p−m−2] + b F

(2)
[0,m−1,p−m−1] + c F

(2)
[0,m−2,p−m] (3.33)

where a, b, c depend on kinetic variables. We proceed the proof by induction on m.
As the starting point of the induction, we first prove the lemma for m = 0 and m = 1.

Taking m = 0, we have

F
(2)
[0,0,p−2] = f

(2)
[0,0,p−2] = 0 , p ≥ 4 (3.34)

where the second equality follows from Theorem 1.
Now taking m = 1, we have

f
(2)
[0,1,p−3] = aF

(2)
[0,1,p−3] + b F

(2)
[0,0,p−2] = aF

(2)
[0,1,p−3] . (3.35)

For p = 4, 5, the corresponding F
(2)
[0,1,p−3] can be non-zero (consistent with |m − n| ≤ 1).

For p > 5,

F
(2)
[0,1,p−3] ∝ f

(2)
[0,1,p−3] = 0, (3.36)

confirming the lemma for m = 1.
Assume the lemma holds for m − 1 and m − 2 (m ≥ 3), i.e.

F
(2)
[0,m−2,p−m] = 0 if |p− 2m+ 2| ≥ 2 , (3.37)

F
(2)
[0,m−1,p−m−1] = 0 if |p− 2m| ≥ 2.

We prove that F (2)
[0,m,p−m−2] = 0 when |p − 2m − 2| ≥ 2. Focusing on m < p −m − 2 (i.e.,

m ≤ p
2 − 2), the condition |p − 2m − 2| ≥ 2 implies

|p− 2m| ≥ 4 and |p− 2m+ 2| ≥ 6 . (3.38)

By the inductive hypothesis, F (2)
[0,m−1,p−m−1] and F

(2)
[0,m−2,p−m] vanish. Substituting into the

recursion relation (3.33), we obtain

F
(2)
[0,m,p−m−2] ∝ f

(2)
[0,m,p−m−2], (3.39)

where the last equality follows from Lemma 1. This completes the induction. Therefore
we conclude that the lemma holds for all m,n with |m − n| > 1.
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Theorem 2. The coefficients F (2)
[l,m,n] = 0 if |m− n| > 1.

Proof For fixed p, the theorem is equivalent to the statement that F (2)
[p−2−m−n,m,n] = 0 for

|m − n| > 1. The strategy of the proof is similar to Lemma 2, but due to the mixing of
harmonic channels in the N = 2 reduction, additional care is required. Without loss of
generality, we assume n − m > 1.

Consider the following projected correlation function

⟨det q̃1 det q2tr(q̃p−m
3 qm

3 )tr(qp−m
4 q̃m

4 )⟩(2) = RN=2
∑

a+b+c=p−2

( [12]
x2

12

)N−a−b−c−2
XaY bZcf

(2)
[a,b,c].

(3.40)

Using the harmonic cyclic identity (2.23), Y can be rewritten in terms of X and Z,

Y = X
x2

12x
2
34

x2
13x

2
24

+ Z
x2

14x
2
23

x2
13x

2
24

(3.41)

Substituting this into (3.40) yields

⟨det q̃1 det q2tr(q̃p−m
3 qm

3 )tr(qp−m
4 q̃m

4 )⟩(2) (3.42)

= RN=2
∑
a,b,c

( [12]
x2

12

)N−a−b−c−2
Xa

(
X
x2

12x
2
34

x2
13x

2
24

+ Z
x2

14x
2
23

x2
13x

2
24

)b

Zcf
(2)
[a,b,c].

Focusing on the harmonic channel Xp−2−m−nZm+n+2, the contributing f (2)
[a,b,c] must satisfy

m+ n ≤ b+ c (3.43)

where b ≤ m (due to the limit on the number of contractions between q2 and q̃4). Combining
these inequalities gives

c− b ≥ n−m > 1. (3.44)

By Theorem 1, f (2)
[a,b,c] = 0 for c−b > 1. On the other hand, the coefficients F (2)

[a,b,c] contribute
to the channel Xp−2−m−nZm+n+2 after reduction if

b+ c ≥ m+ n , (3.45)

which implies

c− b ≥ n−m. (3.46)

However, Theorem 1 already enforces f (2)
[a,b,c] = 0 for c − b > 1, so for n − m > 1, the

relevant f (2)
[a,b,c] vanish.

The vanishing of F (2)
[p−2−m−n,m,n] follows inductively. For F (2)

[0,m,p−m−2], the result holds by
Lemma 2. Assuming F (2)

[a,b,c] = 0 for all c− b > n−m, the harmonic expansion reduces to

F
(2)
[p−2−m−n,m,n] +

∑
c−b>n−m

F
(2)
[a,b,c] =

∑
c−b≥n−m

f[a,b,c] = 0. (3.47)
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By the induction hypothesis ∑
c−b>n−m

F
(2)
[a,b,c] = 0, (3.48)

and thus

F
(2)
[p−2−m−n,m,n] = 0. (3.49)

By induction, F (2)
[l,m,n] = 0 for all |m − n| > 1, completing the proof.

3.6 Lightcone OPE relations

Another simplification comes from the lightcone OPE relations, originally derived for correla-
tion functions of single-trace operators. These relations exploits the OPE structure of two
single-trace half-BPS operators and is applicable to any correlation functions involving at
least two such operators. We refer to [3] for a detailed derivation. In the current context,
the lightcone OPE relations imply

m∑
k=−n

(
x2

13x
2
24

)k+n (
x2

14x
2
23

)m−n−k (
F

(2)
[l+1,m−k,n+k] − F

(2)
[l,m−k,n+k]

)∣∣∣∣
x2

34=0
= 0, (3.50)

where we have taken the lightcone limit x2
34 → 0. By Theorem 2, F (2)

[l,m,n] vanishes when
|m − n| > 1, therefore the summation on the left hand side of (3.50) actually reduces to
one term, simplifying the relation to

(F (2)
[a+1,b,c] − F

(2)
[a,b,c])|x2

34=0 = 0, |b− c| ≤ 1 . (3.51)

This recursive structure reduces the problem of computing all F (2)
[a,b,c] in the lightcone limit

to determining only F
(2)
[0,b,c] with |b − c| ≤ 1.

The missing terms. Working in the lightcone limit excludes terms that vanish when x2
34 = 0.

These terms can be systematically computed. We will present their detailed evaluation in
sections 4 and 5, where we derive the full one- and two-loop results.

3.6.1 Harmonic identification

In the preceding subsections, we demonstrated for each p, we only need to compute very few
coefficients F (2)

[0,b,c]. These coefficients can be evaluated using Feynman diagrams, which can be
further simplified through harmonic identifications. Some diagrams vanish automatically upon
identifications, while for the non-vanishing ones, the identifications simplify the expressions
of the key building blocks, such as the T-blocks, making computations more tractable.

As an illustrative example, consider the case p = 4. Using the Lagrangian insertion
method, the integrand takes the form

⟨D̃DO4O4L5L6⟩θ5,6=0 =
4∏

r=1
(θ+

r )2
( [12]
x2

12

)N−4{ [12]2[34]2

x4
12x

4
34

A
(2)
[2,0,0] + [12][34][13][24]

x2
12x

2
34x

2
13x

2
24
A

(2)
[1,1,0]

+ [12][34][14][23]
x2

12x
2
34x

2
14x

2
23
A

(2)
[1,0,1] + [13][24][14][23]

x2
13x

2
24x

2
14x

2
23
A

(2)
[0,1,1]

}
. (3.52)
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where A(2)
[m,n,l] is the integrand of f (2)

[m,n,l], i.e.

f
(2)
[m,n,l] =

∫
d4x5

∫
d4θ5

∫
d4x6

∫
d4θ6A

(2)
[m,n,l]

∣∣∣
θr=0

, r = (1, · · · , 4). (3.53)

Here, we omit coefficients A(2)
[l,m,n] with |m− n| > 1 in (3.52), as they correspond to vanishing

contributions. For brevity, we also suppress the spacetime dependence x2
ij in the free

propagators henceforth. The four relevant coefficients are A(2)
[2,0,0], A

(2)
[1,1,0], A

(2)
[1,0,1] and A(2)

[0,1,1].
In the lightcone limit, A[2,0,0] reduces to A[0,0,0] which already showed up for p = 2. Likewise,
A

(2)
[1,1,0] and A

(2)
[1,0,1] reduce to A(2)

[0,1,0] and A
(2)
[0,0,1], respectively, via lightcone OPE relations,

and already appeared for p = 3. Thus, for p = 4, the only new coefficient is A(2)
[0,1,1].

To compute A(2)
[0,1,1], we first make the harmonic identification u±3 = u±4 ,2 yielding

⟨D̃DO4O4L5L6⟩θ5,6=0
∣∣∣
u3≡u4

=
4∏

r=1
(θ+

r )2[12]N−4[13]2[23]2A(2)
[0,1,1]. (3.54)

Next, we factor out [12]N−4

⟨D̃DO4O4L5L6⟩θ5,6=0
∣∣∣
u3≡u4

[12]N−4 =
4∏

r=1
(θ+

r )2[13]2[23]2A(2)
[0,1,1] , (3.55)

and then identify u1 = u2, giving

⟨D̃DO4O4L5L6⟩θ5,6=0
∣∣∣
u3≡u4

[12]N−4

∣∣∣
u1≡u2

=
4∏

r=1
(θ+

r )2[13]4A(2)
[0,1,1]. (3.56)

Finally, we factor out [13]4 and impose u1 = u3:

(
1

[13]4
⟨D̃DO4O4L5L6⟩θ5,6=0

∣∣∣
u3≡u4

[12]N−4

∣∣∣
u1=u2

)∣∣∣∣∣
u1≡u3

=
4∏

r=1
(θ+

r )2A
(2)
[0,1,1]. (3.57)

The harmonic identification (3.57) implies the following requirements for the contributing
Feynman diagrams: they do not have free propagators between O4(x3, u3) and O4(x4, u4)
and contain at most four propagators between D̃(x1, u1) and O4(x3, u3).3 Such diagrams
will be listed in section 5.

4 One-loop computations

In this section, we revisit the one-loop computation of G(1)
{p,p}, originally performed in [56]

using the PCGG method. Here, we employ the harmonic PCGG method, demonstrating
its greater efficiency. Remarkably, after harmonic identification, essentially we only need to
compute one Feynman diagram, compared to the 31 distinct Feynman diagrams involving
various fields required in the usual PCGG method.

2The identification u±
j = u±

k will be written as uj = uk in what follows.
3Note that some [14] will become [13] upon the identification u4 = u3.
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We consider the N = 2 reduced correlation function

G(1)
{p,p} = ⟨det q̃1 det q2tr(q̃p−m

3 qm
3 )tr(qp−m

4 q̃m
4 )⟩(1) (4.1)

where the superscript means that we compute that correlation function at one-loop order. The
lightcone OPE relation implies a recursive structure among correlation functions involving
single-trace operators of different lengths. As we will see, the recursive structure guarantees
that it is sufficient to compute only two coefficients F (1)

[0,⌊ p−2
2 ⌋,⌊ p−1

2 ⌋] and F
(1)
[0,⌊ p−1

2 ⌋,⌊ p−2
2 ⌋] for

each length p. For this purpose, it is convenient to choose m = ⌊p−2
2 ⌋ in (4.1). Using the

Lagrangian insertion approach, the integrand is given by

⟨D̃DOpOpL⟩ = Θ5

( [12]
x2

12

)N−p ∑
l+m+n=p−2

X lY mZnA
(1)
[l,m,n], (4.2)

where Θ5 is the superconformal nilpotent invariant with the following property

Θ|θ+
r =0 = θ4

5RN=2x
2
12x

2
34x

2
13x

2
24 , r = 1, · · · , 4 . (4.3)

In what follows, we perform the computations in the frame θ+
r = 0 where Θ5 takes the form

in (4.3), note that this choice of frame is different from the two-loop case. As discussed in the
previous section, the harmonic analyticity implies that the coefficients A(1)

[l,m,n] do not depend
on harmonic variables, which allows us to apply harmonic identification. We will perform the
explicit computation for the first few values of p, from which we can see a clear pattern and
it is straightforward to generalize to generic p. Theorem 1 and Theorem 2 proven in the
previous section also hold at one-loop, thus we have A(1)

[l,m,n] = 0 for |m − n| > 1.

p = 2 case. For p = 2, we only need to compute one coefficient A(1)
[0,0,0], i.e.

⟨D̃DO2O2L⟩ = θ4
5RN=2

( [12]
x2

12

)N−2
A

(1)
[0,0,0] . (4.4)

We first perform the identification u3 = u4, yielding

⟨D̃DO2O2L⟩|u3=u4 = θ4
5[13]2[23]2x2

12x
2
34

( [12]
x2

12

)N−2
A

(1)
[0,0,0]. (4.5)

Then factorize out the factors [12]N−2 and [13]4 consecutively and perform the identifications
u1 = u2 and u1 = u3, leading to

1
[13]4

( 1
[12]N−2

(
⟨D̃DO2O2L⟩|u3=u4

)∣∣∣
u1=u2

)∣∣∣∣
u1=u3

= θ4
5x

2
12x

2
34A

(1)
[0,0,0] (4.6)

After identifying u1 = u2 and u3 = u4, the only non-vanishing diagrams are those containing
N − 2 propagators between 1 and 2 and no free propagators between 3 and 4 after the
Lagrangian insertion. There is only one such Feynman diagram, given in figure 5. The
corresponding Feynman rules simplify due to the harmonic identification, leading to

(ρ1 − ρ2)2(ρ3 − ρ4)2|u1=u2,u3=u4 = [13]2 x2
12x

2
34∏4

r=1 x
2
r5
. (4.7)
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Figure 5. The only non-vanishing planar one-loop diagram for ⟨D̃DO2O2L⟩ after harmonic identifi-
cation.

Therefore
F

(1)
[0,0,0] = 1

x2
13x

2
24

∫
d4x5

x2
13x

2
24∏4

r=1 x
2
r5

= 1
x2

13x
2
24
F (1)(z, z̄) , (4.8)

where F (1)(z, z̄) is the one-loop conformal integral

F (1)(z, z̄) = x2
13x

2
24

π2

∫ d4x5
x2

15x
2
25x

2
35x

2
45

= 1
z − z̄

(
2Li2(z) − 2Li2(z̄) + ln(zz̄) ln 1 − z

1 − z̄

)
. (4.9)

p = 3 case. For p = 3, in N = 4 SYM, we have

⟨DDO3O3⟩ = RN=4d
N−3
12 (X F

(1)
[1,0,0] + Y F (1)

[0,1,0] + Z F
(1)
[0,0,1]). (4.10)

We choose m = 0 in (4.1), which is a pure projection. After N = 2 reduction, the one-loop
integrand reads

⟨D̃DO3O3L⟩ = θ4
5RN=2

( [12]
x2

12

)N−3
(X A

(1)
[1,0,0] + Z A

(1)
[0,0,1]), (4.11)

where A(1)
[l,m,n] corresponds to F

(1)
[l,m,n] under the pure projection (see appendix A for more

details). In the lightcone limit we have A(1)
[1,0,0] = A

(1)
[0,0,0] and we only have two new coefficients

A
(1)
[0,1,0] and A

(1)
[0,0,1]. Comparing (4.10) and (4.11), it seems that A(1)

[0,1,0] is missing. However,
A

(1)
[0,1,0] is actually the same as the A(1)

[0,0,1] after exchanging 3 and 4 due to the symmetry
between O3(x3, y3) and O3(x4, y4). The skeleton diagram is given by the left panel4 of figure 6,
after inserting the Lagrangian density, we obtain the corresponding one-loop Feynman diagram.
To compute the coefficient A(1)

[0,0,1], we again identify u3 = u4. Notice that the only skeleton
diagram contain two propagators between 3 and 4. This can be seen as follows. Under pure
projection, there are neither propagators between 1 and 3, nor between 2 and 4. On the
other hand, planarity requires that, in the skeleton, if there are more than one propagators

4In the Feynman diagrams of this paper, we use blue propagators to represent d13 and d14, and green
propagators to represent d23 and d24. This color coding helps to highlight the planarity of the PCGG.
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Figure 6. One-loop ⟨D̃DO3O3L⟩ survival diagram

between operator 3 and the PCGG, a propagator between 1 and 3 must be adjacent to5 a
propagator between 2 and 3. This implies that there is exactly one propagator between 2
and 3, as well as one between 1 and 4. The remaining fields q̃3 and q4 contract with each
other, resulting in two propagators connecting 3 and 4. At one-loop, the integrand only
involves one inserted Lagrangian. Thus, there remains at least one free propagator carrying
the factor [34] after Lagrangian insertion, which vanishes upon harmonic identification. As
a result, A(1)

[0,0,1] and F
(1)
[0,0,1] are both vanishing. Due to the symmetry between O3(x3, y3)

and O3(x4, y4), the coefficient F (1)
[0,1,0] is also vanishing.

Finally we come to the terms that vanish in the lightcone limit. The recursive procedure
can not determine these terms. However, at one-loop level, there are actually no such terms.
This can be proven by counting the conformal weight at each point. If such a term exists, it
must be proportional to x2

34. By construction, the correlation function has conformal weight
p at each point. For the coefficient F (1)

[l,m,n], the prefactor RN=4 and X p−2−m−nYmZn carry
conformal weight p− 1 at 3 and 4. Therefore, F (1)

[l,m,n] can only carry conformal weight one at
each point. At one-loop order, each diagram has two T-blocks coming from the Lagrangian
insertion. The product of these two T-blocks contain a term of the form

∏4
r=1 1/x2

r5, which
already exhaust the conformal weights. As a result, the numerators of F (1)

[l,m,n] must be a
constant and cannot contain the factor x2

34. Therefore such missing terms do not exist.

p = 4 case. For p = 4, the N = 4 correlator is given by6

⟨DDO4O4⟩ = RN=4d
N−4
12 (X 2 F

(1)
[2,0,0] + YZ F

(1)
[0,1,1]). (4.12)

Since F (1)
[2,0,0] = F

(1)
[0,0,0] due to lightcone relation, which has been computed in the p = 2

case, F (1)
[0,1,1] is the only new coefficient to be computed for p = 4. We choose m = 1 and

the N = 2 correlator is

⟨D̃DO3O3L⟩ = θ4
5RN=2

( [12]
x2

12

)N−3
(X2A

(1)
[2,0,0] +XZ A

(1)
[1,0,1] +XY A

(1)
[1,1,0] + Y Z A

(1)
[0,1,1]).

(4.13)
Upon the reduction procedure, A(1)

[0,1,1] corresponds to F (1)
[0,1,1]. Similar to the previous case,

we can firstly identify u3 = u4 and find that there is only one non-vanishing diagram, given
5Due to the form of the PCGG tr(q̃1q2q̃1q2 · · · ).
6F

(1)
[0,0,1] = F

(1)
[0,1,0] = 0 implies that F

(1)
[1,0,1] = F

(1)
[1,1,0] = 0 by the lightcone OPE relation, therefore we have

omitted the corresponding terms.
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Figure 7. One-loop diagram that contributes to F (1)
[0, p−2

2 , p−2
2 ].

in figure 7. It is easy to see that the interaction part of this diagram is the same as figure 5,
which we have computed before. Therefore we can directly plug in the result and find that

F
(1)
[0,1,1] = 1

x2
13x

2
24
F (1)(z, z̄). (4.14)

By the same argument as for the p = 3 case, the terms that vanish in the lightcone limit
do not exist and the recursion relation give the complete result.

Generic p. Based on the above calculations, it is straightforward to generalize the result to
higher p and a clear pattern can be observed. As mentioned before, the recursive relation
leaves only one coefficient to be determined for each p. For odd p, the coefficient to be
determined is A(1)

[0, p−3
2 , p−1

2 ] and for even p, it is A(1)
[0, p−2

2 , p−2
2 ].

For each p, we can choose m = ⌊p−2
2 ⌋ in (4.1). Under this projection, the skeleton diagrams

contain at least two propagators between 3 and 4 for odd p. The inserted Lagrangian can
only turn one of these propagators into a T-block and the remaining free propagator vanishes
upon harmonic identification u3 = u4. Therefore, all A(1)

[0, p−3
2 , p−1

2 ] vanish for odd p.

Therefore we focus on even p case. To extract the coefficient A(1)
[0, p−2

2 , p−2
2 ], we apply the

following harmonic identification

1
[13]4

(
⟨D̃DOpOpL⟩|u3=u4

[12]N−p

∣∣∣∣∣
u1=u2

)∣∣∣∣∣
u1=u3

= θ4
5x

2
12x

2
34A

(1)
[0, p−2

2 , p−2
2 ]. (4.15)

For each p, after the harmonic identification, only one diagram survives, which is given
in figure 7. This is essentially the same diagram as figure 5, the only difference being that
there are more free propagators, which are encoded in the different powers of X, Y and
Z. Evaluating diagram leads to

θ4
5x

2
12x

2
34

1∏4
r=1 x

2
r5

(4.16)

and thus

A
(1)
[0, p−2

2 , p−2
2 ] = 1∏4

r=1 x
2
r5
, (4.17)
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Figure 8. One-loop Feynman diagram for the transition from G
(1)
{q,q} to G(1)

{q+2k,q}. The red wavy
lines are loop corrections and the yellow thick lines stand for 2k free propagators.

which turns out to be the same as the A(1)
[0,0,0] and A

(1)
[0,1,1] and gives

F
(1)
[0, p−2

2 , p−2
2 ] = 1

x2
13x

2
24
F (1)(z, z̄). (4.18)

after integration over x5. Summing up all channels, we obtain the result for general even p

G
(1)
{p,p} = dN−p

12 R̃N=4F
(1)(z, z̄)

[ p−2
2 ]∑

m=0
X p−2−2m(YZ)m. (4.19)

This matches nicely the one-loop result first derived in [56].

Generalization to G
(1)
{p,q}. We now compute the more general correlation function G

(1)
{p,q}

based on G(1)
{p,p}. We first notice that p and q must satisfy the relationship |p−q| = 2k (k ∈ ℕ),

otherwise the result is vanishing. This can be seen by using the PCGG method, where the
N = 4 SYM correlation function takes the following form

G
(1)
{p,q} =

p∑
l=0

(g2d12
8π2

)N−ℓ
(d34)q−m⟨tr(Φ1Φ2)ℓtr(Φ3)m+p−qtr(Φ4)m⟩(1) , (4.20)

where Φj ≡ Yj · Φ and we have assumed p > q. To have non-zero result, we must have

p− q = 2ℓ− 2m (ℓ,m ∈ ℕ). (4.21)

For p < q, we have the same argument and therefore we have |p− q| = 2k (k ∈ ℕ).
Next, assuming that p = q+2k so that Op(x3) has extra free fields to contract with PCGG.

At tree level, these 2k extra free fields can only contract with in sequence due to the planarity
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of PCGG (See the illustration of the yellow part of G(1)
q+2k,q in figure 8), thereby contributing

a factor (d13d23)k/(d12)k. The additional 2k Wick contractions do not lead to new loop
corrections. As shown in figure 8, the left panel represents a one-loop Feynman diagram
for ⟨DDOqOq⟩ while the right panel is the one-loop Feynman diagram for ⟨DDOq+2kOq⟩.
The differences between them only occurs in the free propagator part (the yellow part in
figure 8a1). As a result, we obtain the expression for ⟨DDOpOq⟩:

G
(1)
{p,q} =


(d13d23

d12
)kG

(1)
{q,q}, (p− q = 2k, k ∈ ℕ)

(d14d24
d12

)kG
(1)
{p,p}, (q − p = 2k, k ∈ ℕ)

(4.22)

where G
(1)
{p,p} is given in (4.19).

5 Two-loop computations

In this section, we apply the harmonic PCGG method to compute the two-loop results of
G

(2)
{p,p}. The results can be written in terms of various two-loop conformal integrals, which

are defined as:

F (2)
z = F (2)(z, z̄), (5.1)

F
(2)
1−z = F (2)(1 − z, 1 − z̄), (5.2)

F
(2)

z
z−1

= 1
(1 − z)(1 − z̄)F

(2)
(

z

z − 1 ,
z̄

z̄ − 1

)
, (5.3)

with the fundamental two-loop integral F (2)(z, z̄) given by

F (2)
z (z, z̄) = x2

13x
2
24x

2
14

π4

∫ d4x5 d4x6
x2

15x
2
25x

2
45x

2
56x

2
16x

2
36x

2
46

= 1
z−z̄

[
ln2(zz̄)

2
(
Li2(z)−Li2(z̄)

)
−3ln(zz̄)

(
Li3(z)−Li3(z̄)

)
+6
(
Li4(z)−Li4(z̄)

)]
.

(5.4)

At two-loop order, the correlation function takes the form

G
(2)
{p,p} = RN=4d

N−p
12

∑
m+n+l=p−2

F
(2)
[l,m,n](u, v)X lYmZn, (5.5)

while F (2)
[l,m,n] = 0 for |m − n| > 1 according to Theorem 2. Based on the lightcone OPE

relation, the remaining F (2)
[l,m,n] can be deduced from F

(2)
[l−1,m,n] and recursively from F

(2)
[0,m,n].

Further, G(2)
{p,p} is invariant under the exchange of Op(x3, y3) and Op(x4, y4). Taking into

account these properties, it turns out to be sufficient to compute only two coefficients:
F

(2)
[0,m,m] and F

(2)
[0,m,m+1].

In the Lagrangian insertion formalism, we need to compute the following N = 2 integrand
with two inserted Lagrangian densities

⟨D̃DOpOpLL⟩ = Θ5,6F (x, u), (5.6)
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Figure 9. Interaction block involving self-interaction of gluons. Such diagrams vanish automatically
in the frame θ5 = θ6 = 0.

where the two-loop superconformal nilpotent invariant is

Θ5,6 =
[
θ4

5θ
4
6RN=2 + . . .+

(
θ+

1

)2 (
θ+

2

)2 (
θ+

3

)2 (
θ+

4

)2
x4

56

]
x4

56∏4
i=1 x

2
i5x

2
i6
. (5.7)

At two-loop order, it is more convenient to work in the frame θ5 = θ6 = 0. One important
advantage of this frame is that all Feynman diagrams containing gluon self-interaction, for
instance the one shown in figure 9, vanish automatically. In this frame, the correlation
function can be expressed as

⟨D̃DOpOpLL⟩ =
4∏

r=1
θ+2

r

( [12]
x2

12

)N−p ∑
l+m+n=p−2

X lY mZnA
(2)
[l,m,n], (5.8)

where the coefficients A(2)
[l,m,n] do not depend on harmonic variables. Similar to the one-loop

calculation, the correlation functions with different p can be computed recursively. We
will detail the computation for the first few values of p, from which it is clear to see the
pattern for generic p.

p = 2 case. The general structure of ⟨DDO2O2⟩(2) in N = 4 SYM is

⟨DDO2O2⟩(2) = RN=4d
N−2
12 F

(2)
[0,0,0]. (5.9)

For p = 2, we perform the pure projection

⟨D̃DO2O2LL⟩ =
4∏

r=1
θ+2

r

( [12]
x2

12

)N−2
A

(2)
[0,0,0]. (5.10)

Under this projection F
(2)
[0,0,0] corresponds to A(2)

[0,0,0]. We take the following harmonic iden-
tification:

1
[12]N−2

(
⟨D̃DO2O2LL⟩|u1=u4,u2=u3

)
|u1=u2 =

4∏
r=1

θ+2
r A

(2)
[0,0,0]. (5.11)

This identification removes all Feynman diagrams containing free propagators carrying the
factor [14] and [23]. The contributing diagrams can be classified into two groups by the number
of the T-block connecting 1 and 2, which are given in figure 10 and figure 11 respectively.

The expressions of the building blocks can be computed straightforwardly in the frame
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Figure 10. Two-loop ⟨D̃DO2O2LL⟩ diagrams with one T-block ⟨q̃1Wq2⟩.

Figure 11. Two-loop ⟨D̃DO2O2LL⟩ diagrams with two T-blocks ⟨q̃1Wq2⟩.

θ5 = θ6 = 0. The sum of these diagrams give the result

A
(2)
[0,0,0] = 1

x2
12x

2
34x

2
14x

2
23

x2
56∏4

r=1 x
2
r5x

2
r6
P, (5.12)

where

P =x2
13x

2
24x

2
56 + x2

14x
2
23x

2
56 − x2

12x
2
34x

2
56 + x2

13x
2
25x

2
46 + x2

13x
2
26x

2
45 (5.13)

+ x2
24x

2
15x

2
36 + x2

24x
2
16x

2
35 − x2

12x
2
35x

2
46 − x2

12x
2
36x

2
45 + x2

34x
2
15x

2
26.

Going back to the frame θ+
r = 0 (r = 1, 2, 3, 4) and integrating over inserted coordinates,

we obtain

F
(2)
[0,0,0] =

∫
d4x5d4x6

1
x4

56
A[0,0,0] (5.14)

= 1
x2

12x
2
34x

2
14x

2
23

[
(2 − z − z̄)(F (1)(z, z̄))2 + 4F (2)

z + 4F (2)
z

1−z

]
,

where the two-loop conformal integrals are defined in (5.1), (5.3) and (5.4).

p = 3 case. The general structure of ⟨DDO3O3⟩(2) in N = 4 SYM reads

⟨DDO3O3⟩(2) = RN=4d
N−3
12

[
XF (2)

[1,0,0] + YF (2)
[0,1,0] + ZF (2)

[0,0,1]

]
, (5.15)

where
F

(2)
[1,0,0] = F

(2)
[0,0,0] + missing term (5.16)

due to the lightcone OPE relation (3.51). Here, “missing term” refers to the terms that
vanish in the lightcone limit. We shall derive these missing terms for generic p in what follows.
In the current case, we take p = 3 which gives

missing term = −2F (2)
1−z. (5.17)
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Figure 12. Two-loop diagram that contributes to ⟨D̃DO3O3LL⟩.

F
(2)
[0,0,1] and F

(2)
[0,1,0] are related to each other by exchanging 3 and 4 and thus we can focus

on the computation of F (2)
[0,0,1]. We again choose the pure projection

⟨D̃DO3O3LL⟩ =
4∏

r=1
θ+2

r

( [12]
x2

12

)N−3
(XA(2)

[1,0,0] + ZA
(2)
[0,0,1]), (5.18)

where A(2)
[0,0,1] corresponds to F (2)

[0,0,1]. To extract A(2)
[0,0,1] from the N = 2 correlator, we perform

the following harmonic identification

1
[13]2

(
⟨D̃DO3O3LL⟩|u3=u4

[12]N−3

∣∣∣∣∣
u1=u2

)∣∣∣∣∣
u1=u3

=
4∏

r=1
θ+2

r A
(2)
[0,0,1] , (5.19)

under which there is only one non-vanishing Feynman diagram, given in figure 12. Using
the simplified Feynman rules, this diagram evaluates to

[14]
x2

14

[23]
x2

23
⟨q̃1W5q2⟩⟨q̃3W5q4⟩⟨q̃1W6q2⟩⟨q̃3W6q4⟩ + (5 ↔ 6) (5.20)

=
4∏

r=1
θ+2

r

[14]
x2

14

[23]
x2

23

1
x2

12x
2
34

x4
56∏4

r=1 x
2
r5x

2
r6
.

It is then simple to go back to the frame θ+
r = 0 (r = 1, . . . , 4) and read off A

(2)
[0,0,1]

A
(2)
[0,0,1] = x2

14x
2
23

x2
13x

2
24

x2
13x

2
24∏4

r=1 x
2
r5x

2
r6
. (5.21)

After integration over x5 and x6, we obtain

F
(2)
[0,0,1] =

∫
d4x5d4x6A

(2)
[0,0,1] = (1 − z)(1 − z̄)(F (1)(z, z̄))2. (5.22)

Combining the previous results, we obtain

⟨DDO3O3⟩(2) = R̃N=4d
N−3
12 {X [(2 − z − z̄)(F (1)(z, z̄))2 + 4F (2)

z + 4F (2)
z

1−z
]

+ Y(1 − z)(1 − z̄)(F (1)(z, z̄))2

+ Z(F (1)(z, z̄))2 − 2XF (2)
1−z} .

(5.23)
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p = 4 case. The N = 4 correlator ⟨DDO4O4⟩(2) has the following structure:

⟨DDO4O4⟩(2) = RN=4d
N−4
12

[
X 2F

(2)
[2,0,0] + XYF (2)

[1,1,0] + XZF (2)
[1,0,1] + YZF (2)

[0,1,1]

]
, (5.24)

where we have dropped F
(2)
[0,0,2] and F

(2)
[0,2,0] due to the Theorem 2. The coefficients F (2)

[2,0,0],
F

(2)
[1,1,0] and F (2)

[1,0,1] are partially determined by the lightcone OPE relation up to some missing
terms in the lightcone limit. Again, we only need to focus on the computation of one term,
F

(2)
[0,1,1]. The simplest N = 2 correlator containing F (2)

[0,1,1] corresponds to taking p = 4, r = 1
in (3.14) and the correlator takes the form

⟨D̃DO4O4LL⟩ =
4∏

r=1
θ+2

r

( [12]
x2

12

)N−3
(X2A

(2)
[2,0,0] +XY A

(2)
[1,1,0] +XZA

(2)
[1,0,1] + Y ZA

(2)
[0,1,1]) .

(5.25)
In the N = 2 reduction, A(2)

[0,1,1] corresponds to F (2)
[0,1,1]. We perform the following harmonic

identification

1
[13]4

(
⟨D̃DO4O4LL⟩|u3=u4

[12]N−4

∣∣∣∣∣
u1=u2

)∣∣∣∣∣
u1=u3

=
4∏

r=1
θ+2

r A
(2)
[0,1,1] . (5.26)

The contributing diagrams are listed in figure 13 and figure 14.7

Here several points deserve more discussions. First, we organize these Feynman diagrams
into two groups, classified by the positions of the inserted Lagrangian densities. The first
group consists of diagrams in which both Lagrangians are inserted in four-point faces and
the second group consists of diagrams containing two Lagrangians inserted in a three-point
face and a four-point face individually.

Second, we need to multiply a symmetry factor to each diagram. For example, Diagram-1
in figure 13 has a symmetry factor 6 which originates from the fact that the length-6 PCGG
provides us 6 possible choices to construct the factor ⟨q̃1Wq2⟩. The symmetry factor of the
Diagram-13 is 6 × 2, where the factor 6 has the same origin of Diagram-1 and the factor 2
comes from the fact that there are two three-point faces to insert the Lagrangian densities.
The explicit formula of these diagrams for general p, along with the proper symmetry factors
are listed in table 1 and table 2. Setting p = 4 gives the symmetry factors of the present case.

Third, in the harmonic identification procedure, we need to factor out [12]N−4 and then
set u1 = u2. Some diagrams, for instance Diagram-8 and Diagram-10, carry a factor [12]N−5

separately while their sum contributes an additional [12] factor due to the harmonic identity

[13−][23] + [13][23−] = [12]. (5.27)

For simplicity of counting, we multiply a factor 1
2 to this type of diagrams, which is indicated

in red in the tables.
After summing over all contributing diagrams and performing the integration over the

spacetime points and Grassmann variables, we obtain

F
(2)
[0,1,1] = (2 − z − z̄)(F (1)(z, z̄))2 + 4F (2)

z + 4F (2)
z

1−z
, (5.28)

7More precisely, we need to take p = 4 and remove the ellipsis from the Feynman diagrams in figure 13 and
figure 14.
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Figure 13. Two-loop diagrams that contribute to ⟨D̃DOpOpLL⟩. There are two different kinds of
interactions; the three-point face interactions and the four-point face interactions. Here, we list the
Feynman diagrams that contain only four-point face interactions.

which turns out to be the same as the F (2)
[0,0,0]. To obtain the full result, we need to compute

F
(2)
[2,0,0], F

(2)
[1,1,0] and F

(2)
[1,0,1]. As mentioned in section 3.6, these coefficients can be deduced

from the correlator of ⟨DDO3O3⟩ using the lightcone OPE relations, up to some missing
terms to be determined. To calculate these terms, notice that we have

X 2F[2,0,0] = X 2(F[1,0,0] + missing term) (5.29)
XYF[1,1,0] = XY(F[0,1,0] + missing term), (5.30)
XZF[1,0,1] = XZ(F[0,0,1] + missing term). (5.31)

Taking the sum of the above expressions, we find that the complete missing term takes
the following form

missing terms = X 2a+ XYb+ XZc, (5.32)

where a, b and c are some coefficients which depend on cross ratios. We will show below
that b = c = 0 and

a = −2F (2)
1−z. (5.33)
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Figure 14. Two-loop diagrams that contribute to ⟨D̃DOpOpLL⟩. There are two different kinds of
interactions; the three-point face interactions and the four-point face interactions. Here, we list the
Feynman diagrams that contain three- and four-point face interactions

Therefore, the full two-loop result of ⟨DDO4O4⟩ is given by

⟨DDO4O4⟩(2) = R̃N=4{(X 2 + YZ)[(2 − z − z̄)(F (1)(z, z̄))2 + 4F (2)
z + 4F (2)

z
1−z

]

+ XY(1 − z)(1 − z̄)(F (1)(z, z̄))2 + XZ(F (1)(z, z̄))2

− 2X 2F
(2)
1−z}.

(5.34)

Generic p. From previous examples, we find a recursive structure of the correlators. For
generic p, the recursive structure and Theorem 2 guarantee that we only need to compute
F

(2)
[0,⌊ p−2

2 ⌋,⌊ p−1
2 ⌋] up to some missing terms in the lightcone limit. We choose the following
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Diagram Color Factor Symmetry Factor Kinematic Factor

1 −Np+5
c

2p+2 2p

(Y Z)
p−2

2
[
τ13τ24 − τ12τ34 − τ14τ23

−τ13(ρ2
2σ

2
4 + ρ2

4σ
2
2) − τ24(ρ2

1σ
2
3 + ρ2

3σ
2
1)

+τ12(ρ2
3σ

2
4 + ρ2

4σ
2
3) + τ34(ρ2

1σ
2
2 + ρ2

2σ
2
1)

+τ14(ρ2
2σ

2
3 + ρ2

3σ
2
2) + τ23(ρ2

1σ
2
4 + ρ2

4σ
2
1)
]

2 −Np+5
c

2p+2 2p (Y Z)
p−2

2 τ13(ρ2
2σ

2
4 + ρ2

4σ
2
2)

3 −Np+5
c

2p+2 2p (Y Z)
p−2

2 τ13(ρ2
2σ

2
4 + ρ2

4σ
2
2)

4 −Np+5
c

2p+2 2p (Y Z)
p−4

2
[
− [13][24][14]2

x2
13x2

24x4
14

]
τ23(ρ2

1σ
2
4 + ρ2

4σ
2
1)

5 −Np+5
c

2p+2 2p (Y Z)
p−2

2 τ24(ρ2
1σ

2
3 + ρ2

3σ
2
1)

6 −Np+5
c

2p+2 2p (Y Z)
p−2

2 τ24(ρ2
1σ

2
3 + ρ2

3σ
2
1)

7 −Np+5
c

2p+2 2p (Y Z)
p−4

2
[
− [13][24][23]2

x2
13x2

24x4
23

]
τ14(ρ2

2σ
2
3 + ρ2

3σ
2
2)

8 −Np+6
c

2p+3 2(p+ 1) 1
2(Y Z)

p−2
2

[14]
x2

14
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

9 −Np+6
c

2p+3 2(p+ 1) 1
2(Y Z)

p−2
2

[14]
x2

14
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

10 −Np+6
c

2p+3 2(p+ 1) −1
2(Y Z)

p−2
2

[23]
x2

23
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

11 −Np+6
c

2p+3 2(p+ 1) −1
2(Y Z)

p−2
2

[23]
x2

23
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

12 −Np+5
c

2p+2 4p 2(Y Z)
p−2

2 τ12τ34

Table 1. Color factors, symmetry factors and kinematic factors of Feynman diagrams that contain
only four-point face interactions.

N = 2 projection

⟨det q̃1 det q2tr(q̃⌊
p−2

2 ⌋
3 q

p−⌊ p−2
2 ⌋

3 )tr(q⌊
p−2

2 ⌋
4 q̃

p−⌊ p−2
2 ⌋

4 )⟩ =
4∏

r=1
θ+

r

∑
l+m+n=p−2

X lY mZnf
(2)
[l,m,n].

(5.35)

We consider even p first. Under harmonic identification, 26 independent diagrams survive,
which are listed in figure 13 and figure 14. For arbitrary p > 4, the interaction parts of
the Feynman diagrams are the same, the differences between different p are the symmetry
factors and the number of free propagators.

The 26 Feynman diagrams are classified into two groups. The first group, consisting of 12
diagrams, contain diagrams with only four-point face interactions. The second group consists
of 14 diagrams involving both three- and four-point face interactions. The color factor,
symmetry factor, and kinematic factor of these diagrams are listed in table 1 and table 2.
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Diagram Color Factor Symmetry Factor Kinematic Factor

13 −Np+5
c

2p+2 2p(p− 2) (Y Z)
p−4

2
[
− [23][14][14]2

x2
23x2

14x4
14

]
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

14 −Np+5
c

2p+2 2p(p− 2) (Y Z)
p−4

2
[
− [14][24][23]2

x2
14x2

24x4
23

]
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

15 −Np+6
c

2p+3 2(p+ 1)(p− 2) 1
2(Y Z)

p−2
2

[14]
x2

14
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

16 −Np+6
c

2p+3 2(p+ 1)(p− 2) 1
2(Y Z)

p−4
2
[
− [14]2[23]2[24]

x4
14x4

23x2
24

]
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

17 −Np+6
c

2p+3 2(p+ 1)(p− 2) −1
2(Y Z)

p−2
2

[23]
x2

23
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

18 −Np+6
c

2p+3 2(p+ 1)(p− 2) 1
2(Y Z)

p−4
2
[

[14]2[23]2[24]
x4

14x4
23x2

24

]
τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3)

19 −Np+5
c

2p+2 2p(p− 2) (Y Z)
p−2

2 τ13(ρ2
2σ

2
4 + ρ2

4σ
2
2)

20 −Np+5
c

2p+2 2p(p− 2) (Y Z)
p−4

2
[
− [14][24][23]2

x2
14x2

24x4
23

]
τ13(ρ2

2σ
2
4 + ρ2

4σ
2
2)

21 −Np+5
c

2p+2 2p(p− 2) (Y Z)
p−4

2
[
− [13][14][23]2

x2
13x2

14x4
23

]
τ14(ρ2

2σ
2
3 + ρ2

3σ
2
2)

22 −Np+5
c

2p+2 2p(p− 3) (Y Z)
p−4

2
[
− [13][24][23]2

x2
13x2

24x4
23

]
τ14(ρ2

2σ
2
3 + ρ2

3σ
2
2)

23 −Np+5
c

2p+2 2p(p− 2) (Y Z)
p−2

2 τ24(ρ2
1σ

2
3 + ρ2

3σ
2
1)

24 −Np+5
c

2p+2 2p(p− 2) (Y Z)
p−4

2
[

[13][23][14]2
x2

13x2
23x4

14

]
τ24(ρ2

1σ
2
3 + ρ2

3σ
2
1)

25 −Np+5
c

2p+2 2p(p− 2) (Y Z)
p−4

2
[

[23][24][14]2
x2

23x2
24x4

14

]
τ23(ρ2

1σ
2
4 + ρ2

4σ
2
1)

26 −Np+5
c

2p+2 2p(p− 3) (Y Z)
p−4

2
[
− [13][24][14]2

x2
13x2

24x4
14

]
τ23(ρ2

1σ
2
4 + ρ2

4σ
2
1)

Table 2. Color factors, symmetry factors and kinematic factors of Feynman diagrams that involve
both three- and four-point face interactions.

The sum of all diagrams in table 1 and table 2 gives

N5
cNc!(d12)N−pXN−p−2(Y Z)

p−2
2

x2
12x

2
34x

2
13x

2
24

[τ13τ24 + τ14τ23 − τ12τ34 + τ13(ρ2
2σ

2
4 + ρ2

4σ
2
2) (5.36)

+ τ24(ρ2
1σ

2
3 + ρ2

3σ
2
1) − τ12(ρ2

3σ
2
4 + ρ2

4σ
2
3) + τ34(ρ2

1σ
2
2 + ρ2

2σ
2
1)

+ τ14(ρ2
2σ

2
3 + ρ2

3σ
2
2) + τ23(ρ2

1σ
2
4 + ρ2

4σ
2
1)].

In the θ5 = θ6 = 0 frame, (5.36) simplifies to

N5
cNc!

(θ+
1 )2(θ+

2 )2(θ+
3 )2(θ+

4 )2x2
56

x2
12x

2
34x

2
13x

2
24

(d12)N−pXN−p(Y Z)
p−2

2
P1

x2
15x

2
25x

2
35x

2
45x

2
16x

2
26x

2
36x

2
46
, (5.37)

where

P1 =x2
13x

2
24x

2
56 + x2

14x
2
23x

2
56 − x2

12x
2
34x

2
56 + x2

13x
2
25x

2
46 + x2

13x
2
26x

2
45 (5.38)

+ x2
24x

2
15x

2
36 + x2

24x
2
16x

2
35 − x2

12x
2
35x

2
46 − x2

12x
2
36x

2
45 + x2

34x
2
15x

2
26

+ x2
34x

2
16x

2
25 + x2

14x
2
25x

2
36 + x2

14x
2
26x

2
35 + x2

23x
2
15x

2
46 + x2

23x
2
16x

2
45.

– 32 –



J
H
E
P
0
3
(
2
0
2
6
)
0
9
7

Going back to the θr = θ̄r = 0 (r = 1, · · · , 4) frame, we obtain

A
(2)
[0, p−2

2 , p−2
2 ] =N5

cNc!θ4
5θ

4
6RN=2(d12)N−pXN−p(Y Z)

p−2
2 (5.39)

× P1
x2

15x
2
25x

2
35x

2
45x

2
16x

2
26x

2
36x

2
46x

2
56
.

Notice that although individual diagram in the tables depends on p, the summation
is independent of p. This property already hints at the 10-dimention hidden conformal
symmetry that will be discussed in next section.

For odd p, there is only one diagram contributing to the A(2)
[0, p−3

2 , p−1
2 ], which is similar

to the p = 3 case. Thus we can determine

A
(2)
[0, p−3

2 , p−1
2 ] ∝ A

(2)
[0,0,1]. (5.40)

Using the lightcone OPE relation, the integrand of ⟨DDOpOp⟩(2) can be written as

⟨D̃DOpOpLL⟩ = θ4
5θ

4
6RN=2

x2
15x

2
25x

2
35x

2
45x

2
16x

2
26x

2
36x

2
46x

2
56

[
P1(d12)N−p

⌊ p−2
2 ⌋∑

m=0
Xp−2−2m(Y Z)m (5.41)

+ P2Y (d12)N−p

⌊ p−3
2 ⌋∑

m=0
Xp−3−2m(Y Z)m

+ P3Z(d12)N−p

⌊ p−3
2 ⌋∑

m=0
Xp−3−2m(Y Z)m

+ missing terms
]
,

where

P2 = x2
14x

2
23x

2
56 , P3 = x2

13x
2
24x

2
56 . (5.42)

Finally we need to determine the missing terms. Notice that the missing terms come from
the lightcone OPE relation

X lYmZnF[l,m,n] = X lYmZn(F[l−1,m,n] + f̃[l,m,n]), (5.43)

where f̃[l,m,n] only depends on cross ratios. Therefore each time when we apply the lightcone
OPE relation as in (5.43), we generate a potential missing term dN−p

12 X lYmZnf̃[l,m,n]. Further
taking into account the restriction |m − n| ≤ 1 due to Theorem 2, we can write down
the following ansatz

missing terms = dN−p
12

⌊ p−3
2 ⌋∑

m=0
X p−3−2m(YZ)m(AmX +BmY + CmZ), (5.44)

where Am, Bm and Cm are functions depend on the coordinates xj . According to (3.51),
such terms are proportional to x2

34. To compensate for the conformal weight of the correlator,
the coefficients Am, Bm and Cm should carry conformal weight one at each point, from x1 to
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Figure 15. The Feynman diagrams that contribute to x2
12x

2
34x

2
56.

x6. In addition, the missing terms should be symmetric under the exchange of 1 and 2, as
well as 3 and 4. Meanwhile, these coefficients themselves are symmetric under the exchange
of 3 and 4 because their dependence on x3 and x4 appears only through x2

34. Therefore the
most general ansatz for these coefficients are

Bm = Cm = c1x
2
34(x2

15x
2
26 + x2

16x
2
25) + c2x

2
12x

2
34x

2
56,

Am = c3x
2
34(x2

15x
2
26 + x2

16x
2
25) + c4x

2
12x

2
34x

2
56,

(5.45)

where ci are constant numbers. The terms with coefficient c2 and c4 can only come from the
diagram in figure 15, which are excluded by the previous analysis of harmonic identification.
So we can further simplify the ansatz to be

missing terms = x2
34(x2

15x
2
26 +x2

16x
2
25)dN−p

12

⌊ p−3
2 ⌋∑

m=0
X p−3−2m(YZ)m(amX +bmY+cmZ), (5.46)

where am, bm and cm are constants and bm = cm. Since the factor x2
34(x2

15x
2
26) can only

come from the products of T-blocks, it is possible to specify the interacting subgraph that
contributes this factor. In fact, all interacting subgraphs at two-loops have been listed in
the figure 7 in [69] and we find that the only required subgraph is

(T145T236 + (5 ↔ 6))T345T346 = τ34
(
ρ2

1σ
2
2 + ρ2

2σ
2
1
)

x2
14x

2
23x

4
34

. (5.47)

To determine am, bm and cm, it is convenient to choose the projection ⟨det q̃1 det q2
tr(q̃p−m

3 qm
3 )tr(qp−m

4 q̃m
4 )⟩. Among the diagrams listed in [69], only one of them contains the

factor x2
34 after taking into account planarity, this is the Feynman diagrams of figure 16.

The contribution can be extracted from the complete result by identifying u3 = u4 after
factorizing out [34]m and this gives

am = −1 , bm = cm = 0. (5.48)

Therefore the missing term is fixed to be

missing terms = −(x2
34x

2
15x

2
26 + x2

34x
2
15x

2
26)

⌊ p−3
2 ⌋∑

m=0
X p−2−2m(YZ)m. (5.49)
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Figure 16. The Feynman diagrams that contribute to the missing terms.

After performing the integrals over the spacetime points x5, x6 and the Grassmann variables
θ5, θ6 and uplifting the results to the N = 4 SYM theory, the two-loop result for generic
p is given by

G
(2)
{p,p} = R̃N=4d

N−p
12

[
H(z, z̄)

[ p−2
2 ]∑

m=0
X p−2−2m(YZ)m (5.50)

+ (1 − z)(1 − z̄)
(
F (1)(z, z̄)

)2
Y

[ p−3
2 ]∑
m

X p−3−2m(YZ)m

+
(
F (1)(z, z̄)

)2
Z

[ p−3
2 ]∑

m=0
X p−3−2m(YZ)m − 2F (2)

1−z

[ p−3
2 ]∑

m=0
X p−2−2m(YZ)m

]
,

where
H(z, z̄) = (2 − z − z̄)(F (1)(z, z̄))2 + 4F (2)

z + 4F (2)
z

1−z
. (5.51)

Generalization to G
(2)
{p,q}. The derivation of the two-loop contribution for G(2)

{p,q} is analo-
gous to the one-loop case. As shown in figure 17, all diagrams contributing to the two-loop
correction of G(2)

{p,q} differ from those of G(2)
{p,p} only in the free-propagator parts (highlighted

in yellow), they introduce no additional corrections to the loop integrals. Consequently, the
two-loop result for G(2)

{p,q} can be written as

G
(2)
{p,q} =


(d13d23

d12
)kG

(2)
{q,q}, (p− q = 2k, k ∈ ℕ)

(d14d24
d12

)kG
(2)
{p,p}, (q − p = 2k, k ∈ ℕ)

(5.52)

where G
(2)
{p,p} is given in (5.50).

6 Hidden higher dimensional conformal symmetry

In [58], it was discovered that the giant graviton two-point function at strong coupling exhibits
an intriguing hidden structure, enabling the calculation of all ⟨DDOpOq⟩ correlators from
a single generating function constructed from ⟨DDO2O2⟩. This structure reflects a 10D
hidden conformal symmetry, first observed in four-point functions of single-trace operators
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Figure 17. Two-loop Feynman diagram for the transition from G
(2)
{q,q} to G(2)

{q+2k,q}. The red wavy
lines are loop corrections and the yellow thick lines stand for 2k free propagators.

⟨Ok1Ok2Ok3Ok4⟩ [20]. A natural question is whether this structure persists at weak coupling,
or even at finite coupling?

For four-point functions of single-trace operators, this hidden 10D conformal symmetry
also manifests at weak coupling, albeit in a slightly different form. Within the Lagrangian
insertion approach, the integrand of ⟨Ok1Ok2Ok3Ok4⟩ at the first few loop orders can be
obtained from a similar generating function based on the simplest four-point function,
⟨O2O2O2O2⟩ [21]. This observation suggests the possibility of an analogous structure in
the present case at the integrand level. Indeed, we identify the hidden higher-dimensional
symmetry in the integrand up to two-loop order. Specifically, the integrand of ⟨DDOpOq⟩
can be derived from generating functions constructed from ⟨DDO2O2⟩, employing the same
replacement rules for x2

ij as in the strong coupling regime [58].
More explicitly, we define the generating function as follows:

I(n)(λ1, λ2) =
( x6

12
x2

13x
2
14x

2
23x

2
24x

2
34

×H
(n)
{2,2}

∣∣∣
x2

ij→x̂2
ij

)∣∣∣
Y3→

λ1√
2

Y3,Y4→
λ2√

2
Y4
, (6.1)

where x2
ij → x̂2

ij are the replacement rules which uplift specific combinations of distances in
4D to their counterparts in a higher dimensional space, whose explicit form will be given
in (6.8). Here H(n)

{2,2} are related to the integrands of G(n)
{2,2} whose explicit forms are

H
(1)
{2,2} = −1

π2x2
15x

2
25x

2
35x

2
45
, (6.2)

H
(2)
{2,2} = P1

π4x2
15x

2
25x

2
35x

2
45x

2
16x

2
26x

2
36x

2
46x

2
56
.

where P1 has been defined in (5.38).
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Replacement rule. The replacement x2
ij → x̂2

ij uplifts distances in a 4D space to a higher
dimensional space, combining the 6D embedding space vectors PA ∈ ℝ5,1

PA =
(

1 − x2

2 ,
1 + x2

2 , x⃗

)
(6.3)

and the 6D null vectors Yj into the 12D framework.

Zi = (Pi,A, Yi,I). A = 1, . . . , 6, I = 1, . . . 6, (6.4)

where the index i labels distinct fields.We now use the following replacement rules

P3 · P4 → Z3 · Z4, (6.5)
P3 ·ℕ · P4 → Z3 · (ℕ + 𝕄) · Z4 (6.6)

where ℕAB, 𝕄ij are spacetime and R-symmetry projectors respectively

ℕAB = P1,AP2,B + P2,AP1,B

P1 · P2
,

𝕄IJ = δIJ − Y1,IY2,J + Y2,IY1,J

Y1 · Y2
. (6.7)

This rule originates from the defect picture in the bulk. In AdS space, the giant gravitons
can be seen as a one-dimensional defect, which breaks the symmetry from SO(5, 1) × SOR(6)
down to SO(4) × SOR(4). Here, ℕ projects any vector onto the subspace spanned by P1,A

and P2,A, while 𝕄 projects it onto the subspace orthogonal to Y1,I and Y2,I . Explicitly, the
replacement rules can be expressed in terms of the variables x2

ij and y2
ij = Yi · Yj as

x2
34 → x2

34 − 2y2
34 , (6.8)

x2
13x

2
23

x2
12

→ x2
13x

2
23

x2
12

+ 2y2
13y

2
23

y2
12

,

x2
14x

2
24

x2
12

→ x2
14x

2
24

x2
12

+ 2y2
14y

2
24

y2
12

x2
13x

2
24 + x2

14x
2
23

2x2
12

→ x2
13x

2
24 + x2

14x
2
23

2x2
12

+ y2
13y

2
24 + y2

14y
2
23 − y2

12y
2
34

y2
12

with other x2
ij remaining invariant. Furthermore, we perform the rescaling

Y3 → λ1√
2
Y3 , Y4 → λ2√

2
Y4 , (6.9)

in the replacement rule (6.8), which leads to

x2
34 → x2

34 − λ1λ2y
2
34 , (6.10)

x2
13x

2
23

x2
12

→ x2
13x

2
23

x2
12

+ λ2
1y

2
13y

2
23

y2
12

,

x2
14x

2
24

x2
12

→ x2
14x

2
24

x2
12

+ λ2
2y

2
14y

2
24

y2
12

x2
13x

2
24 + x2

14x
2
23

2x2
12

→ x2
13x

2
24 + x2

14x
2
23

2x2
12

+ λ1λ2
y2

13y
2
24 + y2

14y
2
23 − y2

12y
2
34

2y2
12
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This gives the generating function I(n)(λ1, λ2). Expanding this function in λ1, λ2 yields

I(n)(λ1, λ2) =
∑

p,q=2
H(n)

{p,q}λ
p−2
1 λq−2

2 . (6.11)

Here H(n)
{p,q} are the integrand of G(n)

{p,q}. This construction allows us to systematically derive
the integrands for all G(n)

{p,q}.

G
(n)
{p,q} = RN=4

n∏
i=1

∫
dx4

4+i

x2
13x

2
14x

2
23x

2
24x

2
34

x6
12

H(n)
{p,q}. (6.12)

We present the explicit forms of I(n)(λ1, λ2) for n = 1, 2.

One-loop. At one loop, the generating function takes the explicit form

I(1)(λ1, λ2) = −
(x2

13x2
23

x2
12

+ λ2
1y2

13y2
23

y2
12

)−1(x2
14x2

24
x2

12
+ λ2

2y2
14y2

24
y2

12
)−1x2

12

π2(x2
34 − λ1λ2y2

34)
× 1
x2

15x
2
25x

2
35x

2
45
. (6.13)

It is straightforward to verify that for p − q = 2k + 1 (assuming p > q), the coefficient of
λq+2k−1

1 λq−2
2 is vanishing; for p − q = 2k, the coefficient of the λq+2k−2

1 λq−2
2 is exactly the

integrands of G(1)
{q+2k,q}, as confirmed by explicit calculations.

Two-loop. At two loops, the generating function is given by

I(2)(λ1, λ2) = −
(x2

13x2
23

x2
12

+ λ2
1y2

13y2
23

y2
12

)−1(x2
14x2

24
x2

12
+ λ2

2y2
14y2

24
y2

12
)−1x2

12

(x2
34 − λ1λ2y2

34)
(6.14)

× P1(λ1, λ2)
π4x2

15x
2
25x

2
35x

2
45x

2
16x

2
26x

2
36x

2
46x

2
56

where

P1(λ1, λ2) = 2x2
12x

2
56

(x2
13x

2
24

2x2
12

+ x2
14x

2
23

2x2
12

+ λ1λ2
y2

13y
2
24 + y2

14y
2
23 − y2

12y
2
34

2y2
12

)
(6.15)

− x2
12(x2

34 − λ1λ2y
2
34)x2

56 + x2
13x

2
25x

2
46 + x2

13x
2
26x

2
45

+ x2
24x

2
15x

2
36 + x2

24x
2
16x

2
35 + x2

14x
2
25x

2
36 + x2

14x
2
26x

2
35

+ x2
23x

2
15x

2
46 + x2

23x
2
16x

2
45 − x2

12x
2
35x

2
46 − x2

12x
2
36x

2
45

+ (x2
34 − λ1λ2y

2
34)(x2

15x
2
26 + x2

16x
2
25)

Again, we observe that for p − q = 2k + 1, the coefficient of the λq+2k−1
1 λq−2

2 is vanishing
while for p− q = 2k, the coefficient of λq+2k−2

1 λq−2
2 coincides with the integrand of G(2)

{q+2k,q}.
It is natural to conjecture that the same structure holds at even higher loop orders,

though explicit verification would require computations beyond two-loop order and we leave
it for future investigations.

7 Conformal data and integrability check

In this section we test the two-loop result ⟨DDOpOp⟩(2) with integrability predictions.
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7.1 Sum rules from conformal block decomposition

We firstly express the two-loop result in a form which is more suitable for obtaining the
OPE data

G
(2)
{p,p} = R̃N=4d

N−2
12 dp−2

34 P (2)(u, v;σ, τ), (7.1)

where

P (2) =
[
H(z, z̄)

[ p−2
2 ]∑

m=0

(
σu
τu

v

)m

+ (1 − z)(1 − z̄)
(
F (1)(z, z̄)

)2
σu

[ p−3
2 ]∑
m

(
σu
τu

v

)m

(7.2)

+
(
F (1)(z, z̄)

)2 τu

v

[ p−3
2 ]∑

m=0

(
σu
τu

v

)m

− 2F (2)
1−z

[ p−3
2 ]∑

m=0

(
σu
τu

v

)m
]
,

where u, v and σ, τ are the conformal and harmonic cross ratios defined in (3.7) and (3.8)
respectively. We have use the relations Y/X = σu and Z/X = τu/v to write X ,Y,Z in
terms of the cross ratios. To extract OPE data, we write the correlation function as [3]

G{p,p} = G
(0)
{p,p} + CNNppd

N
12d

p
34S(u, v;σ, τ)H(u, v;σ, τ) (7.3)

where S(u, v;σ, τ) is a polynomial of the cross ratios and CNNpp is a normalization factor.

S(u, v;σ, τ) = RN=4
x2

12x
2
34x

2
14x

2
23

x2
13x

2
24y

4
12y

4
34

(7.4)

= v + σ2uv + σv(v − 1 − u) + τ(1 − u− v) + στ(u− 1 − v).

The dynamical information is encoded in H(u, v;σ, τ). Comparing (7.2) and (7.3), we find

P (2)(u, v;σ, τ) = x2
12x

2
34x

2
14x

2
23

y4
12y

4
34

d2
12d

2
34H(u, v;σ, τ)

∣∣∣
O(g4)

= v

u
H(u, v;σ, τ)

∣∣∣
O(g4)

. (7.5)

To proceed, we expand the function H into eigenfunctions of the SU(4) Casimir operator

H(u, v;σ, τ) =
∑

0≤m<n≤p−2
An,m(u, v)Ynm(σ, τ) (7.6)

where the channel with indices n,m corresponds to an exchanged supermultiplet in the
SU(4) representation with Dynkin label [n −m, 2m,n −m]. The functions Ynm(σ, τ) are
given in terms of Jacobi polynomials

Ynm(σ, τ) = 2(m!)2((n+ 1)!)2

(2m)!(2n+ 2)!
P

(0,0)
n+1 (y)P (0,0)

m (ȳ) − P
(0,0)
m (y)P 0,0

n+1(ȳ)
y − ȳ

, (7.7)

where the variables y and ȳ are defined as

σ = 1
4(1 + y)(1 + ȳ), τ = 1

4(1 − y)(1 − ȳ). (7.8)
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We recall that the Jacobi polynomials P (α,β)
n are defined by a finite hypergeometric series,

which can be expressed using Rodrigues’ formula as

P (α,β)
n (z) = (−1)n

2nn! (1 − z)−α(1 + z)−β dn

dzn

[
(1 − z)α(1 + z)β(1 − z2)n

]
. (7.9)

The function An,m can be further expanded in terms of conformal blocks that encode
loop corrections from conformal operators of conformal dimension ∆ and spin S. Explicitly,
we write

A(0)
nm(u, v) +Anm(u, v) =

∑
∆,S

C∆,S
nm G

(S)
∆ (u, v). (7.10)

The conformal blocks G(S)
∆ (u, v) have been defined in [72, 74, 76, 77]

G
(S)
∆ (u, v) = u

1
2 (∆−S)

z − z̄

(
z (−z)S f∆+S(z)f∆−S−2(z̄) − z̄ (−z̄)S f∆+S(z̄)f∆−S−2(z)

)
, (7.11)

with

fρ(z) = 2F1

(1
2ρ,

1
2ρ; ρ; z

)
. (7.12)

The conformal dimension of the superconformal primary can be written as ∆ = ∆0 + δ∆,
where δ∆ is the anomalous dimension. In what follows, we will label an operator by its twist
L = ∆0 − S and spin. Correspondingly, we denote the anomalous dimension and the OPE
coefficients of the operator with twist L and spin S by δ∆nm,L,S and Cnm,L,S respectively.

In order to obtain the conformal data, we take the OPE limit z → 0, z̄ → 0 which
corresponds to the small u expansion of the conformal blocks. We expand the Anm, δ∆,
CL,S

nm perturbatively

Anm(u, v) =
∞∑

a=1
g2aA(a)

nm(u, v), δ∆nm,L,S =
∞∑

a=1
g2aδ∆(a)

nm,L,S , CL,S
nm =

∞∑
r=1

g2aC
(a)
nm,L,S .

The perturbative expansion of H(u, v; τ, σ) reads

H(u, v; τ, σ) =
∞∑

a=0
g2aA(a)

nmYnm(σ, τ) (7.13)

=
∞∑

a=0
g2a

2p−2∑
L=1+n

a∑
b=0

∞∑
S=0

P(a,b)
nm,L,Sf

(b)
L,S(z, z̄, µ)Ynm(σ, τ),

where µ = 1
2 log(zz̄) and the function f

(b)
L,S is a linear combination of the derivatives of

the conformal blocks,

f
(b)
L,S(z, z̄, µ) = ∂b

∂bγ

[
eγµG

(S)
L+γ(u, v)

]∣∣∣∣∣
γ→0

. (7.14)

In this paper, we only focus on twist8 L ≤ 2p − 2. We call the numbers P(a,b)
nm,L,S , which

can be extracted by reading off the coefficient of g2aµb, the sum rules. Up to two loops,
8At twist L = 2p, double-trace operators mix into the OPE, making it difficult to isolate the single-trace

contribution against which integrability can be tested.
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Figure 18. D and Op are all BPS operators, but the operators propagating between giant gravitons
and single-trace operators are generally non-protected operators. If l is the number of Wick contractions
between D and Op, the twist of the corresponding non-BPS operators is 2l.

the relations among the sum rules P (a,b)
nm,L,S , structure constants Cnm,L,S and anomalous

dimensions δ∆nm,L,S are given in (7.15), where for brevity we omit the SU(4) indices n, m
and the index I labels the set of operators with the same twist L and spin S

P(0,0)
L,S =

∑
I

(
C

(0)
L,S,I

)2
, (7.15)

P(1,0)
L,S =

∑
I

2C(0)
L,S,IC

(1)
L,S,I ,

P(1,1)
L,S =

∑
I

δ∆(1)
L,S,I

(
C

(0)
L,S,I

)2
,

P(2,0)
L,S =

∑
I

[(
C

(1)
L,S,I

)2
+ 2C(0)

L,S,IC
(2)
L,S,I

]
,

P(2,1)
L,S =

∑
I

[
2δ∆(1)

L,S,IC
(1)
L,S,IC

(0)
L,S,I + δ∆(2)

L,S,I

(
C

(0)
L,S,I

)2
]
,

P(2,2)
L,S =

∑
I

1
2
(
δ∆(1)

L,S,I

)2 (
C

(0)
L,S,I

)2
.

To extract the sum rules, we use the relations (7.5) and (7.13), expand P (2) and f
(b)
L,S in

z and z̄, then read off the coefficients of {z, z̄, µ}. The results are collected in appendix B.

7.2 Sum rules from integrability

In this subsection, we compute the sum rule P(a,b)
nm,L,S in the SL(2) sector up to twist 6 at

two-loop order. The two-loop field theoretic results also give predictions for the sum rules
beyond SL(2) sectors. For the purpose of the current work, the SL(2) predictions already
provide a stringent test of our two-loop results. As SU(4) indices satisfy n = m in the SL(2)
sector, we will omit these indices in the following subsection.

In the planar N = 4 SYM theory, integrability results for conformal data typically consists
of an asymptotic part and wrapping corrections, schematically [78–81]

(Observables) = (Asymptotic part) + (Wrapping correction). (7.16)
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Asymptotic part. We first consider the asymptotic part of SL(2) sector. The SL(2) sector
consists of a complex scalar field and a covariant derivative. It is the simplest non-compact
subsector. The operators in the subsector are of type

ÔL,S = tr(DSZL) + · · · (7.17)

where the twist L counts the number of complex scalar fields Z, while the spin S counts
the number of covariant derivatives D.

In the SL(2) sector, the asymptotic results for OPE data are given in terms of Bethe
roots u = {u1, . . . , uS}

∞∑
a=0

g2a
a∑

b=0
µb P(a,b)

L,S =
∑

u
dL,S(u)cL,S(u)eδ∆L,S(u) µ , (7.18)

where dL,S and cL,S are the structure constants between two BPS operators and a non-BPS
operator,

⟨D(x1)D(x2)ÔL,S(x3)⟩ = 𝔫D𝔫̂1/2
L × dL,S × d

N−L/2
12 d

L/2
13 d

L/2
23 , (7.19)

⟨Op(x1)Op(x2)ÔL,S(x3)⟩ = 𝔫p𝔫̂1/2
L × cL,S × d

p−L/2
12 d

L/2
13 d

L/2
23 ,

where the terms 𝔫D, 𝔫p and 𝔫̂L represent the normalization of the operators. The asymptotic
formulas of dL,S , cL,S and δ∆L,S are given in appendix C.

The Bethe roots are solutions of the asymptotic Bethe ansatz equations (BAE) and
the zero momentum condition

eip(uj)L
S∏

k ̸=j

S(uj , uk) = 1,
S∏

j=1
eip(uj)L = 1, (7.20)

where the momentum p(u) and the S-matrix are parametrized by the Zhukovsky variable x(u)

x(u) = u+
√
u2 − 4g2

2g , x±j = x

(
uj ±

i

2

)
. (7.21)

Expressed in terms of these variables, the momentum and S-matrix read

eip(uj) =
x+

j

x−j
, S(uj , uk) = uj − uk + i

uj − uk − i

1 − 1
x−

j x+
k

1 − 1
x+

j x−
k


2

σ2(uj , uk) , (7.22)

where σ2(u, v) is the BES dressing phase, which only start to contribute at three-loop order
and can be neglected in this work. To perform perturbative checks, we need to solve the
asymptotic BAE (7.20) perturbatively, we first expand the Zhukovsky variable in powers of g:

x(u) = u

g
− g

u
− g3

u3 + O(g5) (7.23)

and write the Bethe roots in a perturbative ansatz

uj = u
(0)
j + g2u

(1)
j + g4u

(2)
j + O(g6) . (7.24)

Substituting these expansions into the asymptotic BAE (7.20), we obtain the following
structure
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• u
(0)
j satisfy the leading-order BAE;

• u
(1)
j are determined by one-loop BAE, which depends on u

(0)
j ;

• u
(2)
j are determined by two-loop BAE involving both u

(0)
j and u

(1)
j .

This structure allows an iterative determination of the perturbative solutions uj . We substitute
these perturbative solution into the physical quantities, expand in g and µ, and then read
off the corresponding coefficients to obtain the sum rule P(a,b)

L,S . When doing so, there are
two points that one has to take into account.

1. Selection rule: the structure constant dL,S(u) is nonzero only when the Bethe roots
are parity symmetric, i.e. u = {u1,−u1, . . . , uS/2,−uS/2}.

2. Sign ambiguity: the asymptotic formulas for dL,S and cL,S contain square roots which
may cause sign ambiguity in the calculation. It is therefore better to use an alternative
expression for dL,ScL,S (See C.11 in appendix C) which is unambiguous.

For example, when L = 4 and spin S = 4, the asymptotic BAE (7.20) admit five solutions,
three of which respect parity symmetry. One such solution is given by

u1 = 1.3614692731543783275 + 2.49683037536767001g2 − 5.025233398579724g4,

u2 = 0.57684315550370651842 + 2.37408583427923996g2 − 5.342414619692888g4,

u3 = −0.57684315550370651842 − 2.37408583427923996g2 + 5.342414619692888g4,

u4 = −1.3614692731543783275 − 2.49683037536767001g2 + 5.025233398579724g4.

Plugging the three parity symmetric Bethe roots into the asymptotic formula and summing
the contributions, we obtain∑

u
dL,S(u)cL,S(u)eδ∆L,S(u) µ = − 1

63 + 1549
1458g

4 − 176
81 g

4µ+ 10
9 g

4µ2 + O(g6) , (7.25)

which agrees with the result of conformal block expansion. The remaining SL(2) asymptotic
sum rules, presented in appendix B also agrees perfectly with the field theory results.

Wrapping corrections. In some cases, we need to consider the wrapping correction already
at two-loop order. As illustrated in figure 18, we refer to the OPE channel between D and Op

as the adjacent channel, with twist L = 2l, while the channel connecting the two D and two
Op are called the opposite channels. For the giant graviton OPE coefficient D, the wrapping
correction only start to contribute from three-loop order, therefore here it is sufficient to
use the asymptotic formula (7.18) in this work. For the OPE coefficeint of the single-trace
operators, when p− l is small, opposite wrapping corrections between the two Op operators
need to be taken into account, whereas for small l we must consider also adjacent wrapping
corrections. Adjacent wrapping corrections first appear at three loops, so up to two-loop
we only need to consider the opposing wrapping corrections.

The opposite wrapping correction δ(cL,S)2 to the structure constant (cL,S)2 must be
considered when ℓ = p− l = 1 at two-loop order. Let us consider p = 2, l = 1, the opposite
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Spin S 2 4 6 8

δ(cL,S)2 12ζ(3) 1
6 + 10ζ(3)

7
199
7920 + 7ζ(3)

55
1721

655200 + 761ζ(3)
75075

Table 3. The opposite wrapping corrections for p = 2, l = 1

wrapping corrections have been computed in [82, 83] and we quote here in table 3. Including
these corrections, we obtain the complete results of SL(2) sum rules for ⟨DDO2O2⟩ (see
table 11 in appendix B), which match the results obtained from the conformal block expansion.

8 Conclusions and discussions

In this work, we computed the four-point functions involving two maximal giant gravitons and
two arbitrary-length single-trace half-BPS operators up to two-loop order. This is achieved
using the harmonic PCGG method, a technique combining harmonic superspace with partially
contracted giant graviton approach. This approach drastically reduces the number of Feynman
diagrams at each order, enabling an efficient evaluation of the correlation functions.

Our one- and two-loop results reveal an intriguing structure at the integrand level, which
we interpret as a defect analogue of higher-dimensional conformal symmetry. This structure
was first identified in four-point functions of single-trace operators and has recently been
observed at strong coupling for giant graviton correlators. The conformal data extracted from
our four-point function calculation are in perfect agreement with integrability predictions. It
would be interesting to explore whether the hidden ten-dimensional symmetry of the giant
correlators can be derived from effective ten-dimensional Feynman rules, which have been
developed for single-trace correlators [21, 84].9

This study opens several avenues for future research. The harmonic PCGG method
can be applied to the four-point functions of maximal giant gravitons. While the one-loop
result was previously obtained using standard PCGG methods [56], our harmonic formalism
simplifies the calculation and paves the way for a tractable two-loop computation, which
we will present in a forthcoming publication.

A natural extension is to correlators involving non-maximal giant gravitons (with a
smaller size in the internal space) and dual giant gravitons (extended in AdS). We anticipate
that a tree-level generalized PCGG, combined with the Lagrangian insertion method and
the N = 2 harmonic superspace formalism, can efficiently handle these computations. This
would elucidate the size dependence of giant correlators and provide valuable insights for
strong-coupling analyses.

The demonstrated efficiency of the harmonic PCGG method at one and two loops invites
its application to higher orders, beginning with three loops. A direct three-loop calculation of
the correlator with two length-2 single-trace operators would provide a crucial cross-check of
an existing bootstrap result [57] and offer a stringent test of the proposed higher-dimensional
conformal symmetry at higher perturbative orders.

9We thank an anonymous referee of JHEP for this suggestion.
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A Explicit examples for N = 2 reduction

In this appendix, we provide more details on N = 2 reduction along with some explicit
examples.

A.1 Pure projection

The projection we choose depends on the channel to be recovered. The simplest cases are
the channels of XmYn and XmZn. In such cases, pure projection which corresponds to
⟨det(q̃1) det(q2)tr(q̃p

3)tr(qp
4)⟩, is enough to recover the complete information of the N = 4

SYM correlator. Therefore, for p = 2 , 3, it is sufficient to obtain the full correlator through
pure projection. Below we present examples which are mentioned in the main text.

p = 2. For p = 2, the loop correction of the correlator is formulated as

G{2,2} = RN=4d
N−2
12 F[0,0,0]. (A.1)

Replacing those y2
ij in RN=4 and the factor dN−2

12 by [ij̄] + [̄ij], we further pick up the
channels without [1j̄], [3j̄], [2̄j], [4̄j] for arbitrary j. Following this, the N = 2 reduced
correlator is

G{2,2}|pure projection = RN=2

( [12]
x2

12

)N−2
F[0,0,0], (A.2)

while

⟨det(q̃1) det(q2)tr(q̃2
3)tr(q2

4)⟩ = RN=2

( [12]
x2

12

)N−2
f[0,0,0]. (A.3)

Thus we can determine that

F[0,0,0] = f[0,0,0]. (A.4)

p = 3. For p = 3, the N = 4 SYM correlator reads

G{3,3} = RN=4d
N−3
12 (XF[1,0,0] + YF[0,1,0] + ZF[0,0,1]), (A.5)

After pure projection, the reduced correlator gives

G{3,3}|pure projection = RN=2(XF[1,0,0] + ZF[0,0,1]), (A.6)

while
⟨det(q̃1) det(q2)tr(q̃3

3)tr(q3
4)⟩ = RN=2(Xf[1,0,0] + Zf[0,0,1]). (A.7)

Thus we have

F[0,0,1] = f[0,0,1], F[1,0,0] = f[1,0,0]. (A.8)
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A.2 r = 1 projection

For larger p, it requires other projections different from the pure projection to recover the
full information of N = 4 SYM correlators. We take p = 4 as an example to showcase the
procedure. In N = 4 SYM, the correlator is expressed as

G{4,4} = RN=4d
N−4
12 (X 2F[2,0,0] +Y2F[0,2,0] +Z2F[0,0,2] +XYF[1,1,0] +YZF[0,1,1] +XZF[1,0,1]).

(A.9)
In this case, the channels of YZ is abscent under the pure projection and thus we need to
choose the projection with r = 1. Under this projection, the N = 2 reduced correlator is

G{4,4}|r = 1 projection = Y Z3(F[0,1,1] − F[0,0,2]) + . . . , (A.10)

and at the same time, the N = 2 correlator gives

⟨det(q̃1) det(q2)tr(q̃3
3q3)tr(q3

4 q̃4)⟩ = Y Z3f[0,1,1] + . . . . (A.11)

Matching the coefficients of the channel Y Z3, we have

f[0,1,1] = F[0,1,1] − F[0,0,2]. (A.12)

B More sum rules

In this appendix, we list the sum rules obtain from field theory calculations and integrability
predictions. Here we used the generating function in [56, 85] to package the sum rules
up to two loops

ℙ
[n,m]
L,S =

2∑
a=0

a∑
b=0

P(a,b)
nm,L,S g2a µb. (B.1)

Table 4–10 are asymptotic data which are obtained from ⟨DDO5O5⟩. Table 11 shows the data
with the wrapping correction, obtained from ⟨DDO2O2⟩. The blue colored data corresponds
to the cases that only requires asymptotic contributions in the SL(2) sector, while the red
colored data corresponds to the cases that also requires including the wrapping correction
at two-loop order in the SL(2) sector.
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Spin S l = 1, ℓ > 1

2 1
3 − 4g2 + 4g2µ+ (56 − 12ζ(3))g4 − 64g4µ+ 24g4µ2

4 1
35 − 205

441g
2 + 10

21g
2 +

(
143525
18522 − 10ζ(3)

7

)
g4 − 4280

441 g
4µ+ 250

63 g
4µ2

6
1

462 − 1106
27225g

2 + 7
165g

2µ+
(

199888687
269527500 − 7ζ(3)

55

)
g4

−396851
408375g

4µ+ 343
825g

4µ2

8
1

6435 − 14380057
4509004500g

2 + 761
225225g

2µ+
(

10545232129372049
170610810470100000 − 761ζ(3)

75075

)
g4

− 29591140129
355084104375g

4µ+ 579121
15765750g

4µ2

Table 4. ℙ
[0,0]
2,S . These sum rules can be recovered by asymptotic Bethe ansatz in the SL(2) sector

using integrability.

Spin S l = 2, ℓ > 1

0 − 1
30 + 7

25g
2 − 2

5g
2µ+

(
6ζ(3)

5 − 3269
750

)
g4 + 472

75 g
4µ− 46

15g
4µ2

2 − 1
378 + 127

7938g
2 − 2

63g
2µ+

(
2ζ(3)

21 + 345862
750141

)
g4 − 11686

11907g
4µ+ 83

189g
4µ2

4
− 1

5148 + 1865
2208492g

2 − 1
429g

2µ+ g4
(

ζ(3)
143 + 93310002367

568465840800

)
g4

−2737324
8281845g

4µ+ 1237
7722g

4µ2

6
− 1

72930 + 24471
590976100g

2 − 2
12155g

2µ+
(

6ζ(3)
12155

+ 61708430516499713
2280846018611160000

)
g4 − 15332580503

279236207250g
4µ+ 6657

243100g
4µ2

Table 5. ℙ
[0,0]
4,S .

Spin S l = 3, ℓ > 1

0 1
105 − 218

2205g
2 + 4

35g
2µ+

(
1204447
555660 − 12ζ(3)

35

)
g4 − 21746

6615 g
4µ+ 54

35g
4µ2

2
1

660 − 30607
1633500g

2 + 101
4950g

2µ+
(

21480952129
32343300000 − 101ζ(3)

1650

)
g4

−1320709
1225125g

4µ+ 4093
8250g

4µ2

4
2

10725 − 176412889
67635067500g

2 + 9419
3378375g

2µ+
(

309198608850475343
2559162157051500000

−9419ζ(3)
1126125

)
g4 − 1079572353157

5326261565625g
4µ+ 3681994

39414375g
4µ2

6
1

50388 − 1701615497
5598385949520g

2 + 8549
26453700g

2µ+
(

1299750824747981890597
77751461756229042600000

−8549ζ(3)
8817900

)
g4 − 105165881428613

3673940779372500g
4µ+ 110477629

8332915500g
4µ2

Table 6. ℙ
[0,0]
6,S .
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Spin S l = 2, ℓ > 1

2 −1
5 + 0 × g2 + 0 × g2µ+ 8g4 − 16g4µ+ 8g4µ2

4 − 1
63 + 0 × g2 + 0 × g2µ+ 7381

1458g
4 − 824

81 g
4µ+ 46

9 g
4µ2

6 − 1
858 + 0 × g2 + 0 × g2µ+ 26683960663

23686076700g
4 − 31574008

13803075g
4µ+ 7472

6435g
4µ2

8
− 1

12155 + 0 × g2 + 0 × g2µ+ 9752108060381
57121112412000g

4

− 376954397
1076944050g

4µ+ 555
3094g

4µ2

Table 7. ℙ
[1,1]
4,S . These sum rules can be recovered by asymptotic Bethe ansatz in the SL(2) sector

using integrability.

Spin S l = 3, ℓ > 1

0 2
35 − 2

5g
2 + 2

5g
2µ+

(
33623
3430 − 6ζ(3)

5

)
g4 − 3508

245 g
4µ+ 214

35 g
4µ2

2 1
110 − 521

5445g
2 + 16

165g
2µ+

(
1998358
539055 − 16ζ(3)

55

)
g4 − 97742

16335g
4µ+ 147

55 g
4µ2

4
4

3575 − 10909
760500g

2 + 43
2925g

2µ+
(

49938672636803
71058230100000 − 43ζ(3)

975

)
g4

−2436555227
2070461250g

4µ+ 19113
35750g

4µ2

6
1

8398 − 4415079
2556060500g

2 + 101
56525g

2µ+
(

94670690730795592489
959894589583074600000 − 303ζ(3)

56525

)
g4

− 5740278579554
34017970179375g

4µ+ 23918623
308626500g

4µ2

Table 8. ℙ
[1,1]
6,S .

Spin S l = 3, ℓ > 1

0 − 1
15 + 2

3g
2 − 2

3g
2µ+

(
2ζ(3) − 28

3

)
g4 + 32

3 g
4µ− 4g4µ2

2 − 1
77 + 521

3267g
2 − 16

99g
2µ+

(
16ζ(3)

33 − 1051549
431244

)
g4 + 9574

3267g
4µ− 343

297g
4µ2

4
− 1

585 + 10909
456300g

2 − 43
1755g

2µ+
(

43ζ(3)
585 − 3114671447

8008065000

)
g4

+2480956
5133375g

4µ− 5183
26325g

4µ2

6
− 2

10659 + 1471693
511212100g

2 − 101
33915g

2µ+
(

101ζ(3)
11305

− 38610116719604041
786440719731240000

)
g4 + 22647560078

362321575875g
4µ− 1115083

42732900g
4µ2

Table 9. ℙ
[2,0]
6,S .

– 48 –



J
H
E
P
0
3
(
2
0
2
6
)
0
9
7

Spin S l = 3, ℓ > 1

2 4
7 − 4g2 + 4g2µ+ (56 − 12ζ(3))g4 − 64g4µ+ 24g4µ2

4 1
11 − 1042

1089g
2 + 32

33g
2µ+

(
1051549
71874 − 32ζ(3)

11

)
g4 − 19148

1089 g
4µ+ 686

99 g
4µ2

6
8

715 − 10909
76050g

2 + 86
585g

2µ+
(

3114671447
1334677500 − 86ζ(3)

195

)
g4

−4961912
1711125g

4µ+ 10366
8775 g

4µ2

8
5

4199 − 4415079
25560605g

2 + 202
11305g

2µ+
(

38610116719604041g4

131073453288540000

−606ζ(3)
11305

)
g4 − 45295120156

120773858625g
4µ+ 1115083

7122150g
4µ2

Table 10. ℙ
[2,2]
6,S . These sum rules can be recovered by asymptotic Bethe ansatz in the SL(2) sector

using integrability.

Spin S l = 1, ℓ = 1

2 1
3 − 4g2 + 4g2µ+ 56g4 − 64g4µ+ 24g4µ2

4 1
35 − 205

441g
2 + 10

21g
2µ+ 73306

9261 g
4 − 4280

441 g
4µ+ 250

63 g
4µ2

6 1
462 − 1106

27225g
2 + 7

165g
2µ+ 826643623

1078110000g
4 − 396851

408375g
4µ+ 343

825g
4µ2

8
1

6435 − 14380057
4509004500g

2 + 761
225225g

2µ+ 2748342985341731
42652702617525000g

4

− 29591140129
355084104375g

4µ+ 579121
15765750g

4µ2

Table 11. ℙ
[0,0]
2,S . These sum rules can be recovered by asymptotic Bethe ansatz and the bottom

wrapping corrections in the SL(2) sector using integrability.

C Asymptotic OPE formula from integrability

The formula for dL,S and cL,S involve square root expressions, which might cause an inherent
sign ambiguity. In this appendix, we give the product formula without such square roots.

The anomalous dimension. δ∆L,S in the SL(2) sector is given by

δ∆L,S = 2ig
S∑

j=1

( 1
x+

j

− 1
x−j

)
(C.1)

The OPE coefficients. The coefficients dL,S in the SL(2) sector can be expressed as

dL,S = − i
L + (−i)L

2S
√
L

√√√√√( S/2∏
j=1

u2
j + 1/4
u2

j

σ2
B(uj)

)detG+
detG−

(C.2)

where G± are S
2 × S

2 Gaudin-like matrices whose elements are [86]

(G±)ij =

L∂up(ui) +
S
2∑

k=1
K+(ui, uk)

 δij −K±(ui, uj), (C.3)
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with K± given by

K±(u, v) = 1
i
∂u logS(u, v) ± ∂u logS(u,−v). (C.4)

σB(u) is the boundary dressing phase given by [56]

σB(u) = 1
4 − g4 12ζ(3)

4u2 + 1 + g6
(

64(1 − 12u2)ζ(3)
(1 + 4u2)3 + 30ζ(5)

1 + 4u2

)
+O(g8). (C.5)

The structure constant cL,S in the SL(2) sector is given by [82, 85, 87]

cL,S =

√√√√∏S
k=1 µ(uk)

∏
i<j h(ui, uj)h(uj , ui)

det ∂uiϕj
∏

i<j S(ui, uj) Al, (C.6)

where µ(u) is defined as

µ(u) =

(
1 − 1

x+(u)x−(u)

)2(
1 − 1

(x+(u))2

) (
1 − 1

(x−(u))2

) , (C.7)

and the fundamental building block h(u, v) is defined as

h(u, v) = x−(u) − x−(v)
x−(u) − x+(v)

1 − 1
x−(u)x+(v)

1 − 1
x+(u)x+(v)

1
σB(u) . (C.8)

ϕ(uj) is the scattering phase defined by

eiϕ(uj) ≡ eipjL
∏
k ̸=j

S(uj , uk). (C.9)

The most nontrivial component is Al, which depends on the three-point function con-
figuration through the integer l. It involves a sum over all bipartitions α ∪ ᾱ = {uj} of
the Bethe roots:

Al =
∑

α∪ᾱ={uj}
(−1)|ᾱ|

∏
j∈ᾱ

eip(uj)l ∏
i∈α,j∈ᾱ

1
h(ui, uj) . (C.10)

By multiplying the two expressions and using the parity symmetry of the Bethe roots,
we can simply the product dL,ScL,S as follow:

dL,ScL,S = −(iL + (−i)L) 1
detG−


S
2∏

k=1
µ̃(uk)


 ∏

1≤i<j≤S
2

H(ui, uj)

Al, (C.11)

with

µ̃(u) = σB(u)

(
1 + 1

(x+(u))2

) (
1 + 1

(x−(u))2

)
(
1 − 1

(x+(u))2

) (
1 − 1

(x−(u))2

)
1 − 1

x+(u)x−(u)

1 + 1
x+(u)x−(u)

2

, (C.12)

and

H(u, v) = (u2 − v2)2

((u− v)2 + 1) ((u+ v)2 + 1) (C.13)

×


(
1 + 1

x+(u)x+(v)

) (
1 + 1

x−(u)x−(v)

)
(
1 − 1

x+(u)x+(v)

) (
1 − 1

x−(u)x−(v)

)
(
1 − 1

x+(u)x−(v)

) (
1 − 1

x−(u)x+(v)

)
(
1 + 1

x+(u)x−(v)

) (
1 + 1

x−(u)x+(v)

)
2

.
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