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§1.1. Backgrounds: Feynman graphs

Roughly speaking, Feynman graphs describe interactions and
propagations of particles (point particles or strings).

> Path integrals;

» Summation over Feynman graphs.

However, Feynman'’s path integrals are infinite-dimensional in general,
thus are not well-defined in mathematics.



§1.1. Backgrounds: Feynman graphs in mathematics

In mathematics, we know about finite-dimensional integrals (regarded as
formal power series in the coupling constants):

» Formal Gaussian integral = Sum over thin graphs:
202 x" 1 2
eg. /Rexp<z>\g fg7,,-m—2)\2&-x>dx.

» Hermitian matrix models (at finite N) = Sum over fat graphs:

G S

where Hy = space of all Hermitian matrices of size N x N.




§1.1. Backgrounds: Feynman graphs in mathematics

Question : How to compute these summations over graphs or formal
integrals (partition function), and their logarithms (free energy)?

> Expanding integral and its logarithm directly are hard (since it
involves sum over partitions of integers);

» Writing down all possible graphs without missing and repeating and
computing | Aut(T")| are also hard .

Other strategies:
» Derive recursion relations;

> Relate to integrable systems (KP, BPK, KdV, ---);



§1.1. Backgrounds: Feynman graphs in mathematics

In physics and mathematics literatures, solutions to some quadratic
recursions are known to be summations over graphs:

» BCOV holomorphic anomaly equation (HAE) for quintic threefold:

» Summations over stable graphs (at g = 2, 3).
> Bershadsky, Cecotti, Ooguri, Vafa.

» Eynard-Orantin topological recursion:

» Summations over trivalent graphs or stable graphs.
» Eynard, Orantin; Eynard; Dunin-Barkowski, Orantin, Shadrin, Spitz.

» Virasoro constraints for Hermitian matrix models:

» Summation over fat graphs.



§1.1. Backgrounds: Feynman graphs in mathematics

Thus it is natural to expect:

» Summation over graphs always satisfies some quadratic recursions?

» This property is determined by combinatorial properties of graphs
(and independent of the specific Feynman rules)?

To formulate these recursions in terms of graphs, we are supposed
to introduce some operators on graphs (linear maps on the space
spanned by graphs) first.



§1.1. Backgrounds: Feynman graphs in mathematics

Another application of Feynman graphs in mathematics: describe
moduli spaces of curves:

» Penner; Harer; Mumford; Thurston; Strebel; etc.

Fat graphs describe cell decomposition of M;‘f,,mb (combinatorial moduli

space of smooth stable curves, where 2g — 2+ n > 0).

Structures: Whitehead collapse.

» Deligne-Mumford; Knudsen.

Stable graphs describe stratification of M, , (Deligne-Mumford moduli
space of stable nodal curves, where 2g —2 + n > 0).

Structures: forgetful and gluing maps.



§1.3. Backgrounds: Motivation of our works

Inspired by the above works, we introduce a formalism called:

Abstract QFTs and their realizations.

» Abstract: Summation over graphs —  Summation of graphs.

> Realization: Assign Feynman rules, and obtain specific theories.

We want to derive recursions which are independent of Feynman rules.

These recursions will lead to some recursions for the specific theories
pbtained by assigning Feynman rules.



§2. Abstract QFTs: Overview

We introduce two types of abstract QFTs:

» Abstract QFT for stable graphs;

» Abstract QFT for fat graphs (ribbon graphs);

Then we introduce some operators on these graphs according to
the following philosophy:

Operators on graphs are indicated by structures

of the corresponding moduli spaces.



§2. Abstract QFTs: Overview

» Stable graphs:

» Operators: Edge-cutting/edge-adding;
» Quadratic recursion of HAE-type;

» Linear recursion for fixed g.

» Fat graphs:

» Operators: Edge-contraction/vertex-splitting;
» Abstract Virasoro constraints;

» Quadratic recursion for abstract n-point functions.



§2.1. Abstract QFT for stable graphs

A stable graph consists of:
> Vertices v € V(I'), and a genus g, € Z> associated to every v;
> Internal edges e € E(I"), connecting these vertices;

> External edges e € E&*(T).

Stability condition:

> For a vertex v of genus 0, we have val(v) > 3;

> For a vertex v of genus 1, we have val(v) > 1.

Genus of a stable graph T':

g(M): + > &

veV(r)

where h(') is the number of independent loops in T.



§2.1. Abstract QFT for stable graphs: Geometric backgrounds

Stable graphs are dual graphs of stable curves:

irreducible components <> vertices
nodal points < internal edges

marked points <> external edges

Example

Stable curves:

(=D

Dual graphs:

-0- = —O0D



§2.1. Abstract QFT for stable graphs: Geometric backgrounds

Stratification of My , is descirbed by stable graphs:

Mg,n/sn: |_| Mn

regg ,

> G ,:= {connected stable graphs of genus g with n external edges};
» M: the moduli space of stable curves whose dual graph is T;

» Modulo S, means we do not distinguish the n marked points here.

Remark
Gg . is a finite set for every (g, n) with 2g —2+n > 0.



§2.1. Abstract QFT for stable graphs: Construction

Construct an abstract QFT for stable graphs by defining:

> Abstract free energy (g > 2): ]?g = > mr.

regg o

» Abstract n-point functions (2g —2+n > 0): ]?g,,, = ¥ mr,

regg ,
They are elements in the linear space spanned by all stable graphs.

Remark
They are finite summations due to the stability condition.



§2.1. Abstract QFT for stable graphs: Construction

Example
Here are some examples:

Foz =1 -0
.7'/:1,12 O +%@

Fo=@+3D+; OO +5 0 +3 O-O0 +3 WO-O0+ ;00



§2.1. Abstract QFT for stable graphs: Operators

Two types of natural maps on M,

» The forgetful map:
T+l - Mg,n+l — ﬂg,n
forgets a marked point; contract the unstable component.
> The gluing maps:

ST Mgl,n1+1 X Mgz,n2+1 - Mg1+g2,n1+n27
52 g 1,n+2 — Mg ns

glue two marked points together to get a new nodal point.



§2.1. Abstract QFT for stable graphs: Operators

We construct two linear maps on the space spanned by stable
graphs as the inverses of the above maps:

» Edge-cutting operator K: inverse of the gluing maps.

> Edge-adding operator D = 0 + ~: inverse of the forgetful map.

Remark

In the definitions of 0 and -y, we need to take all possible unstable
contractions into consideration.



§2.1. Abstract QFT for stable graphs: Operators

» The Gluing maps:

(v =) (@ - CoO
(=9 - &9

» Edge-cutting on stable graphs:
o— —®» - @0
@ “ @D



§2.1. Abstract QFT for stable graphs: Operators

> The Forgetful map:



§2.1. Abstract QFT for stable graphs: Operators

Example

K C@-@p=2 @@ + @ @D
K @0 =300

oD = O,

9 C©-@o=20-@D +2 @O0 + ©0-@>,
7 O =@®©A0C ,

Y Q@ =2 A0-Or .



§2.1. Abstract QFT for stable graphs: Recursions

Theorem (W-Zhou, 2019)
For2g — 2+ n > 0, we have the following two types of recursions:
1) A linear recursion with fixed g: DFgn=(n+1)Fgni1.

2) A quadratic recursion:

=~ 1 ~ ~ ~
KFgn = 2 (DD]:g_l’" + Z DFgm - D}-gzm)’ 26 —2+n>0;
sim
1+m=

g—1
K7, = %(D@Fg_l +Y 07 - aﬁg_,), g>2,

r=1

where we use the convention:

6.7?1 = 'Dj':1 = fl,h 'Dj‘:o,z = 3]?073, D’Dﬁo}l = 6]?073.

Remark
The ‘multiplication’ of two graphs means disjoint union.



§2.1. Abstract QFT for stable graphs: Recursions

Example
We have the following expressions for K]-A'z and .7?1,2:

KR=3 @+ (@ @) +} @ +( @ -@)
H OO + @0 +(@ o)+ |

Fio =3O~ +;AOC +; @0OC +; AO-0QC +; 00—
One can check:

PN 1~ - 1 N PN
KF,=Fio+ 5.7:171]'—171 = E(Dpfl + 'Dfl'D]:l).



§2.2. Abstract QFT for fat graphs

Fat graphs:
> Graphs (maps) on oriented surfaces;

> 1-skeleton of a cell-decomposition of the surface (up to equivalence).

A (not necessarily stable) fat graph I consists of:
> Vertices (0-cells) and internal edges (1-cells);
> A cyclic order of half-edges on each vertex (induced by the
orientation of the surface).
Genus of a fat graph g(I') := genus of the surface.
Euler's formula: 2 —2g(") = |V(I)| — |E(T)| + |F(I)], where:

V(T) = {vertices}, E(TI') = {edges}, F(I') = {faces}.



§2.2. Abstract QFT for fat graphs: Construction

Definition (Abstract correlators)
The abstract correlator of genus g and type 1 = (@1, , ftn) € Z2:

1
[ = —ee
8= 2 Tamm

regaty

It is an element in the vector space Vi := é Qr.
rert

We also formally denote:

féo) = oW

> vy, -+, v, labels on vertices;

> Faty’® = { connected fat graphs of genus g, s.t. val(v;) = p; }.



§2.2. Abstract QFT for fat graphs: Construction

Example



§2.2. Abstract QFT for fat graphs: Construction

Example

(4) _ 1
Fi7 =1 > :

6 1
A =3 % >@@



§2.2. Abstract QFT for fat graphs: Operators

Roughly speaking, define the edge-contraction operator by:

> If e € E(T) is not a loop (the ‘Whitehead collapse’):
hy h3 hy hs
h2 h4 h2 ! h4

> If e € E(T) is not a loop (degeneration of the surface):

h
D) i
hs

> Suitably relabel the vertices.

We formulate this procedure as a linear map K; on the vector space
spanned by all fat graphs.



§2.2. Abstract QFT for fat graphs: Operators

Edge-contraction indicates degeneration of surfaces. For example, the
second case above (i.e., contracting a loop) means:

@ -@-

On fat graphs, one has:



§2.2. Abstract QFT for fat graphs: Recursion
One can recursively compute F}' with lower g or lower p:

Theorem (W-Zhou, 2021)

The following quadratic recursion relation holds:

n ‘72Y . )
Ki(Fg) = 6&05",15#172}-5?{)1}5522} T Z(ﬂl + - 2)]'-;”1”] vy

j=2
(@, B, 1m0\ {1}) (cspep) (B,1g)
+ >, ap (fgfl + D Fathuom e thuus
atpB=p;—2 g1t+82=¢
a>1,8>1 TuJ=[n]\{1}

(0) (H1=2, 1\ {1}) (0) (#1=2, 10\ {1})
(=2 Fo oy Fe ey - T (11 =2) - Fo oy Fp pniangzy

where:
> [n] = {1727 7"};
> [ +1:={in+1,---,ik+1}, for I ={i, - ik},

> F ;, , is obtained by relabeling the vertices using indices in | to F};

. ]_.;urlwn]\{l}) =0 for uy < 2.



§2.2. Abstract QFT for fat graphs: Recursion

Define ‘generating series’ of the above abstract correlators:
Definition

> Abstract free energy of genus g for fat graphs:

(after forgetting the labels on the right-hand side).
> Abstract partition function for fat graphs:

*exp(Zng 2F, )*HZ gt~ ZZ,,. > > |Aut(r

g=—00 n>1 RELY § TeFaty

(after forgetting the labels on the right-hand side), where Fatf is the set
of all (not necessarily connected ) fat graphs of genus g and type u, and
‘1’ is an ‘empty graph'.



§2.2. Abstract QFT for fat graphs: Recursion

Remark
Genus and automorphism of a disconnected graph I'=T7 U L Tg:

> gl =g(M)+-+g(Mk) —k+1;

> Aut(l) := Aut(l1) x -+ x Aut(lk).



§2.2. Abstract QFT for fat graphs: Recursion

The above quadratic recursion relation for abstract correlators can be
reformulated in the following way:

Theorem (W-Zhou, 2021)

The following abstract Virasoro constraints holds:
Ln(Z)=0, VYm > —1,

where (roughly speaking) the abstract Virasoro operators {Lm}m>—_1 are
constructed using some vertex-splitting operators. Moreover, one has:

[»Cfm,[fn] = (m - n)£m+n7 Vm,n > —1,
where the Lie bracket [,] is ‘almost’ the commutator.

Remark
Vertex-splitting are ‘inverse’ to edge-contraction.



§2.2. Abstract QFT for fat graphs: Recursion

Abstract Virasoro operators are of the following form:
L_q1:=—-01+ an,n + g572 Sy-1,
n>1

EO = _282 + an,n—l + g5_2 * Y0,

n>1

m—1
Lm = _(m + 2)8m+2 + Zsrwrm,nfl + ng . Z jn,mfn

n>1 n=1
+ 2jm,0(_ u rdot)7 m 2 1.

These operators describe inverse procedures of edge-contraction. We mark the
vertex v that we are going to apply the edge-contraction operator to.

> Ok: to choose a valence k vertex to be marked;
> S, « (vertex-splitting): the inverse of contraction of a non-loop;

» Jki: the inverse of contraction of a loop.

Here we omit detailed definition (which is natural but very lengthy!).



§2.2. Abstract QFT for fat graphs: Recursion

One can also collect the abstract correlators in the following way:

Wg,n = 5g,06n,1f(§0) + Z Hipe2 - - Mﬂfg
HEZL,

Theorem (W-Zhou, 2021)

The abstract Virasoro constraints can be reformulated in the following way
(which resembles the Eynard-Orantin topological recursion):

n
(1- 27‘01_1)Wg,,, :ZUjS{l;j}Ul_IWg,n—l + 5{1,2}01_102_1 (Wg—l,n+1
j=2

s
+ Z We, (131 'Wgz,{2}\_|J)7

g1+&82=g
TuJ=[n+1\{1,2}

> Wy,i: obtained from W, || by relabelling the vertices using indices in I;

> Sij, Jip2, T, oj: certain operators on fat graphs.



§2.2. Abstract QFT for fat graphs: Recursion

Summary: Three (equivalent) quadratic recursions for fat graphs:

» For the abstract correlators FE:

» Quadratic recursion using edge-contraction operator Ki;

» For the abstract partition function Z:
» Abstract Virasoro constraints;
» For the abstract n-point functions Wg

» Quadratic recursion which resembles the E-O recursion.



§2.3. Abstract QFT for ordinary graphs

We have also constructed an abstract QFT for ordinary graphs
(W-Zhou, in preparation).

Roughly speaking, an ordinary graphs is a (not necessarily stable)
thin graph whose vertices have no genus.

Here we omit the details. In this case we have:

» Abstract flow equations and abstract polymer equation;
» Abstract Virasoro constraints;

» Abstract bilinear relation (of Hirota type).



§3. Realizations of Abstract QFTs

We construct realizations of an Abstract QFT:

> Assign a suitable Feynman rule I — wr to each Feynman graph, where
wr is a formal variable (or a function, a formal power series, etc.).

> The abstract correlators, abstract free energy, and abstract partition
function will be realized by some functions or formal power series:

1 1
2 tAwm” T 2 TAwm

> An operator O (edge-cutting/adding/contraction, abstract Virasoro, etc.)
acting on graphs is realized by an operator O, if:

W@(r) = O(Wr), VF

> If we know the realizations of the edge-cutting/edge-adding or
edge-contraction /vertex-splitting operators, then we obtain recursions for
realizations of abstract correlators, abstract free energies, or abstract
partition function automatically.



§3. Realizations of Abstract QFTs: Formal integrals

Examples of realizations: Formal integrals.

» Formal Gaussian integrals: for stable graphs:

n

» foexp (> ATy, X — ﬁ ~X2)dx.

2g—24+n>0
> owr = H f:g(v),val(v) ' H K.
veV(l) ecE(l)

» Hermitian one-matrix model (at finite N): for fat graphs:

> fo, exp(tr';lg”;gi"’zM”)dM/fHN exp (— ") 4.

» wp = tFOL TT g, where t = Ng; is the 't Hooft
veV(l)
coupling constant.



§3. Realizations of Abstract QFTs: Formal integrals
Example (Stable graphs and HAE type recursion)

Let {Fz(t)}g>0 be a sequence of holomorphic functions. We set

0

Feo = Fe(t); Fen = F(t) = (5,)"

Fg(t), n>0,

and let ?g be the summation over stable graphs:
~ 1
Fg = Fe(v)val(v) * .
g E : | Aut(D)]| | | g(v),val(v) | | K

regg o veVv(r) ecE(T)

If kK = T(t where C is either a constant or anti-holomorphic in t, then:

g—1
aﬁﬁg_f(ofafg 1+ > OF, - OFg > g£>2,

r=1
where D; = 0; + kFj' is a covariant derivative.

> Edge-cutting operator K —  partial derivative O;
» Edge-adding operators D and @ —  D: and 0.



§3. Realizations of Abstract QFTs: Formal integrals
Example (Fat graphs and Hermitian one-matrix models)

> The abstract Virasoro operators {Lm}m>_1 can be realized by the fat
Virasoro operators for Hermitian one-matrix models:

Loy1:= _87g1 E ”gn+1 + tg1g5 )

0 0 2 2
Lojg=—27—+> ngny—+tg ",
o ag2 n>1 ¢ agn .

m—1
0 5 0 3]
Lm:E k4+m — 0 7+Sgkm—k—
,t k>1( )(gk k72)agk+m 8. L ( )agk agm—k
+2tmi, m>1.
0gm

» The abstract Virasoro constraints are realized by fat Virasoro constraints:

LnZy =0, VYm>—1;
[Lm, L] = (m — n)Lpmsn, VYmyn> —1.



§3. Realizations of Abstract QFTs: Formal integrals

Example (Fat graphs and Hermitian one-matrix models)

A direct consequence of the Virasoro constraints is the following cut-and-join
type representation for Zy:

Zn = exp(M)(1),

where:

M:% Z DOoOGo —|— Z +2a_2,

i+j+k=—2 I+j_72

where {a,} are the bosons (here we denote p, := gn):

P—n, n <0
ap =1 0, n=0;
”aipn’ n>0.

Since M € gT(\oo) one obtains a new proof of (Shaw-Tu-Yen 1992; etc.):

Corollary
The partition function Zy is a tau-function of the KP hierarchy .



§3. Realizations of Abstract QFTs: Formal integrals

Example (Fat graphs and Hermitian one-matrix models)
» The abstract n-point functions W; , are realized by:

Weln(xt, -+ Xn) = Gg0Bn1 0+ D (Puy -+ Pun)gxy U g (D

HEZL,

where (py, - - pu,)g are fat correlators of the Hermitian 1IMM.

» The quadratic recursion for W, , is realized by:
H
Wg,,,(xl, X2,y Xn)
. EH oy
x1, J g,n 1(X1, ety Xjy e 7Xn) + X1 ,U,V g—l,n+1(u7 V, X2, ,Xn)
=H H H
+ E En,u,v(ng,ulH(“’X/) : Wgz,|J\+1(V7XJ))

g1+8=¢
1ud=[al\ {1}

for (g,n) # (0,1), where D, E are some differential operators.



§3. Realizations for fat graphs: A conjecture towards EO

Recall the recursion for abstract n-point functions W; , for fat graphs:

n
(1= 2Toy YWen = 081401 Wan1+ Jayor oy (Wg_l,m
j=2

s
+ > Wer f1yur - Wgz’{2}UJ)7

g1t+&=g
IuJ=[n+1]\{1,2}

Conjecture (W-Zhou, 2021)

Assigning suitable Feynman rules to fat graphs, then the realization of above
recursion is equivalent to the Eynard-Orantin topological recursion. Here:

» The spectral curve is the realization of the spectral curve for the abstract
QFT (which emerges from the abstract Virasoro constraints);

» The Bergman kernel is the realization of Wy ».

Known to be true for Hermitian 1IMM at finite N, by [Zhou, in preparation].



§4. Applications

Now let us see two applications:

» Topological 1D gravity;

» Orbifold Euler characteristics of Mg .

We explain how to see recursion relations and integrable systems
from their (various) graph expansions.



§4.1. Application: Topological 1D gravity

The partition function Z'P of the topological 1D gravity is the following
1-dimensional formal Gaussian integral :

1 1/ 1 X"
ZlD::i/d -5+
o)t ) TP e\ T2 T L))

where {t,},>0 are the coupling constants.

Question : Computing the free energy F!P = log Z'P.

Remark
ZD s the special case N =1 of the Hermitian one-matrix models, thus
results for Zy applies to Z*P by taking N = 1.



§4.1. Application: Topological 1D gravity
Z'P can be expanded using both fat and thin graphs.

(1) Fat graph expansion:

Topological 1D gravity is the special case N =1 of Hermitian 1IMM, and
this gives a fat graph expansion of Z'P. Thus:

» One has the fat Virasoro constraints:

Ln(ZP) =0, Vm> —1;
[Lm, L] =(m—n)Lpsp, VYmyon>-—1,

where {L,,} are the Virasoro operators of the Hermitian one-matrix
models evaluated at N = 1.

» Z'0 s a tau-function of KP hierarchy .



§4.1. Application: Topological 1D gravity

(2) Stable graph expansion :

Z'P can be represented as a summation over stable graphs (whose vertices are
all of genus zero):

Theorem (Zhou, 2014)

For every g > 2, F;D is a finite summation:

b 1
Fgl = Z | l_)| H Ival(v : H 1-/17

regét € veVv(r) ecE(lN)

where G55° is the set of all connected ordinary stable graphs of genus g. And
for g = 0,1, one has:

10 k+1
Fo kz: k+1)| (e + 0k1)lo ™,
0

1 1

FiP = log ——
LTy



§4.1. Application: Topological 1D gravity

The renormalized coupling constants {/x} are defined by (Itzykson-Zuber
for 2D gravity; Zhou for 1D gravity):

=1 t t
IO:Z; Z ﬁ...ﬁ,

k=1 pi+---+pk=k—1

/n
I = Zt”“‘%’ k>1,

n>0
and
— (—=1)"§
Z 0 In+k7 k 2 0.
n=0 !
Remark
Here Iy is the critical point of S(x) := —1x* + tn_l%, and {l}k>1 are the
n>1

Taylor coefficients of S(x) expanded at x = k.



§4.1. Application: Topological 1D gravity

Consider the realizations of Edge-cutting/edge-adding operators
on stable graphs:

Theorem (W-Zhou, 2019)

For every g > 2, we have:
1 Ei,
0F0 = <(dx ) FIP 3 dyFIP. M;g),
r=1

where dx is the operator dx 1=, Ik+1a%.

The above Theorem enables us to solve Fgz(g > 2) recursively using the

e 1D _ 1 1
initial value F{™ = 5 log 1=



§4.1. Application: Topological 1D gravity

For example:

w 1 h 5 I3
Y FR A R VY (R AR
Fio _ 1k T 12 7 bl 25 12k 5 I3
48(1—h)®  12(1—h)*  48(1—h)*  48(1—h)5 ' 16(1— h)S’
Lo :i I7 L1 b1s 5 kb 21 12
384 (1—h)* " 32(1—h)5  96(1—h)5S  640(1—h)®
113 Bl 1 B 7 hhl 445 1312
576 (1—h)s 96 (1 —h)s  12(1—h)s ' 288 (1— h)
161 Kl 985 Il 1105 I3
192 (1 —h)" ' 384(1—h)® ' 1152 (1— h)%°

For every g > 2, Fé}D is a polynomial in ﬁ

Remark

and I27 I37 e 7’2g—1-

This is the N = 1 case of the Hermitian one-matrix models. For polynomial
structure (Itzykson-Zuber ansatz) for general N (and fat genus expansion), see

[Zhang-Zhou 2019].



§4.2. Application: Orbifold Euler characteristics of ﬂg,n

We also present an application in algebraic geometry .

Recall that Mg, and M, , are complex orbifolds of dimension 3g — 3 + n.

» Manifold: locally U, U C C* open subset;
> Orbifold: locally U/G.

In general, many topological notions for manifolds can be generalized to the
orbifold case:

» Vector bundles — orbi-bundles;
» Cohomology — orbifold cohomology;

» Euler characteristics — orbifold Euler characteristics;



§4.2. Application: Orbifold Euler characteristics of ﬂg,n
The orbifold Euler characteristics of M, , are given by:

Theorem (Harer-Zagier; Penner)

The orbifold Euler characteristics of My , are given by the following
Harer-Zagier formula :

(28 —1)Bye

X(Mg,n) = (71)’1 ' (2g)|

(2g +n—3)!,
for2g —2+n>0.

Recall: Mg, x R] has a cell-decomposition indexed by fat graphs.

> Harer-Zagier: prove by computing sum over fat graphs (with n = 1);

> Penner: prove by matrix integration (Penner model).



§4.2. Application: Orbifold Euler characteristics of ﬂg,n

Question: We want to compute orbifold Euler characteristics of M, ,.

Recall: M, , has a stratification indexed by stable graphs of type (g, n). Thus
the orbifold Euler characteristics are given by (Bini-Harer):

X(ﬂg:”/s”): Z |/—\ut(r H X (v),val( ))

regg., vev(r)

where the weights of vertices are given by the Harer-Zagier formula.

Define the refined orbifold Euler characteristics of Mg, ,/S, to be:
130

Xen(tR) = D M' Hr)(x(/\/lgv,nv)~tHgv—"v).

regg , veVv(
Then the orbifold Euler characteristic of My, can be recovered by:

X(ﬂg»n) =n' xg,n(L,1).



§4.2. Application: Orbifold Euler characteristics of ﬂg,n

Then the edge-cutting/edge-adding operators are realized by some
differential operators in variables t and k, and we have:

Theorem (W-Zhou, 2018)
For2g —2+n >0, we have

Dxg.n = (n+ 1)Xg.nt1, (1)
1o} 1
&Xg,n = E(DDXg—l,n + Z Dxgy,m Dng,n2)7 (2)
g1+82=¢,
ni+ny=n

where Dxgn = (2 +rt 7" Z +n Kkt ) xgn

The above recursions enable us to compute xg,, for 2g¢ —2+n > 0:

> The quadratic recursion (2) enables us to compute X, using {x,.»} with
r<gor(r=g,h<h);

> The linear recursion (1) enables us to compute xg,» using Xg,0 for g > 2
(and x0,3, x1,1 for g = 0,1 respectively.)



§4.2. Application: Orbifold Euler characteristics of ﬂg,n

We can derive some formulas using these recursions. E.g., for g = 0:

Theorem (W-Zhou, 2018)

For n > 3, we have x(Mo,,) = n! - [ Y7-5 Ax(x)], where [], means the
coefficient of x". The functions Ax(x) are given by:

Ao = %(1 + x)?log(1 + x) — %x - %xz,
1 1
A= 5+ (1+x)(log(1 +x) — 1) + 5 (1 +x)*(log(1 + x) — 1)’,
2 k—m—1
Ly b1 (gt k1) - 1)
Ax = 2. (m+2)] /E i esm(l—m,---  k—m-—1)

for k > 2, where e are the elementary symmetric polynomials.

3g—3+n3g—3

For higher genera, x(Mg,n) = n! - [ Z Z ap oAD 4 (x x)],. where AL ((x) s

given by an explicit expression similar to Ak



§4.2. Application: Orbifold Euler characteristics of ﬂg,n

Moreover, the graph sum formula/Gaussian integral formula for x(M,,,) leads
to the relation to topological 1D gravity:

Theorem (W-Zhou, 2019)

Let y,z be two formal variable and denote by x(y, z) the following generating
series of the orbifold Euler characteristics of Mg n:

W2 = Y L (M)~ Woly, 2),

2g—2+4+n>0

then we have:
1D
x(y:2) = F ()], —7, 1 (,0),m200

where V,,(y, z) are the generating series of x(Mg,m):

~ 1 g
Vio(y, z) = —5)/222 “6n0+ Yz 6n1+ Z X(Mg.n)> 727",
£>0, g>3(2—n)

given by the Harer-Zagier formula.



§4.2. Application: Orbifold Euler characteristics of ﬂg,n

Since Z1P is a tau-function of the KP hierarchy, one can use the
techniques of integrable systems to derive a formula for the generating

series x(y, z):

Theorem (W-Zhou, 2021)
The generating series x(y, z) is given by:

x(y,z) = (Z( N HA (2o(i)s Zo(i+1)) — (21_122)2>,

n>1 n-cycles o i=1
where:
= ok 1
AlD(fT] :sz+1 ” 177 2k 2+7’
pard £—n

and W is a particular evaluation (at times {V,}).



§4.2. Application: Orbifold Euler characteristics of Mgm

Example

0 1 2 3
g
0 1
5 1 17
1 13 3 9
9 119 247 413 89
1440 1440 720 32
3 8027 13159 179651 495611
181440 T2576 181440 T2576
4 2097827 5160601 97471547 1747463783
43545600 17418240 43545600 87091200
5 150427667 1060344499 35763130021 157928041517
1916006400 1642291200 5748019200 2209207680
6 31966432414753 43927799939987 350875518979697 14466239894532961
188305108992000 25107347865600 17118646272000 53801459712000
7 21067150021261 25578458051299001 5346168720992921 T66050649843508339
46115536896000 4519322615808000 684T4585088000 645617516544000
8 271081 7436478387 71323310082487963309 6227476 153540516409 409876415908263532817
184388 2496640000 3352515685908480000 18438836272496640000 T0O243185799987200




Thank youl!



