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Abstract

In this paper, we consider the Laplacian G, flow on a closed seven-dimensional manifold
M with a closed G»-structure. We first obtain the gradient estimates for positive solutions
of the heat equation under the Laplacian G, flow and then we get the Harnack inequality
on spacetime. As an application, we prove the monotonicity of parabolic frequency for
positive solutions of the heat equation with bounded Ricci curvature, and get the integral-
type Harnack inequality. Besides, we prove the monotonicity of parabolic frequency for
solutions of the linear heat equation with bounded Bakry-Emery Ricci curvature, and then
obtain the backward uniqueness.

Mathematics Subject Classification Primary 53E99 - 58J35

1 Introduction
1.1 Gradient estimates under the Laplacian G, flow
In [16, 32], P. Li, S.-T. Yau and Hamilton obtained the following gradient estimates for

positive solutions of the heat equation on a closed Riemannian manifold with Ricci curvature
bounded below.
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Theorem A (Li-Yau, [32]) Let (M, g) be a closed n-dimensional manifold with nonnegative
Ricci curvature, and u = u(x, t) be a positive solution of the heat equation on M x (0, 00).
Then the following estimate
[Vul?  du n
- <

u? u - 2t

holds on M x (0, 00).

Theorem B (Hamilton, [16]) Let (M, g) be a closed n-dimensional manifold with Ric >
—Kg for some K > 0, and u = u(x,t) be a positive solution of the heat equation with
u(x,t) < Aforall (x,t) € M x (0, 00), where A is a positive constant. Then the following

estimate
[Vu|? 1 A
==+ 2K ) In —
u t u

holds on M x (0, 00).

These two estimates provide a versatile tool for studying the analytical, topological, and
geometrical properties of manifolds.

In 2010, Bailesteanu-Cao-Pulemotov [3] obtained the Li-Yau estimate for positive
solutions of the heat equation when the metrics g(¢) are evolved by the Ricci flow

9;8(r) = —2Ric(g(r)). (LD

The Ricci flow was introduced by Hamilton in [17] to study the compact three-manifolds with
positive Ricci curvature, which is a special case of the Poincaré conjecture finally proved by
Perelman in [43, 44]. Hamilton [17] obtained the short-time existence and uniqueness of the
Ricci flow on compact manifolds, and Shi [46] obtained a short-time solution of the Ricci flow
on a complete noncompact manifold and the uniqueness with bounded Riemann curvature
was proved by Chen-Zhu in [7]. After that, many people began to study the gradient estimate
for the positive solutions of the heat equation when the metrics are evolved by geometric
flows see [2, 38, 47].

In this paper, we first study gradient estimates for positive solutions of the heat equation
under the Laplacian G, flow for closed G;-structure:

[ 0p(t) = Dy (1),

0(0) = o, (12)

which was introduced by Bryant [6] on a smooth 7-manifold M admitting closed G,-structure,
where Ay o(t) = dd;(t)w(t) + d;(t)dgo(t) is the Hodge Laplacian of g(¢) and ¢ is an initial
closed G,-structure. Here g(¢) is the associated Riemannian metric of ¢(¢). Since for a
closed G-structure ¢, Ayp = dd;j(p, we see that the closedness of ¢(¢) is preserved along
the Laplacian G, flow (1.2). The existence for the solution of the Laplacian G, flow can be
found in [6, 13, 29, 35, 41].

We first consider the following Li-Yau type gradient estimate of the heat equation

du(r) = Agyu(t) (1.3)

under the Laplacian G; flow (1.2), where A,y = trg(y) (Vg(t)> is the trace Laplacian induced
by g(1).

Theorem 1.1 Let (M, ¢(t))ic(0.1] be the solution of the Laplacian G, flow (1.2) on a closed
7-dimensional manifold M with T < 400 and —K g(t) < Ric(g(t)) < 0, where g(t) is the
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Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive
solution of the heat equation (1.3), then on M x (0, T], the following estimate

2
IVewu®l, () Ta (49¢x 10502 — 98ax 7@&)1{ (14

u2(1) w) ~2at \3a T @y T 24/ab

1
holds foranya > 1 and a, b > O witha + 2b = —.
o

As an application, we can get the following Harnack inequality on spacetime.

Corollary 1.2 Let (M, ¢(1))ie(0,1] be the solution of the Laplacian G flow (1.2) on a closed
7-dimensional manifold M with T < 400 and —K g(t) < Ric(g(t)) < 0, where g(t) is the
Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive
solution of the heat equation (1.3), then for (x,t1), (y,t2) € M x (0, T] witht; < to, we
have

2

(x, 1) < u( t)<t2 27ae /1 ah/(s)"’(”ﬂt 1)CapaK |d
2 < el iO) _
e, ) =uly, )\ o p b | 26— 2= 1)Caba S

where a > 1,

49 105« —98 74/29
Ca,b,ot = —+ + )

3¢ 2a(e—1) 2./ ab

1

a,b > 0witha +2b = —, y(s) is a geodesic curve connecting x and y with y (0) = y and
o

y(1) =x, and |y'(s)|o(s) is the length of the vector y'(s) at o (s) = (1 — s)t2 + s17.

For the Hamilton type gradient estimate of the heat equation under the Laplacian G, flow
(1.2), we have

Theorem 1.3 Let (M, ¢(t))ic(0,1] be the solution of the Laplacian G, flow (1.2) on a closed
7-dimensional manifold M with T < 400 and —K g(t) < Ric(g(t)) < 0, where g(t) is the
Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive
solution of the heat equation, then on M x (0, T'], the following estimate

u(t) A
|Vg(t)u(t)|§(t) < - |: () In m +aA2 — )‘772] (1.5)

holds, where n = n/lviln u(0), A = mﬁx u(0) and A is a constant depending on K, n and T.
1.2 Parabolic frequency under the Laplacian G; flow

In 1979, the (elliptic) frequency functional for a harmonic function u(x) on R” was introduced
by Almgren in [1], which was defined by

r / [Vu(x)|>dx
B(,p)

/ uz(x)da
9B(r,p)

where do is the induced (n — 1)-dimensional Hausdorff measure on d B(r, p), B(r, p) is the
ballin R” and p is a fixed point in R”. Almgren obtained that N (r) is monotone nondecreasing

N(r) =

)
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for r, and he used this property to investigate the local regularity of harmonic functions and
minimal surfaces. Next, Garofalo and Lin [14, 15] considered the monotonicity of frequency
functional on Riemannian manifolds to study the unique continuation for elliptic operators.
The frequency functional was also used to estimate the size of nodal sets in [39, 40]. For
more applications, see [9, 18, 19, 36, 49].

The parabolic frequency for the solution of the heat equation on R” was introduced by Poon
in [45], and Ni [42] considered the case when u(¢) is a holomorphic function, both of them
showed that the parabolic frequency is nondecreasing. Besides, on Riemannian manifolds,
the monotonicity of the parabolic frequency was obtained by Colding and Minicozzi [10]
through the drift Laplacian operator. Using the matrix Harnack’s inequality in [16], Li and
Wang [33] investigated the parabolic frequency on compact Riemannian manifolds and the
2-dimensional Ricci flow.

In [5], Baldauf-Kim defined the following parabolic frequency for a solution u(#) of the
heat equation

T Ve u724, { / 1 — k(s) }
— 5 -exp §— —=dsy,
G w1
where t € [f9, 11] C (0, T), t(z) is the backwards time, « () is the time-dependent function
and dv is the weighted measure. They proved that parabolic frequency U (¢) for the solution
of the heat equation is monotone increasing along the Ricci flow with the bounded Bakry-
Emery Ricci curvature and obtained the backward uniqueness. Baldauf, Ho and Lee derived

analogous result to the mean curvature flow in [4].

Recently, Liu and Xu studied the monotonicity of parabolic frequency for the weighted
p-Laplacian heat equation on Riemannian manifolds in [37], and they obtained a theorem of
Hardy-Polya-Szegb on Kihler manifolds under the Kéhler-Ricci flow. In [34], Li and Zhang
derived the matrix Li-Yau-Hamilton estimates for positive solutions to the heat equation and
the backward conjugate heat equation under the Ricci flow, and then applied these estimates
to study the monotonicity of the parabolic frequency.

In [30], the authors studied the monotonicity of parabolic frequency under Ricci flow and
the Ricci-harmonic flow on manifolds. They considered two cases: one is the monotonicity of
parabolic frequency for the solution of the linear heat equation with bounded Bakry-Emery
Ricci curvature, and the other case is the monotonicity of parabolic frequency for the solution
of the heat equation with bounded Ricci curvature.

Inspired by [30], we first study the parabolic frequency for the solution of the heat equa-
tion (1.3) under the Laplacian G, flow (1.2) with bounded Ricci curvature. The parabolic
frequency for the positive solution of the heat equation (1.3) is defined by

t ’
U(t) = exp {—/ [h © %Ro 4 w +cK + %C(s)] ds}
fo

h(s)

h(t) / |V'(t)”(f)|§(t)dﬂg(t)
M

/ W () dpgr
M
where h(t) is a time-dependent function, K and c are both positive constants,
A A% Ci(A,
Ro= min R(), Ci(A,n)=In=—4+r—, Ct) = GiA.n)
M x[tg,11] n n
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and A is the constant in Theorem 1.3,

n mA/llnu( ) mﬁ?xu( )

Observe that, A and n are both positive constants. Using Theorem 1.1 and Theorem 1.3 as
an application, we have

Theorem 1.4 Let (M, ¢(t))ic[0,1] be the solution of the Laplacian G flow (1.2) on a closed

7-dimensional manifold M with T < 400 and —K g(t) < Ric(g(t)) < 0, where g(t) is the

Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive

solution of the heat equation (1.3) with n < u(0) < A, then the following holds.

(1) If h(t) is a negative time-dependent function, then the parabolic frequency U(t) is
monotone increasing along the Laplacian G, flow.

(1) If h(t) is a positive time-dependent function, then the parabolic frequency U(t) is
monotone decreasing along the Laplacian G, flow.

Besides, we consider the parabolic frequency for the solution of the linear heat equation
0 — Ag)u) =a)u) (1.6)

under the Laplacian G, flow (1.2) with bounded Bakry-Emery Ricci curvature, where a(t)
is a time-dependent smooth function. The parabolic frequency is defined by

)

/I [_%Ro + ik K(S)] ds} " /M IVewu(®) g diga
| /M Mz(t)d“g(t)

U@t) = —

® exp{ 3 h(s)

where Ry = Mn}in ]R(z), h(t) and «(t) are both time-dependent smooth functions. Then
X|t0,1

0

we get the following theorem, where Ric 7 (; is given in (2.10).

Theorem 1.5 Let (M, ¢(t))ic[0,1] be the solution of the Laplacian G, flow (1.2) on a closed

T-dimensional manifold M with T < +o00 and Ric ) < %g(i), where g(t) is the

Riemannian metric associated with ¢(t). Then the following holds.

(1) If h(t) is a negative time-dependent function, then the parabolic frequency U(t) is
monotone increasing along the Laplacian G, flow.

@ii) If h(t) is a positive time-dependent function, then the parabolic frequency U(t) is
monotone decreasing along the Laplacian G, flow.

The backward uniqueness of solutions to parabolic equations has been the object of con-
sistent study for at least half a century. There are already many results for heat operators
concerning it in various domains, such as the exterior domain [11], the half-space [12] and
some cones [31, 48]. For the heat equation on manifolds, Colding and Minicozzi [ 10] obtained
the backward uniqueness result. Kotschwar showed a backward uniqueness result to Ricci
flow in [25] and gave a general backward uniqueness theorem in [26]. For more backward
uniqueness results of geometric flows, see [20-22, 28, 50].

As an application of Theorem 1.5, we get the following backward uniqueness.

Corollary 1.6 Let (M, ¢(t)):c[0,T] be the solution of the Laplacian G flow (1.2) on a closed
t

T-dimensional manifold M with T < +00 and Ricy) < %(I))g(t), where g(t) is the

Riemannian metric associated with ¢(t). If u(t;) = 0, then u(t) = 0 for any t € [to, t1] C

0, T).

@ Springer
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For the general parabolic equation, we have

Theorem 1.7 Let (M, ¢(1))ic[0,1] be the solution of the Laplacian G, flow (1.2) on a closed
t
T-dimensional manifold M with T < +00 and Ricy() < %g(l), where g(t) is the

Riemannian metric associated with ¢(t) and h(t) is a negative time-dependent function.
Suppose u(t) : M x [ty, t1] — R satisfies

|8 — Agny) u®)| < C@O) [IVeyu®)lgary + lu(@®)]

along the Laplacian Gy flow (1.2). If u(t;) = 0, then u(t) = 0 for all t € [to, t1]1C (0, T).

We give an outline of this paper. We review the basic theory in Sect. 2 about G,-structures,
G»-decompositions of 2-forms and 3-forms, and the torsion tensors of G;-structures. We also
calculate the conjugate heat equation under the Laplacian G flow (1.2). Section 3 proves the
Li-Yau type gradient estimate and Hamilton type gradient estimate under the Laplacian G,
flow (1.2) with bounded Ricci curvature, and as an application, we get the Harnack inequality
on spacetime. In Sect. 4, using the Li-Yau type gradient estimate and Hamilton type gradient
estimate, we prove the monotonicity of parabolic frequency for the solution of the linear
equation (1.6) under the Laplacian G, flow (1.2) with bounded Ricci curvature, then we get
the integral-type Harnack inequality. In Sect.5, we consider the monotonicity of parabolic
frequency for the heat equation and the general parabolic equation under the Laplacian G,
flow (1.2) with bounded Bakry-Emery Ricci curvature, and obtain the backward uniqueness.

2 G,-structure, notations and definitions

In this section, we introduce the G,-structure on manifolds, G;-decompositions, the torsion
tensor, some notations, and definitions.

2.1 G,-structure on smooth manifolds

Let O be the octonions (exceptional division algebra), from the vector cross product “x”” on
Im O, we can define the 3-form by

1
¢(a,b,c) = E(a, [b,c]) = (a x b, c) fora, b, c € Im Q.

2

Let {e1, e2, - - - , e7} denote the standard basis of R” and {el, ec, .-, e7} be its dual basis.

Using the octonion multiplication table, one can show that

b= el 4 o145 4 o167 | 246 _ 257 _ 34T _ 356

where ¢'/% := ¢! A e/ A eF. When we fix ¢, the subgroup of GL(7, R) is the exceptional
Lie group G, which is a compact, connected, simple 14-dimensional Lie subgroup of
SO(7). In fact, G, acts irreducibly on R7 and preserves the metric and orientation for which
{e1, ea, -+, e7} is an oriented orthonormal basis. Note that G, also preserves the 4-form

*¢¢ — 64567 +€2367 —{-82345 +el357 —61346 —61256 —61247,

where *,4 is the Hodge star operator determined by the metric and orientation.
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Remark 2.1 The vector cross product “x” is an algebraic structure defined in a normed divi-
sion algebra. Therefore, the G-structure can only be defined in the 7-dimensional manifold.
For more details, see [24].

For a smooth 7-manifold M and a point x € M, we define as in [35, 41]
A(T*M) = {rpx e AT M) ‘ h*¢ = g, for invertible i € Homp (T M, R7)]
and the bundle
AT*M) = | AT M.
xeM

We call a section ¢ of /\i (T*M) a positive 3-form on M or a G,-structure on M, and denote

the space of positive 3-form by Qi_ (M). The existence of G,-structure is equivalent to the

property that M is oriented and spin, which is equivalent to the vanishing of the first two

Stiefel-Whitney classes w1 (T M) and w, (T M). For more details, see Theorem 10.6 in [27].
For a 3-form ¢, we define a Q7 (M)-valued bilinear form B, by

1
By(u,v) = g(uw) A (vap) A @,

where u, v are tangent vectors on M and “J” is the interior multiplication operator (Here we

use the orientation in [6]). Then we can see that any ¢ € Qi (M) determines a Riemannian
metric g, and an orientation d V,,, hence the Hodge star operator *, and the associated 4-form

Y= %0

can also be uniquely determined by ¢.

The group G, acts irreducibly on R7 (and hence on AL(R7)* and A®(R7)*), but it acts
reducibly on AF(R7)* for2 < k < 5. Hence a G5 structure ¢ induces splittings of the bundles
Ak (T*M)(2 < k < 5) into direct summands, which we denote by /\f‘(T*M, @) with [ being
the rank of the bundle. We let the space of sections of /\f‘(T*M , o) be Qf(M ). Define the
natural projections

af kM) — QF M), o — 7f(@).
Then we have
QN (M) = Q3(M) @ Q,(M),
Q3 (M) = Q} (M) & QM) & Q3;(M).
where each component is determined by
QM) = {Xp: X € C¥(TM)} = {B € Q*(M) : %o(p A B) =28},
QM) ={BeLM): Yy AB=0}={p QM) :*,(pAB) =B},
and
QM) = {fo: f e C®(M)),
QM) = (kg Aa)ta € QUM)) = (X : X € C¥(TM)),
QM) ={ne QM) nAp=nAy =0}
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Remark 2.2 Q* and ©° have the corresponding decompositions by Hodge duality. The more
details for Go-decompositions see [6, 24].

By the definition of G, decompositions, we can find unique differential forms 79 €
QUM), 11,71 € QY (M), 1» € Q3,(M) and 13 € Q3,(M) such that (see [6])

do =100 + 311 A @+ *¢T3, 2.1
dy =4T Ay + 10 A g. (2.2)

In fact, Karigiannis [23] proved that t; = 7]. We call 1 the scalar torsion, T the vector
torsion, 1y the Lie algebra torsion, and t3 the symmetric traceless torsion. We also call
7, := {70, T1, 72, T3} the intrinsic torsion forms of the G;-structure ¢.

If ¢ is closed, which means d¢ = 0, then 19, 71, 73 are all zero, so the only nonzero torsion
form is

1 ; , 1 ; ,
T=17 = E(TZ)ijdx Qdx’ = E‘cijdx ®dx’.
Then from [23, 24], the full torsion tensor T = T;; dx' @ dx/ satisfies the followings

1 1
T,’j = —Tj,' = —E('L’z),'j or equivalently T = _Et’

so that T is a skew-symmetric 2-tensor or a 2-form.

2.2 The Laplacian G, flow and some notations

In this subsection, we introduce the Laplacian G, flow, some notations, and definitions which
will be used in the sequel. We use the notations in Hamilton’s paper [17], V is the Levi-Civita
connection induced by g, Ric(g), Rg, dV, are Ricci curvature, scalar curvature, and volume
form, respectively. The Laplacian of the smooth time-dependent function f(¢) with respect
to a family of Riemannian metrics g(¢) is

Mg 0 = 870 [0 £ (1)) = T 03 £ )]

7
In [6], Bryant introduced the following Laplacian G, flow on a smooth 7-manifold M
admitting closed G;-structures

where Ffj (t) is the Christoffel symbol of g(#) and 9; = —

{ 0rp(t) = Dpyo(t),
9(0) = o,

under the Laplacian G, flow. From [41], we see that the associated metric tensor g(¢) evolves
by

9:g(1) = —28ic(g (1)), (2.3)

where
1 ~
Sic(g(1)) = Rie(g(1) + 3 T() )8 (1) +2T(0)

is the symmetric 2-tensor and its components are given by

1 _
Sij = Rij + 31T g8 + 2T, 2.4)
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and "l\“,-j = Tl.ka‘,-. In [35, 41], we see that Ry() = —|T(t)|§,(t) and T;; is skew-symmetric,
then we have that

. 7 2 2
(1) (510(80))) = Re) + 31TOlg) = 2T 1)
7 2
=—[TO + §|T(r)|§(t) —2[T0)[} ) = 3 Reo-
Under the Laplacian G, flow (1.2), for any smooth functions u(z), v(¢) with
/ u(T)v(T)dVyry = / u(0)v(0)dVy(0),
M M

we have that

T
/ /v(t) (0 — Agry) u(t)dVe(pydt
0 M

’ 2
- /o /M [_u([)a’v([) + 30U Rery = M(I)Agmv(t)} dVypdt

T 2
— / / u(z‘) <7Rg(t) — at — Ag([)> v(t)dVg(,)dt.
o Ju 3

Let () = T — t be the backward time. For any time-dependent smooth function f(¢) on
M, we denote

K@) = (drz(r)) " 2e/®

to be the positive solution of the conjugate heat equation
2
K@) = —Agn K@) + gRg(,)K(t). (2.5

From the definition of K(#), we can calculate the smooth function f (¢) satisfies the following
equation

2 7
0 (1) = =Bg) [(O=3 Rew + Vet [ D) + TR (2.6)

We can define the weighted measure
7 _
ditery =K dVei = @rt ()" 2e /Davy, / dpgy = 1. Q2.7)
M
And the volume form d 'V, ;) satisfies

2
% (dVew) = =3 RerdV(),

thus, the conjugate heat kernel measure d g () is evolved by
AgnK(1)
K()

On the weighted Riemannian manifold (M", g(¢), djt,(1)), the weighted Bochner formula
for any smooth function u is as follow

O (dugr)) = —(Agy K()d Vg = — ditgr)- (2.8)

2
2 2
Beo. s (1Vsoulin) =2 ‘ng”‘g(z) +2(Vewu, Ve Lgr, 0t} o
+ 2Rics ) (Vewu, Veaytt) 2.9)

@ Springer
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where
Ric () 1= Ric(g(t)) + Vi, f (1) (2.10)
is the Bakry—Emery Ricci tensor introduced in [8], and
Agiry.fou = e Ddivgq) (e_f(”Vg(r)“) = Dyt — (Vo [ (). Vo), 211

is the drift Laplacian operator for any smooth function u.

3 Gradient estimates under Laplacian G, flow

In this section, we consider the Li-Yau type gradient estimate and Hamilton type gradient esti-
mate of the heat equation(1.3) under the Laplacian G; flow (1.2). Since Rg(;) = —|T(?) |§(r)’
which implies the scalar curvature is non-positive here, some methods of gradient estimate
require the non-negative Ricci curvature condition, which can’t hold in this circumstance.
Inspired by Liu in [38], we weaken the curvature constraints and obtain the gradient estimate
for the solution of the heat equation when the metric is evolved by the Laplacian G, flow

(1.2).

Theorem 3.1 Let (M, ¢(t))ic(0.1] be the solution of the Laplacian G2 flow (1.2) on a closed
7-dimensional manifold M withwith T < +o00 and —K g(t) < Ric(g(t)) < 0, where g(t) is
the Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive
solution of the heat equation, then on M x (0, T] the following estimate

2
IVenyu(®ly 0] - Ta (49« N 1050 — 98« N 7v/29% X a0
u(t)? u(t) 2at 3a 2a(a — 1) 2/ab

1
holds for any o > 1 and a, b > O witha + 2b = —.
o

Proof We first set f = Inu and
F=t(IVf*—ad f).

Observe that, (3.1) is true when F < 0, hence we always assume that ' > 0 in the sequel.
Some computations show that

A(IVFP?) = Z (2f,§ +2fifjji + 2Rijfifj) :

1=<i,j<7

ij S 2 0
(AL =8, (g~/Viij)= 3 (2Rij fiy + 4T i) + SITPAS + A ).
1<i,j<7

Combining these two equations we have that

AF = z(A (IV£I*) - aA(atf))

=t<2 S 242 Y fifm+2 Y Ryfif;—ad(Af)

1=i,j<7 I=<i,j=7 I=i,j<7

2 ~
+20 Y Rl-jﬁj+§a|T|2Af+4a > T,»jfl-,>.

1=<i,j<7 I<i,j=<7

@ Springer
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Since A f = d; f — |V f|?, it follows that
o f e AT ) 4 2TV £
ab(Af)=afu—a( Y (QRififj+4Tfif;) + 3ITPIVP+2Vf V@) ),
1<i,j<7

and

AF:Z‘(Z Z ]Ci3-+2Vf~VAf+2 Z Rijfifj—afn—i-Zoc Z Rijfifj

1<i,j<7 1<i,j<7 1<i,j<7

+ a|T| VP +4a Y Tijfifj+2aVf V@ f)
1<i,j<7

2 _
+ 20 Z Rijﬁj—|—§0[|T|2Af+4Ol Z Tijfl'j)'

1<i,j<7 1<i,j<7

On the other hand, we have

2
o F = |Vf|2 _aatf+t<2 Z Rij fi fi + §|T|2|Vf|2

I<i,j<7

+4 Y Tfifi+2vf- V(E),f))—tafn.

1<i,j<7

Now we obtain

(A—8t)F=t<2Vf-VAf+2an~V(a,f)—2Vf~V(8tf))

+t<2 Z +20l Z Rl]ﬁ]+4a Z ljfll)

1<i,j<7 1<l]<7 1<1]<7

2 2 2
+ t<§a|T|2|Vf|2 + galleAf - §|T|2|Vf|2>

+t<20[ Z Rl]ﬁfj+4()[ Z zjftf] 4 Z ljflf])

1<i,j<7 1<i,j<7 1<i,j<7
—(IVfP —adif). (3:2)
Again using A f = 9, f — |V f|?, the first and third line in the right side of (3.2) become
t<2Vf.VAf+2an.V(a,f) —2Vf-V(a,f))
:2tVf~V(8,f— |Vf|2+a8tf—8,f) — _2V/.VF,
( T _ 2 2
| TV f? + a|TPAf ITI V£l
2 2.2
= gtITI (OtIVfI +aAf—|Vfl >=—§|T| F.
For the second line, using the trick in [2, 3], we get

) (fé +aRi; fij + 2Ty fi/)

1<i,j<7
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Z ((aoc + 2boz)ffi +aR;jfij + zaTijﬁj)

1<i,j<7
Ri; |? T

2 ij Y a2 ij ¢ w2
= > |aoaf]+e|Vofiy+ — —[Ric? + o« |Vbfij + —L| — —IT|
s 2/b|  4b NI

o . a ~
>aw Y fi— pIRiel? — TP,
1<i,j<7

1
where a, b are constants satisfying a + 2b = —. Noting that
o

2 2
1 A ~
Stz Y s CY IRic|> < 7K?, |T|* <49K?,
— J 7 - 7
1<i,j<7 1<i<7
so it becomes
Af)? TJa 49
aa(Af) _<o¢+ Ol)Kz.

Z (fi%“rOéRijfij-FZOlT\ijfij) > 7 @ b

1<i,j<7
For the fourth line, since T;; is skew-symmetric, we obtain

Yo Mififi= ), TrTGfif

1<i,j<7 1<i,j,k<7

2
- Y Tuf)Tpf) = - .

=i, j.k<7

Z Tir fi

1<i<7

Together with the Cauchy inequality, we have

Z Tififj=— Z Tix fi

1<i,j<7 1<i<7

=— Z ( Z Tikfi>2

1<k<7 M1<i<7

. ( ) T?kaF)

1<k<7 “1<i<7

=—|TPIVfI> = RIVSI* = —TK|Vf|*.

2

Now, the fourth line becomes

1> (aRi;fifj + 4Ty fify — 4T fi f5)

1<i,j<7
> —2atK|V f|> = 28t(a — DK|Vf|? = —(Za +28(c — 1))tK|Vf|2.

Substituting all these terms into (3.2), we now obtain

(A—3)F > —2Vf-VF+ 2“;” <|Vf|2 - a,f)2 - <2a 4 28(cr — l))tK|Vf|2
_2irpF - 2 _ (T B o
SITPF (|Vf| aa,f) <2b += )tK . 3.3)
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Following the trick in [3, 38], set y = |V f|?, z = 9, f. Observe that

1 —1)\? 2 —1
(y—2°= —0- az)’ + (%) y2+ %y(y - az),

2
and mx? — nx > —:— for any m, n > 0. Now we have
m
2aat 2 Ta+98(a—1)
((|Vf|2 f) = ————KIVfI
aa
2aoat To+98(x — 1)
= <(y_z)2_ 71(3’)
7 aa
2aat a—1)\? 20 —1) To +98(c — 1)
= [*( —az)’ + (7) VA Ty —a) - 71@]
o o aa
2aat (1 s 2—-1) 49K 2 [ + 14( — 1)]?
> | — — - 7 — —
z — ( 7 (Vo) ——y(y —a2) 2o -1’
2a F? 2(a F2aat  TaK?[a + 14 — D]?
=t |Vf|2— >
Ta t 7 2(ax — 1)%a
_ 2 F? 7aK2[oz + 14 — D2
~Ta t 2( — 1)2a ’
Taking this term into (3.3), we finally arrive at
2a F*  Tala+14@ - D,
A—0)F>-2Vf.-VF tK
( ) FvEr T 2(ax — D)2a
2 F Ta 98« 2
SRF——— (= K2 3.4
+ 3 t (2b + b > (34)

We assume that F'(x, t) takes its maximum at (xg, fo), which means
VF(x0,%) =0, 0,F(x0,%) >0, AF(xp,1) <0.

Thus, at (xg, f9), we have

2 2 7 14(a — D]? 7 98«
2y (g \potile e = DI oo (Ta 9Ba) opa o g
Ta 3 2a — 1)2a % b

According to the quadratic formula

Ta 2 2 8a Tafo + 14(a — 1)]? Ta 98«
F<— 1— =R — 4+ — 22
~ 4a (\/< 3 t) +7a< 2(a — 1)%a +<2b + b >>t

2
+1—-=Rt),

3

which implies

F<7a 5 4Rt+2[a+14(a_1)]1(+ 84 1+14 'K
= da 3 a—1 2b b '
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Since F takes its maximum at (xg, fg), for all (x,t) € M x (0, T'],

Jo (49 Tala+14@—D] 7 1 14
F(x,t)SF(xo,to)<a+< o Tt 3@ DI 7o 8a< ))tl{.

= 2a 3a 2a(a — 1) da %

According to the definition of F (x, t), we obtain the desired result

2 2 _
[Vul _aatl - To 49« n 105a” — 98a n 7V 2%« X, (3.6)
u? u 2at 3a 2a(a — 1) 2 ab
1
whereo > 1,a +2b = —. ]
o

1
Remark 3.2 For example, if we take a = 2b = a then the estimate becomes
o

Vul|? 9 To? 98 10503 — 9802
|Vul _aﬂ<i+[(?+7,ﬁ5g>a2+u]lg

u? u ~ ot a—1

where o > 1.

Corollary 3.3 Let (M, ¢(t)):c(0,1] be the solution of the Laplacian G, flow (1.2) on a closed
7-dimensional manifold M with T < 400 and —K g(t) < Ric(g(t)) < 0, where g(t) is the
Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive
solution of the heat equation, then on M x (0, T] such that t| < t, we have

7 2

th\ % Loy’ (s)]
u(x,n)su(y,rz)<—2) exp / —Z %0 4 (6 — 11)CapuK |ds )
1 0 4(tp — 11)

where o > 1,

49  105a —98 74/29
Ca,b,(x =—+ + s
3a  2a(x—1) 2/ab

1
a,b > 0,a+2b=—, y(s) is a geodesics curve connecting x and y with y(0) = y and
o

y(1) = x, and |y’ (5)|o(s) is the length of the vector y'(s) at o (s) = (1 — s)tp + sty.

Proof We can write Li-Yau type gradient estimate in Theorem 3.1 as follows:

[Vu|? dqu  Cy
5— —a— < — + Coapk,
u u t

where

Ta 490 105¢> — 98 74/29«
Co=—, Ca,a,b =+ + .
a 3a 2a(a — 1) 2+/ab
Choosing a geodesics curve y (s) connects x and y with y (0) = yand y (1) = x. We define

I(s) =Inu(y(s), 1 —=s)r+st1) and o (s) = (1 —s)tr +st1, then we have [(0) = Inu(y, tp)
and /(1) = Inu(x, t1). By calculating, we have

OGO
oy 2 tl)(u (ta —11) u)
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aly’(s)? Vul|?
s(a—n)( oty | [Vul? _ e

4(rr —11)2 au? u

_@Gy n-n (G
4t — 11) a \o()

where |y (s)|s(s) is the length of the vector y’(s) at o (s). Integrating (3.7) over y (s), we get

u(x, 1) /1 al(s)
n = ds
u(y, ) o Os

1 "(s)|? _
5/ A Mo | 2= n ( Ca (xabK> ds
0 4(tp — 1) o o (s)

Haly ()12 fh—t 7 ¢

)  h—t 2
= C K |d —In =.
/0 |: 4(nn — 1) * o b St 2a 1

+CaabK) (37)

Thus, we get the desired result. O

Theorem 3.4 Let (M, ¢(t))ic(0,1] be the solution of the Laplacian G, flow (1.2) on a closed
7-dimensional manifold M with T < 400 and —K g(t) < Ric(g(t)) < 0, where g(t) is the
Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive
solution of the heat equation, then on M x (0, T] the following estimate

A
Veou(®lge < §)<u(z)l o A An2> (3.8)

holds, where n = mA/i[n u(0), A = mﬁx u(0) and A is a constant depending on K, n and T.

Proof First, using the Bochner technique with the flow equation, we have that

2
Z TixViu

2
0 — A)|Vul? = =2|V2u)® + §|T|2|W|2 —4 § (3.9)
1<k<7'1<i<7
Let A be a constant to be fixed later. Setting
[Vu|? A 5
P=t —uln — 4+ Au”,
u u

some calculations show that

8(IVu|2> O|Vul®>  |Vul?
t = -

u

Vul? AlVul? 1 1
A(' ul )— [Vul +A(7>|Vu|2+2V(f>~V(|Vu|2)
u Uu u u

A|Vu|? (Au |Vu|2>
- —-2 |V| Z uijuilj,

u u?
l<l LJ=<7

A |Vu|2
Jluln— ) =A ln— ,
u u u

3 (u?) = A(u?) —2|Vul.

Oru,
u u?
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Combining these equations we obtain

|Vul? |Vu|? 2
@ -MP=t(a —A — 20| Vu|
u u

3 — A)|Vul? Vul* 4
=f<(t Al —2| ul + = Z Mijuiuf>_2k|vu|2

u u3 u? —
1<i,j<7
t 2 2
S 212 “ 2 2 .
= u( 2Vl + ST |Vul® — 4 > Z Tiu; )
1<k<7'1<i<7
2t (|Vul* 2 )
S — N uui ) =20V
Lt( 2 » Z Ujjuiu [Vul
1<i,j<7
2t ujuj|2 2t
=Y uy X ” Jr(fmz—zx)wm2
u = u 3u
1<i,j<7
4 :
- — > T
1<k<7 ' 1<i<7

TKT
Since n < u(0) < A and |T|2 = —R, taking A > g we obtain (9, — A) P < 0.
n
According to the maximum principle, we obtain
P(t) < max P(0) = LAZ,

which means A
|Vul? < % <uln—+AA2—Au2>, (3.10)
u

where A is a constant depending on K, n and T. Thus we get the desired result. O

4 Parabolic frequency on Laplacian G, flow with bounded Ricci
curvature

In this section, using the Li-Yau type gradient estimate and Hamilton type gradient estimate,
we study the parabolic frequency for the solution of the heat equation (1.3) under the Laplacian
G, flow (1.2) with bounded Ricci curvature.

For a time-dependent function u = u(t) : M x [tp,t1] — RY with u(z), d,u(t) €
Wi *(dig)) and for all 7 € [19, 11] C (0, T), we define

I(t) = f W ()d gy,
M

D(t) = h(t) / Vetou(®) 2 ditgwy = —h() / w(t), Agany, o) gyditg)s
M M

LR (s) 2 284+ C1(A, n) 7 D(1)
U(t) = — — =R _ K+ -C dsy ——
() eXp{ /,O<h(s) 3 o+ . +c +2 (S)> S} 0
where h(t) is a time-dependent function, K and c are both positive constants,
A A? Ci(A,
Ro= min R@). CiA.m=ln242 cay=A4D
M x[tg,t1] n n t
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and A is the constant in Theorem 3.4,
n=minu(0), A = maxu(0).
M M
Observe that, A and 7 are both positive constants.

Lemma 4.1 Under the Laplacian G, flow (1.2), the norm of the gradient of any smooth
function u(t) satisfies the following equation

2
0 — A)|Vul> = =2|V2ul> + 2(Vu, V(9; — A)u) + g|T|2|W|2

2
—4 Z Z T, Viu

1<k<7'"1<i<7

4.1)

Proof At first, note that
2 ~
8 |Vu|? = 2Ric(Vu, Vu) + §|T|2|W|2 +4 > TViuVju +2(Vu, Vo)  (42)
1<i,j<7
Since T;; is anti-symmetric, we obtain
Z TijV,-uVju = Z T,’mijV,'uVju
1<i,j<7 1<i,j,m<7
= Y (T Viu)(T]Vju)

1<i,j,m<7

— Z Z T,-kViu

1<k<7 " 1<i<7

2

4.3)

Together with the Bochner formula, we obtain the desired result. O

Theorem 4.2 Let (M, ¢(t))ic(0,1] be the solution of the Laplacian G, flow (1.2) on a closed
7-dimensional manifold M with T < 400 and —K g(t) < Ric(g(t)) < 0, where g(t) is the
Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive
solution of the heat equation (1.3) with n < u(0) < A, then the following holds.

(1) If h(t) is a negative time-dependent function, then the parabolic frequency U (t) is
monotone increasing along the Laplacian G, flow.

(i) If h(t) is a positive time-dependent function, then the parabolic frequency U(t) is
monotone decreasing along the Laplacian G, flow.

Proof Before discussing the monotonicity of U (¢), we need to calculate the derivative of I (¢)
and D(t). Takingoe = 2,a = 7 b= 3 in Theorem 3.1, we obtain
IVul?>  du 28

29 20k, 44
2 L =7 Te 4.4)

u

392
where ¢ = = + 448 + 28+/58. Then we can get the derivative of (z),

I'(t) = % </M uzdu>
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—2/ (u-a,u—|Vu|2)dpL—2/ uludp
M M

1
=2/ <u.a,u—f|W|2>du—2/ uAudu—/ |Vul?dp
M 2 M M

— +cK )I(®) -2 uAudp — |Vul“du
t M M

B (28 + Ci(A, n) 7C(f)> 1) — / |Aul?dps. (4.5)
M

v

SRV L ek +
t

1C(t)

A2
where C1(A, n) =In — + A—, and we use Young’s inequality and Theorem 3.4 in the last
n n

line.
For the derivative of D(t), according to Lemma 4.1, we have

D) = (1) / Valdp + ho - ( / IVulsz>
M dt \Ju
— W) / VulPdp + h() / 3 — M) VulPdp
M M
:h/(z)/ |Vu|2dp,—2h(t)/ IV2ul*du
M M

2 .
+—h(r)/ |T|2|Vu|2du—4h(t)/ ITixViu>dpu. (4.6)
3 M M

If () < O, then by (4.6),
2
D'(r) > (h/— th())/ |Vu|2du—2h/ \V2ul?dpu,
3 M M

together with (4.5) and Theorem 3.4, yields

ooz e - (58 - Fr+ TEOED L ox T ) 0]
h(s) 3 s 5

2h
) o 2 () (] )
Iulu+7c() |Aul“du Mlulu

h 2 28+ Ci(A, 7C
> exp{ h(s) — fRo-l- ot+ald.n sl( n) +cK + 72(S))ds}

(/,
|

””E/ A”'Qd“> 7C(0) (/' ”'Zd“> (/ 'V”'Zd”)}
(

|: 2hI(1)

>exp{ +cK +
s 2

2h Ci(A,
——I(z) /|Au|2du) = ‘(t ml(r)(/ |Au|2du>]

Ci(A, )

28+C1(A, n) 7C(s))dg}

:0

where we take trace over |V2u|? and let C(¢) =
On the other hand, if 4 (¢) > 0, similarly, we have

t /
Iz(t)U,(t)feXP{—/ (h ) —gR0+w+cK+L(S))dS}
to h(S) 3 s 2
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. 2.2 2h / 2 / 2 )
i 2hI(t)</ |V u|du>+7c()< | Aul du><M|Vu| du

frh 2 284 Ci(A, 7C
Sexp{—/ (h((ss))—gRojL#JrcKjL Z(S))ds]

2 ) 2h Ci(A, ) )
_—710)(/M|Au| du)+7c(t) : m)(f |Aul du)]

=0.

Thus we get the desired result. O

We define the first nonzero eigenvalue of the Laplacian G, flow (M, ¢())se(0, 1) With the
weighted measure d g () by

2
/M IVewyulgmnditgn

/ wdpg)
M

Then we have the following corollary by Theorem 4.2.

Au (1) = inf 0 <ueC®M)\ {0}

Corollary 4.3 Let (M, ¢(t)):c0.1] be the solution of the Laplacian G, flow (1.2) on a closed
7-dimensional manifold M with T < +o00 and —K g(t) < Ric(g(t)) < 0, where g(t) is the
Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive
solution of the heat equation (1.3) withn < u(0) < A, then foranyt € [to, 1] C (0, T), the
Sollowing holds.

(1) If h(t) is a negative time-dependent function, then B(t)h(t)Ap(t) is a monotone
increasing function.

(i) If h(t) is a positive time-dependent function, then B(t)h(t)Ay(t) is a monotone
decreasing function.

where

t /
B(1) = exp {_/ (h () _2p ¢ BFCAND CSI(A’ D 4 ek + 7C2(S)> ds} .
4]

h(s) 3

Corollary 4.4 Let (M, ¢(1));c(0,1] be the solution of the Laplacian G, flow (1.2) on a closed
7-dimensional manifold M with T < 400 and —K g(t) < Ric(g(t)) < 0, where g(t) is the
Riemannian metric associated with ¢(t) and K is a positive constant. If u(t) is a positive
solution of the heat equation (1.3) with n < u(0) < A, then for anyt € [to, t;] C (0, T),

I(t1) > exp {ZU(IO) 1(tp).

10 h(t)ﬂ(l)}

Proof We give the proof of case () < 0 (The case h(t) > 0 is similar to it). According to
the definition of U (¢), yields

iln(/(l‘)) _ I'(1) __ 2D(t) _ 2U (1) ' @7
di 10~ " hI) ~ k()
By Theorem 4.2, integrating (4.7) from 1y to t{, we get
n U() /
In/ —In/ =2 —d 2U _—
n1 (&) ~InIGo) / “hopo ™ O | Tiosm
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From the boundedness of time-dependent function A (¢), we have
dt
—h(@)B(1)

We prove this corollary. O

t
I(t1) > exp {ZU(to)/ 1 }1(10)-
fo

5 Parabolic frequency on Laplacian G; flow with bounded Bakry-Emery
Ricci curvature

In this section, we study the parabolic frequency for the solution of the linear equation (5.1)
and the more general equations under the Laplacian G, flow (1.2) with bounded Bakry-Emery
Ricci curvature.

For a time-dependent function u = u(t) : M X [to,t1] — R with u(t), ou(t) €
Wi *(digay) forall 1 € [19, 11] C (0, T), we denote by

1) = / W2 (Od g,
M

D) = h(1) / Va0 Py ditga
M

—h(f)/ (u(@®), Mgy, Fyt () g(ryditg(r)
M

_ ! 2 h(s) + Kk (s) D(t)
U(t) =exp {—/to <—§Ro + ) )ds} 0

where Ry = MrrEin | R(t), h(t) and k (¢) are both time-dependent smooth functions.
X|to,11

5.1 Parabolic frequency for the linear heat equation under Laplacian G; flow

In this section, we consider the parabolic frequency U (¢) for the solution of the linear heat
equation
(0 — Agry)u(t) = a(®)u(r) (6.1

under the Laplacian G, flow (1.2), where a(¢) is a time-dependent smooth function. At first,
we give some lemmas.

Lemma5.1 Foranyu € Wg’z(dug(,)), we have

2 2 2 .
/M Ve gy dig = /M <|Ag<t>,f(t>u|g<z) — Ricya)(Veyu, Vg(r>u)> ditg()-
Proof This result has been proved in Lemma 1.13 of [5]. ]

Theorem 5.2 Let (M, ¢(t)):c[0,T] be the solution of the Laplacian G flow (1.2) on a closed
t

7-dimensional manifold M with T < +00 and Ricyq) < %(t))g(t), where g(t) is the

Riemannian metric associated with ¢(t).

(1) If h(t) is a negative time-dependent function, then the parabolic frequency U (t) is
monotone increasing along the Laplacian G, flow.
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(i) If h(t) is a positive time-dependent function, then the parabolic frequency U (t) is
monotone decreasing along the Laplacian G, flow.

Proof We only give the proof of the first case (The second case is similar to it). Our main
purpose is to compute the 7'(¢) and D’(¢). Under the Laplacian G, flow (1.2), combining
with the linear heat equation (5.1) and Lemma 4.1, we can obtain

2
(3 — A)|Vul*> =2(Vu, V(& — Au) —2|Vul* + g|T|2|W|2

2
—4 3" | Y TuViu
1<k<7'1<i<7
2 2
= 2a(t)|Vul* = 2|V?ul* + g|T|2|w|2 -4 3" Z Ty Viu| . (5.2)
1<k<7'1<i<7
From (2.8) and integration by parts, we get the derivative of I(¢) as follow
AK
I'(t) = f <2u8,u — u2—> du
M K
= / (2u8,u - A(uz)) du
M
= / (2ud;u — 2ulu —2|Vul*) dp
M
2
= _ED(Z) + 2a(t)I(1). (5.3)
If we write
t
i) = exp {—/ 2a(s)ds} 1(t),
fo
then we can easily find
~ 2 t
I'(t) = —, EXP {—/ 2a(s)ds} D(1). (5.4)
0]

Next, it turns to compute the derivative of D(¢). Using (2.8), (5.2) and the assumption of
the Bakry-Emery Ricci curvature, we obtain

AK
D'(r) =h/f |Vu|2du+h/ (a,|vu|2 - |W|2?) du
M M
=h’/ IVulzdquh/ (8 — A)|Vul>du
M M
2
= (2ah+h’)/ |Vu|2d,u—2h/ IV2ul>du + gh/ IT)?|Vul>du
M M M
—4h/ ITie Viu>dp
M
2
> (2ah +h' — tho)/ |Vu|2d,u—2h/ IV2ul*dp
3 " "

2
= Qah+h — ghRo) /M IVul*du — 2h/M [|Afu|2 — Rics(Vu, Vu)] du
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2
> (k 4+ 2ah +h' — tho)/ |Vu|2du—2h/ |A pul?dp
3 M M

2 h +k ’
= (20— SRo+ =) D0 =20 | 1A uldp.
M

3

where we write Ry = Mrmn R(¢). Similarly, if we write

x[to,11]
t /
5(t) = exp {—/ |:2a(s) — %Ro + M] ds} D(1),
0 3 h(s)
then we get
t !
D'(t) > —2h exp {—/ |:2a(s) - %Ro + M} ds} / IAfulzdu. (5.5)
10 3 h(S) M ’
D(1)

Finally, the parabolic frequency U (¢) can be written as U (¢) = i( )
t

we can compute the derivative of U (¢)
Pou') =D @i —I'0D@)

t /
> Zhexp{ /[4a(s) 2 +%}ds}

[t () (o

> 2he><p{ f[4a<s)—§1e +%}m}
fo

() (]

=0. (5.6)
The last inequality is directly obtained by the definition of D(¢) and the Cauchy-Schwarz
inequality. O

Then we have the following

Corollary 5.3 Let (M, ¢(t)):c[0,1] be the solution of the Laplacian G flow (1.2) on a closed
t
7-dimensional manifold M with T < +00 and Ricyq) < Zh(() g(t), where g(t) is the

Riemannian metric associated with ¢(t). If u(t;) = 0, then u(t) = 0 for any t € [ty, 1] C
0, 7).

Proof We give the proof of case h(t) < 0 (The case h(¢) > 0 is similar to it). Recalling the
definition of U (¢), we get
I'(t) 2D(t)

d
o In(I(t)) = 0 = _h(t)l(t) + 2a(t)

__ 2 (2 1 (s) + Kk (s)
=~ o {/{O (—gRo + T) ds’ Ut +2a@).  (5.7)
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According to Theorem 5.2 and integrating (5.7) from ¢’ to #; for any ¢’ € [t9, #1], yields

InI(r) —InI(t)

_ d PUR (s) +x(s) 2 Uu@) g

> —2U(1p) /tl exp {/t (M - %R()) ds} ﬁ +2/t1 a(t)dr.
- 1% 0 h(s) 3 h(z) 1%

Since a(t), h(t) are finite, it follows from the last inequality that

I(t1) n TR () +x(s) 2 dt
) > exp {—ZU(to)f[/ exp {/to (7}“” — §R°) ds} m

n
+2f a(t)dt} ,
t!

which implies Corollary 5.3. O

Remark 5.4 1f we let

2 LOW(s) +k(s) 2 _
_ho)exp{/m< nGs) _§R°>ds}=c3’

and a’(t) > 0, where Cj3 is a constant, then we get In I(¢) is convex, which is a parabolic
version of the classical Hadamard’s three-circle theorem for holomorphic functions. For
example, if we let

2
h=C4, k= §ROC4,

where Cy4 is any constant, then we get the classical Hadamard’s three-circle theorem.

5.2 Parabolic frequency for the more general parabolic equations under Laplacian
Gz flow

This section considers the parabolic frequency for more general parabolic equations. We
use the definition of parabolic frequency in Sect.5.1, here we assume /(¢) is the negative
smooth function.

Theorem 5.5 Suppose that u(t) satisfies
1B — Agy)u(®)] < C@) (IVgyu®)lgu + lu@)])
along the Laplacian G, flow (1.2). Then

, rr o2 h'(s) + Kk (s) U()
(Inl(t)) = —(2+C@))exp {/m (—gRg + W) ds} o 3C(1),
t /
U'(t) > Cz(t) (U(t)—l—h(t)exp{/ (—%RU—I—M) ds}).
o\ 3 h(s)

Proof At first, we calculate

I'(t) = / (2ud;u — 2ulu —2|Vu|*) dp
M
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— 2pw +2/ u(®, — Mudy
h M

> —%Da)—zc/ (V] + Jul)dp
h M

:—%D(t)—ZCI(t)—ZC/ [Vulluldu
h M

> —%D(Z) —3CI(t) — gD(t)

~ h h

= —HTCD(I) —3CI()

~ L2 H(s) 4 K(s) Ut

Then we get the first inequality.
For the second inequality, we write

1 h
D(t) = —h/ u <Af + —(0; — A)) udu—i-f/ (0; — Audp.
M 2 2 Jm
Then from (5.3), we get
I'(t) = / (2udyu — 2udu — 2| Vul*) dp
M
= 2/ u(Ay+ 9 — Audp
M
1
= 2/ u (Af+ —(0; — A)) udu—i—/ 0y — Audp.
M 2 M
From the above two equalities, we get

2 2
I't)D(t) = —2h (/ u (Af + 1(8, — A)) udu) +E </ 8, — A)udu) )
M 2 2 \Umu

According to Lemma 4.1 and Lemma 5.1, we can calculate
D' (1) =h’/ |Vu|2du+h/ 0, — A)|Vul*dp
M M
_ ]i/ 2 2.2 _
=h |Vul> = 2|V2ul? +2(Vu, V(3 — A)u)
v \h
2
+ SITPIVul? 4T3 Viul?)d
n 2 2 .
=h (;|Vu| —2|Apul* + 2Ric (Vu, Vi) — 2A pu - (3 — Au
M
2
+ S ITPIVu = 4T Viul?)d
: h/ 2 1 2 2 2
=2h Ric ¢ (Vu, Vi) + — |Vul* + = |T*|Vul*> = 2| Ty Viul* ) dp

—Zh/ (1A ful* + Agu- (3 — Au)dp
M
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2
z/ </<+h’ - ghRo) |Vu|2du—2hf (1A ful> + Agu- (3 — Au)dp
M M

2
:—Zh/ (‘(Aerl(a,—A))u —ll(B,—A)u|2>du
M 2 4

+ (:c +h' - thO) D)

3 h

where Ry = min R(¢).
Mx[to,t1]
Together with the above, using Cauchy-Schwarz inequality, yields

S Y L B P O R O)
I(t)U(t)—eXP{ /m( 3RO+ =% )ds}
.[(ZR K (s) + Kk (s)

3R - T) IOD@) + 1D @) — 1 (t)D(t)]
te o2 h'(s) + k(s)
zexp{—/to <_§R0+7h(s) )ds}
RCIA(CAERE]
. —2h1(t)/ ‘(Af—l—f(a,—A))u
M 2
1 2 h 2
+ 2h (/ u(Af—i-E(B, —A))ud,u) -3 </ (0r —A)udu)
M M

1 2
_Zl(at_A)ul dup

h ) K (s) 4+ k(s) )
h

5 z<_2 h/(s)+/c(s)> }[ 2
EI(I)C exp{ /;0 §R0+T ds M(|Vu|+|u|) du

te o2 W (s) +Kk(s)
> CZexp {_/IO <—§R0 + T) ds} 1) (D) + h1(@)).

Then we prove this Theorem.
Corollary 5.6 Suppose that u(t) : M x [ty, t;] — R satisfies

1B — Agyu(®)] < C@) (IVgyu®)lgw + lu@)])
along the Laplacian G, flow (1.2). Then

t t /

I(t1) > I(tg) exp {/ 1 —(2—|— sup C(t)) exp{/ (—%Ro—l— M) ds}
to [70,11] fo (s)

1

t t
D [exp{ /IO Cz(s)ds}U(to)—i-exp{— /to Cz(s)ds}
n T 2 W) +xls) .,
/t; exp{/;0 <—§R0+T—C (s))ds}dr:|dt

1
—3/ sup C(t)dt ¢ .
to [to,11]

In particular, ifu(t;) = 0, thenu = 0 for all t € [ty, 11].
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Proof By the first inequality in Theorem 5.5, we get

In(/ (1)) — In(/ (10))

d ! 2 R (s) + Kk (s) Uu@)
> /m —(2+C(t))exp{/t0 <_§RO+ 1(s) )ds} ) dt

t
—/ISC(t)dt. (5.9)
0]

If we write U (¢) as U (1) = exp{— fti) C2(s)ds}U (1), then from the second inequality in
Theorem 5.5, we have

t /
U@t) > h(t)C2(t) exp {/ <—§Ro + w—c%)) ds} . (5.9)
1o (S)

Integrating (5.9) from g to ¢ for any ¢ € [#, #1], yields

t T I
Ut) = Ulto) +/ h(z)C*(1) exp {/ <—%R0 + M—Cz(s)) ds} dr,
1o o 3 ]’Z(S')

which means
t t
U@) zexp{—/ Cz(s)ds}U(to)—i-exp{—/ Cz(s)ds}
to to

t T /
/ 1 h(t)C%(t) exp {/ (—ERO + M—Cz(s)> ds}dr. (5.10)
o o 3 h(S)

where we use A(?) is the negative smooth function. Submitting (5.10) to (5.8), we get the
desired result. O
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