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ABSTRACT: We develop an integrability-based framework to compute structure constants
of two sub-determinant operators and a single-trace non-BPS operator in ABJM theory in
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integrable spin chain. We first develop a nested Bethe ansatz for an alternating SU(4) spin
chain that describes single-trace operators made out of scalar fields. We then apply it to the
computation of the structure constants and show that they are given by overlaps between a
Bethe eigenstate and a matrix product state. We conjecture that the determinant operator
corresponds to an integrable matrix product state and present a closed-form expression for
the overlap, which resembles the so-called Gaudin determinant. We also provide evidence
for the integrability of general sub-determinant operators. The techniques developed in this
paper can be applied to other quantities in ABJM theory including three-point functions
of single-trace operators.
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1 Introduction

Over the last fifteen years, there have been breathtaking developments in solving N = 4
supersymmetric Yang-Mills theory (SYM) in four dimensions in the large N, limit. This was
mainly thanks to the successful application of integrability, a method originally invented to



solve special two-dimensional systems. A key finding which triggered this burst of activity
was made by Minahan and Zarembo [1], who recognized that the action of the dilatation
operator on a subclass of operators, called single-trace operators, can be mapped to a
Hamiltonian of an integrable spin chain. Subsequently the idea was generalized and refined
in various directions, and by now the integrability was applied not just to the spectrum of
single-trace operators [2-6] but also to their correlation functions [7-23] and even to their
1/N. corrections® [25-28]. All these progresses indicate that we are close to a complete
solution to an interacting gauge theory in four dimensions; a feat never achieved in the
long history of theoretical physics.

More recently the integrability approach was applied to quantities that are far be-
yond single-trace operators: the paper [29, 30] showed that the correlation function of two
determinant operators and one single-trace operator can be computed exactly using the in-
tegrability machinery. This came as a surprise since the quantum numbers of determinant
operators scale with N, and even performing the perturbative computation is a nontrivial
task. Nevertheless, by a judicious rewriting one can map these observables to overlaps of
states in an integrable two-dimensional system (a spin chain at weak coupling and a string
worldsheet at strong coupling), and compute them exactly [29, 30].

In this series of papers [31, 32], we generalize the analysis of [29, 30] to N' = 6 su-
persymmetric Chern-Simons-matter theory in three dimensions, constructed by Aharony,
Bergman, Jafferis and Maldacena [33]; ABJM theory for short. Soon after the construction
of ABJM theory, it was realized in [34-37] that ABJM theory is also integrable in the large
N, limit as far as the spectrum of single-trace operators? is concerned. However, unlike
N =4 SYM, not much is known beyond the spectrum. In particular, we are still lacking an
integrability-based framework to compute correlation functions at finite 't Hooft coupling.
The goal of this series of papers is to propose and establish the first of such frameworks.
In this first paper, we focus on the computation at weak coupling and show that the tree-
level structure constants of two determinant operators and one single-trace operator can be
computed by overlaps between a matrix product state and a Bethe eigenstate in an inte-
grable spin chain. Furthermore, we present evidence that the relevant matrix product state
preserves integrability and conjecture a closed-form expression for the overlaps in terms
of Gaudin-like determinants. Similar expressions were found in various different contexts,
ranging from the study of quench dynamics [40-48] to the defect one-point functions in
N =4 SYM [49-58].

We should also mention an important difference from /' =4 SYM. In N' = 4 SYM,
the result in [59] suggests that only the determinant operator corresponds to an integrable
boundary state and all the sub-determinant operators are not integrable. By contrast,

!See also recent interesting work on non-planar anomalous dimensions [24].

2The full solution to the spectral problem was obtained by Quantum Spectral Curve [38, 39].

3We should however note that the (non-)integrability of the sub-determinant operators is not fully settled
even for N' =4 SYM. For instance, there are results on the spectrum of open string attached to the sub-
determinant operators which suggest the sub-determinant operators might actually correspond to integrable
boundary states [60, 61]. It would be interesting to revisit this question in view of recent discovery of a
new integrable boundary condition in AdSs x S° [62], which was missed in the classification in [63].



the analysis of this paper suggests that the sub-determinant operators are also integrable
in ABJM theory, at least at tree level. The possibility of having such a family of integrable
boundary states motivates further study of these operators in ABJM theory.

Before describing the contents of the paper, let us explain a couple of more motivations.
Two rather obvious reasons were already mentioned; 1. we can test the formalism developed
in [29, 30] in other theories, and 2. we establish the first integrability-based framework to
compute correlation functions in ABJM theory. Yet another motivation comes from the fact
that the structure constants in ABJM theory receive quantum corrections even when all
the operators are BPS [64-66]. For the purpose of checking the AdS/CFT correspondence,
this is more like a curse than a blessing since it inhibits a direct comparison between
the results at weak coupling and the results in supergravity. On the other hand, this
feature makes ABJM theory an ideal testing ground for the integrability approach to the
correlation functions: in the integrability description, the BPS operator corresponds to
the vacuum state of the spin chain and provides the simplest setup for the computation.
Unfortunately, this setup was “too simple” for N’ = 4 SYM since the quantum corrections
all vanish [67]. By contrast, in ABJM theory the setup provides a simple yet nontrivial
test of the formalism because of the dependence on the coupling constant. In addition,
structure constants of BPS single-trace operators in planar ABJM theory can be computed
by supersymmetric localization [68-76]. At present, localization computation has not been
generalized to sub-determinant operators, but if we succeed in doing so, we will be able
to compare two rather different approaches and deepen our understanding on the relation
between them.

The rest of the paper is organized as follows. In section 2, we explain the setup to be
discussed in this paper: in ABJM theory, even the three-point functions of BPS operators
can have several R-symmetry tensor structures and therefore depend on a multitude of
structure constants. In order to simplify the analysis, we focus on the twisted-translated
frame. We show that the structure constant computed in the twisted-translated frame is a
particular linear combination of the full structure constants.? In section 3, we first review
the basic properties of the SU(4) invariant alternating spin chain, such as the Hamilto-
nian, the Bethe equations and the relation to the single-trace operator. We then develop
the nested coordinate Bethe ansatz and write down wave functions of Bethe states. In
section 4, we derive a matrix product state representation of the structure constant of
two giant gravitons and a single-trace BPS operator. Such analyses were performed in
N =4 SYM in [29, 30, 59] and in ABJ(M) theory in [77]. The novelty of our analysis is
that we derive an explicit expression for the matrix product state for the sub-determinant
operators in the twisted-translated frame which can be readily used to evaluate the struc-
ture constants. We also evaluate the tree-level structure constants of two non-maximal
sub-determinant operators and a single-trace BPS operator. In section 5, we compute the
structure constants using the results in the preceding sections and present our conjecture.
As was the case with N’ = 4 SYM, the result for determinant operators exhibits a nontrivial

“In principle, we can recover the full structure constants by acting the R-symmetry transformation to
each operator, which in the spin-chain language corresponds to adding zero-momentum magnons.



selection rule on the rapidities and is given by a ratio of Gaudin-like determinants. These
imply that the determinant operators in ABJM theory correspond to integrable bound-
ary states. One notable difference from A = 4 SYM is that these features persist also
for sub-determinant operators, indicating that ABJM theory admits a family of integrable
boundary states. Our results also provide the first example of integrable matrix product
states in the alternating spin chain. Finally in section 6, we conclude and discuss future
directions. Several appendices are included to explain technical details.

2 Setup and Kinematics

2.1 Generalities

Basics. ABJM theory is a N' = 6 superconformal Chern-Simons matter theory in three
dimensions with a product gauge group U(N); x U(N)_j where k is the Chern-Simons level.
It consists of two sets of gauge fields and matter fields in the bi-fundamental representations.
See [33, 78] for the explicit form of the Lagrangian. See also [79] for a review of the
integrability properties of ABJM theory.

A distinguishing feature of ABJM theory (as compared to N' = 4 SYM) is that it
admits two different large N limits: the first limit is called the M-theory limit and can be
defined by N — oo with k fixed. This limit has attracted much attention since it is dual
to a M-theory on AdSy x S7/Z; and provides one of the most concrete non-perturbative
definitions of the M-theory currently available. Unfortunately this limit is difficult to study
on the field theory side since it corresponds to a strong coupling limit (unless we focus on
the BPS observables and use supersymmetric localization). We therefore study the second
limit in this paper, namely the planar limit. The planar limit is defined by sending N — oo

while keeping the 't Hooft coupling

N
= — 2.1
A==, (21)

fixed. As is the case with the standard planar limit of Yang-Mills theories, the observables
in the planar limit can be computed by the planar diagrams— diagrams that can be drawn
on a genus 0 Riemann surface. The holographic dual of this limit is given by type-ITA
superstring theory in AdSy x CP3.

The main subject of this paper involves gauge invariant local operators in ABJM made
out of scalar fields. ABJM theory has two sets of scalar fields; the one that transforms
as ((J,00;4) and the other that transforms as ({J,[J; 4) under the U(N); x U(N)_j, gauge
groups and SU(4) R-symmetry,

vi: (0,04, A°=1/2,

- T . (2.2)
Yr: (O0,0;4), A”=1/2,

where I = 1,...,4 and A® is the mass dimension. The simplest gauge invariant oper-
ators constructed out of such fields are single-trace operators, which in general take the
following form:

tr (YO YTy ) (2.3)



As is clear from this expression, it consists of an alternating sequence of Y/ fields and Y7
fields. Because of this feature, the spin chain that describes the anomalous dimension of
such an operator is an alternating spin chain, in which spins living on odd sites are distinct
from spins living on even sites. We will give a more detailed description of the spin chain
and its Bethe ansatz in section 3.

BPS operators and giant gravitons. General single-trace operators (2.3) do not pre-
serve any supersymmetry. However, for a special choice of the R-symmetry indices, they
become BPS and invariant under 1/3 of the supersymmetry transformations. Written
explicitly they take the following form,

05 (x3n,7) = tr {((n Y- Y))L] , (2.4)

where the supercript o is to indicate that the operator is BPS® and we have
4 - 4 -
n-YEZnIYI, T_L-YEZT_LI T. (2.5)
I=1 I=1

Here n and n are four-component vectors specifying the R-symmetry polarizations of the
operator and they need to satisfy

n-n=20, (2.6)

in order for the operator to be BPS.
Another class of BPS operators considered in this paper are giant gravitons [81-84].
They are defined in terms of sub-determinants as

_ 1 bi---b N N5 ] _ apnr
Das(a3m,) = 3pdier o) (0 V)@ V)] [ )@V @2)
with n-n =0 and
[b1-bp] ol sb b
Sriath= 3 (~1)llal R (2.8)

oE€Syp

The operator with a maximal R-charge (M = N) is called the mazimal giant gravitons
while others (M < N) are called non-mazimal giant gravitons.

Alternatively, they can be defined in terms of the antisymmetric Schur polynomial [81,
82, 85, 86] as follows:
aoq

@ T (29)

an

Dar(win,a) =~ 3 xag(0) [(n-¥)(7- 7]

: a
oeSn !

where xa,, is a Schur polynomial for the totally antisymmetric representation of size M.
See e.g. [77] for explicit definitions. To study the correlation functions of giant gravitons,

®Here we are following the notation used in [80)].



it is often convenient to consider a generating function G(z;n,n,t) defined by®

-V

G(z;n,n,t) = det (t(n v L )> = det [1 +t3(n-Y)(n- 3_/)} . (2.10)

To extract the giant gravitons with a fixed charges, we perform the integral of t;

_ dt _

Holographic dual. Let us also briefly review the dual description of giant gravitons
although it is not directly relevant for the analysis performed in this paper. There are two
classes of giant gravitons in AdSy x CP3 known in the literature which are conjectured
to be dual to 1/3 BPS operators.” The first class is the D2 branes extended in S? inside
AdSy [87-89]. These branes are known to be dual to symmetric Schur polynomials and are
analogs of the dual giant gravitons in N'= 4 SYM. The other class is the D4 branes which
are point-like in AdSs and extended in the CP3 direction [83, 87, 90-94]. They are dual
to antisymmetric Schur polynomials and are the subject of this paper. In the upcoming
paper [31], we will study the correlation functions from these holographic perspectives.

2.2 Structures of two- and three-point functions

We now summarize the structures of two- and three-point functions and the constraints
from symmetry, emphasizing the differences from N =4 SYM.

BPS two-point functions. Let us first consider the two-point functions of 1/3 BPS
single-trace operators, (07,07, ). Since ny’s transform as the anti-fundamentals of SU(4)
while ng’s transform as the fundamentals of SU(4), the SU(4) symmetry determines the
structure of the two-point function to be

<021 OEQ> = 5L1,L2N021 (d12d21)L1 9 (212)
where NOE is the normalization constant, which at weak coupling reads
_ 712L
./\/’(92 = L\7", (2.13)

while d;;’s are defined by

ni.ﬁj

dij =

1

%The second equality in (2.10) follows from the invariance of the determinant under the addition and
the subtraction of rows or columns,

1 —t(n-Y) B 1 0 B , o
det(t(n.Y) 1 )_det<t(n.y)1+t2(n.y)(ﬁ,y)>—det[1+t(n'Y)(n~Y)].

"Some giant gravitions with more or less supersymmetries were also studied in the papers listed below
in this paragraph.



Note that, unlike N = 4 SYM, d;; here is not symmetric under the exchange of
indices: dij 75 dji.

The symmetry is powerful enough to determine the two-point functions of (sub-
)determinant operators as well:

(Dar(21, 11, 71) Dar (22, n2, 7in)) = Np,, (diadar)™ . (2.15)
Here again Np,, is the normalization constant.

BPS three-point functions. We then discuss the three-point functions of 1/3-BPS
operators. This is where ABJM theory shows significant differences from N = 4 SYM:

e In N =4 SYM, the R-symmetry structure of the BPS three-point functions is deter-
mined completely by the symmetry. On the other hand, the BPS three-point function
in ABJM theory admits several different structures.

o The structure constant of 1/2-BPS operators in N/ = 4 SYM does not depend on
the ’t Hooft coupling. By contrast, the structure constant of 1/3-BPS operators in
ABJM theory is a nontrivial function of the ’t Hooft coupling.

To see this explicitly, let us consider the three-point function of BPS single-trace opera-
tors. Imposing the SU(4) symmetry, one finds that the three-point function has a multitude
of allowed structures labelled by p which is either an integer or a half-integer® [95],

02 02 02 K
./<\/'L1/\/L2 /L\‘;> = (d12da1)™121% (dygdsg) "1 (dgydyz) P12 ) ciEy e, (2.16)
(Noz, Noj No, p=—tim
with
L,+L;— L; .
Liji = + , {123 = min [L12|37 Loa1, L31|2} . (2.17)

Here & is the SU(4) cross ratio

digdzdzy _ (n1 - n2)(n2 - 713)(n3 - 1)
dordsadis  (ng - n1)(ns - ng)(ng - n3)’

¢ (2.18)

and Cg%’s are a set of structure constants. These structure constants can be readily
computed at tree level by Wick contractions [64, 84]:

3 .
o (p) A0 /LlLQL 261770 Zk:l Lk .o even (2 19)
123 — : :
N
5p,% + 5p77% Z%:l Lk : odd

On the other hand, [84, 96] performed the computation at strong coupling and the re-
sult reads

(p) A—o0 1 \/>H 1+ 2L F F[l + Lij\k]
123 1+ L1+L2+L3] {i,j,k} [1 _p+ z]\k]r\[1+p+ zglk]’
(2.20)

8p takes an integer-value when > . L is even while it takes a half-integer value when Zk Ly is odd.



where [[y; ; xy denotes a product over cyclic permutations of {1,2,3} and h()\) is the so-
called interpolating function [97] which can be expanded at weak and strong couplings as

213
)\—W?:\ T A= 0
h()\) = 2.21
B A S 2
2 24 s ’

The difference between (2.19) and (2.20) provides clear evidence for the coupling depen-
dence of structure constants C}55.

The expression (2.16) can be readily generalized to the three-point function of two
sub-determinant operators and one single-trace BPS operator, which is the main subject
of this paper. The resulting expression is

(D (131, 01) Dy (225 ng, no) OF (23, 13, n3))

NDM«/NOE

= (dy2d)M (

(2.22)

Nl

NgES

d23d32d31d13) (»)
2332031013 D p
dy2day M|L€ ’

L

2

()

where D(p) ML

|8 are structure constants. See (4.53) for the tree-level result for D

Non-BPS operators. We now make a few comments on non-BPS operators. In the spin-
chain approach [34], we start from the vacuum state, which corresponds to the 1/3-BPS
operator, and introduce excitations (magnons) in order to describe non-BPS operators.
The operators constructed in this way depend on two sets of data;

1. The R-symmetry polarizations (n and 1) of the vacuum state tr[((n-Y)(n - Y))L]
2. A set of rapidities of magnons u.

In this paper, we define the normalization of non-BPS operators Ny in terms of the two-
point function with a canonical choice of the R-symmetry polarizations ng = (1,0,0,0) and
ng = (0, 0, O, 1)2

(0130, 70) [O(w3;m0,70)] ) = AQ/TOO . (2.23)

Ty2

Here O' is a Hermitian-conjugate of the operator @ and A is the conformal dimension.
We then define the normalized three-point function by

(O1(z1;n1,11)O2(22; N2, 112) O3(23; N3, 3))

01/NO3/N O3

_ Fias

B Aol +A02_A03 AOQ +AO3_A01 A03+A01 _AOQ ’
TL12 Ta3 T31

(2.24)



where Flo3 is a sum of all possible allowed R-symmetry and Lorentz invariants times the
corresponding structure constants. Non-BPS operators typically have more quantum num-
bers than the BPS operators. Therefore the number of allowed structures for the non-BPS
operators is larger than the one for the BPS operators. In addition, the structures highly
depend on the Lorentz and the R-symmetry representations of the operator. These features
make it difficult to write down a simple universal expression like (2.16). In what follows,
we instead focus on special kinematic configurations, called the twisted-translated frame.

Phase ambiguity of structure constants. Note that the normalization of non-BPS
operators as defined in (2.23) does not fix the overall phase of the operator O since a
multiplication of a phase to O (O — €*©) does not change Np. On the other hand, the
three-point functions — and therefore structure constants — do change by such a phase
multiplication. This means that the overall phase of the structure constants will not be
fixed by our analysis? and one needs to impose further conditions in order to determine
it. In section 5, we will show that there is one choice of a phase with which the result
from integrability takes a simple form. However, this is more like an answer analysis and
we do not have a physical explanation on why it simplifies the final expression. It would
be important to come up with a field-theory argument on why this choice of a phase
is preferred.

2.3 Twisted translation

The twisted-translated frame was introduced originally in A/ = 4 SYM in four dimensions
in [98] and used also in the integrability analysis [7]. A key feature of this frame is that
it makes the correlation functions of 1/2 BPS operators position-independent. A similar
topological sector in a large class of N' > 4 SCFTs in three dimensions was studied by
localization in [68-71]. For the case of ABJM theory, the full localization results are not
yet available!’, but general symmetry properties of the twisted sector were discussed in [95]
and the perturbative computation was performed in [99]. Much like in N/ = 4 SYM, the
twisted-translated frame in ABJM theory provides a useful setup for analyzing the non-BPS
three-point functions as well. In fact, it was also discussed in an unpublished work [100, 101]
which attempted to construct the hexagon formalism for ABJM theory. As we see below,
the structure constant computed in this frame is a particular linear combination of the full
structure constants. In principle, we can recover the full structure constants by acting the
R-symmetry transformation to each operator, which in the spin-chain language corresponds
to adding zero-momentum magnons.

BPS correlation functions. For the correlation functions of BPS operators, the
twisted-translated frame is defined by placing all the operators along a single line and
aligning the R-symmetry polarizations along an U(1) direction inside SU(4). Written ex-

9This phase ambiguity was pointed out already in [80].
"Two important exceptions are ABJM theory for k = 1 [71, 72] and the correlation function of an
operator corresponding to the mass deformation [73-75].



plicitly, the twisted-translated BPS single-trace operator reads
O(a) = tr [(V(@)V(@)"] . (2.25)

where ) and ) are given by
Y(a) = (Yl + /mY4) (0,a,0),

V(a) = (174 - fial_/l) (0,a,0).

Here k is an arbitrary parameter with mass dimension 1. Similarly, the sub-determinant

(2.26)

operators in the twisted-translated frame can be defined by

Dar(a) = 0 (@) P(a)e - V()P (a))e (2.27)

= M laian] b

An alternative way to describe the twisted-translated frame is to use the twisted trans-
lation generator, which is a linear combination of the translation and the R-symmetry ro-
tation,

T =iPy + kR, (2.28)

where P is the translation along the xy direction while R{ is the R-symmetry generator
which rotates Y and Y. Using T, we can express ) and ) as

Vi)=Y (0)e 7, Y(a) =TV, (0)e 7. (2.29)
An important property of T is that it is Q exact, i.e.
T={Q, e}, (2.30)

where Q is a linear combination of the supersymmetry and superconformal generators which
is nilpotent and annihilates the 1/3 BPS operator made out of )(0) and Y(0). Because
of this property, the correlation functions of twisted-translated 1/3 BPS operators (2.25)
and (2.26) become independent of the positions a’s and define a topological subsector.
See [95, 101] for more detailed explanation.

This position independence can also be seen directly from the general structure of BPS
two- and three-point functions (2.12), (2.15), (2.16) and (2.22). For this purpose, we simply
need to set

nj = (1,0,0,ka1), n;=(—ka;,0,0,1), z;=1(0,a;,0), (2.31)

in those equations. This leads to d;; = ksgn(a; — a;), and we get

(0F,(a1)01,(a2)) = 01,1, Nog (=kH)"",

(Dt (@) Dar(az)) = N, ()", (2:32)
<OL:>7\}()9?IX/’$2)/C\9/§;(G3)> = (*52)%@23, (2.33)
(Dar(a1)Dii(a2) O (az)) (*KJQ)MJF%@?W\L- (2.34)

NDM«/NOE

~10 -



Here NOE and Np,, are normalizations defined in (2.12) and (2.15) while €953 and CD‘]’V” L
are the structure constants in the twisted-translated frame, and they are given by linear
combinations of the structure constants defined in (2.16) and (2.22):

L
£123 2

= 3 (CDPCBL, D= Y (-1PDY), (235)
p=—l123 p=—2%

Non-BPS operators. To define the twisted-translated frame for non-BPS operators, we
first construct a non-BPS operator by adding magnons (denoted in red below) on top of
tr[(Y1Yy)L] at the origin:

O(0) = tr [+ (V) (YY) (V) (Y Va) o | 4+ L. (2.36)

As we explain in more detail in the next section, these operators are in one-to-one corre-
spondence with states in the alternating SU(4) invariant spin chain,

tr [ (V) (VY)Y IV)(YIV) -] e [14241314--), (2.37)
We then act the twisted translation e”® to obtain an operator at a shifted position:
Oa) = e"*0(0)e T2, (2.38)
Note that the twisted translation leaves Y23 and }72,3 invariant:
(Tay28o~Ta — y23 T Vyze T = Yy (2.39)

As is clear from the definition above, the twisted-translation only involves an SU(2) sub-
group of the full SU(4) R-symmetry. As demonstrated e.g. in appendix A of [102], the
SU(2) Ward identity allows us to express the kinematic dependence of the three-point
function in terms of the conformal dimension A and the U(1) R-charge J, which assigns
+1/2 charge to Y! and Yy and —1/2 charge to Y* and Y;. The result reads

J1+Jo+J3

(O1(a1)Oz(a2)O3(as)) _ (=K%)" 2 a3 (2.40)
01/VO2/V O3 (a1 — az)"2B(ag — a3)7231 (a3 — aq)73112 ) :
with
Vijle = (A = Ji) + (8 = J;) = (Ak = Ji) . (2.41)

Here Np is the normalization defined in (2.23), and €93 is the structure con-
stant in the twisted-translated frame, which is Fjo3 in (2.24) specialized to the
twisted-translated kinematics.

These expressions can be generalized to the correlation function of two sub-determinant
operators and a single-trace non-BPS operator. The result reads

(Dar(a1)Dar(a2)O(az)) _ (L 2\M+E (a1 — a2) A=t
NDNI\/N(; ( " ) ’ ((CLQ—CL3)(CL3—(11)) QM\Oa (2.42)

with D70 being the structure constant. The main goal of this paper is to compute D 710
at tree level using the spin-chain description.
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3 SU(4) invariant alternating spin chain

In this section, we explain the spin-chain description of single-trace operators made out
of scalar fields. After reviewing the basic facts of the SU(4) invariant alternating spin
chain and its relation to single-trace operators, we discuss its coordinate Bethe ansatz. In
particular, we present explicit expressions for the coordinate Bethe ansatz wave functions,
which we will use later to evaluate the structure constants (2.42). An alternative way
to construct the wave function is to use the algebraic Bethe ansatz which we review in
appendix D.

3.1 Hamiltonian and Bethe equations

The dilatation operator in the scalar sector of ABJM theory at two-loop order is described
by the SU(4) invariant alternating spin chain [34, 37]. The Hamiotnonian of the spin chain
is given by

)\2 2L

H=- > (2= 2Py + PruyoKisn + K Prge) | (3.1)
=

where P, and K,; are permutation and trace operators acting on the a-th and b-th sites.
We denote the set of orthonormal basis of the Hilbert space at each site by |i), i =1,--- 4.

The two operators act as

4

Pliy®|j) = 15)®1i),  Kli)®15) =85 Y k) @ k). (3.2)
k=1

Using these definitions, it is straightforward to show that P,, and K, obey the following
relations

PabPab = ]-a KabKab = 4I{aba Pabec = KacPab = Kachc . (33)

The spin chain under consideration is an alternating spin chain. The odd and even sites
sit in the 4 and 4 representation of SU(4) group and correspond to fields Y4 and Yy in
ABJM theory respectively. In order to distinguish odd and even sites, we put bars to the
odd sites, namely

YA |A),  Yaie|A). (3.4)

In this notation, the single-trace operator tr (YAlYBI y A2 }732 e ) is mapped to the follow-
ing spin-chain state;

tr (YA1Y31YA2}7B2 e ) — |A1B1A2B2 s > . (35)

One special feature of the Hamiltonian ((3.1)) is that the permutation operator P; ;42 only
act on the odd- or even-site spin chains while the trace operator K; ;1 only mix the two.
We have

4
KI4)® |B) = dap 3 1C) ©1C). (3.6)
Cc=1

- 12 —



K, K,
| |
O O

Figure 1. Dynkin diagram of the SU(4) alternating spin chain. The gray circles are the momentum

1 @kers

carrying nodes.

The Hamiltonian (3.1) is known to be integrable and solvable by the Bethe ansatz.
Reflecting the alternating strucrure of the spin chain, the Bethe state is described by two
sets of the momentum carrying Bethe roots which we denote by u and v (see figure 1).
In addition, there are auxiliary Bethe roots w. The numbers of rapidities of u, v, w are
denoted by Ky, K+, Ky respectively. The rapidities satisfy the Bethe equations

; uj + % bRy Bw
1 = i — (lf) H S(uj,ug) H S(uj,w) ,
k=1

Ui =2 k=1
k#j
Kw Ku LS
1= = [ Stwj,wi) [T 8w, u) T] S(w;j,vx) (3.7)
k=1 k=1 k=1
k#3j
. v+ 2\ s
1= ( ] f) I S o) TT Svj,wr)
Yi=2/) k=1 k=1
k#j

where the S-matrices S(u,v) and S(u,v) are given by

—v—1 ~ U—v-+ 35
S(u, ) u-v—t u—vTa

Il
nn
—~
£
<
~
1

-, . 3.8
uUu—v-+1 U—v—3 ( )

The two-loop anomalous dimension of the operator is given by
Ko 4

A—L—)\2<Z +§:21> (3.9)

5 1 T
=1 Y% tI1 VT3

The U(1) R-charge J discussed in section 2.3 can be expressed in terms of Ky v as

Ky+ K
,]:[,_7“;r Ay (3.10)

Zero-momentum condition. As is the case with N'= 4 SYM, not all solutions to the
Bethe equation corresponds to a single-trace operator in ABJM theory. This is because
the single-trace operator has an additional cyclicity property. In the spin-chain language,
this is equivalent to the zero-momentum condition,

Ky

Ky i i

uj + 3 v+ 5
=111 — (3.11)

j=1% T2 =1V T3
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3.2 Coordinate Bethe ansatz

The eigenvector of the spin chain (3.1) can be constructed by the nested coordinate Bethe
ansatz (CBA). To describe the CBA construction, we map each scalar field to a specific
combination of the Bethe roots following the notation in appendix E of [10]. More precisely,
we first express odd- and even-sites by bullets e and circles o respectively, and place Bethe
roots on top of them. Then, the relation between stacks of Bethe roots and the fields in
ABJM theory is given by

Yie )=o), Yo [2)=lo), YP s 3)=[e), Y'—|4)=]e), (3.12)

Vi) =[o), Yo [2)=10), Yz [3)=10), Yars|d)=]o)

We now briefly outline the procedure of constructing eigenvectors. It can be achieved in
two steps. In the first step, we distribute the rapidities on different sites of the spin chain
and sum over all such possibilities. In the second step, we construct the wave function
for each distribution and multiply it to the corresponding distribution. Plugging in the
physical solutions of the Bethe roots, we obtain an eigenvector of the Hamiltonian.

Distributing excitations. We consider the spin chain of length 2L. We first distribute
these rapidities on different sites by the following procedure

1. Firstly we distribute the momentum carrying rapidities {uj,---,ux,} and
{v1, -+ , vk, } on top of the ground state |®1,0;,--- e, 0r). Each odd site can support
either a single u-type rapidity, or two rapdities one of uv-type. Likewise, each even
site can support a single v-type rapidity, or two rapidities of uv-type.

2. Now we view the physical rapidities {uy,ug, - ,ux,} and {vi,ve, -+ , vk, } as inho-
mogeneities of an emergent spin chain of length K+ K+ and distribute the rapidities
{w1,ws, - ,wg, } on the emergent chain. Each w; can be distributed on top of either

Uz Or v;.

3. In the previous two steps, we also generate string configurations without field theory
correspondence in (3.12). For example, ‘s’ does not corresponds to any of the fields
Y4 or Y4. We set all the states which contain such string configurations to zero.

We give an example of the procedure described above in figure 2.
In what follows, we denote the stack of Bethe roots at site n by s,. The possible
configurations are

u ur® e ury
Uk U kUj Vg Vk kU5
Son—1 = {.na o, O, L0 }7 Son = {Om On, ©On, On } (3~13)

A collection of all s,,’s for a given distribution will be denoted by §

gE{Sl,SQ,...,SgL,thL}. (3.14)
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wp W2
U1 (%1 U2V U3

e O O O @ O

Step-2
Distribution of auxiliary roots.
U1 (%1 U2V U3

e O O O @ O

Step-1
Distribution of main roots.

® O O O @ O

Figure 2. Construction of (one of) the Bethe string configuration corresponding to the ket state
tr(YQY/ZL)(YlYg)(Ylyl)(ygfq) = ‘2, 417 1, g, 1, i, 37 Zl>

The wave functions: ordered configurations. The next step is to write down a wave
function for each distribution of rapidities. We first discuss the distribution in which the
rapidities are in the canonical order (namely in the same order as u, v and w). We call
such distributions ordered distributions. The wave function for a ordered distribution of
Bethe roots §'is given by a product of “single-site wave functions” ®(s);

2L
Ve(u,v,w) = [ ®(sn) - (3.15)

n=1

The single-site wave functions with at most a single rapidity are

; n ; n
u up + L g, v + L
B(o,) =P(on) =1, (o) = | ——=| .  @n)=|—7F] -  (316)
U — 5 Vi — 5
It is slightly more complicated to write a single-site wave function when there is w because
the expression depends on the Bethe roots on other sites; or more precisely on the mo-
mentum carrying rapidities to the left of the site. For instance, ®(s)’s corresponding to

w w

{oun, oLn} are given by

w 7 n
b 1 —1
D(ey,) = (“’““) X (w2 ) X ———r | (3.17)
U — 5 Wq — U — 5
bt v+ 2\" 1
U Lk 5
P(oy) = (Uk — 3) X P(we|2<) x —
2 a 2

where z< denotes all the momentum carrying rapidities that are to the left of the site

which supports w. The explicit form is given by

w—2S+4 %
w|z<) = 2 3.18
¥(w|z®) I;IM_Z;_; (3.18)
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w w

Similarly, the single-site wave functions for the configurations {10“;“ g:;} are given by

(I)(u;:zj) = <Uk : %)" (vj t ;)” X (wa]2<) X —( — 5) 7

up—3/) \vi—3 (Wa —up — 5)(wa —vj — 5)
R 2] ) x ety
up — 5 v — 5 (e —up — 5)(wq —vj — 35)

The wave functions: general configurations. More general configurations of the

(3.19)

rapidities can be obtained from the ordered configurations by performing permutations of
the Bethe roots. For such configuraions, the wave function consists of two factors. The
first factor is a product of single-site wave functions &,

2L
IT 2Gn)- (3.20)
n=1

The second factor is a product of S-matrices, which are needed to bring the rapidities in
the distribution into the canonical order. For instance, for the distribution in which wus is
to the left of uy, we need to multiply

U — ug — )
Uy — uUg +1 '

We multiply similar factors (S(v;,vx) and S(wj, wy)) also for v’s and w’s. Therefore, the

S(ul,uz) = (3.21)

wave function for a general distribution is given by
Uz(u,v,w) =S X H@sn : (3.22)

where S is a product of S-matrices described above.
The Bethe eigenstate is given by a summation of all possible distributions; namely

Wyvw) = > Ug(u,v,w)fs). (3.23)

s all possible
distributions

Examples. As explicit examples of the procedure described above, we give three simple
states for L = 2. The vacuum state is given by

’Q> = ‘1717 L, Zl> : (3.24)

First, we consider the state with K, =1, Ky, = 1, Ky = 0. The state is given by a sum of
four terms, and below we list them along with the wave function for each distribution:

><v+:
)
)
=il

- - u v U+
‘2737174> = ’.17017.2702> (

2,4,1,3) = |81,01, ®2,09)

[\’:\@. [\'}\@ [\’)\s N
S~—
[\

=
=
=

|1)47253> = |.1)ola.2702

l\')\s.[\’)\s. [\')\@x [\D\s. [\3\@.[\3\@. [\’)\s.[\')\s.

11,3,2,4) = |81,01, 82, 09) (
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Second, we consider the state with Ky, = 2, K = Ky = 0. It consists of the following

) (2h)

. . 2
. 1 1
- o U2 ug up—uz — 1 U2+ 35 Uy + 5
2,4,2,4)2 = |@1,01, ®2,09) : ; =] .
up —uz +1 \ug — 5 up — 5

two terms

U +
uyp —

12,4,2,4); = |'@ 1,01, ¢9,00) (

N [N
[NS]ENIGIEN

The first term is an ordered distribution while the second term is not. This is why the
second term comes with an extra factor of the S-matrix S(uy, u2) = (u;—u2—1)/(u1—u2+1).

As the third example, we consider the state with Ky, = 1, Ky = 1, Ky = 1. In this
case, there are 12 terms, which we list below

51 = b u+ 3
12,2,1,4) = [#1,01, 82, 09) ( 4

[SIEN NGBS
~_—
N
SIS
I |+
[JERISIE

w—u—l—% 1
u — ' U)—U—%w_v_%7
. 2 ;
I Y utgz) vtz w—u+g 1
’2747 172> = ‘21,01,.2,82> 2 2 2 )
I VAUES VTR TR
) .
_ v uts\ (vts 1
11,2,2,4) = \01,01,22702> : : ’
u— i v—5)w—v—3
o u ut A\ (v+ i\ w—u+td 1
1,4,2,2) = [o1,01, %2, 62) ( 2)( 3> : 2
uU— g v—3 woumawmvTa
e, uty)(vts) 1
13,3,1,4) = [e1,01, 82, 02) <u_3><v—%>w—u—“
2 2 2
. -\ 2
_ _ b v u+ = vt 5 —1
13,4,1,3) = |o1, 01, 85, 52) : ; )
u—3%)\v—2%) w—u-—13%
2 2 2
AND)) P\ 2
- o utg) (vts -1
|1,4,3,3> = |’17017227102> 2 : ’
u— L v—2) w—u—2%
2 2 2
D)) . ;
o ;o u+ % vtz\w—v+y -1
11,3,3,4) = |oy, 61, 2,02) ( 2)( §> 3
u— g Vomg/wmvmw—u—y
o w u+ % v+ 5 —(v—3
’4747174>E‘1‘U17017.2702> 3 3 (Z 2) Ly’
u—3 V=5 (w_v_ﬁ)(w_u_ﬁ)
- i u+t i\ (v+3 +(ut3)
|1717174>E‘.1au0117.2702> 3 3 (Z : iy’
u— V=5 (w_v_ﬁ)(w_u_ﬁ)
.\ 2 2
o i u+ i v+ g —(v—3
’1747471>E‘.1’01,“.12’o2> 3 3 (l 2) Ly’
i) \o"i) oo Dw-u-1p)
.\ 2 i\ 2
- & ut 5\ [v+4 Hluts
11,4,1,1) = |e1,01, 03, 09) 2 : )
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4 Matrix product states from giant gravitons

To compute the structure constant (2.42) using integrability, we first need to map it to a
quantity in the spin chain. For A" =4 SYM, this was done'! in [29, 30, 59], which showed
that the structure constant (2.42) corresponds to an overlap between a matrix product
state (MPS) and a Bethe eigenstate. This analysis was later generalized to ABJ(M) theory
in [77]. In this section, we review and extend the results in [77]. Two main new results are

1. We compute tree-level structure constants of two non-maximal giant gravitons and a
single-trace BPS operator.

2. We derive an explicit expression for MPS of two non-maximal giant gravitons in the
twisted-translated frame which can be readily used in later sections.

4.1 Derivation of matrix product states

Although the main goal of this paper is to compute the structure constant in the twisted-
translated frame (2.42), in this subsection we consider a slightly more general setup; the
correlation function of m giant gravitons and a single-trace operator in a general kinematics.
More precisely we consider the following correlation function

G — <<ﬁ g;) 0<y>> , (4.1)
j=1

where G; is a generating function for giant gravitons (cf. (2.10)):

_ 1 (Y)Y
G; = det (tj(nj ) 1 ) (xj). (4.2)

To extract the correlation functions of individual giant gravitons, we simply need to perform

(o o) = (114 %) e

Since giant gravitons carry large R-charges M; ~ O(N), most of these integrals in the large

integrals of ¢;’s,

N limit can be computed by the saddle-point approximation. We will later see how this
works in practice. For now we focus on computing the correlation functions of generating
functions.

Let us now compute G,, at tree level. This is given by the following path integral

1 I = i k 3 \/ 1
Gn =7 | DY DYs (ng)OeXp L [@e@rovh] . @

J=1

1The analysis was recently generalized to the four-point function of determinant operators in N = 4
SYM [103].
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with
Zy = / DY! DY exp {—4]‘; / B tr(9,Y; MY’ )} , (4.5)
The generating functions can be written in terms of path integral of fermions
gj = /dm’dﬁjdedfcj exp |(0x) + (0my) + 5% (ny - Ymy = tyi5(n - Vx| - (4.6)

Here the fermions x; and 7n; are in the fundamental representation of the gauge group
U(N)g and U(N)_j respectively while x;,7; are in the antifundamental representation.
The indices are contracted as

XY= ¥ (nY) by, @Yy = i (@Y) x (4.7)

We can then rewrite the correlation function G,, as

G = / DY! DY; H dxidn;dnidy; O exp (—=Sy.n) (4.8)
=1
where
m B ~ k B
Sy = — > (@) + (Xixi)) + y / dx [tr(@uYIéWYI)
- (4.9)

- = thXz n;-Y 771 (53(37 - xz + - thnz N )Xi 53($ - xz)
=1

Since this action is quadratic in Y/, Y;, we can integrate them out. In practice, this is
equivalent to solving the equations of motion for these fields,

O bz Ztn Xza77 3z — xy),
(4.10)
O () = % g tini 1 aX00 (@ — i)
These equations can be solved by Green’s function. Using the fact that
1
= 4r Sz —vy), 411
— (@) (a.11)
the solution to (4.10) is given by
Yi(a) = §7(@) = LY BN g g ) = Z BTG (g 19
ke e ! Si(e) = ke |- '
Plugging the solution (4.12) back to (4.8), we obtain
Gm = /H dnzdﬁde1d>Zz OS exXp <7§X:Ti) N (413)

=1
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where O is obtained by replacing all Y/, Y7 by their classical solution S, Sy in the single
trace operator. The effective action S, , is given by

Sy = = 22 (i) + (Xixi)) Zt g o | XzXJ)(ﬁjm)- (4.14)

dM

For the next step, we integrate in the“bilocal” fields p;; and p;;

1 o N _ &
Gm = T / dpdpdndndXdX OS exp [— X Z PijPji — SXW] y (415)
Psp i,j
i#]

where

Zpjp = /d,odpexp [ Zpijﬁji} . (4.16)
i,
i#j
Shifting the bilocal fields p, p by

A _ _ _ A _
pij = pig — wo\Jtiti dig(Xixg), g P — /ity dig (Tmi) (4.17)
the action of (4.15) can be written as

N ) . L
32 Piaii = D tity dig (o (Mmi) + (Xexs) i)
. i

z?]
i#j (4.18)
= 2 (i) + (Xaxa)) -
i
Finally we integrate out the fermions and obtain the expression
1 _
Gm = 7 /dpdp (0% exp (N Sefr) - (4.19)
psp
Let us explain the definitions of each quantity in the formula: first the effective action is
given by
1 _
Seff = —Xtrm(pp) + try, log X, + try, log Xy, (4.20)

where trj, means a trace of matrices of size k. Second 3, , are m x m matrices defined by
Yy =1, +0, Sy =1y +p, (4.21)

where 1,, is the identity matrix of size m and p and p are defined by

pij = \Jtidigtipij, iy = \[tidsitipi; - (4.22)
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Third the expectation value (O%), , is given by
J dndidxdx O% exp(712;n + X33 X)
J dndidxdx exp(nXTn +x3Lx)

where E;Avp,x means a transposition of the matrix X, ,.

(Os>xm =

(4.23)

Let us now explain how to evaluate (4.23) in practice using the following single-trace

operator as an example:
O(y) = tr(Y M1 Yg, ... YALYR, )(y) . (4.24)

We first replace the scalar fields in the trace by their classical solutions (4.12)

L

_A.

t; t:n.°n; B

S 1s7)s Vig s,Ds

O(y) = O - kQL Z H _ : i H X'Lsnlsn]sxjs ’ (425)
{i,j} s=1 ’y xsty .TJ5|

where > {i,j} denotes a summation of is’s and j4’s from 1 to m. Then we take the expec-
tation value
L

_A.
t; t;m:°n; B
S 1s])s ' "ig '"])syDs — — _ _
(O%)xm = 2L Z [T = (X T s X X Thia o X -+ ) - (4:26)
{Z ]} s=1 |y "B'LsHy x]s‘ xm

The expectation value of x’s and 7n’s can be computed by the Wick contractions, which are
given by

i) =05 (571), - () =0 (23),, - (4.27)

where a and b are gauge indices while ¢ and j run from 1 to m (= the number of giant
gravitons).

Large N limit. To proceed, we consider the large IV limit. There are two simplifications
in the large N limit. Firstly, the integrations over p and p are dominated by the saddle
points of the action Seg in (4.19). We denote the saddle point solutions by p* and p* and the
propagators (4.27) can be evaluated at the saddle point. Secondly, the Wick contraction
in (4.26) is dominated by the nearest neighboring contraction (see [29] for more detailed
explanation). For instance, if we neglect the prefactors in (4.26), the Wick contraction gives

_ _ _ _ N— _ _ _ _
(X Tin 1 X XiaTliaMja Xz ) = — (i) (Xa Xa) -« - (Tin i) (X X )

(4.28)
_ 2L —1y—1 —1y—1
= — N, [s, et n
Reinstating the prefactors, (4.26) can be written as
(0% = —tr, [TNTp, - T Ty, ], (4.29)
where
Ming Atgnd Mt
T4 = — diag [~ 2212 Al ) w1 (4.30)
ly—ail ly—z2| Ty —aml
— At At At
T :diag< lnl,B7 2M2,B , mnm,B> e
ly — 21| |y — a2 Y = @m|

- 21 —



are m X m matrices. Alternatively, we can express this as an overlap between a spin-chain
state |A1 By - A Br) and a matrix product state |[MPS) defined by

(O0%)yn = (MPS|A1 B, --- AL Bp), (4.31)
with
<MPS’ = — Z <A1§1 e ALBL\trm [TAITBl s TALTBL] . (432)
{As,Bs}

In deriving these expressions, we implicitly assumed that there is no flat direction around
the saddle point. However, this is not always the case as we see below for m = 2. See
section 4.2 for discussions on this point.

NSet gives the m-point function of giant gravitons

Physically the saddle-point value of e
while the expectation value (O%), ,, gives a ratio of the (m + 1)-point function and the m-
point function,

o (I pa) 0w))
(O = . (4.33)
(T2 Da,)

4.2 Two-point function: saddle point and MPS

To find the solution of saddle point equations, we focus on the case of interest with two
giant gravitons, namely we take m = 2. We furthermore set the charges of the two giant

gravitons to be identical M7 = My = M and express the ratio M /N by
M
] 4.34
N ( )

Note that w takes values from 0 to 1 and the case with w = 1 corresponds to the maximal

w

giant graviton.
Setting m = 2 in (4.20), we find that the effective action is given by

1 _ _ _
Seff = —~ (p12p21 + p21p12) + log [(1 — tite/drado1p12p21)(1 — t1t2\/d12d21p12021)]

A
(4.35)

6Seff — 6Seﬁ J—
0pij — O0pij
tita/di2d21plop5; A\ tita/di2d21p1o05;

Pi2P21 = P21P12 = A T I (4.36)
121721 21 t1tav/d12d21pTop5 — 1 t1ta/d12d21pTop5; — 1

Solving these equations, we find'?

Taking variation with respect to p’s and p’s and imposing 0, we obtain

1
* —% * % —k =k
Pij = Pij s P12P21 = P12P21 = A+ ———F——. (4.37)
! ! titay/dy2day
121n fact there is another solution to the saddle point equations,

* —% * B P —. 1

Pij = —Pij > piapa1 = P1aPa1 = — A+ ————.
! ! t1tav/di2da1

However it will eventually give the same saddle point action and the same MPS (after the integration over
6 which will be defined soon), and therefore do not modify our result for the ratio of correlators. Then we
will focus only on the first solution in the rest of the paper.
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The effective action at this saddle point is given by
SO T
© At1tav/ diada

To compute the correlation function of giant gravitons with fixed charges, we need to

+ log [ \#t3d12dz1 | (4.38)

perform integrals of ¢’s (4.3). Since M is O(N), some of those integrals can be evaluated
using the saddle-point approximation. Solving the saddle-point equations

0 log tl 2 8S*H
2 = — e —0 4.39
“ Ot1,2 Ot1,2 ’ (4.39)

we get
1
)\(w — 1)\/ d12d21 '

As is clear from this expression, the saddle-point equation only determines the product

prty = (4.40)

t1to. Therefore, we still need to perform an integral of the ratio
e ==, (4.41)

as we see below.
MPS for two giant gravitons. Let us place the single trace operator at y = z3,
O(y) = tr(YA1Y31 RN YALYBL)<$3) y (442)

and compute the three-point function of two giant gravitons and O.
Evaluating the matrices 74 and Ty at the saddle point (4.36) and (4.40), we get

1 - ipta/ T (82)*

1—w (do

o t nf t n2

= —\diag (xm, ool
;X

P21/ X (@)

=

1—w
(4.43)

1
1—w —ip* 1—w (d21>4
- . tr £ 12V X \d
T = Ading ({22 Gnse) . :

[z13] 7 |w23] 2o\ 3
ik 12 _
i3\ = <d21> 1-w

To proceed, we make use of the fact that the MPS (4.32) is invariant under the transforma-
tion T4 — UTAU ! and Tg — UTgU . By choosing an appropriate U, we can replace
pis and p3; in (4.43) with /pi,p5,. As a result, we obtain the following matrices

’I’L 6 d
A m VI m v (42)°
0 — 1 s
(di2da1)% d B -
‘x23‘ f(d?;) |11723‘ (4 44)
nypel? —— -~ i\ 3 ‘
T VA \1!E}f3| 1-w —t \1$?3| \/a(d%;)
B = —— _ A _
(d12d21)4 —in2’Bé_le\/E (%)i nQ!Be_lG m

[z23] |z23]
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Here €? is the ratio of t’s defined in (4.41). As is clear from this expression, the MPS
depens on 6 which parametrizes the flat direction around the saddle point. Therefore, the
correct result would be given by an integral over this direction;

2 do B _
(O = | 5 MPSol 41 By - AuBy). (4.45)
with
<MPSQ‘ = — Z <A1§1 cee ALBL’tI"m [TGAlTBhg cee T@ALTBIMQ:I . (4.46)
{As,Bs}

4.3 Structure constants of BPS single-trace operators

Let us now use the results above to derive an expression for the structure constant of the
single-trace operator.

Integral representation. We first consider the BPS single-trace operator, given by
09 (z3) = tr[(n3-Y n3-Y)](x3). (4.47)

Using the results above, we find

(DuDyOg (23)) 2 de .-
= -t 4.48
(DD} | grtiz [T (4.48)
with
0 0 dip\ 1
\/X —ds1e"V1 —w idse \/(,T} 212
To=Y ngaly = ——— ' . | (dm) ’
A (di2d21) \ idgpe=" /w0 (%) Y e T —w
) (4.49)
i0 T i if doy |1
o= S wlTyp = VA dizey/1 —w id1ze" Jw (dﬁ)
B

T , 1 4
(di2d21) \ —idpze="\/w0 (%) Y dye T —w

To evaluate (4.48) it is convenient to consider a generating function of structure constants,

— 1,(DuDn O (23)) 2r df { 1 } : (4.50)

Z SL = — —1try | —————=
= (DmDwu) o 2m " 1-sTyTp

To proceed, we evaluate the right hand side by diagonalizing the matrices Ty7y, perform
the integral, and read off the coefficient in front of s*.'> The result reads

OuDuO3 ) _ (dddd>§j{ ds _1-¢&5 (451)
(DmDar) di2da 2mis!th \/P(s)

where P(s) is given by

P(s) =1 — 2w(1 +&)s+ [~26 + 8w +w?(1 - €)2] 2 - (1 +&)s* + 21 (452)

13Here it is important to keep s being small to make the power series convergent in (4.50). We will give
the details of the computations in appendix B.
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Dividing this by the normalization factor N@z and stripping off the kinematic factors, we
arrive at the following expression for the structure constants;

L

S e :_5574 ds_1- &5
M|L \/Z migltL 7)(8) )

L
p=—3

(4.53)

For a given L, the integral (4.53) can be readily evaluated. For instance, for small
values of L, we obtain

1

1

p==3

) : p (P) w? —1
L=2: p;lg DM|2:—E(§ +4(1-w™ ) +9), (4.54)
L S epi o ey B3
por 3 enfm et M (e o]

Closed-form expressions for special cases. It is however difficult to write down a
closed-form expression for general L, £ and w. The exceptions are for the maximal giant

graviton (w = 1) and for the twisted-translated kinematics (§ = —1). The former is given
by
L
2 1 L L
1% pw _ _ £ 4€7), (4.55)
p:Z:L NIL NG ( )
2

which is equivalent to

@ __1
Dyir = VL (%,g * %—g) : (4.56)

On the other hand, in the twisted-translated kinematics ({ = —1), we have

o[t~

Dmr = Y, (—1)pD](\]/JI)|L

{PA (=1 + 4w — 2w?) + P%_l (-1 + 4w — 2w2)] L: even

2

0 L: odd
(4.57)

where Pr is the Legendre polynomial.
2

4.4 Structure constants of non-BPS single-trace operators

We next study the structure constant of the non-BPS single-trace operator. As men-
tioned in section 2, in this paper we focus on the twisted-translated frame, which

amounts to setting

n172 - (1) O) O) ﬁal,?) ) ﬁl,? - (_K/al,27 07 07 1) ) $1,2 - (07 al,?) O) . (458)
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Result for the structure constant. To further simplify the analysis, we consider a
symmetric configuration in which the single-trace operator is at the origin and the giant
gravitons are placed symmetrically around it; namely we set a; = —ao = +1 and a3 =0
in (2.42). Then the matrices that enter in the MPS representation, (4.44), simplify to the
following,

. e?/1T—w —ie'"=1) /w
Ty = VEXe 1 ( v ,

ieﬂw*%)\/a —e /T —w
efl1T—w —ie'0+1) /u
e 0D o —e 01T —w ’

\/K o ( —e?\T—w e /w )
Ty =/ Ze i
0 P )

T4,9 =VEXe 1
(4.59)

e 0= Jw —e 01T —w
_ A x fVT—w —ietlf+i)/u
Ti9= —e 't )
K

—ie” D o e 01T —w

and all the other Té“’s and TB’g are zero.

To compute the structure constant D 570, we then compute the matrix trace in (4.46),
perform the 6 integral in (4.45) and divide the result by the normalization V. As discussed
in [80], No can be expressed in terms of the norm of the spin-chain state (O]O) as follows

No = L *E(0]0), (4.60)

where the prefactor L is the number of different Wick contractions related by cyclic permu-
tations (see [80] for details) and A\** comes from the normalization of propagators. Finally,
factoring out the kinematic factor in (2.42), we arrive at the expression,

D7l gy (4.61)

) —
MO = 9a-T /T{O10) Jo 2n

where the matrix product state (By| is defined by

(Bol= > (A1Bi---ALBpltry [tAlfBl "'tALfBL} : (4.62)
Ay, Bo—=1,4

with!4
o eyl —w —iyw o el —w Vw
B ivw —e 01 —w)’ 1 Vo o o—e1T-w]’

t4:<—ei9 1—w z\/(; ) . :<ei9m \/(; )
Z\/(TJ —eflem ’ 1 _W eflgm .

14Recall that w is related to the charge of the giant graviton M by w = M /N.

(4.63)
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Simplification for the maximal giant graviton. For the maximal giant gravitons
w = 1, the matrices in (4.63) all become off-diagonal, and the products of t and t take the

nt=( "7 = ("
14 — 0 i 5 11 — 0 )
. nt=( "
44 — 0 ) 1t1 — 0 i .

Since these matrices do not depend on 6, the integral of § can be trivially performed. As

following simple form;

(4.64)

a result, we can replace (4.61) with the following expression

NJ
DOnjo = —(QZZ)J \/%7 (4.65)
where the state (B| is defined by
Bl= > (B ABi (1+(-1)7). (4.66)
As,Bs=1,4
Here J is the U(1) R-charge, which counts
J = L — (number of 4 on odd sites) — (number of 1 on even sites) . (4.67)

We can also check that the result (4.65) matches the one computed from a different ap-
proach explained in appendix A.

In the rest of this paper, we use (4.61) and (4.65) to evaluate the structure constants
of non-BPS single-trace operators. For this purpose, we need to compute two quantities
in the spin chain; the overlap (B|O) and the norm (O]O). In the next section, we present
conjectures for these observables based on the coordinate Bethe ansatz we developed in
section 3.

5 Main results

In this section, we use the coordinate Bethe ansatz in section 3 and evaluate the overlap
(B|0O) and the norm (O|0O). For reader’s convenience, we first present a summary of results
and later explain the details. The numerical data used for checking our formula, such as
the solutions to the Bethe equations and the results for the overlap, is summarized in
appendix C.

In what follows, we label a Bethe state in terms of its Bethe roots; namely we express
|O) as |u, w, v) where u, w and v are sets of Bethe roots for each Dynkin node (see figure 1).

5.1 Summary of results

Selection rules for the overlap. As a result of the numerical experiments, we found a
set of selection rules in order for the overlap to be non-zero. The selection rules apply both
to the maximal giant graviton (B|O) and the non-maximal giant gravitons [ %(BMO).
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The first and the most obvious selection rule is

0. The numbers of Bethe roots for each node need to satisfy

Ky=Ky =Ky (5.1)

This simply follows from the fact that (By| only contains fields Y'', Y4, ¥ and Yj: in order
for |[u, w, v) to contain kets involving Y, Y%, Y1, Y} only, we need to set Ky = Ky, = K.
Note that this is just a consequence of the global symmetry, not the integrability of the
matrix product state.

In addition to this constraint, the overlap also obeys the following “parity conditions”:

1. The U(1) R-charge of the state, J = L — %, must be even.

2. The rapidities of the right node must be (—1) times the rapidities of the left node:

v=-—-u. (5.2)

3. The rapidities of the middle node should be parity-symmetric, namely

, —W1, Wy, —W2, . .. Ky :even,
- (w1, —w1, w2, —wy, . ..) w eV (5.3)
(wl,—wl,wQ,—wg,...,O) Kw:Odd.

These selection rules are almost identical to the selection rules found for the structure
constant of two giant gravitons and a single-trace operator in the SO(6) sector of N = 4
SYM [29, 30]. The only difference is the roles of the rapidities: in ABJM, the left and the
right nodes are momentum carrying nodes and the middle node is auxiliary while in N' = 4
SYM, the middle node is momentum carrying and the left and right nodes are auxiliary.

As discussed in [29, 43, 46, 104], the existence of these selection rules indicate that
the matrix product states (B| and [ %<B9| are integrable boundary states. In particular,
we want to emphasize that the non-maximal giant gravitons also satisfy the selection rule,
implying that they correspond to integrable boundary states as well.

Determinant formula for the maximal giant graviton. For the maximal giant gravi-
ton (w = 1), we found a closed-form expression for the structure constant. Before writing
down the result, let us first clarify our convention and ordering of the rapidities satisfying
the selection rules;

u = (uy,ug, ... uK,)

v=—-u=(—up,—ug,...,—Ukg,),

o {(wl,—wl,w27_w27"'7wi<;ﬂ7_wl<;v) Ky : even (5.4)
B (wh—’Ll)l,'UJQ,—UJ27...,U)[KTW],_U}[KTW]70) Kw: odd

where (%1 means the largest integer not larger than %
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The result for the normalized overlap reads

Ea
(Blu, w, —u) Ky ( 9 1) 2 1 det G4
=2 T : 5.5
\/<u7 w, _u|u7 w, _u> Jl;[l uj * 4 kl;Il w,%(w]% + i) det G_ ( )

Here det G4 are the Gaudin-like determinants which we will explain in the next subsection.
The result leads to the following expression for the structure constant:

Kw
i+ (=)’ Ku( 1 henl 1 det G
PR ) 2+) + 5.6
NIO = AT T JHI ut g gwg(wgﬁ)dew_ (59)

In (5.5) and (5.6), we neglected an overall phase factor which is ambiguous (see the discus-
sion in section 2.2). These are the main results of this paper. Below we explain the details
of the formula and the derivation.

For the non-maximal giant gravitons, we have not been able to find a closed-form
expression analogous to (5.6). The results for a sample of Bethe states are summarized
in appendix C. We leave it for future investigations to find a determinant formula for the
non-maximal giant gravitons.

5.2 Norms and Gaudin determinant

Norms for the coordinate Bethe states. The norms of the Bethe states are often
given by the so-called Gaudin determinant, which are given by the logarithmic derivative
of the Bethe equations. In the case at hand, the relevant Gaudin matrix is given by

8ui ¢u3~ a’ul gbwj aul Qb'uj
G = aw¢¢uj awiqbwj 8wi¢vj . (57)
81)7; (Z)uj 81)2' ¢wj 81)2' ¢vj
where ¢’s was defined through the Bethe ansatz equations (3.7).
We conjecture that the norms of the Bethe states in the SU(4)-invariant alternating

S(wi’ wj) %
(136 2)

1<J J

spin chain are given by

_ |y S, ug) : S(vi, vj)
o) = (H s<>) (H s<>)

i<j (R i<j ]

1 1
8 (1;[ EM(W)) (1;[ &m(%)) det &

where the states are normalized using the coordinate Bethe ansatz described in section 3

N

(5.8)

and (u, w,v| = [Ju,w, v)]". S(u,v) is the S-matrix
U—vV—1

S = 5.9
oy =200 (5.9

while p(u) is the momentum of a magnon with rapidity «

1. u+i ~1

=_1 2 = 9, = ) 5.10
p(u) = - 8 p(u) . (5.10)
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The conjecture (5.8) passes several nontrivial tests: it correctly reproduces the results
for the SU(2) x SU(2) sector (see for instance [105]) and it is satisfied by all the Bethe
states listed in appendix C.

Simplifications for the parity-symmetric states. For the states satisfying the parity
conditions |u, w, —u), the formula for the norm simplifies further.
First the prefactor in (5.8) simplifies to

B

(u,w, —ulu,w, —u) = ﬁ (wr, %)(w,’; + %) ﬁ (uz + 1>2 det G. (5.11)
Y L k=1 (wk+%)(w}2—%)j:1 7oA

Note that we are using the convention and the ordering given in (5.4).

Second the Gaudin determinant for the parity-symmetric states factorizes into a de-
terminants of submatrices. This factorization was already observed in N' = 4 SYM, and
we will show below that a similar factorization holds also for ABJM. Since the derivations
for the even K, cases is similar to the one for the odd Ky, cases, we first discuss the odd

K, cases.
For this purpose, we divide the rapidities w = (w1, —wi,wg, —we,---,0) into
three parts, w(t) = (w1, ws,--) denotes the “postive” part of Bethe roots, w() =

(—w1, —wy, - - - ) denotes the “negative” part, and w(®) = (0). As the first step, We re-
order the rows and columns of Gaudin determinant to express it as

v, Uy Uy U, U
Wiw Wiy Wio Wy Wi
det G =det | Wy, Wor Woo Wo, Wo— , (5.12)
Vo Vo WV, Vo
W_y Wy W_og W_, W__

with
[Uulij = Ou;bu; » [U+]ij = Ou, bt » [Uo)ij = Ou; s [Unlij = Ou; oy
(Weuli = 0,000, [Watliy = 8w£i)¢w§i) » Waoliy = 9,040
(Wizlij = awgi)¢w§¥) , o (Waeliy = 8w§i>¢vj ; (Woulij = 0y Pu; 5
Wotlij = 0,00 ¢wj(_i> v Woolij = 00 ¢w@ s [Woulij = wode,

[Vu}ij = 6Ui¢Uj ) [V:I:]ij = 8vi¢w(i)j , [V()]zj = 8fui¢w(0) ) [Vv]z] = 8vi¢vj .
(5.13)

To proceed, we use the following relations that are valid when the selection rules are
satisfied,

Uu:‘/;)7 U’U:Vua W:I:u:W:F’Uu U:l::V:F7 UO:%7
Wie =W_4, Wou = Woy , Woy = Wo—, Wio=W_o. (5.14)
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Then we can rewrite the determinant by adding the rows and subtracting the columns.

v, U, U, U, U
Wiw Wag Wio Wy Woo
det G = det WOu W(]+ WOO WOv W()Jr (5.15)
U, U. U, U, U
Wiy Wy Wio Way Wiy

Ut U, Up+U_ 20y 0 0
Wow+ Wi Wag + Wyl 2Wey 0 0
= det W()u WO+ W()o 0 0 . (5.16)
U, U_ Uy U, —U, Uy —-U_
Wiy Wi_ Wio Wiy = Waoy Wy =W

We thus obtain the factorization formula for the Gaudin determinant of the parity-
symmetric states det G = det G4 det G_ with

Uu + Uv U+ +U_ 2U0
Odd Kw : G+ = W+u + W_H) W_|_+ + W+_ 2W+0 y
Wou Wo+ Woo (5.17)

o _( U,~U, Uy—U- )
- W—i—u_W-i-v W++_W+— .

For the even K, cases, we can repeat the derivation above simply by omitting the
row and the colum involving wq. As a result we obtain the following factorization formula
det G = det GL det G_;

EVenK . G _ Uu+Uv U++U_
v T\ W+ Wy W+ W)

(5.18)
o — U, —U, U, -U_
- W—‘ru - W—i—v W—H— - W+— '
The same submatrices G+ appear in the expression for the overlap (5.5).
To summarize, the norm of the parity-symmetric state is given by
- D ) 1y
(u,w, —ulu,w,—u) = H 2 ]i ; H (u? + > detGydetG_. (5.19)
1 (wr =+ 5) (Wi = 3) j=1 4

5.3 Some details on the overlap

We now explain the details of how we arrive at the formula (5.5). For this purpose, let us
first present our conjecture for the overlap (B|u, w, —u) itself:

Ka . 2
(Blu,w, —u) = 2(-1)" T (u]? + i) (uj + Z) kl;[ 1+ det G . (5.20)
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We stress that the state |u,w,—u) was constructed using the nested coordinate Bethe
ansatz, with the order of the magnon rapidities given by (5.4).
Combining this with the result for the norm of the parity-symmetric state (5.18),

we obtain
(Blu,w, —u)
\/<ua w, _u|u7 w, —11>
Ky [KTW1 [K?“Fl i * i 4
et i (o) T sty [T et i
j=1 o Wk +3) | S (e = ) (wi + 3) -

To arrive at the formula (5.5), we then utilize the phase ambiguity discussed in sec-
tion 2.2. For instance, multiplying the following phase!®

JF
€
ST

1
2 * Ku 35
g T bl e) (1)
e Wk — 3w —35) | 55 \uj+ 35
5.22
) iy ) K N o2
SRR I ) R R 2R B (uj ; 2) ,
e (W= 5)(wip—35) | 5 \uj+3
we get
Kw
e (Blu,w,—u) s ﬁ (u2 N l) (ﬁw 1 det G (5.23)
Vo, w, —ufu,w, —u) i Yo wi(wi 4 §) det G '

which coincides with (5.5).

6 Conclusion

In this paper, we studied the tree-level structure constants of a single-trace non-BPS oper-
ator and two sub-determinant operators (also known as giant gravitons) in ABJM theory
in the planar limit. Much like in N' = 4 SYM, these structure constants can be computed
by overlaps between a matrix product state and a Bethe eigenstate. To evaluate them
explicitly, we developed the coordinate Bethe ansatz for the alternating SU(4) spin chain.
As a result of the computation, we found that the overlap obeys a selection rule similar to
the ones found in defect one-point functions in A/ =4 SYM. We also found a closed-form
expression for the overlaps for the maximal giant gravitons.

This paper is the first installment of our studies of the structure constants of giant
gravitons in ABJM theory. In the second paper [31], we will analyze these quantities at

5Here we used the fact that u as a set must be invariant under the complex conjugation (otherwise, the
energy and the higher conserved charges generically will take complex values). Similar results for XXX and
XXZ spin chains were proved in [106].
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strong coupling using a holographic description. The results of this paper and the next
will be used in the third paper [32] to test and verify the nonperturbative approach based
on the integrable bootstrap.

There are several future directions worth pursuing. First it would be desirable to prove
the determinant formula for the overlap conjectured in this paper. One possible strategy is
to map it to a partition function of a lattice model (a vertex model) as was done for N' =4
SYM [42]. Another possible strategy is to use the algebraic Bethe ansatz and Separation
of Variables!® following the recent work [109]. Second the coordinate Bethe ansatz devel-
oped in this paper will be useful for computing other quantities in ABJM theory, most
notably the three-point functions of single-trace operators'”. Such computations will pro-
vide valuable data for developing the hexagon formalism for ABJM theory, which is yet to
be established. Works in this direction are in progress. Third it is important to perform the
computation at a loop level in order to see if the structure found in this paper persists, and
to have more data to test the bootstrap approach discussed in the third paper. Finally the
results in this paper suggest that non-maximal giant gravitons in ABJM theory might also
correspond to integrable boundary states. It would be interesting to explore this further'®,
e.g. by analyzing the boundary condition of the string worldsheet at strong coupling [62, 63]
or by computing the Hamiltonian of the open spin chain attached to the non-maximal gi-
ant gravitons (see [113—115] for the results on the maximal giant graviton). In addition, it
would be desirable to derive a closed-form expression for the overlap for the non-maximal
giant gravitons. Another interesting question is to generalize the analysis in this paper to
the dual giant gravitons and see whether they lead to integrable boundary conditions.

Acknowledgments

We are very thankful to Yang Zhang for kindly providing us computation resource. We
would also like to thank Junpeng Cao and De-Liang Zhong for very helpful discussions.
The work of PY and JBW is supported in part by the National Natural Science Founda-
tion of China, Grant No. 11975164, 11935009, 12047502, 11947301, and Natural Science
Foundation of Tianjin under Grant No. 20JCYBJC00910. The work of SK was supported
in part by DOE grant number DE-SC0009988.

A Partially contracted giant graviton

In this appendix, we study the structure constants of two giant graviton and one single-trace
operator of length 2L using the partially-contracted-giant-graviton (PCGG) approach [29]
in order to cross-check the results in the main text. For simplicity, we only discuss the
maximal giant gravitons but the analysis can be readiliy extended to non-maximal gi-
ant gravitons.

18The relation between overlaps of integrable boundary states and Separation of Variables was studied
also in recent papers [107, 108] from different perspectives.

17See [110] for results in the SU(2)xSU(2) sector.

18Tt would also be useful to revisit the analysis in [77] in order to understand the difference between
N =4 SYM and ABJM. This is important since, even for ' = 4 SYM, there are contradicting claims on
the (non-)integrability of the non-maximal giant gravitons in the literature [60, 61] (see also [111, 112]).
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Two-point function. The main focus of this appendix is the three-point function
G2 = (D1(x1)D2(22)O(a3)) , (A1)
where
Di(x;) = det ((ni-Y)(Ri-Y)) = det(n;-Y) det(n;-Y). (A.2)
However, it is useful to first analyze the two-point function
(D1(21)D2(x2)) = (det(n1-Y) det(ng-Y))(det(ny-Y) det(iy-Y)) . (A.3)

At the leading order, we can compute it by Wick contraction. The propagator is given by

LS 1 ni- 712
((n1Y (), (R2-Y () = P 5d oL (A.4)
lz —y| *
The determinant can be written as
det X = ﬁeal...webl'“bfvng XN (A.5)

Therefore, the two-point function of a single determinant is given by

- 1
(det(ny1-Y)(z1) det(ng-Y)(z2)) = Weal...webl bNecl...CNedl dn (A.6)
(n1-n2)Y 4 dy s¢ c
Wﬂsai “Oan 0y o Oy - V!
k‘N’{L‘u’N kN

where we have used €g,...q, €'Y = N!. Then, we get the following result for the two-point
function of giant gravitons

(D1(21)D2(x2)) = ng(dmdm)( 2. (A7)

Partially contracted giant graviton. To compute the three-point function involving
a single-trace operator of length 2L (A.1), we first perform the Wick contractions between
the two giant gravitons partially so that it leaves precisely 2L uncontracted scalar fields.
We then perform the Wick contraction between these scalar fields with the single trace
operator. We see that, in ABJM theory, the giant graviton factorizes into the product of
two determinants (A.2). In the large N limit, the partially contracted giant graviton at
the leading order is given by the sum of the following two contributions:

« Contract completely det(n; - Y) and det(ng - Y) and take the leading term of the
partially contracted det(nz - Y) and det(n; - Y).

« Contract completely det(ng -Y) and det(n; - Y) and take the leading term of the
partially contracted det(n; - Y) and det(ny - Y).
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The leading term of the partially contracted determinant operators have been worked out
in [29] in the study of giant gravitons in /' =4 SYM, and we can simply recycle the result.
For instance, the PCGG obtained from the partial contraction of det(nz-Y") and det(7i;-Y)
is a non-local single trace operator

((n2 - Y) () (1 - Y)(xl))L] . (A.8)

| (d21)N—L (71)L+1

(N —1L) LkN-L L

tr

A similar expression can be derived for the partial contraction of det(n;-Y') and det(ng-Y).
Combining the two contributions, we find that the full PCGG is given by

i)™ 1yt (1| (02 V)i V)]

=NI(N - L)!
Gr(z1,x2) ( ) 2N-L L (d21)®

tr {((”1 -Y) (1) (ng - Y)(M))L}
(di2)

+

In order to take the large N limit, it is useful to divide it by the two-point function of giant
gravitons (A.7). We then get

Gr(z1,72)  Noool(—
(D1(21)Da(x2)) L

et ppye (| (2 Ve V)]
()\> (da1)E

tr [ (1Y) (@) (2 V()|

" (di2)F

Twisted-translated frame and MPS. To compare this with the results in the main
text, we consider the twisted-translated kinematics and set a; = —as = 1 and a3 = 0.
Computing the Wick contractions between the PCGG (A.9) and the single-trace operator
and dividing the result by the normalization Np, we find that the structure constant is
given by

on _ (0 _BO)
MO T 00}

which precisely matches with the result in the main text (4.65).

(A.9)

B Derivation of BPS three-point funcitons

Here we explain how to derive the expression for the three-point function of two (non-
Jmaximal giant gravitons and a single-trace BPS operator given in (4.51).
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The starting point of the analysis is the generating function of structure con-
stants (4.50). In order to extract the structure constant for a single-trace operator with a
fixed charge, we perform the integration over s; namely

<DMDMO%>:_7{ dS]{ dztm[ L } (B.1)

(DyDar) |s|=ec1 2mis T J; =1 2miz 1—sToTe

Here we replaced the integration variable 8 with z = €. Note also that the integration of s
is performed in a region near the origin |s| < 1 since the generating function 1/(1 — s757)
is expected to have a finite radius of convergence when expanded in s and therefore one
has to take |s| to be sufficiently small in order to use the formula.

As the next step, we diagonalize the matrix 1/(1 — sTy7y). We also change the inte-
gration variables as

1

_ dy3d32 N (d13d31 ) 1

S§=A s, Z= z (B.2)
di2 do3ds3o

in order to simplify the expression. As a result we get

(PuDMO) (| disdse L ds dz
(DuDuyr) (A di12 ) 7{§|=e<<1 2misl+ L 7{2:1 2miZ

2 (1-¢8) - (B3)

VES(w — 1)(1 4 24) + 22((€ + 1)5w — 2)] '

X

1+

We then perform the integration of Z by closing the contour and picking up contributions
from poles inside the contour. When |3| < 1, we find that the integrand has three poles
inside the contour |z| = 1:

iig, o] \/1+§2§—(1+§)§w—\/(l—i:§2§—§(1+§)w)2—4§2§(w—1)2' (B.4)
£L/4 25(w —1)

Computing the residues from these poles (and redefining § as s), we obtain (4.51).

C Data and numerics

In this appendix, we explain our method to numerically solve the Bethe equation and
provide some data for the overlap with the non-maximal giant graviton.

C.1 Numerical solutions to the Bethe equations

Solving the Bethe equation. To solve the Bethe equations (3.7) numerically, we follow
the following strategy: first we divide the auxiliary roots w into two subsets w = w(lUw(®) |
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introduce a parameter € to modify the Bethe equations into the following:

N W oW by @) 4
Uj—i-% _ﬁu]‘—uk—l-i[ﬁuﬂ_wk _2Iﬁu3_wk _26
uj =3 o Ui T Uk T () 4 2= @ L

el =1 u; — wy, +§ =1 u; —wy, +§€

. W, )b @)
U]—I—% _ﬁl@‘*’()kﬂ*ilﬁvj_ k _2Iﬁv3_wk _26
v =3 _kfl Uj Ok — O] @, b7

k;] = Uj_wk + — k= ’U]'—’wk +§€
(1) ‘ (1) i
Ko w'’ —up — - Ky v — —
:Hw] Ul B wj Vi 26
k=1w§-1)—uk+zk—1w§)—vk+%e

(1) @ .

xlﬁ w§-1)—w,(€1)+zlﬁ wj(l)—w,(f)%-ze

w® My 1 _ @ _

]Iz;} b L k=1 wj wk 1€
2) ‘ 2) ‘
M w —up — e N w® — o, — =
1:Hw] Uk 26Hw] Vk 2
k=1w(.2)—Lakﬁ—zelﬂ:lw@)—vk;+3
J 2 J 2

The modified Bethe equations (C.1) go back to the original equations when e = 1 while
they become two decoupled SU(3) Bethe equations when € = 0.

Second we solve the SU(3) Bethe equations using the rational Q-system'® by Marboe
and Volin [117]. We then use these solutions as “seed” solutions for € = 0 and use FindRoots
in Mathematica to generate solutions for € = 1.

As a result, we obtained the solutions to the original Bethe equations (3.7). In what
follows we only consider the solutions with K, = K, = K, that are relevant for the
computation of the overlap. Note also that the solutions listed below are by no means
exhaustive. It would be desirable to improve the algorithm for solving the Bethe equations
and perform more systematic checks. In particular, the generalization of Marboe-Volin
algorithm for the alternating spin chain is an important open problem.

Solutions to the Bethe equations. Let us now list the solutions we obtained. Here
the Bethe roots denoted in red satisfy both the selection rules and the zero-momentum
condition while the Bethe roots denoted in blue only satisfy the zero-momentum condition.
All the other Bethe roots do not satisfy the zero-momentum condition and therefore do
not correspond to single-trace operators in ABJM theory. For later convenience, we also
numbered each solution in red, as [n].

9However, the Q system there only works for the case when L — M > M — N > N, where L is the length
of the SU(3) spin chain and M, N are number of two types of magnons. Sometimes this constraint is too
strong to obtain the SU(4) solutions. In some cases, we can fix this problem using the bosonic duality [116].
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[u, v, w]

({0}, {0}, {0}] [1]

{3} (525 ), 0]

IEIREINEN

[{_%}7 {_%}7 {_% ]

[{0}, {0}, {0}] 2]

{3}.{—3}.{0}] [3]

(-8} (-8} {-%}

({22} {2} (-1}

({0}, {0}, {0}] [4]

{5 h (s} {0)] 1)

[{—0.3987366944412021}, {0.3987366944412021}, {0}]

[{0.13397459621556135}, {0.13397459621556138}, {0.13397459621556135}

[{0.45440762733328904}, {0.15990657179334503}, {0.307157099563317}]

[EIEINEY

N RN VST

[{—0.34554024732023516, 0.34554024732023516 },
{0.34554024732023516, —0.34554024732023516 },
{0.511081084529393874, —0.511081084529393877}]

[{—0.51320279936202029, 0.062678427970585504 },
{0.51320279936202029, —0.062678427970585504 },
{—0.41623324836102756, 0.41623324836102756 } |

[{—0.67910322332093357, 0.025611245506665032},
{0.53448799950517913, —0.74702142547534923},
{-0.76136871888869386, 0.32835601699647453 }]

[{—0.56944513222254722,0.56944513222254722},
{0.56944513222254722, —0.56944513222254722},
{0.55472575089337952i, —0.55472575089337952i }] [7]

[{—0.66931302374657110, —0.10647062449199778},
{0.66931302374657110,0.10647062449199778},
{—0.48978976193047651,0.48978976193047651}] [8]

[{—0.028299146374196785, 0.55999384176787242},
{—0.028299146374196785, 0.55999384176787242},
{0.26584734769683781 — 0.506241906378753121,
0.26584734769683781 + 0.5062419063 78753123 }
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6 |2 [{0.34675919853122809, 0.99366751548216189},
{—0.34675919853122809, —0.99366751548216189},
{0.71060441235307684, —0.71060441235307684}] [9]

[{—1.0773108398074073,0.49798319908651183},
{0.089846608200097142, 0.42002515253515016},
{—0.59531374844468910, 0.56058580845186502}]

6 |2 [{0.40946507692652007, 0.10041044458589016},
{—0.39457524195942078, 0.15869120668880070},
{0.44210986670775702, —0.30511412358686194 }],

[{0.11567004621958770, 0.44116926182762157},
{—0.40026535781351243, 0.48672949230748789},
{0.57166303815947364, —0.25001131688888128}]

[{0.37830228050349018, 1.0458410010838975},
{-0.055390813251937810, —0.35320869561294462},
{0.78252761450158240, —0.27475572814032976 }]

[{0.36681212663617484,1.0519697940662345},
{0.20899528319467480, —1.0040495234017774}
{0.82203932258846606, —0.51017548234081269} |

[{0.13241485029334295, 0.45759251757083131},
{—0.098732170839668265, 0.48070339312713823},
{0.59462910995790549, —0.10863981488208338}]

3|3 [{—0.61842989257770833, 0,0.61842989257770833}
{0.61842989257770833, 0, —0.61842989257770833},
{0.71410132990930250, —0.71410132990930250, 0}] [10]

5 |3 [{—0.90018200552947429, 0.031648482693564728, 0.37680381182936445}
{0.90018200552947429, —0.031648482693564728, —0.37680381182936445},
{—=0.75676650863660755, 0.75676650863660755,0}] [11]

6 |4 [{£0.53714639382219377 4 0.51401134667644172i}
{F0.53714639382219377 F 0.51401134667644172i},
{+£1.60040242291932604, +-0.506227035245592304 }]2° [12]

[{—0.098635382965062615, 0.14753207194168752,
—1.0179905746843994,0.47877616601418219},
{0.098635382965062615, —0.14753207194168752,
1.0179905746843994, —0.47877616601418219},
{—0.89439365253962075, 0.89439365253962075,
0.22001470275637868, —0.22001470275637868}] [13]

*Here the precise meaning of the expression like “{+Re(u) & iIm(u)}, {FRe(u) F ilm(u)}, {Fw1, Fws}”
is “{Re(u) + iIlm(u), —Re(u) + iIm(u),Re(u) — ilm(u), —Re(u) — iIm(u)},{—Re(u) — ilm(u), Re(u) —
iIm(u), —Re(u) + iIm(u), Re(u) + tIm(u)}, {wi, —wi, w2, —wa2}".

-39 —



C.2 Overlaps for non-maximal giant gravitons

Here we summarize the results for overlaps for non-maximal giant gravitons w # 1. Be-
low we list the results for the ratio between the structure constant of the maximal gi-
ant graviton Dy o and the structure constant of the non-maximal giant graviton Dy 0;

r= ©M|O/®N\O

1] r=w,
2] r= -2+ 4w? —w,
[3] r=—2w®+4w? —w,
[4] r=6w5 — 24w + 30w® — 1202 + w,
6]  r=06w’— 24w + 30w — 12w 4+ w,
[6] r=2w? —w,
7] r= — 4w+ 8.80557589w> — 3.77669700w? — 0.028878886w ,
8]  r= —4w! +8.21090774w® — 3.39983829w? + 0.188930549w ,
9]  r=12w°% — 47.8851733w® + 62.8683251w* — 30.0180998w> (C.1)
+ 3.96919074w? + 0.065757247w ,
[10] r=— 24+ 4w? —w,

[11] 7= — 8w’ +20.17658812w* — 12.92497528.°
+ 1.74975464w? — 0.001367480w ,

[12] 7= — 16w° + 42.978665w° — 33.996976w* + 8.5586366w>
— 0.54003958w% — 0.00028639193w ,

[13] 7= —16w5 +49.281471w° — 51.190705w" + 23.285677w?
— 5.0615656w? + 0.68512348w .

Here [n]’s refer to the numbers in the table above.

D Nested algebraic Bethe ansatz

In this appendix, we review the nested algebraic Bethe ansatz approach for the SU(4)
alternating spin chain [34, 37]. We begin with the following set of four R—matrices,

Rap = u+ Py, (D.1)
Ry =u+Pg, (D.2)
Ryp=—-(u+2)+K;, (D.3)
Ray = —(u+2) + Kap, (D.4)

where a (a) denotes the spin in the fundamental (anti-fundamental) representation of
SU(4). These R—matrices satisfy the following eight Yang-Baxter equations,

Rap(u — v)Rac(u) Rpe (v) = Rpe(v)Rac(t)Rap(u — v) (D.5)

where a can take value of a or a independently.
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We now define two monodromy matrices using two different auxiliary spaces in 4 and
4 representations,

To(u) = Rar(u)Ryi(u) - - Rar (u) Ry (u) (D.6)
Ta(u) = Rar(u) Rgi(u) - - Rar(w) Ra (u) - (D.7)

The corresponding transfer matrices
T(u) = TrTe(u), 7(u) = TrgTa(u), (D.8)
commute with each other
[7(w), ()] = 0, [T(w), 7(v)] =0, [7(u),7(v)] =0, (D.9)

due to the above Yang-Baxter equations. We can generate two Hamiltonians from the
transfer matrices,

2Ll e = FO) L) (D.10)

H,jq = 0
da = (7(0)) Tu . T L

The true Hamiltonian is given by H = H,4q + Heyen Which is the same as planar two-loop
anomalous dimension matrix in the scalar sector of ABJM theory, up to rescaling and
shifting by a constant.

Due to (D.9), there exist u—indepedent common eigenstates of 7(u) and 7(u). We
now construct eigenstates of 7(u) using nested algebraic Bethe ansatz [118]. For a nice
review, we refer to [119]. We first write the monodromy matrix Tp(u) as 4 x 4 matrix

whose elements are operators acting on the Hilbert space of the spin chain H & (C*)®2L,

To(u) =

The RTT relation
Rap(u — 0)To(u)Ty(v) = Typ(v)Te(u) Rap(u — v), (D.11)

from Yang-Bexter equations, leads to the following commutation relations,

—v—1 1
A(u)B;i(v) = %Bi(v)fl(u)—i— Bi(w)A(v), (D.12)
— u—v
Dy () By(v) = —— By (0) Dy (w) (RO (w =) —— By ()Dy(v),  (D.13)
J u—wv J ki ou—v Y ’
where i, j, k, - - - take values in 2, 3,4 and
k'/jl ! ql VA
(RSU(S) (u— ’U))kj = (u—v)of 5; + 5;? & (D.14)
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is an SU(3) R-matrix. And the red part in the above formulas is the origin of the unwanted
terms in the following.
Now we consider the subspace H; of H spanned by the state

|1,41,1,d9,---,1,4L) (D.15)

with 7, = 2,3,4. Any state |1) in this subspace satisfy the following important property,

A1) = (—u — 2)(u+ 1D)E1), (D.16)
Ci(u)|]1) =0, (D.17)

Consider the following state in H,

|¥) = Bi, (1) - - Biy, (uar) XM 1), (D.19)

with |1) € H; and X to-be-determined coefficients. The acts of 7(u) = A(u)+ Dj;(u)
on [1) is given by

A —2)F(u+1)* ted terms D.20
(u)|v) =(—u (u+ H — ) + unwanted terms, ( )
o 1 karl
DJJ(U)W)) = <H w— M‘) By, (pa) -+ BkM(:UM) le( )RSU( )< ,UM)quIlij 1 (D.21)
i=1 g
XRSU('S)(U _ MM—l)fﬁ__llllIC;__; o RSU(3) (u — s )ZglllgRSU( )('LL _ Ml)flljl

x X1 iM|1) 4 unwanted terms .
Now we need to compute the eigenstate of

(u )RSU( )( IuM)leM RSU(B)(U _ MM_I)’?M—JMA -~~RSU(3)(U _ /LQ)WQ (D.22)

inmlnr—1 i —1la—2 isly

% RSU( )( Hl)klll
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acting on (C*)®M @ Hp. It is not hard to see that the problem is reduced to finding
eigenvalue of transfer matrix on an integrable SU(3) spin chain with length M + 2L. On
this chain, p1,-- -, uas play the roles of inhomogeneity parameters. One can reduce further
to an SU(2) spin chain and finally diagonalize the transfer matrix. Collecting all of the

wanted terms, we get

Aw) = (—u— 2) (u+ 1 LH u‘_’”#:l (D.23)
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Demanding the vanishing of the residue of the spurious pole at v = p;, vj, \i, leads to Bethe
equations. After performing the substitution p; = iu; — 1/2,v; = iv; — 3/2, A\, = iwy, — 1,
these Bethe equations becomes exact the Bethe ansatz equations (3.7) in subsection 3.
When these Bethe equations are satisfied, the above A(u) is the eigenvalue of 7(u), and the
corresponding eigenstate can be constructed using the above procedure. We have checked,
for small L, that such states are also eigenstates of 7(u). It should be very valuable to
prove this for the general case.

The Bethe states from algebraic Bethe ansatz and the ones from coordinate Bethe
ansatz are related by

]u,v,w)“l O(Huifujﬁ‘invi_vj+ini_wj+i‘u7V7W>co’ (D24)

V; — U5 i<j Ww; — Wj

with a proportional factor which is invariant under the permutations of rapidities of the
same type.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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