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Solving N=4 Super-Yang-Mills

• Maximally supersymmetric Yang-Mills theory in 4 dimensions

• Lots of symmetries: conformal invariance, supersymmetry, S-duality, …

• AdS/CFT correspondence: Duality with superstring theory on AdS5*S5

• Integrability: The theory is believed to be “exactly solvable” in the large Nc (planar) limit

• Wonderful laboratory for studying gauge/string duality and uncovering hidden structures in gauge theories

• Lots of progress with correlation functions: exact spectrum of scaling dimensions and methods at higher points 

• Important developments in calculation of on-shell quantities such as scattering amplitudes



Scattering amplitudes / Wilson loops duality

• Duality between amplitudes and null polygonal Wilson loops

=

• Null momenta of amplitude map to null edges of WL

• Bonus: two copies of conformal groups (original and dual) - combine into a Yangian (manifestation of integrability)
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• Dual conformal symmetry put severe constraints on amplitudes

• Finite part of n > 5 amplitudes not fixed by functions of 3n-15 cross ratios 
(ratios of products of Mandelstam invariants / distances between cusps)

• 4- and 5-gluon amplitudes entirely fixed by dual conformal symmetry



Progress report
• Duality is at the heart of many recent progress in scattering amplitudes

Amplituhedron/Grassmannian, Amplitude Function Bootstrap, TBA, Pentagon OPE, …

• Function Bootstrap: Aim at constructing higher multiplicity amplitudes at higher loops in generic kinematics

• Combine physical/structural requirements on solutions with known boundary data (collinear/Regge limit, …)

• 6-point amplitudes through 7 loops

• 7-point amplitudes through 4 loops

• 8-point amplitudes through 3 loops

• n-point amplitudes through 2 loops (symbol)
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• Integrable Bootstrap: Aim at constructing amplitudes at finite coupling as a systematic (OPE) expansion
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What about other on-shell observables?
• Important class: Form factors of local operators - bridge between amplitudes and operators
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• Lots of evidence 
gathered for operators 
in stress tensor super-
multiplet

• New integrable 
bootstrap (FFOPE) and 
function bootstrap were 
proposed to determine 
its form factors at finite / 
weak coupling
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• Hint at duality between form factors and null periodic Wilson loops (with period q)
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• String Theory: T-duality, mapping UV into IR and vice versa



What about other on-shell observables?

Horizon

Holographic

AdS direction

Boundary

• More general operators?

• Expect

• Local operators to map to states (BC) at the horizon

• Integrable bootstrap should apply to all of them

• Natural step: develop WL duality and OPE for half-BPS operators
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• Important class: Form factors of local operators - bridge between amplitudes and operators



Plan

• Super form factors of half BPS operators

• Super Wilson loop duals

• FFOPE and integrable bootstrap

• Conclusion



Super Form Factors and Super Wilson Loops



States and operators

• On-shell state: gluons and super-partners (gauginos and scalars) 

• They may all be encoded in a single CPT invariant on-shell N = 4 superstate
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• Eigenstate with momentum and super momentum
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• 1/2-BPS operator: Chiral Primary Operator and its Q descendants

• Stress-tensor supermultiplet ( k=2 ) :
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•                   are spinor helicity variables and                          are Grassmann variables
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• CPO have R-charge k and scaling dimension k
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Super form factors
• Super form factors are defined as the super-Fourier transform of matrix elements of 
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• Unlike scattering amplitudes, for form factors the (super) momentum is generically non zero 

• SUSY Ward identities put constraints on the super form factors which must take the form 
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• Split R-indices with a = 1,2 for supercharges annihilating the operators and a’ = 3,4 for the remaining ones

• MHV form factors correspond to terms with lowest fermionic degree
<latexit sha1_base64="KIR3FKtZiaXXmpbZApbDG6mpJFk="></latexit>

WMHV

k,n = Poly2(k�2)(⌘̃a=1,2
i )

<latexit sha1_base64="XFP5GXPI8icO1hBKRYO+lwclMgM="></latexit>

hiji = ✏↵��
↵
i �

�
iwhere

<latexit sha1_base64="7qt7OyfCWPEdei2D/1803GgUiF4="></latexit>

Fk,n =
�(4)(q �

P
i �i�̃i)�(2|2)(�+ �

P
i �i⌘̃

+
i )�

(2|2)(
P

i �i⌘̃
�
i )

h12ih23i . . . hn1i ⇥ Wk,n

[Brandhuber,Gurdogan,Mooney,Travaglini,Yang]

[Penante,Spence,Travaglini,Wen]

<latexit sha1_base64="LAotHLrbgqfYUYq/Orv+LZtZsx0=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUnE17LoxmWFvqANYTKdtEMnD2Ym0hLyK25cKOLWH3Hn3zhps9DWAwOHc+7lnjlezJlUlvVtrK1vbG5tl3bKu3v7B4fmUaUjo0QQ2iYRj0TPw5JyFtK2YorTXiwoDjxOu97kPve7T1RIFoUtNYupE+BRyHxGsNKSa1YGAVZjgnnaytx0ktWm565ZterWHGiV2AWpQoGma34NhhFJAhoqwrGUfduKlZNioRjhNCsPEkljTCZ4RPuahjig0knn2TN0ppUh8iOhX6jQXP29keJAylng6ck8qVz2cvE/r58o/9ZJWRgnioZkcchPOFIRyotAQyYoUXymCSaC6ayIjLHAROm6yroEe/nLq6RzUbev61ePl9XGXVFHCU7gFGpgww004AGa0AYCU3iGV3gzMuPFeDc+FqNrRrFzDH9gfP4ADpGUdg==</latexit>

Tk(x)



Tree level data

• Explicit expressions for MHV tree form factors have been obtained for all half-BPS operators

• Simplest examples:

• General formula at higher k is most easily obtained by using BCFW-like recursion relations (given later on)

<latexit sha1_base64="Ndh/y6r25iRcd22uRpSJ6jAnVFA=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwIGE3+LoIohePEUwiJDHMTjo6ZHZ2mekVw7I3L/6KFw+KePUXvPk3TpI9+CpoKKq66e4KYikMet6nMzE5NT0zW5grzi8sLi27K6t1EyWaQ41HMtKXATMghYIaCpRwGWtgYSChEfRPh37jFrQRkbrAQQztkF0r0ROcoZU67kajk/aPKjtUZVdpC+EOdZiiBsgyekT9jlvyyt4I9C/xc1IiOaod96PVjXgSgkIumTFN34uxnTKNgkvIiq3EQMx4n11D01LFQjDtdPRHRres0qW9SNtSSEfq94mUhcYMwsB2hgxvzG9vKP7nNRPsHbZToeIEQfHxol4iKUZ0GArtCg0c5cASxrWwt1J+wzTjaKMr2hD83y//JfVK2d8v753vlo5P8jgKZJ1skm3ikwNyTM5IldQIJ/fkkTyTF+fBeXJenbdx64STz6yRH3DevwAQrpjP</latexit>

W tree
k=2,n = 1

• Higher-k form factors are given by higher polynomials in the Lorentz    R-invariant products

<latexit sha1_base64="F3zp36/oEMzIoF3fCMX+ofKCbPE="></latexit>

hiji = ✏↵��
↵
i �

�
j

(   cyclic when                    )
<latexit sha1_base64="sioqRkNfS/ZBpbIDTLcxXSgRtKs=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvi5C0IvHCOYBySbMTmaTITOzy8ysEpb8hxcPinj1X7z5N06SPWhiQUNR1U13VxBzpo3rfju5peWV1bX8emFjc2t7p7i7V9dRogitkYhHqhlgTTmTtGaY4bQZK4pFwGkjGN5O/MYjVZpF8sGMYuoL3JcsZAQbK3XafSwE7qQnY3SN3G6x5JbdKdAi8TJSggzVbvGr3YtIIqg0hGOtW54bGz/FyjDC6bjQTjSNMRniPm1ZKrGg2k+nV4/RkVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2slJrzyUybjxFBJZovChCMToUkEqMcUJYaPLMFEMXsrIgOsMDE2qIINwZt/eZHUT8veRfn8/qxUucniyMMBHMIxeHAJFbiDKtSAgIJneIU358l5cd6dj1lrzslm9uEPnM8fHxmRnw==</latexit>

�� = 0
<latexit sha1_base64="8MnhUagMAOjYhnl31N8C1CvGAic="></latexit>

W tree
k=3,n =

X

16i<j6n

hiji ⌘̃�i · ⌘̃�j

<latexit sha1_base64="Mpz3hOkPTIDGav9PlnuYU4s0kLM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYns8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgecQpQSs1u8hjZnrlilf1ZnCXiZ+TCuSo98pf3b6iacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKoldEmSzayfuiVX6bqS0LYnuTP09kZHYmHEc2s6Y4NAselPxP6+TYnQdZFwmKTJJ54uiVLio3Onrbp9rRlGMLSFUc3urS4dEE4o2oJINwV98eZk0z6r+ZfXi/rxSu8njKMIRHMMp+HAFNbiDOjSAwiM8wyu8Ocp5cd6dj3lrwclnDuEPnM8fuWuPPg==</latexit>⇥

<latexit sha1_base64="hJZ+W4dpbQCgtDAwDsNx2ZU0s10=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hiECBJmxO0Y9OIxQjbIjKGn00ma9Cx014hhGLz4K148KOLVr/Dm39hJ5qCJDwoe71VRVc+LBFdgWd9GbmFxaXklv1pYW9/Y3DK3dxoqjCVldRqKULY8opjgAasDB8FakWTE9wRresPrsd+8Z1LxMKjBKGKuT/oB73FKQEsdc88B9gDST2oydY6xUx3wknV0lwzTjlm0ytYEeJ7YGSmiDNWO+eV0Qxr7LAAqiFJt24rATYgETgVLC06sWETokPRZW9OA+Ey5yeSFFB9qpYt7odQVAJ6ovycS4is18j3d6RMYqFlvLP7ntWPoXboJD6IYWECni3qxwBDicR64yyWjIEaaECq5vhXTAZGEgk6toEOwZ1+eJ42Tsn1ePrs9LVausjjyaB8doBKy0QWqoBtURXVE0SN6Rq/ozXgyXox342PamjOymV30B8bnD3SBltQ=</latexit>

Tr�(0)k

[Brandhuber,Gurdogan,Mooney,Travaglini,Yang]

[Penante,Spence,Travaglini,Wen]

<latexit sha1_base64="i436X7C9jfCZZQrsW0kv6+XNehQ="></latexit>

⌘̃�i · ⌘̃�j =
1

2
✏ab⌘̃

a
i ⌘̃

b
j



Mapping to dual coordinates

• Gain insight into dual Wilson loop by performing transformation to dual coordinates

• (Super) momenta map to (super) coordinates of the cusps of a null polygon

• Alternatively one may specify the null polygon using (super) momentum twistors

<latexit sha1_base64="OyplLzbbKsKD+cMPEs1JIQIErx0="></latexit>

⌘̃Ai =
hii+ 1i⌘Ai�1 + hi+ 1i� 1i⌘Ai + hi� 1ii⌘Ai+1

hi� 1iihii+ 1i

<latexit sha1_base64="oS2ARomWr2E4nat8pUQ352ET7U0="></latexit>

�↵
i ⌘̃

A = ✓↵Ai � ✓↵Ai�1

<latexit sha1_base64="XcjlbocbqfOrun9kRIcU0hH+UCo=">AAACX3icdVFJS8NAGJ3ErbZVo57Ey2ARvLQk4nYRRC8eK1gV2lq+TKbt4GRh5otYQv6kN8GL/8RJG8G6fDDweMssb/xECo2u+2bZC4tLyyuV1Wqtvra+4Wxu3ek4VYx3WCxj9eCD5lJEvIMCJX9IFIfQl/zef7oq9PtnrrSIo1ucJLwfwigSQ8EADTVwnnvSmAMYZCJ/zHogkzHkPRQy4FkpFXwQ45eYF1Z6Tl++R+icg9LmVG56/xkGTsNtudOhv4FXggYppz1wXs0GLA15hEyC1l3PTbCfgULBJM+rvVTzBNgTjHjXwAhCrvvZtJ+c7hsmoMNYmRUhnbLfExmEWk9C3zhDwLH+qRXkX1o3xeFZPxNRkiKP2OygYSopxrQomwZCcYZyYgAwJcxdKRuDAobmS6qmBO/nk3+Du8OWd9I6vjlqXFyWdVTILtkjB8Qjp+SCXJM26RBG3i3bqll168NesddtZ2a1rTKzTebG3vkEcqa4ZQ==</latexit>

�↵
i �̃

↵̇
i = x↵↵̇

i � x↵↵̇
i�1

<latexit sha1_base64="+Z7+WwOLxv8wniddOMM2uxkVZMs=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCBAkz4nYMevEYwSyQCaGnU0ma9Cx01whhCF78FS8eFPHqV3jzb+xJ5qDRBwWP96qoqudFUmi07S8rt7C4tLySXy2srW9sbhW3dxo6jBWHOg9lqFoe0yBFAHUUKKEVKWC+J6Hpja5Tv3kPSoswuMNxBB2fDQLRF5yhkbrFvXLUTcTkmLooZA8SF5BNUuWoWyzZFXsK+pc4GSmRDLVu8dPthTz2IUAumdZtx46wkzCFgkuYFNxYQ8T4iA2gbWjAfNCdZPrChB4apUf7oTIVIJ2qPycS5ms99j3T6TMc6nkvFf/z2jH2LzuJCKIYIeCzRf1YUgxpmgftCQUc5dgQxpUwt1I+ZIpxNKkVTAjO/Mt/SeOk4pxXzm5PS9WrLI482ScHpEwcckGq5IbUSJ1w8kCeyAt5tR6tZ+vNep+15qxsZpf8gvXxDQevlzg=</latexit>

(pi, ⌘̃i)

<latexit sha1_base64="LCctBkKbc++CzJYroVHqPYXAPqE=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1iEClIS8bYsunFZwV6gDWEynbRDJxdmTsQQ6qu4caGIWx/EnW/jpM1CW38Y+PjPOZwzvxcLrsCyvo2l5ZXVtfXSRnlza3tn19zbb6sokZS1aCQi2fWIYoKHrAUcBOvGkpHAE6zjjW/yeueBScWj8B7SmDkBGYbc55SAtlyzUnt0Mz45wX0YMSA5H7tm1apbU+FFsAuookJN1/zqDyKaBCwEKohSPduKwcmIBE4Fm5T7iWIxoWMyZD2NIQmYcrLp8RN8pJ0B9iOpXwh46v6eyEigVBp4ujMgMFLztdz8r9ZLwL9yMh7GCbCQzhb5icAQ4TwJPOCSURCpBkIl17diOiKSUNB5lXUI9vyXF6F9Wrcv6ud3Z9XGdRFHCR2gQ1RDNrpEDXSLmqiFKErRM3pFb8aT8WK8Gx+z1iWjmKmgPzI+fwAqbpR6</latexit>

(xi, ✓i)

<latexit sha1_base64="D2S2iCDV3b2jd+zY64Kgi0cYXsg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFLIr6WRTcuK9gHtCFMppN26OTBzI1YQjb+ihsXirj1M9z5N07bLLT1wIUz59zL3Hu8WHAFlvVtFBYWl5ZXiqultfWNzS1ze6epokRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wlje8GfutByYVj8J7GMXMCUg/5D6nBLTkmnuVRzflJ3Z2jLswYECmryPXLFtVawI8T+yclFGOumt+dXsRTQIWAhVEqY5txeCkRAKngmWlbqJYTOiQ9FlH05AETDnp5IAMH2qlh/1I6goBT9TfEykJlBoFnu4MCAzUrDcW//M6CfhXTsrDOAEW0ulHfiIwRHicBu5xySiIkSaESq53xXRAJKGgMyvpEOzZk+dJ87RqX1TP787Ktes8jiLaRweogmx0iWroFtVRA1GUoWf0it6MJ+PFeDc+pq0FI5/ZRX9gfP4A85OVXg==</latexit>

(xi�1, ✓i�1)

• With non-local transformations

[Drummond,Henn,Korchemsky,Sokatchev]

[Hodges]

<latexit sha1_base64="m5ko7MaW9F/s2KbsjA8IKCdReNY="></latexit>

Zi =

0

@
�↵
i

µ↵̇
i

⌘Ai

1

A =

0

@
�↵
i

�i↵x↵↵̇
i

�i↵✓↵Ai

1

A <latexit sha1_base64="ZQwlWs4VWL07YRpAggBJ43ZZCTk=">AAAB/XicbVDJTsMwFHwpWylbWW5cLCokTlUCZTlWcOFYJLpITagc12mtOk5kO0glVPwKFw4gxJX/4Mbf4LY5QMtIlkYz7+mNx485U9q2v63cwuLS8kp+tbC2vrG5VdzeaagokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH1yN/eY9lYpF4lYPY+qFuCdYwAjWRuoU91wmkBti3ff9tDa6S08eK6NOsWSX7QnQPHEyUoIMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ+lH6NAoXRRE0jyh0UT9vZHiUKlh6JvJcU41643F/7x2ooMLL2UiTjQVZHooSDjSERpXgbpMUqL50BBMJDNZEeljiYk2hRVMCc7sl+dJ47jsnJVPbyql6mVWRx724QCOwIFzqMI11KAOBB7gGV7hzXqyXqx362M6mrOynV34A+vzBz36lRs=</latexit>

2 P3|4

<latexit sha1_base64="BVxP18HLt9nLutuCVPH4Aq6aGw4="></latexit>

�̃↵̇
i =

hii+ 1iµ↵̇
i�1 + hi+ 1i� 1iµ↵̇

i + hi� 1iiµ↵̇
i+1

hi� 1iihii+ 1i



Dual superconformal symmetry

• MHV form factors may be expressed in terms of SL(2|2) R-invariants

• Precisely, they are invariant under an SL(2|2) subgroup of transformations acting on the dual variables 

<latexit sha1_base64="JCAUniDPeDbUxUoWpcK9IKi5ZEo="></latexit>

(ijk) ⌘
Q2

a=1(hiji⌘ak + cyclic)

hijihjkihkii

<latexit sha1_base64="vX4yY7MiriexnoErmd+/mJrGfBU="></latexit>

zi =

✓
�↵
i

⌘ai

◆ <latexit sha1_base64="5n1k08PoIr196UvzYiQ6E+io6kE=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgQcJu8HURgl48RjAPyC6hdzKbDJmdHWZmhbDkN7x4UMSrP+PNv3GS7EETCxqKqm66u0LJmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUsnqSK0SRKeqE4ImnImaNMww2lHKgpxyGk7HN1N/fYTVZol4tGMJQ1iGAgWMQLGSr4PXA4B32DvrNYrV9yqOwNeJl5OKihHo1f+8vsJSWMqDOGgdddzpQkyUIYRTiclP9VUAhnBgHYtFRBTHWSzmyf4xCp9HCXKljB4pv6eyCDWehyHtjMGM9SL3lT8z+umJroOMiZkaqgg80VRyrFJ8DQA3GeKEsPHlgBRzN6KyRAUEGNjKtkQvMWXl0mrVvUuqxcP55X6bR5HER2hY3SKPHSF6ugeNVATESTRM3pFb07qvDjvzse8teDkM4foD5zPHxOekGo=</latexit>

↵ = 1, 2
<latexit sha1_base64="hPEGCW4J5BPmoVkxwBPxcKyqnJI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJu8HURgl48RjAPSJYwO5kkQ2Znl5leISz5CC8eFPHq93jzb5wke9DEgoaiqpvuriCWwqDrfju5ldW19Y38ZmFre2d3r7h/0DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO6mfvOJayMi9YjjmPshHSjRF4yilZqU3BDvrNItltyyOwNZJl5GSpCh1i1+dXoRS0KukElqTNtzY/RTqlEwySeFTmJ4TNmIDnjbUkVDbvx0du6EnFilR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfav/VSoOEGu2HxRP5EEIzL9nfSE5gzl2BLKtLC3EjakmjK0CRVsCN7iy8ukUSl7l+WLh/NS9TaLIw9HcAyn4MEVVOEealAHBiN4hld4c2LnxXl3PuatOSebOYQ/cD5/AD84jjc=</latexit>

a = 1, 2
with

• Tree form factors for k = 3 may be written concisely for any any number of points 
<latexit sha1_base64="43aUw24Fm1svCB91pxuTNqXgUwE="></latexit>

W tree
k=3,n =

n�1X

i=2

(1ii+ 1)

• Similarly to amplitudes, MHV form factors exhibit dual super-conformal symmetry



m = 2 Amplituhedron
• R-invariants are subject to 4-term identity

• It may be understood geometrically as 
an equivalence relation for two 
triangulations of a square

<latexit sha1_base64="j8/561xs8du3aMHZkFotJpO9tPg=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFShJKk8bERim5cVrAPaEOZTCft0MmDmYlQQldu/BU3LhRx6ze482+cpllo64ELZ865l7n3eDGjQprmt7a0vLK6tl7YKG5ube/s6nv7TRElHJMGjljE2x4ShNGQNCSVjLRjTlDgMdLyRjdTv/VAuKBReC/HMXEDNAipTzGSSurpR4ZlV8vwFBpVxyrDK2g4lp297apT7ukls2JmgIvEykkJ5Kj39K9uP8JJQEKJGRKiY5mxdFPEJcWMTIrdRJAY4REakI6iIQqIcNPsjAk8UUof+hFXFUqYqb8nUhQIMQ481RkgORTz3lT8z+sk0r90UxrGiSQhnn3kJwzKCE4zgX3KCZZsrAjCnKpdIR4ijrBUyRVVCNb8yYukaVes88rZnVOqXedxFMAhOAYGsMAFqIFbUAcNgMEjeAav4E170l60d+1j1rqk5TMH4A+0zx+CKpLM</latexit>

(123) + (341) = (412) + (234)

1

2

3

4

1

2

3

4

<latexit sha1_base64="uYlFnB01PpuVngnSZZde7YimZKI=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspu/TwWvXis4NpCu5Rsmm1Ds8mSZIWy9Dd48aCIV3+QN/+NabsHbX0w8Hhvhpl5YcKZNq777RRWVtfWN4qbpa3tnd298v7Bo5apItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObqd+64kqzaR4MOOEBjEeCBYxgo2V/KpXPzvtlStuzZ0BLRMvJxXI0eyVv7p9SdKYCkM41rrjuYkJMqwMI5xOSt1U0wSTER7QjqUCx1QH2ezYCTqxSh9FUtkSBs3U3xMZjrUex6HtjLEZ6kVvKv7ndVITXQcZE0lqqCDzRVHKkZFo+jnqM0WJ4WNLMFHM3orIECtMjM2nZEPwFl9eJo/1mndZu7g/rzRu8jiKcATHUAUPrqABd9AEHwgweIZXeHOE8+K8Ox/z1oKTzxzCHzifPyc5jZ0=</latexit>

(123)

<latexit sha1_base64="sKo27lhxwhte6X0+0UbXlTipvJw=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSLUS9nV+nEsevFYwW0L7VKyabYNzSZLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmhQln2rjut7Oyura+sVnYKm7v7O7tlw4Om1qmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8isXNe+sVyq7VXcGtEy8nJQhR6NX+ur2JUljKgzhWOuO5yYmyLAyjHA6KXZTTRNMRnhAO5YKHFMdZLNjJ+jUKn0USWVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBNkTCSpoYLMF0UpR0ai6eeozxQlho8twUQxeysiQ6wwMTafog3BW3x5mTTPq95V9fKhVq7f5nEU4BhOoAIeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrStOPnMEf+B8/gAqSY2f</latexit>

(341)

<latexit sha1_base64="HK58IMIl6rgevludm1jqQsK2NPQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuqR/HohePFVxbaJeSTbNtaJJdkqxQlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48etRxqgj1Scxj1QmxppxJ6htmOO0kimIRctoOx7czv/1ElWaxfDCThAYCDyWLGMHGSn614dXP++WKW3PnQKvEy0kFcrT65a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVfJYr3mXtYv7RqV5k8dRhBM4hSp4cAVNuIMW+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AEow42e</latexit>

(412)
<latexit sha1_base64="C1nxwLetnyGzZxEpFVHkVYSB7nA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRmKCF9IifhyJXjxiYoEEGrJdtrBhu212tyak4Td48aAxXv1B3vw3bqEHBV8yyct7M5mZ58ecKW3b31ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJdEvFIdn2sKGeCupppTruxpDj0Oe34k7vM7zxRqVgkHvU0pl6IR4IFjGBtJLdav2icD8oVu2bPgVaJk5MK5GgNyl/9YUSSkApNOFaq59ix9lIsNSOczkr9RNEYkwke0Z6hAodUeen82Bk6M8oQBZE0JTSaq78nUhwqNQ190xliPVbLXib+5/USHdx4KRNxoqkgi0VBwpGOUPY5GjJJieZTQzCRzNyKyBhLTLTJp2RCcJZfXiXtes25ql0+NCrN2zyOIpzAKVTBgWtowj20wAUCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w8ry42g</latexit>

(234)<latexit sha1_base64="F294dYcc9LeE0YY82nKDelowDYc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OJJEjAPSJYwO+kkY2Znl5lZISz5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriAWXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRDGss0hEqhVQjYJLrBtuBLZihTQMBDaD0e3Ubz6h0jySD2Ycox/SgeR9zqixUu2mWyy5ZXcGsky8jJQgQ7Vb/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ojt0Qk6s0iP9SNmShszU3xMpDbUeh4HtDKkZ6kVvKv7ntRPTv/ZTLuPEoGTzRf1EEBOR6dekxxUyI8aWUKa4vZWwIVWUGZtNwYbgLb68TBpnZe+yfFE7L1XuszjycATHcAoeXEEF7qAKdWCA8Ayv8OY8Oi/Ou/Mxb8052cwh/IHz+QOTqYzX</latexit>=
flip

• One may see n-pt form factors as area of a convex n-gon where each tile is associated with an R-invariant

<latexit sha1_base64="43aUw24Fm1svCB91pxuTNqXgUwE="></latexit>

W tree
k=3,n =

n�1X

i=2

(1ii+ 1) 1

2

n

3

• Form factors provide a realisation of the m=2 Amplituhedron (geometric reformulation of scattering amplitudes)

Same structure

observed recently


for correlation functions

[Caron-Huot,Coronado,Muhlmann]



Higher-charge form factors

• Higher-charge form factors were conjectured to satisfy BCFW-like recursion relations

• General solution for any k can be written concisely

• Formula is also known in the context of the m=2 Amplituhedron where k-2 plays the role of helicity degree

• They relate form factors with different k and n 

<latexit sha1_base64="b5768k+k3viwhJE5EMUS+aTJz8Y="></latexit>

W tree
k,n (1, . . . , n) = W tree

k,n�1(1, . . . , n� 1) + (n� 1n1)W tree
k�1,n�1(1, . . . , n� 1)

<latexit sha1_base64="cSR4S/3u6AQb6m+f/6gClym80mk="></latexit>

W tree
k,n =

1

(k � 2)!

⇥
W tree

3,n

⇤k�2

• Higher-charge form factors are higher-degree polynomials in R-invariants

• This relation has a simple geometrical interpretation for k = 3

[Penante,Spence,Travaglini,Wen]



Super Wilson loop dual
• Can one recover this data from actual Wilson loop calculation? Precise Wilson loop dual?

• Futhermore, must be a super Wilson loop since MHV form factors depend on Grassmann variables

• Total momentum is non zero: we should consider a periodic Wilson loop



Dual operator

• Super-connection integrated along light-like edges

• Supplemented by vertex insertion at the cusp

• Null polygonal super Wilson loop

[Caron-Huot]

[Mason,Skinner]

• For MHV form factors of half-BPS operators we may restrict ourselves to the SU(2) subsector with a, b = 1, 2

<latexit sha1_base64="ZLcP1Q1OFie8IVceDs3Cq3Bcgkw="></latexit>

Ei = p↵↵̇i A↵̇↵ + i�̃↵̇i  ̄↵̇⌘
a
i +

i

2hii+ 1i �̃
↵̇
i �

↵
i+1D↵̇↵�ab⌘

a
i ⌘

b
i

• Defined such as to be annihilated by super-translations

<latexit sha1_base64="XI7paWv6In+DsoHFxGMPuOu5E+I="></latexit>"
Q↵a +

nX

i=1

�i
↵

@

@⌘ai

#
Wn = 0 (up to gauge transformation)

<latexit sha1_base64="yi6Ils8DkWtR0hcx3Bm9oj+E60Y=">AAACGXicbVDLSgMxFM3UV62vqks3wSJUlDJTfC2LblxWsA/o1JJJM21oJjMkd8QyzG+48VfcuFDEpa78G9PHQltPCBzOuZd77/EiwTXY9reVWVhcWl7JrubW1jc2t/LbO3UdxoqyGg1FqJoe0UxwyWrAQbBmpBgJPMEa3uBq5DfumdI8lLcwjFg7ID3JfU4JGKmTt4/c49HDrq8ITZw0Kad4LBRdYA+ggkSTgGHoc9lLD+/KnXzBLtlj4HniTEkBTVHt5D/dbkjjgEmggmjdcuwI2glRwKlgac6NNYsIHZAeaxkqzTTdTsaXpfjAKF3sh8p8CXis/u5ISKD1MPBMZUCgr2e9kfif14rBv2gnXEYxMEkng/xYYAjxKCbc5YpREENDCFXc7Ippn5iIwISZMyE4syfPk3q55JyVTm9OCpXLaRxZtIf2URE56BxV0DWqohqi6BE9o1f0Zj1ZL9a79TEpzVjTnl30B9bXD3v2nsw=</latexit>

+
1

2
(same thing)2

<latexit sha1_base64="/qUJsLtY9JKvrhJwpGuB7YXcRjc="></latexit>

Wn =
1

Nc
Tr

h
· · · Vn1e

i
R 1
0 dt1E1(t1)V12e

i
R 1
0 dt2E2(t2) · · · Vn1 · · ·

i

<latexit sha1_base64="vRIhKpGuglf3kk6pgLmSV7X2970="></latexit>

Vii+1 = 1 + �ab

"
⌘ai ⌘

b
i+1

hii+ 1i +
hi� 1i+ 1i⌘ai ⌘bi
hi� 1iihii+ 1i

#



Dual state

• To represent the local operator we must pick a dual state

• Requirements: dual state must carry the right R-charge and be annihilated by (super) translations in dual space

• The super Wilson loop takes care of the external state in FF

• This is because these symmetries are redundancies of the dual description

<latexit sha1_base64="za9kb34ENLcI0pmUSxRHOVUz8a4="></latexit>

Wn ,
nY

i=1

�(�i, �̃i, ⌘̃i)

<latexit sha1_base64="FjVTEVyNeZ5P1/EagWvxsWR5vv0="></latexit>

hFk|P↵̇↵ = 0 hFk|Q↵a = 0

• Simplest choice: State composed of (k-2) zero-momentum scalar particles
<latexit sha1_base64="4ABgr+cmc+6EvLj1LhIvt0voDS4=">AAACLXicbVDLSgMxFM3UV62vUZdugkWomzJTfG2EoiIuK9gHdMYhk6ZtaCYzJBmhTOeH3PgrIrioiFt/w/SB2NYDgcM593Jzjh8xKpVlDY3M0vLK6lp2PbexubW9Y+7u1WQYC0yqOGShaPhIEkY5qSqqGGlEgqDAZ6Tu965Hfv2JCElD/qD6EXED1OG0TTFSWvLMG4ch3mEEOgFSXYxYcpt6SS8dwEv4a0Vd+pjYpbRgHTusFSo5I8GBZ+atojUGXCT2lOTBFBXPfHNaIY4DwhVmSMqmbUXKTZBQFDOS5pxYkgjhHuqQpqYcBUS6yThtCo+00oLtUOjHFRyrfzcSFEjZD3w9Ocok572R+J/XjFX7wk0oj2JFOJ4cascMqhCOqoMtKghWrK8JwoLqv0LcRQJhpQvO6RLs+ciLpFYq2mfF0/uTfPlqWkcWHIBDUAA2OAdlcAcqoAoweAavYAg+jBfj3fg0viajGWO6sw9mYHz/AAxJp1Y=</latexit>

hFk| = h�12(0) . . .�12(0)|

• In particular, the dual state for k = 2 (stress tensor multiplet) is the vacuum state

<latexit sha1_base64="reWD6HlOLW4SgCtxlv2jAlfGr9g="></latexit>

h1, . . . , n|Tr�(0)k + . . . |0i , hFk|Wn|0i



Tree level check

• Basic tree matrix element

• We may perform a simple check of this conjecture at weak coupling:
<latexit sha1_base64="uBRRIq8YWa/8uKvQL0EPzamgVzI=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1Wom5IUXxuhKII7K9gHtDFMptN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0gbR1gMXDufcy733eCGjUlnWl5Gbm19YXMovF1ZW19Y3zM2thgwigUkdBywQLQ9JwigndUUVI61QEOR7jDS94UXqN++JkDTgt2oUEsdHfU57FCOlJdfc6/hIDTBi8WXixjSBZ/BHuU5K/bu4khy4ZtEqW2PAWWJnpAgy1Fzzs9MNcOQTrjBDUrZtK1ROjISimJGk0IkkCREeoj5pa8qRT6QTj79J4L5WurAXCF1cwbH6eyJGvpQj39Od6aVy2kvF/7x2pHqnTkx5GCnC8WRRL2JQBTCNBnapIFixkSYIC6pvhXiABMJKB1jQIdjTL8+SRqVsH5ePbg6L1fMsjjzYAbugBGxwAqrgCtRAHWDwAJ7AC3g1Ho1n4814n7TmjGxmG/yB8fENCmqbig==</latexit>

Ei = O(g2)

<latexit sha1_base64="8wyOTXWlqh/IRt8g8T/utkkWB3s="></latexit>

h�12(0)|�ab(x)|0i = ✏ab

• It immediately leads to

• It agrees perfectly with the tree form factor data

……

…

outgoing

scalar particle

corner vertex

<latexit sha1_base64="bnU4ii7ovDndI1rUahIZbzjzXyg=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKu+DoGvHgQiWAekCxhdjKbDJmdWWZ6lbjkS7x4UMSrn+LNv3GS7EGjBQ1FVTfdXWEiuAHP+3IKS8srq2vF9dLG5tZ22d3ZbRqVasoaVAml2yExTHDJGsBBsHaiGYlDwVrh6HLqt+6ZNlzJOxgnLIjJQPKIUwJW6rnl7jWLQPPBEIjW6qHnVryqNwP+S/ycVFCOes/97PYVTWMmgQpiTMf3EggyooFTwSalbmpYQuiIDFjHUkliZoJsdvgEH1qljyOlbUnAM/XnREZiY8ZxaDtjAkOz6E3F/7xOCtFFkHGZpMAknS+KUoFB4WkKuM81oyDGlhCqub0V0yHRhILNqmRD8Bdf/kuax1X/rHp6e1Kp3eRxFNE+OkBHyEfnqIauUB01EEUpekIv6NV5dJ6dN+d93lpw8pk99AvOxzc/EpOH</latexit>,

<latexit sha1_base64="+G6mdd9PjF6GeFJsl7vgxnkXkRo="></latexit>

W tree
n,k = h�12(0) . . .�12(0)|

n�1Y

i=1

Vii+1|0i

<latexit sha1_base64="nLxbwEqwtYQd/9FB0veO+0Y45qY="></latexit>

W tree
k=3,n =

n�1X

i=1

h�12(0)|V(⌘2)
ii+1|0i =

n�1X

i=1

"
⌘ai ⌘

b
i+1

hii+ 1i +
hi� 1i+ 1i⌘ai ⌘bi
hi� 1iihii+ 1i

#



Tree level check
• We may perform a simple check of this conjecture at weak coupling:

<latexit sha1_base64="uBRRIq8YWa/8uKvQL0EPzamgVzI=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1Wom5IUXxuhKII7K9gHtDFMptN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0gbR1gMXDufcy733eCGjUlnWl5Gbm19YXMovF1ZW19Y3zM2thgwigUkdBywQLQ9JwigndUUVI61QEOR7jDS94UXqN++JkDTgt2oUEsdHfU57FCOlJdfc6/hIDTBi8WXixjSBZ/BHuU5K/bu4khy4ZtEqW2PAWWJnpAgy1Fzzs9MNcOQTrjBDUrZtK1ROjISimJGk0IkkCREeoj5pa8qRT6QTj79J4L5WurAXCF1cwbH6eyJGvpQj39Od6aVy2kvF/7x2pHqnTkx5GCnC8WRRL2JQBTCNBnapIFixkSYIC6pvhXiABMJKB1jQIdjTL8+SRqVsH5ePbg6L1fMsjjzYAbugBGxwAqrgCtRAHWDwAJ7AC3g1Ho1n4814n7TmjGxmG/yB8fENCmqbig==</latexit>

Ei = O(g2)

<latexit sha1_base64="8wyOTXWlqh/IRt8g8T/utkkWB3s="></latexit>

h�12(0)|�ab(x)|0i = ✏ab

Production of 2 scalar state• Similarly at higher k. E.g.

<latexit sha1_base64="+G6mdd9PjF6GeFJsl7vgxnkXkRo="></latexit>

W tree
n,k = h�12(0) . . .�12(0)|

n�1Y

i=1

Vii+1|0i

• Basic tree matrix element

<latexit sha1_base64="1qKeirD65jrV0yetyV+QkSwERYE="></latexit>

) W tree
4,n =

1

2

⇥
W tree

3,n

⇤2



Loop diagrams
• We may also perform a check at one loop

• Two main class of diagrams

• 1st class: exchange diagrams

• They generate long-range corrections to the corner vertex <latexit sha1_base64="94Glvb5pNoOuS6gjwoJC1gvtE24=">AAACInicbVDLSsNAFJ34rPUVdelmsAiCpSTic1dx47KCfUATwmQ6acdOJmFmopQQ8E/c+CtuXCjqSvBjnLRd2NYDA4dzznDvPX7MqFSW9W3MzS8sLi0XVoqra+sbm+bWdkNGicCkjiMWiZaPJGGUk7qiipFWLAgKfUaafv8q95v3REga8Vs1iIkboi6nAcVIackzL5wQqR5GLG1kXkrpoZ1Bp+yUoSNot6eQENHDWJgI3mWeWbIq1hBwlthjUgJj1Dzz0+lEOAkJV5ghKdu2FSs3RUJRzEhWdBJJYoT7qEvamnIUEummwxMzuK+VDgwioR9XcKj+/ZGiUMpB6Otkvqec9nLxP6+dqODcTSmPE0U4Hg0KEgZVBPO+YIcKghUbaIKwoHpXiHtIIKx0q0Vdgj198ixpHFXs08rJzXGpevk4qqMAdsEeOAA2OANVcA1qoA4weAIv4A28G8/Gq/FhfI2ic8a4wh0wAePnFwldpGo=</latexit>Vii+1 ! Vij



Loop diagrams
• We may also perform a check at one loop

• Two main class of diagrams

• 1st class: exchange diagrams

• They generate long-range corrections to the corner vertex <latexit sha1_base64="94Glvb5pNoOuS6gjwoJC1gvtE24=">AAACInicbVDLSsNAFJ34rPUVdelmsAiCpSTic1dx47KCfUATwmQ6acdOJmFmopQQ8E/c+CtuXCjqSvBjnLRd2NYDA4dzznDvPX7MqFSW9W3MzS8sLi0XVoqra+sbm+bWdkNGicCkjiMWiZaPJGGUk7qiipFWLAgKfUaafv8q95v3REga8Vs1iIkboi6nAcVIackzL5wQqR5GLG1kXkrpoZ1Bp+yUoSNot6eQENHDWJgI3mWeWbIq1hBwlthjUgJj1Dzz0+lEOAkJV5ghKdu2FSs3RUJRzEhWdBJJYoT7qEvamnIUEummwxMzuK+VDgwioR9XcKj+/ZGiUMpB6Otkvqec9nLxP6+dqODcTSmPE0U4Hg0KEgZVBPO+YIcKghUbaIKwoHpXiHtIIKx0q0Vdgj198ixpHFXs08rJzXGpevk4qqMAdsEeOAA2OANVcA1qoA4weAIv4A28G8/Gq/FhfI2ic8a4wh0wAePnFwldpGo=</latexit>Vii+1 ! Vij

• One-loop result is a sum of R-invariants dressed by transcendentality-2 functions (box integrals) 

<latexit sha1_base64="4BiO/aApFv9jbTH94PCnMhiml/A="></latexit>

W 1-loop
k=3,n =

X

i,j

tree(1 . . . ij . . . n)⇥ Fij

• Match precisely known form-factor result obtained with generalized unitarity method

<latexit sha1_base64="01ddjpz+/io6ZUa0qsSrZTKguus=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBU5gRt4sQFILHCGaBZBh6Oj1Jm56F7hoxDoO/4sWDIl79D2/+jZ1kDhp9UPB4r4qqel4suALL+jIKc/MLi0vF5dLK6tr6hrm51VRRIilr0EhEsu0RxQQPWQM4CNaOJSOBJ1jLG16O/dYdk4pH4Q2MYuYEpB9yn1MCWnLNnZqb8tsMn+MusHuQQVqrZ65ZtirWBPgvsXNSRjnqrvnZ7UU0CVgIVBClOrYVg5MSCZwKlpW6iWIxoUPSZx1NQxIw5aST6zO8r5Ue9iOpKwQ8UX9OpCRQahR4ujMgMFCz3lj8z+sk4J85KQ/jBFhIp4v8RGCI8DgK3OOSURAjTQiVXN+K6YBIQkEHVtIh2LMv/yXNw4p9Ujm+PipXL/I4imgX7aEDZKNTVEVXqI4aiKIH9IRe0KvxaDwbb8b7tLVg5DPb6BeMj28GCpT4</latexit>

Fij = FP

<latexit sha1_base64="n+qIflQUIWNrdPWnQRY5vPsnbEk=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclUR8LUvduKxgH5CGMplO0rGTmTAzEUroP7hxoYhb/8edf+O0zUJbD1w4nHMv994Tppxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kpQltEcqm6IdaUM0FbhhlOu6miOAk57YSj26nfeaJKMykezDilQYJjwSJGsLFSu9dgcez3K1W35s6AlolXkCoUaPYrX72BJFlChSEca+17bmqCHCvDCKeTci/TNMVkhGPqWypwQnWQz66doFOrDFAklS1h0Ez9PZHjROtxEtrOBJuhXvSm4n+en5noJsiZSDNDBZkvijKOjETT19GAKUoMH1uCiWL2VkSGWGFibEBlG4K3+PIyaZ/XvKva5f1Ftd4o4ijBMZzAGXhwDXW4gya0gMAjPMMrvDnSeXHenY9564pTzBzBHzifP0JhjvA=</latexit> "<latexit sha1_base64="n+qIflQUIWNrdPWnQRY5vPsnbEk=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclUR8LUvduKxgH5CGMplO0rGTmTAzEUroP7hxoYhb/8edf+O0zUJbD1w4nHMv994Tppxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kpQltEcqm6IdaUM0FbhhlOu6miOAk57YSj26nfeaJKMykezDilQYJjwSJGsLFSu9dgcez3K1W35s6AlolXkCoUaPYrX72BJFlChSEca+17bmqCHCvDCKeTci/TNMVkhGPqWypwQnWQz66doFOrDFAklS1h0Ez9PZHjROtxEtrOBJuhXvSm4n+en5noJsiZSDNDBZkvijKOjETT19GAKUoMH1uCiWL2VkSGWGFibEBlG4K3+PIyaZ/XvKva5f1Ftd4o4ijBMZzAGXhwDXW4gya0gMAjPMMrvDnSeXHenY9564pTzBzBHzifP0JhjvA=</latexit>"

i i+1

j

j+1

…

Box

[Penante,Spence,Travaglini,Wen]

[Brandhuber,Penante,Travaglini,Wen]



Loop diagrams 
• 2nd class diagrams - contain IR divergences

• These divergences are dual to the UV divergences of the local operators

• Half-BPS operators are protected: we observe complete cancellation among these diagrams



Loop diagrams 
• 2nd class diagrams - contain IR divergences

• These divergences are dual to the UV divergences of the local operators

• Half-BPS operators are protected: we observe complete cancellation among these diagrams

• Self-energy diagrams are needed for a complete cancellation



Loop diagrams
• k = 3 (one scalar state) is special

• Fewer diagrams are contributing and cancellation may seem incomplete 

• But new diagrams become available at the same time

• Wrapping diagrams with particles winding around the periodic direction are needed



Form Factor OPE and Integrable Bootstrap
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Operator Product Expansion

<latexit sha1_base64="1U4SMgo9aXtDGrNxZuwqGwwi8lo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eiF48VTFtoQ9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMfRZLGLVDqlGwSX6hhuB7UQhjUKBrXB8N/NbT6g0j+WjmSQYRHQo+YAzaqzkJ72sNu2VK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5iQkyqgxnAqelbqoxoWxMh9ixVNIIdZDNj52SM6v0ySBWtqQhc/X3REYjrSdRaDsjakZ62ZuJ/3md1AxugozLJDUo2WLRIBXExGT2OelzhcyIiSWUKW5vJWxEFWXG5lOyIXjLL6+SZq3qXVUvHy4q9ds8jiKcwCmcgwfXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fyMuOrw==</latexit>p2
vac

vac

 . . .<latexit sha1_base64="rO9wR73SeVCnKwrrMO3XvMlnmYQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv5aS/3Jr1qza27M5Bl4hWkBgWavepXt5+wLEZpmKBadzw3NUFOleFM4KTSzTSmlI3oADuWShqjDvLZsRNyYpU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnnpM8VMiPGllCmuL2VsCFVlBmbT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAgMMzvMKbI50X5935mLeWnGLmEP7A+fwBx0aOrg==</latexit>p1
<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>

M <latexit sha1_base64="dnDQlaKOGGlyUV0oPrcrjpAm5/o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8KK3BMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qsVLvpFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2bssX9TOS5X7LI48HMExnIIHV1CBO6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCSKIzS</latexit>= <latexit sha1_base64="dnDQlaKOGGlyUV0oPrcrjpAm5/o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8KK3BMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qsVLvpFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2bssX9TOS5X7LI48HMExnIIHV1CBO6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCSKIzS</latexit>=
<latexit sha1_base64="NSVsgVLmyMVLDi6tdduUV5J1xFA=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxCu7Ak4m1ZEEF3FewFmhgm00k7dHJhZiKUNM/hxldx40IRd+LGt3GSZqGtB4b5+P9zmDm/GzEqpGF8awuLS8srq6W18vrG5ta2vrPbFmHMMWnhkIW86yJBGA1IS1LJSDfiBPkuIx13dJn5nQfCBQ2DOzmOiO2jQUA9ipFUkqObloh9J7EiQVNI7pMjS6IYXlUzoZbCZtWY5KgouydGzdErRt3IC86DWUAFFNV09E+rH+LYJ4HEDAnRM41I2gnikmJG0rIVCxIhPEID0lMYIJ8IO8lXS+GhUvrQC7k6gYS5+nsiQb4QY99VnT6SQzHrZeJ/Xi+W3oWd0CCKJQnw9CEvZlCGMMsJ9iknWLKxAoQ5VX+FeIg4wlKlWVYhmLMrz0P7uG6e1U9vTyqNmyKOEtgHB6AKTHAOGuAaNEELYPAInsEreNOetBftXfuYti5oxcwe+FPa1w/v8p+M</latexit>X
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[Alday,Gaiotto,Maldacena,Sever,Vieira]

[BB,Sever,Vieira]

• The state is produced/absorbed by bottom/top pentagon

• Pentagon transitions are akin to the structure constants for the usual OPE

• Null Wilson loop picture allows us to develop OPE for scattering amplitudes

Building blocks:


1. Spectrum of flux tube 
eigenstates


2. Pentagon transitions 
between flux-tube states


Integrability allows us 
to determine both data 
at finite coupling

• Idea : Write WL as a sum over a complete basis of eigenstates of the string / flux tube ending on two null edges
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Operator Product Expansion

<latexit sha1_base64="1U4SMgo9aXtDGrNxZuwqGwwi8lo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eiF48VTFtoQ9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMfRZLGLVDqlGwSX6hhuB7UQhjUKBrXB8N/NbT6g0j+WjmSQYRHQo+YAzaqzkJ72sNu2VK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5iQkyqgxnAqelbqoxoWxMh9ixVNIIdZDNj52SM6v0ySBWtqQhc/X3REYjrSdRaDsjakZ62ZuJ/3md1AxugozLJDUo2WLRIBXExGT2OelzhcyIiSWUKW5vJWxEFWXG5lOyIXjLL6+SZq3qXVUvHy4q9ds8jiKcwCmcgwfXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fyMuOrw==</latexit>p2
vac

vac

 . . .<latexit sha1_base64="rO9wR73SeVCnKwrrMO3XvMlnmYQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv5aS/3Jr1qza27M5Bl4hWkBgWavepXt5+wLEZpmKBadzw3NUFOleFM4KTSzTSmlI3oADuWShqjDvLZsRNyYpU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnnpM8VMiPGllCmuL2VsCFVlBmbT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAgMMzvMKbI50X5935mLeWnGLmEP7A+fwBx0aOrg==</latexit>p1
<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>

M <latexit sha1_base64="dnDQlaKOGGlyUV0oPrcrjpAm5/o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8KK3BMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qsVLvpFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2bssX9TOS5X7LI48HMExnIIHV1CBO6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCSKIzS</latexit>= <latexit sha1_base64="dnDQlaKOGGlyUV0oPrcrjpAm5/o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8KK3BMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qsVLvpFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2bssX9TOS5X7LI48HMExnIIHV1CBO6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCSKIzS</latexit>=
<latexit sha1_base64="NSVsgVLmyMVLDi6tdduUV5J1xFA=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxCu7Ak4m1ZEEF3FewFmhgm00k7dHJhZiKUNM/hxldx40IRd+LGt3GSZqGtB4b5+P9zmDm/GzEqpGF8awuLS8srq6W18vrG5ta2vrPbFmHMMWnhkIW86yJBGA1IS1LJSDfiBPkuIx13dJn5nQfCBQ2DOzmOiO2jQUA9ipFUkqObloh9J7EiQVNI7pMjS6IYXlUzoZbCZtWY5KgouydGzdErRt3IC86DWUAFFNV09E+rH+LYJ4HEDAnRM41I2gnikmJG0rIVCxIhPEID0lMYIJ8IO8lXS+GhUvrQC7k6gYS5+nsiQb4QY99VnT6SQzHrZeJ/Xi+W3oWd0CCKJQnw9CEvZlCGMMsJ9iknWLKxAoQ5VX+FeIg4wlKlWVYhmLMrz0P7uG6e1U9vTyqNmyKOEtgHB6AKTHAOGuAaNEELYPAInsEreNOetBftXfuYti5oxcwe+FPa1w/v8p+M</latexit>X
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Building blocks:


1. Spectrum of flux tube 
eigenstates


2. Pentagon transitions 
between flux-tube states


Integrability allows us 
to determine both data 
at finite coupling

[Alday,Gaiotto,Maldacena,Sever,Vieira]

[BB,Sever,Vieira]

• Interpretation: OPE provides a systematic expansion around the collinear limit

• Idea : Write WL as a sum over a complete basis of eigenstates of the string / flux tube ending on two null edges

• Key advantage: non-diagrammatic - OPE is valid at any value of the coupling constant

• Null Wilson loop picture allows us to develop OPE for scattering amplitudes



vac

vac

 . . .

<latexit sha1_base64="1U4SMgo9aXtDGrNxZuwqGwwi8lo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eiF48VTFtoQ9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMfRZLGLVDqlGwSX6hhuB7UQhjUKBrXB8N/NbT6g0j+WjmSQYRHQo+YAzaqzkJ72sNu2VK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5iQkyqgxnAqelbqoxoWxMh9ixVNIIdZDNj52SM6v0ySBWtqQhc/X3REYjrSdRaDsjakZ62ZuJ/3md1AxugozLJDUo2WLRIBXExGT2OelzhcyIiSWUKW5vJWxEFWXG5lOyIXjLL6+SZq3qXVUvHy4q9ds8jiKcwCmcgwfXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fyMuOrw==</latexit>p2

<latexit sha1_base64="rO9wR73SeVCnKwrrMO3XvMlnmYQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv5aS/3Jr1qza27M5Bl4hWkBgWavepXt5+wLEZpmKBadzw3NUFOleFM4KTSzTSmlI3oADuWShqjDvLZsRNyYpU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQd5FymmUHJ5ouiTBCTkOnnpM8VMiPGllCmuL2VsCFVlBmbT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAgMMzvMKbI50X5935mLeWnGLmEP7A+fwBx0aOrg==</latexit>p1 <latexit sha1_base64="dnDQlaKOGGlyUV0oPrcrjpAm5/o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8KK3BMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qsVLvpFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2bssX9TOS5X7LI48HMExnIIHV1CBO6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCSKIzS</latexit>=

• The more gluons we scatter the more pentagons we need

Operator Product Expansion

<latexit sha1_base64="xXIrjKS6WBN4eFj9IMC0zMz6SA0=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1lwoysr2AdMh5JJM21oJhmSO0IZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMBHcgOt+O6WV1bX1jfJmZWt7Z3evun/QNirVlLWoEkp3Q2KY4JK1gINg3UQzEoeCdcLxTe53npg2XMlHmCQsiMlQ8ohTAlbyezGBESUiu5/2qzW37s6Al4lXkBoq0OxXv3oDRdOYSaCCGON7bgJBRjRwKti00ksNSwgdkyHzLZUkZibIZpGn+MQqAxwpbZ8EPFN/b2QkNmYSh3Yyj2gWvVz8z/NTiK6DjMskBSbp/KMoFRgUzu/HA64ZBTGxhFDNbVZMR0QTCralii3BWzx5mbTP6t5l/eLhvNa4K+oooyN0jE6Rh65QA92iJmohihR6Rq/ozQHnxXl3PuajJafYOUR/4Hz+AIrvkXY=</latexit>

O

<latexit sha1_base64="YEf2GFb47GnlVRW1UzGK8/9rW2s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8Pha9eKxg2kIbyma7bZduNmF3IpTQ3+DFgyJe/UHe/Ddu2xy09cHA470ZZuaFiRQGXffbKaysrq1vFDdLW9s7u3vl/YOGiVPNuM9iGetWSA2XQnEfBUreSjSnUSh5MxzdTf3mE9dGxOoRxwkPIjpQoi8YRSv5STc7n3TLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFW9q+rlw0WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDylCOsA==</latexit>p3

[Sever,Tumanov,Wilhelm]

va
c

va
c

 
..
.

• Form factors may be addressed similarly using periodic Wilson loops

• Main difference: WL produces a state that is contracted with the dual state (~ boundary state)

<latexit sha1_base64="WkjSrveY9w9ZsXKCveMlehp8mLE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoivpZFQVxWsA9oSplMp+3QySTMTIQSgxt/xY0LRdz6Fe78GydtFtp64MLhnHu59x4/4kxpx/m2CguLS8srxdXS2vrG5pa9vdNQYSwJrZOQh7LlY0U5E7Sumea0FUmKA5/Tpj+6yvzmPZWKheJOjyPaCfBAsD4jWBupa+95HIsBp8gLsB4SzJPrtJuMUvTQtctOxZkAzRM3J2XIUevaX14vJHFAhSYcK9V2nUh3Eiw1I5ymJS9WNMJkhAe0bajAAVWdZPJCig6N0kP9UJoSGk3U3xMJDpQaB77pzA5Vs14m/ue1Y92/6CRMRLGmgkwX9WOOdIiyPFCPSUo0HxuCiWTmVkSGWGKiTWolE4I7+/I8aRxX3LPK6e1JuXqZx1GEfTiAI3DhHKpwAzWoA4FHeIZXeLOerBfr3fqYthasfGYX/sD6/AFhhZdw</latexit>

hFk|
<latexit sha1_base64="VCCmQJoMD4/exv3WXR9Wvr5qyVs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7ikqhwL75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6q3lW19nBZqd/mcRThBE7hHDy4hjrcQwOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD2SYj58=</latexit>

i

<latexit sha1_base64="G3TFAsKBwhqS7REFso6LkuEjcUw="></latexit> X

 1,...
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<latexit sha1_base64="F294dYcc9LeE0YY82nKDelowDYc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OJJEjAPSJYwO+kkY2Znl5lZISz5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriAWXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRDGss0hEqhVQjYJLrBtuBLZihTQMBDaD0e3Ubz6h0jySD2Ycox/SgeR9zqixUu2mWyy5ZXcGsky8jJQgQ7Vb/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ojt0Qk6s0iP9SNmShszU3xMpDbUeh4HtDKkZ6kVvKv7ntRPTv/ZTLuPEoGTzRf1EEBOR6dekxxUyI8aWUKa4vZWwIVWUGZtNwYbgLb68TBpnZe+yfFE7L1XuszjycATHcAoeXEEF7qAKdWCA8Ayv8OY8Oi/Ou/Mxb8052cwh/IHz+QOTqYzX</latexit>=
<latexit sha1_base64="p4B/Yr3vqxy50HIDThrlZrE+gto="></latexit>X
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• Pentagon sequence ends at the top with the so-called form factor transitions

Amplitude for absorption

of the flux-tube state


by the half-BPS operator 

• FF transitions provide a complete description of form factors in collinear limit



Integrable bootstrap axioms

• I. Watson equation

• II. Crossing relation

• III. Kinematical axiom

• Similar axioms were studied for the form factors of the stress tensor multiplet (k=2)

• Difference is that stress tensor produces SU(4) singlets while interested here in symmetric product irreps

<latexit sha1_base64="QwW3PpZxTof674E8he/+x9poCUg=">AAACI3icbVDJSgNBFOyJW4zbqEcvjUFIIIQZcUMQgoJ4jGgWSIahp9NJmvQs9BIIQ/7Fi7/ixYMSvHjwX+xJ5mASCx4UVfXofuVFjAppWd9GZmV1bX0ju5nb2t7Z3TP3D+oiVByTGg5ZyJseEoTRgNQklYw0I06Q7zHS8AZ3id8YEi5oGDzLUUQcH/UC2qUYSS255vW9G7ejPk1mXFAlOCzCG/i0LM7lhiWoiq6Zt8rWFHCZ2CnJgxRV15y0OyFWPgkkZkiIlm1F0okRlxQzMs61lSARwgPUIy1NA+QT4cTTG8fwRCsd2A25nkDCqfp3I0a+ECPf00kfyb5Y9BLxP6+lZPfKiWkQKUkCPHuoqxiUIUwKgx3KCZZspAnCnOq/QtxHHGGpa83pEuzFk5dJ/bRsX5TPH8/yldu0jiw4AsegAGxwCSrgAVRBDWDwAt7AB/g0Xo13Y2J8zaIZI905BHMwfn4BLT+iwA==</latexit>

F��(u, v) = S��(u, v)F��(v, u)

<latexit sha1_base64="BBJ5K9UYV7vxPsVZcJkNkG7b5Vg=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VooZSk+NoIRUFcVrAPaGuYTKft0JkkzEwKJeQ73Pgrblwo4k7c+DdO2ixs64ELh3Pu5d573IBRqSzrx8isrK6tb2Q3c1vbO7t75v5BQ/qhwKSOfeaLloskYdQjdUUVI61AEMRdRpru6Cbxm2MiJPW9BzUJSJejgUf7FCOlJce0b52oEwxpUnEhfIwqnQHiHMUlOC7CKzhnj0swLDpm3ipbU8BlYqckD1LUHPOr0/NxyImnMENStm0rUN0ICUUxI3GuE0oSIDxCA9LW1EOcyG40fS2GJ1rpwb4vdHkKTtW/ExHiUk64qzs5UkO56CXif147VP3LbkS9IFTEw7NF/ZBB5cMkJ9ijgmDFJpogLKi+FeIhEggrnWZOh2AvvrxMGpWyfV4+uz/NV6/TOLLgCByDArDBBaiCO1ADdYDBE3gBb+DdeDZejQ/jc9aaMdKZQzAH4/sXSRSfwQ==</latexit>

F��(u
2� , v) = F��(v, u)

<latexit sha1_base64="xyDTyu/xlBD4E/7rk2d7CTnaG7Q=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJxNdGKArisoJ9QBvCZDpph04mYR5CiV34K25cKOLW33Dn3zhps9DqgQuHc+7l3nuChFGpHOfLKszNLywuFZdLK6tr6xv25lZTxlpg0sAxi0U7QJIwyklDUcVIOxEERQEjrWB4lfmteyIkjfmdGiXEi1Cf05BipIzk2zvXftpNBjSrcUUfQn0AL6Dj22Wn6kwA/xI3J2WQo+7bn91ejHVEuMIMSdlxnUR5KRKKYkbGpa6WJEF4iPqkYyhHEZFeOrl/DPeN0oNhLExxBSfqz4kURVKOosB0RkgN5KyXif95Ha3Ccy+lPNGKcDxdFGoGVQyzMGCPCoIVGxmCsKDmVogHSCCsTGQlE4I7+/Jf0jyquqfVk9vjcu0yj6MIdsEeqAAXnIEauAF10AAYPIAn8AJerUfr2Xqz3qetBSuf2Qa/YH18A7a/lJw=</latexit>

F��(u, u) = 0

……

S

u
v

2d flux-tube

S-matrix

……
u

v

crossing move<latexit sha1_base64="hFaWridMqGZFzpFpR+PZ+vq4yf4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzAOSJfROZpMhM7vLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkesabgRrJMohjIQrB2M72Z++4kpzePo0UwS5kscRjzkFI2V2rXeEKXEfrniVt05yCrxclKBHI1++as3iGkqWWSoQK27npsYP0NlOBVsWuqlmiVIxzhkXUsjlEz72fzcKTmzyoCEsbIVGTJXf09kKLWeyMB2SjQjvezNxP+8bmrCGz/jUZIaFtHFojAVxMRk9jsZcMWoERNLkCpubyV0hAqpsQmVbAje8surpFWrelfVy4eLSv02j6MIJ3AK5+DBNdThHhrQBApjeIZXeHMS58V5dz4WrQUnnzmGP3A+fwD8DY9b</latexit>

2�

[Sever,Tumanov,Wilhelm]

• Two-body form factor transition
<latexit sha1_base64="2K7uySuUiho9+qUiU+n5OPW/C1w="></latexit>

F��(u, v) = hF|�(u)�(v)i

• Main axioms (true at any value of the coupling constant):

(Fermi exclusion for identical particles)



BES kernel and its relatives

• Explicit solution for stress tensor makes use of a particular kernel which encodes the coupling constant

• Kernel belongs to a family of kernels which show up in studies of scattering amplitudes

• Tilted BES kernel is defined as a semi-infinite matrix ( i, j >1 )

<latexit sha1_base64="SO1iLnFCcm6wPm0ab+NEOZp/mV8="></latexit>

K(↵) = 2 cos↵


cos↵K�� sin↵K�•
sin↵K•� cos↵K••

� <latexit sha1_base64="MkpDi56UYW7nhFEsrIwaFko+2q8="></latexit>

Kij = 2(�1)ij+j

1Z

0

dt

t

Ji(2gt)Jj(2gt)

et � 1

• BES kernel controlling the cusp anomalous dimension
<latexit sha1_base64="5V3Jdp13aHd7bKR1pbEm+RakFlM=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBDiJe5KjF6EEBEELxHNA7IhzE4myZDZBzO9Ylj2T7z4K148KCLe8jfOJgE1saChqOqmu8sJBFdgmiNjYXFpeWU1tZZe39jc2s7s7NaUH0rKqtQXvmw4RDHBPVYFDoI1AsmI6whWdwaXiV9/YFJx37uHYcBaLul5vMspAS21M0XbJdB3nOgmbkc2sEeQblS+uotjfIF/vJxNRNAniRbw48JRO5M18+YYeJ5YU5JFU1TamS+749PQZR5QQZRqWmYArYhI4FSwOG2HigWEDkiPNTX1iMtUKxr/F+NDrXRw15e6PMBj9fdERFylhq6jO5OL1ayXiP95zRC6562Ie0EIzKOTRd1QYPBxEhbucMkoiKEmhEqub8W0TyShoCNN6xCs2ZfnSe0kbxXzp7eFbKk8jSOF9tEByiELnaESukYVVEUUPaEX9IbejWfj1fgwPietC8Z0Zg/9gTH6BiNJolk=</latexit>

KBES = K(↵ = ⇡/4)

• “Octagon” kernel is defined similarly
<latexit sha1_base64="E9Huw3dqrrovTFetfO5jY7DlVWI=">AAACG3icbVDJSgNBEO2JW4zbqEcvjUGIlzAT3C5C0IvgJYJZIDMMPZ1O0qRnobtGDMP8hxd/xYsHRTwJHvwbOwuoiQ8KHu9VUVXPjwVXYFlfRm5hcWl5Jb9aWFvf2Nwyt3caKkokZXUaiUi2fKKY4CGrAwfBWrFkJPAFa/qDy5HfvGNS8Si8hWHM3ID0Qt7llICWPLPiBAT6vp9eZ17qALsHGaQRhSzD5/jHKzlExH2iNevQM4tW2RoDzxN7SopoippnfjidiCYBC4EKolTbtmJwUyKBU8GygpMoFhM6ID3W1jQkAVNuOv4twwda6eBuJHWFgMfq74mUBEoNA193jq5Vs95I/M9rJ9A9c1MexgmwkE4WdROBIcKjoHCHS0ZBDDUhVHJ9K6Z9IgkFHWdBh2DPvjxPGpWyfVI+vjkqVi+mceTRHtpHJWSjU1RFV6iG6oiiB/SEXtCr8Wg8G2/G+6Q1Z0xndtEfGJ/fzyOhNQ==</latexit>

Koct = K(↵ = 0)

[Sever,Tumanov,Wilhelm]

[Beisert,Eden,Staudacher]

[Coronado]

[Belitsky,Korchemsky]


[Kostov,Petkova,Serban]

[BB,Dixon,Papathanasiou]

• This kernel also plays a role in study of correlation functions of large charge operators 



Solution at finite coupling

• Relevance of these kernels is that they allow us to define quantities obeying the axioms we are interested in

• A “general solution” may be written for any value of the deformation parameter (tilt angle) 

• Schematically
<latexit sha1_base64="/Qre4tCBDNVcNIZwUQ+B1MTyi28="></latexit>

P [↵](u|v) = �(iu� iv)

g2�( 12 + iu)�( 12 � iv)
e�↵(u)·[1+K(↵)]�1·↵(v)

• It is designed in a way such that a number of properties are immediately obeyed (such as the Watson eq.)

• The crossing axiom depends however sensitively on the choice of the deformation parameter

• The crossing axiom relevant for the pentagon (closed) Wilson loop requires alpha = pi/4

• Its pole at u = v defines a natural 1-pt function / integration measure

[Sever,Tumanov,Wilhelm]

[BB,Tumanov]

[BB,Sever,Vieira]

<latexit sha1_base64="NFJxttme1PGY0HTED8FFwirf89M="></latexit>

µ(u) =
i

Resv=uP (u|v)

<latexit sha1_base64="97e94Syc1R00ybmIpXSpcbVxISg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoVUlpKg8liQKlgYg0QfUhIqx3Vaq85DtlOpCt1Z+BUWBhBi5QfY+BvcNAO0HOlKx+fcK997vJhRIQ3jWyssLa+srhXXSxubW9s7+u5eS0QJx6SJIxbxjocEYTQkTUklI52YExR4jLS94fXUb48IFzQK7+Q4Jm6A+iH1KUZSSV29bFWTh9ERvITWfWo7iMUDpB5OTI/r7iTzunrFqBkZ4CIxc1IBOayu/uX0IpwEJJSYISFs04ilmyIuKWZkUnISQWKEh6hPbEVDFBDhptktE3iolB70I64qlDBTf0+kKBBiHHiqM0ByIOa9qfifZyfSv3BTGsaJJCGefeQnDMoIToOBPcoJlmysCMKcql0hHiCOsFTxlVQI5vzJi6R1UjPPaqe39UrjKo+jCA5AGVSBCc5BA9wACzQBBo/gGbyCN+1Je9HetY9Za0HLZ/bBH2ifP+8jmRs=</latexit>

P (u|v) = P [↵=⇡/4](u|v)



Solution at finite coupling

• Relevance of these kernels is that they allow us to define quantities obeying the axioms we are interested in

• A “general solution” may be written for any value of the deformation parameter (tilt angle) 

• Schematically
<latexit sha1_base64="/Qre4tCBDNVcNIZwUQ+B1MTyi28="></latexit>

P [↵](u|v) = �(iu� iv)

g2�( 12 + iu)�( 12 � iv)
e�↵(u)·[1+K(↵)]�1·↵(v)

• It is designed in a way such that a number of properties are immediately obeyed (such as the Watson eq.)

• The crossing axiom depends however sensitively on the choice of the deformation parameter

• The crossing axiom relevant for the zig-zag (periodic) Wilson loop requires alpha = 0

<latexit sha1_base64="ABLzrJj7bo8vfGUWB8lQlEzx8ZY=">AAACB3icbVC7SgNBFL3rM8bXqqUgg0GITdgVX40QtLFMwDxgs4bZyWwyZPbBzGwgrOls/BUbC0Vs/QU7/8ZJsoUmHrhw5px7mXuPF3MmlWV9GwuLS8srq7m1/PrG5ta2ubNbl1EiCK2RiEei6WFJOQtpTTHFaTMWFAcepw2vfzP2GwMqJIvCOzWMqRvgbsh8RrDSUts8qBaTh8ExukKV+9RpYR73sH5Y7miit82CVbImQPPEzkgBMlTa5lerE5EkoKEiHEvp2Fas3BQLxQino3wrkTTGpI+71NE0xAGVbjq5Y4SOtNJBfiR0hQpN1N8TKQ6kHAae7gyw6slZbyz+5zmJ8i/dlIVxomhIph/5CUcqQuNQUIcJShQfaoKJYHpXRHpYYKJ0dHkdgj178jypn5Ts89JZ9bRQvs7iyME+HEIRbLiAMtxCBWpA4BGe4RXejCfjxXg3PqatC0Y2swd/YHz+ABDNl4w=</latexit>

Q(u|v) = P [↵=0](u|v)

• Its pole at u = v defines a new 1-pt function / integration measure
<latexit sha1_base64="a3B00ULWAjjNnUYOIG9GxakXGVk=">AAACFXicbVDLSgNBEJz1bXxFPXoZDEIECbvi6yKIXjyqGBWyIcxOenVwdnaZ6QmGdX/Ci7/ixYMiXgVv/o2TmIOvgoaiqpvuriiTwqDvf3hDwyOjY+MTk6Wp6ZnZufL8wplJreZQ56lM9UXEDEihoI4CJVxkGlgSSTiPrg96/nkHtBGpOsVuBs2EXSoRC87QSa3yWqhs1a7SXRrGmvFcFHmIcIM6yU/AFK28s2sLely1t53VolWu+DW/D/qXBANSIQMctcrvYTvlNgGFXDJjGoGfYTNnGgWXUJRCayBj/JpdQsNRxRIwzbz/VUFXnNKmcapdKaR99ftEzhJjuknkOhOGV+a31xP/8xoW451mLlRmERT/WhRbSTGlvYhoW2jgKLuOMK6Fu5XyK+bSQRdkyYUQ/H75LzlbrwVbtc3jjcre/iCOCbJElkmVBGSb7JFDckTqhJM78kCeyLN37z16L97rV+uQN5hZJD/gvX0Cc8+fCg==</latexit>

⌫(u) =
i

Resv=uQ(u|v)

[Sever,Tumanov,Wilhelm]

[BB,Tumanov]



General solution

• General (factorized) solution for absorption of k-2 scalars by the half-BPS operator

• It may be shown to verify all the bootstrap axioms 

• All the complicated coupling constant dependence resides in the two-body form factor

• 1pt form factor is absorbed in the measure used to integrate over the (k-2)-scalar phase space

<latexit sha1_base64="fUeij2ubIFT7wunVKXPPKFzkcLI="></latexit>

hFk|�(u1), . . . ,�(uk�2)i =
k�2Y

i<j

1

Q(uj |ui)

<latexit sha1_base64="rEzq6TcX/PDobygHXGY37wtld6A="></latexit>Z
dPS =

1

(k � 2)!

Z
du1 . . . duk�2

(2⇡)k�2

k�2Y

i=1

p
µ(ui)⌫(ui)

• It combines the two measures derived from the pentagon P and the “octagon” Q

<latexit sha1_base64="oO3SCiBnQJvkMtgeDQlZTdg8dJg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXEhJxNey6MZlhb6giWUynbRDJw9mbsQSs/BX3LhQxK2/4c6/cdpmoa0HLhzOuZd77/FiwRVY1rdRWFhcWl4prpbW1jc2t8ztnaaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3vB67LfumVQ8CuswipkbkH7IfU4JaKlr7jnAHkAGaV1mzjF24gG/S4dZ1yxbFWsCPE/snJRRjlrX/HJ6EU0CFgIVRKmObcXgpkQCp4JlJSdRLCZ0SPqso2lIAqbcdHJ/hg+10sN+JHWFgCfq74mUBEqNAk93BgQGatYbi/95nQT8SzflYZwAC+l0kZ8IDBEeh4F7XDIKYqQJoZLrWzEdEEko6MhKOgR79uV50jyp2OeVs9vTcvUqj6OI9tEBOkI2ukBVdINqqIEoekTP6BW9GU/Gi/FufExbC0Y+s4v+wPj8AVt0llU=</latexit>

Tr�k



• Exact representation for the collinear limit of the 3pt form factor of the k=3 operator

• Dots stand for subleading terms in the collinear limit

• The OPE time and space variables parametrize the Mandelstam invariants

<latexit sha1_base64="8RVw+210InaC+T6Cc2HNH33dbEc="></latexit>

W3,3(u1, u2, u3) =

Z
du

2⇡

p
µ(u)⌫(u) ei�p(u)�⌧E(u) + . . .

<latexit sha1_base64="SCg9Rl1JYVhaAsaCHClPnekQIQQ=">AAACEHicbVC7TsNAEDzzJrwMlDQnIgQNkc27RNBQBolApDhE68slOXH2WXdrILLyCTT8Cg0FCNFS0vE3XBIXEBhppdHMrnZ3wkQKg5735YyNT0xOTc/MFubmFxaX3OWVS6NSzXiFKal0NQTDpYh5BQVKXk00hyiU/Cq8Oe37V7dcG6HiC+wmvB5BOxYtwQCt1HA300a226MBJIlW95Ty62x7J0BIraZFu4OgtbqjXsMteiVvAPqX+DkpkhzlhvsZNBVLIx4jk2BMzfcSrGegUTDJe4UgNTwBdgNtXrM0hoibejZ4qEc3rNKkLaVtxUgH6s+JDCJjulFoOyPAjhn1+uJ/Xi3F1lE9E3GSIo/ZcFErlRQV7adDm0JzhrJrCTAt7K2UdUADQ5thwYbgj778l1zulPyD0v75XvH4JI9jhqyRdbJFfHJIjskZKZMKYeSBPJEX8uo8Os/Om/M+bB1z8plV8gvOxze0f5xl</latexit>

u3 ⇡ e�2⌧ ! 0

<latexit sha1_base64="YtfoWVQtwV07kZoPNWSwdLndUQU="></latexit>

u1 =
s23
q2

=
1

1 + e2� + e�2⌧

<latexit sha1_base64="3+iiPyzgQYn4L0SPUde/NqIfE+8="></latexit>

u2 =
s31
q2

=
e2�

(1 + e2⌧ )(1 + e2� + e�2⌧ )

<latexit sha1_base64="uggdL1LGXI7zF86m08DnTgII0cY=">AAACG3icbVDLSsNAFJ34rPUVdelmsAiCUJL43AhFNy4r2Ac0bZhMJ+3QycOZiVCG/Icbf8WNC0VcCS78G6dtQG09cOFwzr3ce4+fMCqkZX0Zc/MLi0vLhZXi6tr6xqa5tV0XccoxqeGYxbzpI0EYjUhNUslIM+EEhT4jDX9wNfIb94QLGke3cpiQdoh6EQ0oRlJLnumknjrK4AV0A46wEp6ynSxTdx3nR7QzZR+SjnJcidIs88ySVbbGgLPEzkkJ5Kh65ofbjXEakkhihoRo2VYi2wpxSTEjWdFNBUkQHqAeaWkaoZCIthr/lsF9rXRhEHNdkYRj9feEQqEQw9DXnSGSfTHtjcT/vFYqg/O2olGSShLhyaIgZVDGcBQU7FJOsGRDTRDmVN8KcR/pPKSOs6hDsKdfniV1p2yflk9ujkuVyzyOAtgFe+AA2OAMVMA1qIIawOABPIEX8Go8Gs/Gm/E+aZ0z8pkd8AfG5zfoHKDA</latexit>

u3 =
s12
q2

=
1

1 + e2⌧

• All ingredients (energy, momentum, measures) are known to all loops 

Simplest example

vac

<latexit sha1_base64="AuT0dYp7/RbOgjAWueIGm4eeKrE=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAh1U2bE17LoxmUF+4B2KJk004ZmMiHJCGXoR7hxoYhbv8edf2PazkJbD1w4nHMv994TKsGN9bxvtLK6tr6xWdgqbu/s7u2XDg6bJkk1ZQ2aiES3Q2KY4JI1LLeCtZVmJA4Fa4Wju6nfemLa8EQ+2rFiQUwGkkecEuukVlcNeSU965XKXtWbAS8TPydlyFHvlb66/YSmMZOWCmJMx/eUDTKiLaeCTYrd1DBF6IgMWMdRSWJmgmx27gSfOqWPo0S7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG90EGZcqtUzS+aIoFdgmePo77nPNqBVjRwjV3N2K6ZBoQq1LqOhC8BdfXibN86p/Vb18uCjXbvM4CnAMJ1ABH66hBvdQhwZQGMEzvMIbUugFvaOPeesKymeO4A/Q5w+3T48t</latexit>

�(u)

1

2

3

• They may be used to bootstrap the 3pt form factor through 6 loops [BB,Dixon,Tumanov; in preparation]



• Exact representation may also be obtained for higher-charge operators. E.g. 4pt k=4

• They depend on more kinematic invariants …

• … and result in more integrals / pentagons / flux-tube particles

• Arguably harder to study but here again ingredients are known at any value of the coupling constant 

Higher charge example

<latexit sha1_base64="24zIjE1gE1dHV00wTo5oJS/RrQ0="></latexit>

W4,4 =

Z
du du1du2

2(2⇡)2
p
µ(u)⌫(u)ei�1p(u)+i�2p(u1,2)�⌧1E(u)�⌧2E(u1,2) P (u|v1)P (u|v2)

P (v1|v2)Q(v2|v1)
+ . . .

• They may used to put constraints on form factors of higher-charge operators at higher loops 



Summary

• Form factors of half-BPS ops admit a dual description in terms of null Wilson loops

• Unlike for scattering amplitudes the Wilson loops here are infinite and periodic

• Local operators are expected to map to on-shell states in the dual picture

• Most natural choice for half-BPS operators are states made out of zero-momentum scalars

• This picture may be checked explicitly through one loop at weak coupling

• It may also be used to motivate and develop the OPE approach for calculating form factors at finite coupling

• Solution may be found to all loops using integrability building blocks such as the tilted BES kernel



• Can we use Wilson loop picture to calculate non-MHV form factors?

Outlook

• This may naively be done by considering more general super Wilson loop operators - would be nice to check it

• Form factors of non-protected operators?

• Any local operator should admit a dual description

• Precise dictionary is still largely unknown

• One may hope to make progress for simplest non-protected operator: Konishi operator
<latexit sha1_base64="jLLZAkpb5KHhArAfE/Q6RC9dNxg="></latexit>

K = ✏ABCD Tr�AB�CD

• Its form suggests to look for a dual R-singlet state

• Can we make sense of it? Can we bootstrap its form factors using integrability?

• May bridge the gap between integrable structures governing spectral problem and scattering amplitudes



Thanks!


