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Abstract

Consider an inverse problem of determining two stochastic source functions and
the initial status simultaneously in a stochastic thermoelastic system, which is
constituted of two stochastic equations of different types, namely a parabolic
equation and a hyperbolic equation. To establish the conditional stability for
such a coupling system in terms of some suitable norms revealing the stochas-
tic property of the governed system, we first establish two Carleman estimates
with regular weight function and two large parameters for stochastic parabolic
equation and stochastic hyperbolic equation, respectively. By means of these
two Carleman estimates, we finally prove the conditional stability for our
inverse problem, provided the source in the elastic equation be known near the
boundary and the solution be in an a priori bounded set. Due to the lack of
information about the time derivative of wave field at the final time, the sta-
bility index with respect to the wave field at final time is found to be halved,
which reveals the special characteristic of our inverse problem for the coupling
system.
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1. Introduction

Let (2, F, {F:}1=0, P) be a complete filtered probability space, where a one-dimensional stan-
dard Brownian motion {B(f)},>¢ is defined. Let G C R® be a bounded domain with smooth
boundary G =: I" and 1) the outward unit normal vector on I'. Further we set Gy := G x (0, T),
I'r:=T x(0,7). We consider an inverse problem for the following stochastic hyperbolic-
parabolic system

du, — vAudr — (v + pw)Vdivudr + pVo dr = f(x, 1)dB(1), (x,0) € Gr,

dv — kAvdt 4 pdivu, dr = g(x, 1)dB(1), (x,0) € Gr,
ux,n) =0, vx, ) =0, (x,n) €'y,
u(x,0) =up(x), w(x,0)=u;(x), ov(x,0)=0, x e G.

(1.1)

Here v, i, and p are positive constants, the vector function u = (i, up, u3)" and the scalar
function v are the displacement and the temperature, respectively.

The stochastic hyperbolic-parabolic system (1.1) is used to describe temperature dependent
or heat generating wave phenomena in a continuum random medium. The first stochasti-
cally perturbed hyperbolic equation in (1.1) models wave propagation in random media [32].
When the heating effect is involved in the wave phenomena, the hyperbolic equation is coupled
with a stochastic parabolic equation by the second equation in (1.1) [11]. The existence of a
mild solution of the stochastic thermoelastic system (1.1) in a suitable function space has been
established in [10].

Physically, the source functions f(x, f) and g(x, ¢) stand for the intensity of random force of
the white noise type. We further assume that g(x, ) has the decomposition

g(x’ t) = h(f)R(X, t)’ (X, t) S GT (12)

with known function R(x, ¢). The functions uy and u; represent the initial displacement and
velocity, respectively. In this paper, we deal with an inverse problem of determining the sources
(f(x, 1), h(1)) and the initial data (uy, u;) simultaneously from extra input data

u(x, )|z, and (u(x,T),v(x,T))|c,

where w is a neighborhood of G inside G satisfying 0w D 0G.

Remark 1.1. We do not need the observation of v on wwr. Indeed we can use the coupling
relation between u and v to eliminate the local observation of v on w7y.

Remark 1.2. Analogously to the treatments in [8] or [34] for the deterministic case, here we
impose some restriction on the measurement domain w, i.e. 0w D JG. The reason is that, to
overcome the coupling effect, we need to consider the equations of divu and curl u simultane-
ously. However we have no any information of div u and curl u on 9G. So we have to use u in
a neighborhood w of boundary 0G, i.e. the measurement data, to cover the boundary values
of divu and curl u.

The Carleman estimate is crucial to solve our inverse problem. The applications of Car-
leman estimate to study the stability of coefficient inverse problems have a long history, for
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example, see [9]. Also this method is widely applied in many aspects such as unique continu-
ation problems [30, 31, 41], control theory [1, 17, 19], coefficient inverse problems [5—7, 18,
20-22, 29, 36] and globally convergent convexification numerical methods [23, 24]. As for
Carleman estimates for the deterministic thermoelastic system, we refer the readers to [8, 34,
35, 37]. Compared to [8, 34] considering the deterministic inverse problems, this paper dealing
with the stochastic inverse problems, despite some similarities of the framework of proof, is
still of many differences. Firstly, an unavoidable step in proving the stability of deterministic
inverse problems is to differentiate with respect to time. However it is impossible for stochas-
tic PDEs driven by time white noise. Secondly, the inverse problems discussed in [8, 34] do
not touch the recovery of initial status. The reason that we can determine the initial status in
this paper is that the part of time 7 in weight function of Carleman estimate is modified by
using (1 — T)? to replace (t — to)* in [8, 34], where 0 < 7y < T. This is also the key ingredient
to put the term of random source f on the left-hand side of Carleman estimate. Finally, Itd’s
formula gives some new phenomena in Carleman estimates for stochastic PDEs, which allow
us to discuss the inverse random source problem as the one in this paper. We would like to
emphasize that as early as in 2015 [28], pointed out that both the formulation of stochas-
tic inverse problems and the tools to solve them differ considerably from their deterministic
counterpart.

Stochastic models are more reasonable compared with the deterministic ones in many real
situations. Carleman estimates have been applied successfully to control problems related
to stochastic PDEs, such as stochastic complex Ginzburg—Landau equations [13], stochas-
tic Kuramoto—Sivashinsky equation [14, 15], stochastic Schrodinger equation [27], stochastic
parabolic equation [4, 25, 33, 38], stochastic hyperbolic equation [40] and so on. However, Car-
leman estimates with singular weight function in control theory could not be applied to stochas-
tic inverse problems. There are few work on the inverse problems for stochastic PDEs. As a
pioneering work, Lii and Zhang [28] used Carleman estimate with a special weight function
to obtain the global uniqueness of an inverse problem for the stochastic hyperbolic equation.
Then Yuan extended this method to an inverse problem for stochastic dynamic Euler—Bernoulli
beam equation [39]. Lii [26] derived the uniqueness of an inverse source problem by using
a time-like Carleman estimate for the stochastic parabolic equation. As for the numerical
methods for stochastic inverse problems, Bao and Xu [2] applied two kinds of regularization
techniques to recover a random source function in quantifying the elastic modulus of nanoma-
terials, while a numerical method for an inverse medium scattering problem with a stochastic
source is proposed by Bao et al in [3].

However, to the authors’ knowledge, the inverse problems for the stochastic hyperbolic-
parabolic system have not been studied thoroughly yet. Unlike the deterministic counterparts,
the solution of a stochastic differential equation is not differentiable with respect to time vari-
able. Therefore, we could not directly apply the method of proving stability of coefficient
inverse problems for deterministic PDEs, such as [8, 34], to the stochastic cases. The proof
of our main result is motivated by the method proposed by Lii and Zhang [28]. In compari-
son with the existing results such as [28, 39], the system (1.1) we discussed here includes two
different type stochastic differential equations, namely, a parabolic equation and a hyperbolic
equation. This means that we have to use the same weight function in the Carleman estimates
for two different type stochastic equations, which is quite technical. The other difficulty arises
from the strongly coupling involved in system (1.1), for which we have to introduce two large
parameters for establishing our Carleman estimate.

Throughout this paper, we use ¢ and x = (x1, X2, x3) to denote the time variable and the
spatial variable, respectively. We also use the notations 9; = d,, and 9; = 9;1 9205, for
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|F| = r1 + r2 + r3. For vector function v = (vy, v2, v3)7, we set

2

61},-

. N :
w= (52) L= (k) v
0%/ 1<ij< 2 2 g

i=1 ij=1

Xj

We denote by L3(0, T) the space of all progressively measurable stochastic process X such

that F( f0T|X | df) < oo. For a Banach space H, we denote by L%(0, T; H) the Banach space
consisting of all H-valued {;}>o-adapted processes X(-) such that E(||X()||2.7.) < 00,
with the canonical norm; by L¥(0, T; H) the Banach space consisting of all H-valued {Fi}r=0-
adapted bounded processes; and by LfT(Q; C([0,T]; H)) the Banach space consisting of all
H-valued {F;}>¢-adapted continuous processes X(-) such that E(||X(-)||¢0.75.6)) < 00, With
the canonical norm. We set

HY =130.7),  Hg =L30.T;H(G), i=0,1,2,3,

Hyy = L Fo, PyHI(G)),  Hiyy = LXQ, Fr, PyH(G)), i=0,1,2.
Further, we introduce

X, = {g eHY: & e Hg;} (1.3)

endowed with the norm

el =%/

Moreover, we introduce cut-off functions x; € C*(G) (i = 1, 2) satisfying 0 < x; < 1 and

{Xi(x) =1, x € wi™h,
xi(x) =0, x e G\w?,

D 1006)7 dxdr + IE/ > 102¢ dxdr.

Tlal<1 OT}a|<3

where w'” are chosen to satisfy
TV caoV co® =w, and 9GcCIzx?, i=0,1,2.

Introduce Q= — A,S:= —vA — (v + p)Vdiv. Obviously, for any two functions
up,wp € L3(Q; C'([0, T1; LX(G))), there exists a constant M, such that

1 ) )
1072 (pdivuy, — pdivuy,) |2 < Mplur, — w2, P—as.  (1.4)
(G) (G)

To establish our results, we need the following assumptions.
(A1) T satisfies
V2v + psup, g [x — xo
/B b
where xy € R? \ G is a fixed point, 8 € (0, v) is a constant in weight function (2.2);
(A2) The known function R € L¥(0, T; W'*°(G)) satisfies

T > (1.5)

[R(x,0)| =19 >0, (x,0) € Gr, P—a.s; (1.6)
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(A3) The constant x> M, and Of € L3(0,T:LX(G)), Qg € L% (0, T; D(Q%)), Ou, €
12 (9 Fo, PiD(SH)) , Qur € LR, Fo, P LG)).

Remark 1.3. (A1) means the observation time 7 cannot be too small. Such a requirement
means, to capture the unknown information, the observation time should be large enough. Since
the speed of wave propagation is finite, such a requirement is physically reasonable.

Remark 1.4. According to [10], in order to guarantee the well-posed of the direct problem
(1.1) we need k > M. The assumptions of f, g, ug, u; are used to obtain a sufficient regularity
of u and v for our inverse problem. However in our proof of the stability result, we do not need
to apply these conditions directly.

Moreover, for any sufficiently smooth known function f in zo; and some constant M > 0,
introduce the admissible set

1 0 2 1 3
W = {f, h,up,u)) € H(G()T) X H(T) X H(G()O) X H(G()O) : f=finwy, P—as.,

f] <M.
[ Hyg; + 1Al o + ”uOHHg&» + ||u1||H(Gl(>O) <M}

Remark 1.5. f = fin w; means that we already know some information near the boundary
0G about the unknown f. From a technical point of view, this condition is used to deal with
the lack of boundary condition about div u and curl u. More precisely, to apply theorem 2.2 in
next section to divu and curl u, we have to introduce a cut-off function to truncate divu and
curlu to zero on OG, so that we can only identify divf and curlf in any interior of Gr. So
we have to append the information of f near the boundary 0G. Moreover, it is also a technical
condition for getting rid of the local observation of v.

Our main result in this paper is the following conditional stability.
Theorem 1.1.  Ler (£, h,u), ul’) € # for i = 1,2, and let (A1)~(A3) hold. Then there
exists a constant C = C(xo, G, T, ro, M, v, p, p, k) > 0 such that

+ |10 = B2 o + VT = o0 — 2|0
) T

M _ @
Joi? i

e
o)
G(0)

+ VT = t(divE® — divE®)| o + ||[VT — t(curl £V — curl £?)| 0
Gr Gr

HG(O

1 1
<C <||u<1>(-, D =u@CD e + |06 =026 D]y + o - u(2)||XWT> :
(1.7)

where (u?”,v?) is the solution to (1.1) corresponding to (f(i),g(i),ug), u(li)) for i=1,2,
respectively.

Remark 1.6. Obviously, we can immediately obtain the uniqueness of our inverse problem
from theorem 1.1. More precisely, under the same assumptions as in theorem 1.1 and if

OV, 1), vV, 7)) = @ (x, T),vP(x,T)), x€G, P—as.,
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and
P, =u®0, 0, (x,0)ewx(0,T), P-—as.,
then £ = 2, g = ¢® in Gy and ug) = ugz), u(ll) = u(lz) in G, P-a.s.

Remark 1.7. In order to study the inverse random source problem, we need to choose a
regular weight function to put the term of random source on the left-hand side of Carleman
estimate. When the weight function is singular, we could directly drop the terms at the time 7.
In our case we have to deal with these terms when proving our Carleman estimate, see (2.51)
below. More precisely, the lack of the information about u, at t = T leads to the power % for
[uC, T) = u®C, 1), and [[vDC, T) — v, T)||,0 intheorem 1.1.

(1) G(T)

The rest of the paper is organized as follows. In section 2, we give two Carleman estimates
which will be used in the proof of our main result. In section 3, we prove our stability result,
i.e., theorem 1.1.

2. The Carleman estimates

Now we establish two Carleman estimates with a regular weight function and two large param-
eters for a stochastic parabolic equation and a stochastic hyperbolic equation, respectively.

In order to formulate our Carleman estimates, we introduce some notations. Let A and s be
two large parameters. We define the regular weight function ¢ by

ox, 1) = (x,1) € Gy 2.1)
with
(x,0) = |x — xo[* — Bt — T)* + My, (x,1) € Gr, (2.2)

where xo € R3L6, [ is a positive constant. M is chosen sufficiently large such that ®(x, ) > 0
for all (x,7) € Gr. Furthermore we set

e(x,0) = po(x), x€G.

We also use the notation O(«y), which satisfies |O(v)| < Cv with a constant C independent of
s and .

There are two results in this section. In the first one we apply the regular weight func-
tion to obtain a new Carleman estimate for the stochastic parabolic equation, in which the
source H is put on the left-hand side of (2.3) below. The second one is another Carleman esti-
mate for the stochastic hyperbolic equation. In these two Carleman estimates we introduce two
large parameters, which is necessary to deal with the couplings when proving the stability of
our inverse problem.

Theorem 2.1. Let F) € Hg);, H, e H(Gli Then for any 3 > 0 there exist positive constants
Al = AMi(xo, G, T, k), s1 = s1(N\) and C; = Ci(x9, G, T, k), Co, = C»(\) such that
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1
E/f
Gr S

—HE/ s3)\4<p4\y\262“"5dxdt+IE/ SN2 |Hy |* €7 dx dt
Gr G

T

3
|3:0;y[* ¥ dx dr + IE/ SN2 Q2| Vy|? €% dx dr
1 Gr

i,j=

gclE/ ©|Fy > €7 dx dr + CIE/ s@*|VH; |* e dx dt
Gr Gr
+CE / (1)s3A2@4|Vy\2 e™? dx dr + Co(\)s* eV ||y(., T)||2 (2.3)
wr

(1)
Her)

forall A > \,s > syand all y € Lff(Q; C([o, T];H(l,(G))) N Lff(O, T; H*(G)) satisfying
dy — kAydt = Fy dt + H, dB(2), (x,1) € Gr,
y(x,1) =0, (x,1) € I'r, 24)
y(x,0) =0, x e G.

Remark 2.1. Unlike the stochastic hyperbolic equation, we could not get rid of the term
containing of VH, on the right-hand side of (2.3). This is the reason why we need to assume
that the unknown part in the source function g is spatial independent, i.e., i(¢), rather than the
whole g(x, 7).

Remark 2.2. In order to overcome the difficulty arising from the couplings, we have to
eliminate ¢! in the term fGT$Z? j:1|8,-8jy\2e2W dxdr in usual Carleman estimates for

the stochastic parabolic equation, e.g. lemma 1 in [38]. To do this, we introduce y = cp% y.
Unlike the deterministic case, we apply this change of variables in the beginning of proving
the Carleman estimate, rather than after deriving the Carleman estimate of y as done in [8]. In
this case, we could not absorb the term of H, appearing on the right-hand side of the resulting
inequality by applying variable transforms. However, in order to determine the unknown /4 in
the stochastic thermoelastic model we need to put the term of H; on the left-hand side of our
Carleman estimate.

Remark 2.3. In[25], Liu extended the Carleman estimate for stochastic parabolic equation
proposed by Tang and Zhang [33], where the author eliminated one extra gradient term
and relaxed some assumptions on the regularity for coefficients. Lii [26] established an
x—independent Carleman estimate for stochastic parabolic equation to study two kinds of
inverse source problems. In these two papers, the random source terms are on the right-hand
side of Carleman estimates, so these estimates could not be applied to our inverse random
source problem. In order to study our inverse problem including the recovery of the random
source h, we have to use a different weight function to put the random source term on the
left-hand side of the Carleman estimate.

Proof. Lety = <p% y. Then y satisfies
4 — kAJdt = Fy dt + o2 H, dB(),  (x,1) € Gr,
yx, 0 =0, (x,0) €Ty, (2.5)
(x,0) =0, x € G,
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where
- B | , 1 1 - 1
Fi = —kAV® - Vy+ ZK)\ V| — E/@)\AQ—FEA@), Y+ p2F].

We set [ = s, = e and Y = 65. A direct calculation gives
0(dy — kAydt) =1, + 1 dt (2.6)
with
I =dY +2kVI-VYdt + UYdt, [=—rAY — &|VIPY + (=, + kAl — V)Y,
where W will be specified below. Multiplying / in both sides of (2.6), we further have
01(dy — kAydr) = 11, + I*dr. (2.7)
Now compute II; term by term. We first split the product II; into a sum of nine terms
3
L => 1 (2.8)
ij=1

where /;; is the product of the ith term of / and the jth term of /;. Proceeding as done in [33],
we apply It6’s stochastic calculus to yield

o I} = —kKAYdY = —kV - (VY dY) + kVY - VdY

1 1
==KV (VY dY) + srd (IVY)?) - E/{\VdY\z,
1 1
o I =—k|VIPYdY = —5nd (IVIPIY]?) + k(Y- V)| Y[*df + §n|Vl\2(dY)2,
o I3 =(—l+krAl-TV)YdY
- %d (=1 4+ kAL = D)|Y] — %(—1,,+ kAL — W) |Y|* dt

1
- 5(—1; + kAl — U)(dY)?,

o Iy =-2:*(VI-VY)AYdr

3 3 3
=2 (LY, ij)xj At + 262 Lo Yo Yo de+ 62 (1Y, \Z)Xj dt

ij=1 ij=1 ij=1

— K*AIVY|dt,
o Ip=-2:YVI?(VI-VY)Ydt = —k>V - (|VIP|Y*VD)dt + >V - (|VI)*VD|Y]* dt,

o I3 =2k(—l,+rAI—T)(VI-VY)Ydt
=KV - [(=l + KAl = W)|Y]PVI] dt — &V - [(—], + kAl — W)V Y[ dt,
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o I =—kUYAYdt = —kV - (VYVY)dt + sU|VY|* dt + 5 (VT - VY) Y dt,
o Iy =—&|VIPU|Y|dt,

o Iy = (=l + kAl — W)W|Y*dr.
Therefore, we find that

01(dy — KAy d) = P dit + [&*V - (|VIPVD) — &|VIPU] Y] dt

3
+ (K — AL [VYPdt 4267 L, Yy, Yy, dt

ij=1

1

1
+ 5 (K[VIP + 1 — kAL+ T) (dY)? — §/<;|VdY|2 + 01+ + 15, (29)

NS

where
1 1 1
Ji=5rd (IVYP) = Srd (IVIPIYP) + 5 d [(=h + kAL )Y,

3 3
Iy ==KV - (VYdY) = 2:2) " (1,7, Y_xj)xj dt+ K7y (lxj\Yx,.F)xj dr

i,j=1 i,j=1

— &V - (\VIPIYPVDdt + kY - [(=1 + kAL = W)|Y*VI] df — £V - ($YVY)d1,
1
Js = k(VL-VI)|Y|* dt — 5 (lat KAL —U)|Y)2dt — KV - [(—, + KAl — W)V |Y]* dt
+ (=L + KAl — O)T|Y)? dt + &(VT - VY)Y dr.

Integrating (2.9) over Gy and taking mathematical expectation, we obtain

E [ 0I(dy — kAYd)dx = IEI/ Fdxde + IEI/ [£°V - (|VIPVD) — k| VIPU] Y] dxdt
Gr

Gr Gr

3
+E / (KU — KAL) [VYP + 267> Ly Y Yo | dxds
Gr ’ ’

ij=1

1 1
+IE/ = (KIVI? + 1, — AL+ W) (dY)* dx —IE/ ~ K|V dY]* dx
GT2 GT2
+IE/ Jldx—HE/ szx—HE/ J3 dx. (2.10)
Gr Gr Gr

Taking ¥ = 7xAl with some positive constant 7 € (5/2, 3), we obtain
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{KZV (IVIPVD = k|VIPT = (3 — )R VIPAL > 3 — 1)r* d*s* M,
kU — K2AL = (1 — DEPAL > (1 — DR2 s\,

2.11)
where d = min, g |x — xo| > 0. Obviously,
3 3
D LYo Yo, = sN@|VO - VY + XY @y |V, > > 0. (2.12)

i,j=1 i=1

From (2.11) and (2.12), it follows that
IE/ [£*V - (|IVIPVD) — &|VIPU] Y] dxdt
Gr

3
+E / (KU — KAL) [VYP + 267> Loy Y Y, | dxdr
Gr i i

i.j=1

B — RSN V)P dedt +E [ (7 — Dr*d*s\p|VY|? dx dr.

Gr Gr
(2.13)
On the other hand, noting that
(dY)* = 0%|H; [* dt (2.14)
and
IV dY ] = |[VOX(dy)* + 62|V d3)* + 20 d7 (V6 - V dy)
< VO + P a5 + S + 2| VOPI a5
<V1|2 + Al) 0 o|Hy[? dr + (1 +2|v * )ﬂv( ZHI)’ d, (2.15)
we have

N =

)
Gr

(5|VIP 4+ 1, — kAl + ) (dY)* dx — IE/ %;qv dy|* dx

Gr

IE/ - Al+—l—7m2|V<I>I2 1+2|W2 0| H, |* dx dr
o L\2 4 ' Al :

IVIP 2
—-E| k(142 Al 0 p|VH,|" dxdr
Gr

WV

5
>E/ T2 /idzs)\zwzez\Hl\zdxdt—ClE/ 5202\ VH, 2 dx dr,
6 \2 4 Gr
(2.16)

10
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where we have used

o3 I T Vi
(2 4) /{Al—&—zl, 4/<;A V| <1+2 Al

_ (% - %) RN VB + SAPAD) + fs)p (T — 1)

1 2\2, .2 ¢)2
_4;@>\2|V<I>|2<1+2 SNV )

SN2 V|2 + sApAD
T T T

5 3 5
S 2 2 L _ s (L= 2.2
> (2 )msA e|VO|* + (2 )HS)\(,OA(I) [OA)] > (2 )/{d SA“p

for s sufficiently large such that (3 — 2) ksA@A® > |O(A\?)|. Substituting (2.13) and (2.16)
into (2.10), we obtain that

C\E | 0I(dy — kAydr)dx
Gr

>C1E/ Izdde—E/ s3)\4<p3|Y\2dxdt+IE/ sA2p| VY| dx dr
Gr Gr

Gr
+IE/ sAzgozez\Hlﬁdxdt—clE/ s 07| VH, |* dx dt
Gr Gr

+C1E/ J1dX+C1E/ ]2dX+C1E/ J3dx. (217)
Gr Gr Gr

Now we estimate the terms of Jy,J, and J3. Since y = 0 on ' due to (2.5), we have Y = 0
and Vl()j’ = g—Zn on I'7. Together with Y(x,0) = 0, P-a.s. in G, we then use integration by parts
to yie

E/ J1d)€+E/ Jgdx
Gr Gr

:/ BK(WY()C,T)F)—%K(VI|Z|Y(X,T)2)+%(—l,+mAl—\I/)|Y(x,T)2 dx
G

—]E/ 252(vz-w)@ deH—E/ /€2|VY|ZQ ds dr
'y n r n

T

Yy 2
> —Cy(N)s? 2N |y, || —CIIE/ v1|‘8 dsdr. (2.18)
'y on

0]
HG(T)

By using

VI < Cishg,  |VL| + [l + |All < CisXe,  |AL|+ |V + |T,| < CisN o,
IV - [(=L 4+ kAL = D)V | < C182X* 2, (=1 4+ kAL — U)T| < Cp s M p?

and Holder inequality, we obtain
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IE/ Jydx > — clﬂ«:/ AR Y[ dxdr — CIIE/ sN@| VY| Y| dxds
Gr Gr

Gr

> — CIIE/ SN Y|P dxdr — CIIE/ N |VY|* dxdr. (2.19)
Gr G

T

Then from (2.17)—(2.19) we deduce that there exist positive constants /\(12) and s(lz) such that

forall A > AP and s > 5'?, it holds that
CiE | 01(dy — kAjdr)dx
Gr

>C1E/ 12dxdz+ﬂ«:/ s3)\4<p3|Y\2dxdt+IE/ sA2@|VY|* dx dr
Gr Gr Gr

+IE/ s)\cp292|H1|2dxdt—C11E/ s©*0*|VH, |* dx dt
Gr G

T
Y
_ clﬂ«:/ |vz‘a—
'y on

Noting that E [.. 013 H, dB(f) = 0, we then deduce from (2.5) that
g 6,0y

2
dS dr — Cy(N)s? 2Ny, D) - (2.20)

(1
HG(T)

E [ 01(d5 — kAjdr)ydx = E / o1 (F1 dt + @2 H, dB(t)) dx
Gr Gr

=K [ 0IF,dxd:
Gr

1 1 s
< —IE/ Pdxdt+ -E [ 6*F|*dxdr. (2.21)
2 GT 2 GT

Therefore, it follows from (2.20) and (2.21) that

C\E 92|F1\2dxdt>CIIE/ Izdde—E/
Gr

S XY dxdr + E/ s\ 2| VY| dx dr
GT GT

Gr
+IE/ s/\gozﬁz\Hl\zdxdt—ClE/ s©*0*|VH,|* dx dt
Gr G

T
oy |?
— CIIE/ s)\cp’—
'y on

dSdr — Cy(V)s* €2V |y (-, D)2

Her,
(2.22)
By the definition of / we obtain
1
IE/ —|AY[*dxdr < IEI/ Pdxdr+ ClE/ SN Y] dxdr. (2.23)
Gr sp Gr Gr

Consequently, substituting (2.23) into (2.22) yields

12
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1
IE/ —|AY|2dxdz+E/ s)\2<p|VY|2dxdt+E/ SO Y|P dxdr
GTSSO Gr Gr

+ IE/ SAQ*0%|Hy |* dx de
Gr

< CE 92|F1|2dde+C1E/ 5”07 |VH|* dx dr
Gr Gr

Y
+ CllE/ s)\cp‘a
I'r a

Moreover, for a.s. w € € it holds that

Y AY A 1 A2 1.1
Al —— = _ Vo VY+< V<I>2—)\A<I>> (x,1) € Gr,
Y( W) e I - ,
7()(’ t) = 3 (x, t) € FT.

NG

2

dSdr — Cy(\)s? 2Ny, T)||? (2.24)

H

(2.25)

Then by H?-estimate for the solution of the linear elliptic equation [16], we obtain

: 1 A2 A
/Z 9,0, ( ) <G (/—AY|2+ vy + —Y2> dx, (2.26)
G¥ @ @

i,j=1
which implies that

/ Zma Y|* dxdr
Gr ¥

i,j=1

2 2 4
A A
< CE aa( ) dxdt+C11E/ —\VY\dedH-ClIE/ “|Y)? dxdt
Gle— Gr Gr ®
1 ) A2 ) A
<CQE[ —|AYPdxdt+CE [ =|VY[Pdxdr+ CE [ =Y dxdr. (2.27)
GTSO Gr ® Gr ®

Hence, substituting (2.27) into (2.24) and going back to y we find that

/ 2\88)42 dede—IE/ SN | Vy|? e¥% dx dt
GT lj_

+IE/ s3/\4<p3\5)\2e2“"”dxdt+E/ sAQ*|H; > €% dx dt
Gr G

T

< CE |F1|2e2dedt+clE/ s@*|VH, > e*7 dx dt
Gr Gr

a5’

+CE / s)\go‘ 5 2Wdet+CQ(A)szeCMSHy(-,T)Hf{m. (2.28)
'y G(T)

13
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On the other hand, we have

E [ |Fi|*e**dxdr
Gr

< CIIE/ (N[V3)* + X [5?) e*¥ dxdt + C1/ o|F1|* e*7 dxdr.
Gr G

T

(2.29)

By using (2.28), (2.29) and = ¢?y, we obtain

1
IE/—
GTS

3
Z \B,Bjy\zez‘w dxdr + E/

SN2 | Vy[? % dx dr
Gr

ij=1

~HE/ s3/\4<p4\y\zezwdxdt+E/ sAQ? [H1|? %% dx dt
Gr

Gr

gclﬂ«:/ ¢|F1\2e2~"¢dxdz+clﬂz/ s@?|VH,|? e dx dt
Gr Gr
2

9 , :
221 2% dsdr + Gy 2Ny, D} - (2:30)
G(T)

+ CllE/ s)\cp2
'y on

Finally, we eliminate the boundary term in (2.30) by the local observation of y on z"). To
do this, we choose a vector function g, € C'(G; R*) such that g, = 7 on I". Then by integration
by parts and Young’s inequality with €, we obtain

2

DN e ds dr

E / sAp? 0
Ir

n

=E / sA*x1(Vy - go)Aye™? dxdt + E / SAV [*x1(Vy - gp)e™?] - Vydx dr
Gr G

T

= E/(I)S)\szxl(v); . gO)AyGZS‘P dxdr + E/ (l)s)\(ple [V(vy . gO) . vy] eZs'\o dx dr
wy (

w

+ ]E/(US)\(V,V - go) (2A<p2X1V<I> + *Vx) + 2SA@3X1V(I)) - Vye®? dx dr
@r

(D § &
“r i

3
1 , ,
< eIE/ = 10:0y[* ¥ dxdr + Cl(e)lE/(1)s3/\2g04|Vy\2e2” dxdr. (2.31)
j=1 “@r

By taking e sufficiently small, we can absorb the first term on the right-hand side of (2.31)
by the term of 0;0;y on the left-hand side of (2.30), and then obtain the desired estimate (2.3).
This completes the proof of theorem 2.1. |

14
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Our next result is a Carleman estimate for the stochastic hyperbolic equation with two large
parameters.

Theorem 2.2. Let F, € HS), Hy € Hy), 20 € Hyy, 21 € Hyy) and oo = {v,2v + p}, and

let T satisfy

Vasup g [x — xol
5 .

Then for any B € (0, «) there exist positive constants Ay = \y(xo, G, T, ), s = s2(\) and

T >

(2.32)

G = G3(x0,G, T,a), Cy=0Cy <>\, HZO||H8<)0)’ ||Z1||H(GO<)0)’ HFzHHg);, ||H2||Hg);>
such that

E / sAplz|*e®? dxdt + B / sAp|Vz|? e*? dx dr
Gr Gr
+ IE/ S APz X7 dx dt+IE/ SAQ(T — 0)|Hy|* e*% dx dt
Gr Gr

+IE/ [s)«po (IVzo‘z + |Zl‘2) +S3>\3<p3\zo\2] 2% dx
G

< GE [ |F?e®? dxdr + CoN)s® e | |z]20 + [IzC. D0
G H=, Heiry
T wr

(2.33)
forall X\ > Xy, s > sy and all z € L%T(Q; C([0, TT; HY(G)) N LfT(O, T; HX(G)) satisfying
dz;, — aAzdt = F> dt + H, dB(1), (x,0) € Gr,
Z(X, t) - Oa (xa t) S FTa (234)

z2(x,0) = zo(x), z:(x,0) = z1(x), xeaqG.

Remark 2.4. The proof follows from the ideas in [12, 28, 40]. However, since we introduce
the second parameter A\ to overcome the difficulty arising from the strongly coupling in the
stochastic thermoelastic system (1.1), we have to choose a new function W different from the
one in [28].

Proof. We split the proof into three steps.

Step 1. Apply a fundamental identity for the stochastic hyperbolic operator.

Let] = sp, § = ¢! and Z = 0z. Applying the identity for the stochastic hyperbolic operator
proposed by Zhang, i.e., with (p"/)3,3 = ol in [40], we obtain

15
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0[-21Z, 4+ 2a(V1-VZ) + VZ] (dz, — aAzdr)

+div [20% (VI-VZ)VZ — 2 |VZ|*VI - 20,2,V Z

v
+ a|Z*VI+ a¥ZVZ — a (AVI + 2) |Z2] dr

1\
+d {azthﬁ —20(V1-V2)Z, + L|Z|* — VZ,Z + (Al, + 7’) |ZZ]

= { (ly + Al = V) |Z,|* — 4a (VI - VZ2) Z, + (ody — &> Al + a¥) [VZ]?

3
+207Y " Ly ZeZe, + B|Z) + (<212, + 2 (VI - VZ) + UZ] } dr

ij=1

+ 0°1,(dz)’, (2.35)
where ¥ € C?(Gr) will be specified below, A and B have the expressions

A= (8 —1y) — (a|VI? = aAl) — T,

3
1
B =AV + (Al), — ) (AL, + 5 (Wi — aAD).

i=1

Step 2. Find the positive lower bound of the terms on the right-hand side of (2.35).
We take W as
U = —yshp(®; — aAD) — sAo(|®,|* — a|VO[?)

with a suitable constant -y independent of A\ and s, which will be chosen in (2.43).
Firstly we estimate B|Z|%. Obviously,

A =N (|12, — a|VE[*) + O(s\ ). (2.36)
By the definitions of A and ¥, we have
AT = [N (|97 — a|VO) + OGN 9)] [—1sAp(Py — aAD) — sAo(|®,]> — | VD[]
= =M (|0, — a|VOP)? = 48 NG (0,2 — a| VO Py — aAD) + O NP,
(2.37)
Similarly, we can prove that
AL, = [s"X20% (|2 — a| VO[*) 4+ O(sA*@)] (sA? 0| @[> + sAp®y,)
+ [N (1] — a| V), + 25X D, (|4 — a| VOI*) + O(s\ )] sAp®,
= 35N 1@, (|12, — a|VO]?)
+ 5N [0 (|0 — o[ VOP) + &, (|2 — a|VE[*), | + O(°X'p®)  (2.38)

16
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and

3
- az (Al.’(,' ).X,'
i=1

= a [N (|2 — a| VO[*) + O(sX*@)] (sA* |V |* + sApAd)
— o [NV (|97 — | VO) + 25N (| @] — a| V) VO + O\ 9)] - (sApV D)
=3as’ M VO (|2,]> — o|VE[]*) — as’o® [Ad (|2,

—a|VO[*) + V& - V (&> — o|VO[) ] + O(s*A* ). (2.39)

Therefore, from (2.37)—(2.39) it follows that
B=C's N30 + O(s* M%) (2.40)
with

C* = 27(|®/)* — | V)’ — 1@y — aAD)(|D, > — | VE[?)
+ @y (12> — | VO[) — aA® (|@,]* — a|VE|?) +2|®,[*®, + 20*| V| Ad.

For some suitable small ¢y > 0, we set

GP = {(x,0 € Gr| ||D(x, 0] — a| VO, 0| = e}, GP =Gr\GY.
Then for (x,1) € G(Tl), we obtain that there exists )\(21) > 0 such that

C* = 2X(|®, — o|VE[)* + 0(1) = 22\ + O(1) > 26
forall A > )\(21). On the other hand, for (x, 1) € G(z), we also have

C* > —(®y — aAR)(| ;> — a|VE|P) + @y (|D]* — | VO|)
— aA® (|,* — a|VE|*) + (12° — 4aB)|VO|* — 486
> (1207 — 4ap) |V — e]0(1)| = 2¢

for

(1202 — 4aB)min 4|x — xo|?
xeG > 0.

Fe@.o) o= 2+ o]

In conclusion, for any 8 € (0, a) we obtain
B|Z|* > €5’ N} p*|Z)%, (2.41)

_ o)

if we take A > A" and s > 5} = 1281

17
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Next we deal with the first order terms of Z

3
Uy + oAl = W) |Z > — 40 (V1 - V2) Z, + (oly — P Al + W) [VZP + 202 Ly 2o Z,,

i,j=1
= {25N0| @ + sA@ [(1 + NPy + a(l — PAD]} |Z

—4asNp®, (VO - V2) Z, + shp [a(l — NPy + o*(—1 +7)AD] [VZ|?

+20” [2sAg|VZ* + sAp(V - VZ)’]
= 25\ 0[®,Z, — (VD - VZ)I* + shp (=23 — 28 + 6a — 6ay) | Z,|*

+ sAp (=208 + 2aBy — 2a° + 6a°y) [VZ|. (2.42)

‘We choose v such that

3o —
atp  _3a-8

, 2.43
3a+ TS 34 +p 243)
which is nonempty for all 5 € (0, o). Then from (2.42) and (2.43) we deduce
(ly + oAl = W) |Z,* — 4a (VI - V) Z, + (ady — &> Al + a¥) [VZ]?
N
+202) " Ly ZoZe, > e1sAp|Zi|* + e1shp| VZ]? (2.44)

ij=1

with €, = min{—283y — 28 + 6a — 6y, —2a3 + 2aBy — 2a* + 60y} > 0 due to (2.43).
Thus, substituting (2.41) and (2.44) into (2.35), we obtain for any 5 € (0, «) that

0217, +2a(VI-VZ) + WZ] (dz, — aAzdr)
+ div {2042 (VI-VZ2)VZ — o*|VZ|*VI - 2al,Z,NZ

]
+a|Z*VI+ aVZVZ — (sz + Vz) z|2] dr

1\
+d {al,VZz —2a(V1-V2)Z, + 1,2} — VZ,Z + (Al, + 2’) |ZZ]

> e (SAQ|Z* + sAg|VZ[* + s X |Z]7) dt
+[=21,Z, + 2a:(V1-VZ) + UZ)dt + 6°1,(dz,)?, (2.45)

if we take A > A" and s > s{". Here ¢, = min{eg, €; }.
Step 3. Take mathematical expectation and complete the proof.

Integrating both sides of (2.45) over G and taking mathematical expectation in €2, we find
that

18
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E | 0[-2LZ +2a(VI-VZ)+ VZ](dz, — aAzdr)dx

Gr

+E / [Zaz (VI-VZ)VZ — o*|VZ]*VI - 2al,Z,VZ
Iy

A4
+a|Z*VI+ aVZVZ — (AVI + T) |zz} -ndSdt
o t=T

+ IE/ {al,|VZ|2 —20(V1-V2)Z + L|Z|* —VZ,Z + (Alt + 7’) |Z2} dx

G t=0

> 62E/ (SAQ|Z | + sAp|VZ* + 5N *(Z|) dx dt

Gr

+E [ [-2LZ +2a(VI-VZ)+9Z*dxdt +E [ 6%1,(dz,)* dx. (2.46)

Gr Gr

Now we estimate each term on the left-hand side of (2.46). For the first term, by the equation
for z in (2.34) we have

E [ 0[-2LZ +2c(VI-VZ)+ VZ](dz; — aAzdr)dx
Gr

=E [ 0[-2LZ +2a(VI-VZ)+ UZ](F,dt + H, dB(?)) dx

Gr

1 1
< 7153/ [—20LZ; +20(V1-VZ) + VZ)P dxdt + _E [ 6?|F,|* dxdr.
2 Gr 2 Gr

(2.47)

Noting that z =0 on I'y, we have Z = 0 and VZ = %77 on I'7. Consequently, we have
E / {2042 (VI1-VZ)VZ - o*|VZ]*VI - 2al,Z,VZ
I'r

v
+a|ZPVI+ aVZVZ — « (AVZ + V2> Z|2] -ndSde
1|0z
= IE/ cuzz 9z
ry  On|on
Moreover, by a similar argument to (2.31), we obtain
0z
IE/ s)\cp’ —
Iy on

1
<CE / i
D 8

2
s)\go‘ % e?? dSdr. (2.48)

2
dSdr < C3E/
Ir

2
e ds dr

3
|0:0;2)” €7 dx dt 4+ G3E / SN Q| Vz|* e dx dt.
i,j=1 w(rl)
(2.49)
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Therefore, from (2.48) and (2.49) we deduce that
E / {202 (VI-V2)VZ — o*|VZ|*’VI - 2al,Z,NZ
Ir

v
+a|Z|*VI+ aVZVZ - a (AVH— V2> Z|2] -ndSdt

< CaN)s” e“M ]2, (2.50)
(1

“r

Next we analyze the terms corresponding to t = 0 and t = 7. By /,(x,T) = 0 in G, together
with the following standard estimate for stochastic hyperbolic equation [28]:

12l 2 :crq0m2@n + 12l 2@:cqormion
<cC : F H :
<€ (lllgy, + Vil + 12l + il )
we have for t = T that
v
IE/ {amvzﬁ —20(V1-V2)Z + L|Z)* — VZ,Z + (Al, + 2’) |ZZ] dx
G

< G SN2 D2y A+ CaN)s™ SN2 Dy Nz T o
G(T) G(T) G(T)
< Cy(N)s’ e <|z(-,T)|Hm + [|z:C. Dl 0 ) [z, D[ o
G(T) G(T) G(T)
< CaN)s? eS|z, D oy - (2.51)
G(T)

On the other hand, by /;(x, 0) = 28TsAp,(x), we obtain for = 0 that
2 2 ¥, 2
E ol|VZ|* = 2a(NV1-N2)Z, + 1| Z,|" — VZ,Z + | Al + > |Z|7| dx
G
= ]E/ 208Ts po|VZ|* dx — E/4as)\<p0 [(x — x0)- VZ]Z, dx
G G
+E / 28TsAgo|Z|* dx + E / O(s\2p0)ZZ, dx
G G

+ E/ [8BT (BT — alx — x0[*) SN @) + O(° N )] |Z] dx.
G
(2.52)

Together with
E/4as)\<p0 [(x —x0)- VZ] Z, dx
G
< ]E/ 2an/asApo|x — xo||VZ|* dx + E/ 2v/ashpo|x — xo|Z|* dx
G G

(2.53)
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and

E / O\ p0)ZZ, dx < &E / 25A0|Zi|* dx + C(e3)E / |0(s\ )| Z)? dx,
G G G
(2.54)

we further have for r = 0 that

IE/ {azthﬁ —20(V1-V2)Z, + L|Z|* — VZ,Z + (Alt + %) |ZZ] dx
G
> ]E/ [8BT(B*T* — ar|x — x|’ N g — [O(* N 0f)| — Cle3)|O(s N\ p0)|] |2 dx
G
+ E/Zas)«po(BT —Valx — xo)|VZ|* dx
G

+ E/zswo(ﬁT —Valx — xo| — €3)|Z|* dx. (2.55)
G

By (2.32) we can choose €3 > 0 sufficiently small to satisfy 5T — v/a|x — xo| > 2e;3 for all
x € G. Therefore for t = 0, there exists s(22) > 0 such that for any s > s(zz), it holds that

]
IE/ {amvzﬁ —20(VI-V2)Z; + L|Z|* —VZ,Z + (Al, + 2’) |zz] dx
G

> R / [sAeo (IVZ(x, 00 + |Z(x, 0)]%) + s N 3| Z(x, 0)*] dux
G
(2.56)

with €4 = min{4aes, 2¢3,32€3} > 0. Hence,

=T

]
IE/ {amvzﬁ —2a(V1-V2)Z + I|Z,)* — VZ,Z + (Al, + 2’) z|2] dx
G

=0
< —aR / [sAeo (IVZ(x, 00 + |Z(x,0)]%) + N 3| Z(x, 0)[*] dx
G
+ Cas” 2 Dl (2.57)
Moreover,

E [ 6°L(dz)*dx=F / 2BsAp (T — 1) 0*|H,|* dx dt. (2.58)
Gr

Gr

Substituting (2.47), (2.50), (2.57) and (2.58) into (2.46) and going back to y, we obtain the
desired estimate (2.33). This completes the proof of theorem 2.2. (]

3. Proof of theorem 1.1

We are now in a position to prove theorem 1.1 for our inverse problem by using theorems 2.1
and 2.2. First we fix 8 € (0, v) to satisfy the conditions in theorem 2.2. We also use C to denote
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a generic positive constant depending on xg, G, T, ro, M, v, 11, p and k, but independent of A and
s.

Firstly, we show a regularity result for the solution (u, v) of the direct problem (1.1), i.e.
u € Xg, N LA C(0, T, H(G))), v € ng) x L%(Q; C([0,T]; H'(G))), under the condition
(A4). This regularity is sufficient for our inverse problem. Let

0 -1 0
A=[s o o],
0 0 kO

where Q = —A,§ = —vA — (v + p)Vdiv. We introduce
W=@wu,v), D=(01fg",  BW) =(0,-pVuv,—pdivu)".
(3.1)
Then the problem (1.1) is equivalent to
dW + AW dr = B(W)dr + DdB(1), W|,—o = Wy := (1o, u;,0)". (3.2)
We consider problem (3.2) in space H = D(5?) x L*(G) x D(Q?).

As done in [10], we know that there exists a mild solution W & Lff(O, T;H) of problem
(1.1), denoted by

W) =e "W, + / e ATDB(W(r)dr + / e AID(r)dB(r).  (3.3)
0 0

Therefore

1 2
OWIEs a1 < CIOWoll sy + | [ €4 B@W(ar

L(0,T;H)

2

/ e A1 OD()dB(T) (3.4)

"
0

2 .
L20.T5H)

Similar to (37) and (38) in [10], we obtain

2

/ e ATDBQW(r))dr

0

1 M)
< (CT2 + —’) 1OWI72 0790 (33
L20.TH) K 4

Additionally,

2

/ e A" oD(7)dB(7)
0

T
N /
0

T pt
A(—7 2
:]E/ /(e At )|OD()|%) del<CT||QDHi2f<o,r;m~ (3.6)
0 Jo

2 .
LZ(0.TH)
2

/ e A OD(7)||3 dB(7)| dt
0
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Therefore, together with £ > M ,, it follows from (3.4)—(3.6) that

2 2 2
IOWIE 7, < € (1QWolEzcezy iy + 10PN 1 70)) 37

for sufficiently small 7. Since 7y does not depend on the initial data, we can extend [0, T]
to [0, T] by repeating the same process. Thus (3.7) holds for any 7', which means (u,v) €
X6 X H(Gzi By a similar argument to step 2 of the proof of theorem 3.3 in [10], we further

obtain Qu € % (Q; C([0, T]; D(S?))and Qv € L%(£%; C([0, T]; D(Q?))), which implies u €

L3(Q; C([0, T); HX(G))) and v € LE(; C([0, T1; H'(G))).
Now we prove our stability result. For simplicity, we set

p(x,t) = ul(x, 1) —u®(x, 1), q(x, 1) = vV(x, 1) — vP(x, 1),
po) = u’) —uP),  py ) =u(x) - uP(x),
F(x, 1) = P, 0 — 9, 1), 9(0) = V() — hP).

Then by (1.1), we easily see that

dp, — vApdr — (v + )V divpdt + pVgdr = F(x, 1)dB(?), (x,0) € Gr,

dg — kAgdt + pdivp,dr = J(H)R(x, 1)dB(1), (x,0) € Gr,

pix,0) =0, gqg(x,1)=0, (x,0) € I'r,

pP(x,0) = po(x), P,(x,0) =p;(x), ¢(x,0)=0, (x,1) € Q.
(3.8)

By fV = 2 = fin wr, P-a.s., we have
F(x,n=0, (x,0)€wr, P—as. (3.9)
Set m = divp and ( = curl p. Then we have
dm, — Qv+ p)Andt = —pAqdt + divF(x, 1)dB(1), (x,1) € Gp,
{dg, — vACdt = curl F(x, )dB(), (x,1) € Gr. 310

In order to apply theorem 2.2, we introduce a cut-off function x € C*(G) satisfying 0 <
x < 1,x = 1in G\w'? and Supp(x) C G. Then (7, ¢) := (xT, x() satisfies

dm, — Qv + A dr = & dr + x div F(x, 1)dB(?), (x,1) € Or,

d¢, — vACdr = & dt + y curl F(x, 1)dB(1), (x,1) € Or,
7,0 =0, C((x,n)=0, (,t)ely, (3.11)
m(x,0) = xdivpy(x), m(x,0)= xdivp,(x), x € G,

C(x,0) = x curl po(x),  Ci(x,0) = x curl p,(x), x € G,
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where
&1 = —Qu+pwQ2Vx - Vr + Axm) — pxAgq, & = —v(2Vx - V( + Ax().

Applying theorem 2.2 to 7 and ¢, we obtain

E/ o [S/\SO (|7Tz|2 + ‘Cz‘z) + sAp (|V7r|2 + |VC|2) + S3/\3<p3 (‘W|2 + |C‘2)] 2% dr dt
Gr\wy
FE[ s\ =) (divEP + [ourl FP) & drar
GT\TT/(TU
< CE/ (‘VX‘Z + ‘AXP) (‘Vﬂz + |7r‘2 + ‘vdZ + ‘C|2) 2% d dr
Gr

+CE [ |Agle*?dxdi+ CNs’ e | 7|20y + [7C. D0
Gr o oo

+ ||C||i,(2>

+[1<C Dl ) ) (3.12)
G(T)

for all A > A\, and s > s,. Together with divF = curl F = 0 in w(Tl) by (3.9) and Supp(Vy),
Supp(Ay) € @V C w, we further obtain

B[ [0 (ImP + 1GF) + 522 (19 +9CF) +8439° (inf +ICP)] e dear
Gr
+ IE:/ s*Ap(T — 1) (|divF|* + | curl F|*) e*7 dx dt
Gr

< CIEI/ s|Ag)? e*? dx dt + C(\)s*eMs <|p|§w7 + [[pC. Dl o ) . (3.13)
Gr G(T)

On the other hand, applying theorem 2.1 to ¢ and using (A2), we find that

3
1
IE/ S E 18:0q)> + sA2?|Vgl* + A4 g*|g]? | €% dxdr + IE/ SN2 [9)? e®¥ dx dt
Gr

i,j=1 Gr

<CE/ go\w,\zez“"”dxdt—&-CE/ s |9)? €% dx dt
Gr

Gr
+CIE/

forall A > A\ and s > s;.
Multiplying (3.14) by s*(C + 1) and adding up (3.13), we have

)33)\2<p4|Vq|2 e™? dx dr + C(\)s? e“ Vg, T)”ifé‘()n (3.14)

(1
T
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IE/ [ X (Im]” + 1G7) + A (VA + [VCP) + 5*° N (In]? + [¢P)] €7 dx dr
Gr

3

+(C+ I)E/ SZ 18:0,q” + 5 X2 | V| + XNt |g? | ¥ dxdr

Or \ ij=1

+ IE/ s Ap(T — 1) (|divF|> + | curl F|*) e*¥ dxdr+(C+ I)IE/ SN2 |07 e dx dt
Gr G

T

< CE s|Aq\2e2dedr+C(c+1)E/ s2p|m|* e dx dt
Gr

Gr

+C(C + I)E/ s ?| 9] e*¥ dx dr + C(C + I)E/ l)ss)\ch4|Vq|2ezw dx dr

Gr w(T
+C(V)s* e (Ilpllﬁm +[IpC, Dl o ) +(C+ DCNs* e |gC, D) - (3.15)
G(T) G(T)

Obviously, for A sufficiently large such that A > C(C + 1), we can absorb the terms of 7, and
¥ on the right-hand side of (3.15). Then it holds

]E/ ("Xl m > 4+ s Ap| V| + s* A 7] e dx dr
Gr

3
+ IE/ SZ 18:0;9]* + $X2p*|Vg[* | €27 dxdr
Gr

ij=1

+E/ s* (T — 1) (|div F|* + | curl F|2)e2S*’dxdt+IE/ SN2 0] e*7 dx dt
Gr G

T

< COyst e (llplli.w +[pC Dl ey + llat T)"ifg‘(a))

+ CIEI/ (1)s5A2<p4\Vq\2625*°dxdt. (3.16)
“r
Moreover, applying theorem 2.2 to p yields that

IE/ (sAelp,|* + sAp|Vp[* + s X’ |p|?) e™¥ dx dr + IE/ SAQ(T — O[F > &% dx dt
Gr

Gr

+ E/ [S)“PO (|VP0‘2 + |P1|2) + S3>\3‘PS‘P0‘2] ™% dx
G

< CIE/ (IVaP + |Vq[?) e dx dt + C(\)s® e <|p|§,(2) + PG D)l 500 )
Gr =D G(T)

T

(3.17)
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forall A > X\, and s > s,. From (3.16) and (3.17), it follows that

3
, 2 2

E/ Y1009 + S NG Vgl” | 2 dedi+ 970 + Dol + R1]70

Gy T G0) GO

ij=1

+ VT =1y + VT =1divE|[y0 + VT =1 curl F[[,0
T T T
< Cst e (lpliw, G Dllye + llaC DI, )
G(T) G(T)

+ CE / (1)s5)\2<p4|Vq|2 e>¥ dx dr. (3.18)
@r

Next, we estimate the local integral of V¢ on @". By Ito’s formula, we know

d [ Nxap (Vg - p,) 7]
— SS)\ZXZ (()04 eZSL,’))t (Vq . p[) dt + SS)\ZXQ()D4 eZSL,’) (vq . dP;)
+ X" €7 (p, - Vdg) + 5 X xop" e (dp, - Vdg) . (3.19)

Integrating (3.19) over Gr, taking mathematical expectation in €2 and noting that g(x,0) = 0
in G, P-a.s., we have

E / [ \xa9" (V- p,) ]| _pdx
G

= IE/ SNxa (9 e?), (Vg - p,) dxdr+ IE/ SN xap' €7 (Vg - dp,) dx
Gr Gr

+E / SN xap'e®? (p, - Vdg) dx + E / SN xap" €7 (dp, - Vdg) dx
Gr G

T

= E/ S A%x, (<p4 e2w)t (Vq . pt) dxdr + IE/ S A2 x20% e®? (F - V) dx dr
Gr G

T

+E / SN2 eV g - (vAp dt 4 (v + p)Vr dt — pVqdr + FdB(f)) dx
Gr

+E / SN0t e¥?p, - (kVAqdt — pV, dt + VI dB(1)) dx. (3.20)
Gr

By (3.9), we obtain

IEI/ S A0t ¥ (F-W)dxdtgna:/ SN2 e®? |F - VI dxdr = 0.
Gr w:

T

(3.21)

Therefore, by (3.20) and (3.21) we further obtain
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pE/ (l)ssx\2<p4\Vq\2 e*?dxdr < K, + K, + K3, (3.22)
“r

where

K, = ]E/ SN x2 (9 e®?) (Vg - p,) dxdr
Gr
+E / A0 e¥Vg - (vApdt + (v + )V dr) dx,
Gr
K, = ]E/ SN a0t e¥9p, - (kV Aqdt — pVr, dr) dx,
Gr

dx.

t=T

K; = —IE/G [ss)\zxzc,f (Vq . p,) elw]
Now we estimate K1, K, and K3. By | (¢* ez“'¢)t| < CsAp® e¥%, we obtain
Ki<E /G SN2 p? Vg|* €% dx dt + C(\)s'™ eCWHpr(W. (3.23)
T
Integration by parts and Holder inequality yields the following estimate for K,
K, = —IEI/ SN[V (o' €?) - p, + x20* e¥9m] (kAg — pmy) dx dt
Gr

<E [ |Agf*e®?dxdr + C(\)s'? eC<A>f||p\|§WT. (3.24)
Gr

For K3, we have

K3 < C)S e p,¢. Dl o llgC Dl yor < CNs” e“Y g Do)
acr) 61 G
(3.25)

where we have used the energy estimate
\|P\|L_2F(Q;c1([o,T];L2(G)))

<C F \Y \Y < CM).
< (Il + il +1Fl + 19al + 197l ) < CO

(3.26)
Substituting (3.23)—(3.26) into (3.22), we obtain
IEI/ SN Vg|* e dx dt
oD
< CIEI/ SN Vg|*e*? dxdr + CE | |Ag[*e*¥ dxdr
Gr Gr
+Cs eV plk. + Cs’ e gD o - (3.27)
“r G(T)
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Finally, substituting (3.27) into (3.18) and taking s sufficiently large to absorb the first
two terms on the right-hand side of (3.27), we obtain (1.7). This completes the proof of
theorem 1.1. O
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