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We consider correlation functions of two maximal giant gravitons and two light %—BPS (Bogomol'nyi—

Prasad—Sommerfield) operators in 4D A" = 4 SYM (super Yang-Mills). Viewed as two-point correlators in
the presence of a zero-dimensional defect, they can be completely fixed at strong coupling using analytic
bootstrap techniques. We determine all infinitely such correlators for arbitrary light %—BPS operators and
find that the result can be repackaged into a simple generating function thanks to a hidden higher-
dimensional symmetry. We also find evidence that the same symmetry holds at weak coupling for loop

correction integrands.

DOI: 10.1103/hg9p-hblr

Introduction—Defects are important extended objects,
the studies of which have a wide range of motivations, both
experimental (impurities, boundaries, domain walls, etc.)
and theoretical (symmetry generators, D-branes, etc.).
Adding defects enriches theories by introducing new
observables and data. On the one hand, defects usually
admit localized degrees of freedom which require new
physical parameters to characterize. On the other, defects
break symmetries and thereby allow new observables to
arise which are otherwise prohibited. These interesting
features make defects an exciting arena where we can go
beyond just theories in infinite empty space.

In the canonical testing ground of 4D A/ = 4 SYM, there
are already many different types of defects. Categorized
by dimensions p, the best known examples with p = 1 are
Wilson and ’t Hooft lines. The case of p = 2 corresponds to
surface defects [1-3]. For p = 3, we can have interfaces and
boundaries [4-6]. Objects with these three values of p are
what we usually perceive as defects. However, this catalog
can be further extended by including defects with dimen-
sions p = —1, 0. These seemingly exotic values become
easy to understand via holography where an extra dimension
is gained by moving into anti-de Sitter (AdS) space. In
particular, N =4 SYM on RP* can be viewed as an
example of a p = —1 dimensional defect. This is because
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the holographic dual is a Z, quotient of AdSs x S which
has a fixed locus sitting at a point in AdSs [7,8]. An example
of p = 0 defect is provided by giant gravitons [9—11]. This
follows from that giant gravitons are heavy states traveling
along one-dimensional geodesics in AdS. Defects, therefore,
provide a unifying perspective despite very different physical
interpretations of these systems. This defect viewpoint,
which may not seem much at the moment, turns out to
be very useful, as will be demonstrated in this Letter.

We focus on here the last example of giant gravitons. The
other unconventional case of defects with p = —1 has been
considered in [12]. However, under comparison the giant
graviton correlators are especially interesting for two
reasons. First, usually correlators of light operators are
considered and studies involving heavy operators are far
fewer. Let us consider correlators of two giant graviton
operators with other light operators. Most results concern
the situation where there is only one light operator [13—17].
This is somewhat less exciting, since symmetries determine
three-point functions up to overall coefficients. For two
light operators, the functional form of correlators is uncon-
strained but not much is known. At weak coupling, such
four-point functions have been computed up to three loops
[15,16,18]. But at strong coupling, there is no result except
for a prediction for the integrated correlator when both light
operators are in the stress tensor multiplet [19]. It appears
that there is still a lot of progress to be made. Second, this
setup is a rare situation where correlators of local operators
admit dual interpretations. As we mentioned, these four-
point functions can also be viewed as two-point functions of
light operators in the presence of a zero-dimensional defect.
This duality allows us to leverage the well-established results
of four-point function kinematics [20,21] and at the same
time apply defect system technologies [22].

Published by the American Physical Society
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The results of this Letter can be summarized as follows. We
study four-point functions of two maximal giant gravitons
and two light 1-BPS operators in the large N limit. At strong
coupling, AdS/CFT gives rise to a defect picture for these
correlators where two supergravitons weakly interact with the
geodesic line traversed by the heavy giant gravitons. With
minimal input from a supergravity analysis, we apply the
analytic bootstrap techniques of [12,23-26] to compute these
correlators. We find that supersymmetry fixes all infinitely
many correlators at tree level, where the light %—BPS operators
can have arbitrary dimensions. Quite remarkably, all corre-
lators can be repackaged into a simple generating function
thanks to a hidden higher-dimensional symmetry. This hidden
symmetry appears to also naturally extend to the weak
coupling regime.

Kinematics—Maximal giant gravitons are %—BPS oper-
ators built from the six scalars ®'=1¢ in A" = 4 SYM:

D(x. 1) = det[® (x)r],

where ¢ is a null R-symmetry polarization vector with
t-t=0. For SU(N) gauge group, giant gravitons have
protected dimension A = N and R-symmetry representa-
tion [0, N,0]. The light %—BPS operators, or the super-
gravitons, are defined as

Oy (x, 1) = N [@! (x) '),

which have A = k and transform in the [0, k, 0] represen-
tation. Here, A/} is chosen such that the two-point function
is normalized to one. We are interested in the four-point
functions

Fri, (i t1) = (O, (x1, 1) O, (%2, 1) D(x3, 13)D(x4, 14)),

and now we discuss their kinematics from two comple-
mentary perspectives.

As four-point functions—Fy ;, is constrained by super-
conformal symmetry to take the form [20,21]

Fro, (xis 1;) = FISE (X3, ;) 4 15253451305, RK 1, (x5, 17),

where #;; = ;- t;, x;; = x; — x;, and Ffflc,fz is the correlator
in free theory. Let us define the cross ratios

x2,x2 X2, x2

U="FH=zz v="E2=-(1-701-2).
X13X24 13424
13t ti4t

o= oq t=13 _ (1—a)(1-a).
1234 t12134

Then, R has the form
R=(1-za)(l —za)(l —za)(l —za), (1)

and K 4 (x;,1;) is a reduced four-point correlator with
shifted R-symmetry charges {k; —2,k, —2,N —=2,N — 2}
and conformal dimensions {k; +2,k, + 2, N +2,N + 2}.

As defect two-point functions—At the kinematic level,
we can always view F ;. as the two-point function of Oy
and Oy, in the presence of a zero-dimensional defect
created by the pair of D’s. Concretely, we divide Fy g,
by the (DD) two-point function and define

Fiok, (Xis 1)
(D(x3,13)D(x4, 14))

Gk, = (O, (x1, 1) Oy, (X2, 1) ) =

which leads to

N
X
__ 734 free 2 2 .4 .4
G, = N (Fklkz + t12t34x13x24RKklkz)
34
2 4 4
-G HaXi3%04
- klkz,free+ 4

RH i, (2)
X34

Here, we have similarly defined a reduced defect two-point
function Hy ;, which has shifted R-symmetry charges
{ky—=2,k,—2} and conformal dimensions {k; +2,k, +2}.
To proceed, it is convenient to manifest conformal sym-
metry by introducing embedding space vectors P € R>'!
which are related to x € R* via

T+x2 1=—x%
P - b 9 b 3
< 2 T2 7 ®)
with signature (—, +, +, ...). Defects can be characterized
by the symmetries which they break. This is further

achieved by introducing projectors. For the spacetime part,
we define

P3sPyp+ PyaP3p
N = D2aPun t PusPos @)
3Py

which breaks conformal group SO(5,1) into SO(4)x
SO(1,1). We also define an R-symmetry projector

B3pla g + 14113
MIJ = 51] - ) (5)
31y

which reduces SO(6), to SO(4) x SO(2). Note that N and M
are similar but different. While N projects vectors to the plane
spanned by P; and P4, M projects vectors to the space
orthogonal to 75 and #4. Clearly, symmetries determine one-
point functions up to overall coefficients

2_P/2(ti'M'ti)p/2: <[i3ti4x%4)p/2 peven
(Pi-N-P;)P/? axpxy) 7

(O, (xi,t;) )~

which also stems from the same statement for three-point
functions in defect-free CFTs. Factoring out one-point
functions, the defect two-point correlator can be expressed
in terms of defect cross ratios which are formed from ratios
of P;-P; and P;-N-P; with i, j =1, 2 invariant under
P; — A;P; rescalings (similarly for the R-symmetry part).
These are obviously related to the U, V, o, and 7 via
straightforward albeit nontrivial relations.
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Supergravity description—Giant gravitons are dual to
D3-branes which wrap an R x S* subspace of AdSs x S’
with S* € S°. The dynamics is encoded in the action

N /3t PB. _ iCPB.
SD3:2_”2 Rxs3( detg,; — iCy ) (6)

where PB denotes the pull-back to the brane. Without loss
of generality, we insert the giant gravitons at x3; = 0 and
x, = oo and write the background metric as [27]

(),

dx'dxt

Whas, = TR T ey
(-5 (-%)
5 q2dyadya dq2 5 5
dsgs = + q2+(1“1 )dep?,

(14257 1=

where 7 parametrizes R € AdSs and y* € R3 are the stereo-
graphic coordinates of the S® occupied by the giant
graviton. The transverse directions are x' in R* and ¢
and ¢ in S°. The maximal giant graviton solution corre-
sponds to ¢p = iz and ¢ = 1. Around this solution, there are
small fluctuations [9,28]

q=1+5q(r,y), ¢=it+5p(z.y),

which corresponds to fields living on the D3-brane. Further
including the variations of the background, the D3-brane
action admits the expansion

xl =6xi(z,y),

(2,0) (0.1)

Sps = df(ao + L&Y L0 4 L0V )

2

where q; is a constant and we have integrated over S* to

obtain a 1D Lagrangian [29]. In this expansion, Lg’;’">

denotes a term with m brane and n bulk fields. Among

them, LI()23’0) is the kinetic term for the defect fields from

which we can read off the spectrum. For computing
the giant graviton correlators, only three types of defect
fields are relevant. They are summarized in Table I, with
conformal dimensions A and transverse spins s. Under
the unbroken R-symmetry, they are in the representation
(ri,r;) of SO(4) =SU(2) xSU(2) and carry SO(2)
charge r, [28,31]. The bulk spectrum is the same as in [32],
and the relevant fields are collected in Table I. They couple

directly to the brane via the Lf%”

have the form

one-point vertices which

0.1
Ly o Z(clsk + ol g + AL
X

+¢4Crizp + CsTiin + CoPrinrr)- (7)

Here, c¢; come from integrating S° sphere harmonics on S*
and are relevant for R-symmetry. For the bootstrap calcu-
lation, we need only this schematic form, and the explicit

TABLE I. Exchange spectra in bulk and defect channels.
Bulk A 7 R representation Defect A s (ri,r)
Sg kK 0 [0, &, 0] X I-1 0 (I,-1)
Ay k+1 1 [Lk=2.1] xi I 1 (-1,0
Pr k+2 2 [0,k=2,0] oo l+1.0 (=21
Cry k+3 1 [1,k—4,1]

uy k+4 0 [0,k —4,0]

i k+2 0 [2,k—4,2]

details of Ll(%l) are left to a companion paper [33]. It is

satisfying to note that this 1D Lagrangian has the form of a
probe particle minimally coupled to gauge and gravity
fields as one would expect.

The bulk fields couple to the defect fields via ng‘). The
relevant vertices contain one s; and have the form

1,1 P _
L]<)3 ) D) Z(dlxéé,-sk —+ dz)(lsk + d3)(lsk
k.l

+dy0y sk + dsaf)?zsk>, (8)
where d; are similar to c¢; in Lg)él) and will be detailed
in [33]. A special feature here is that we can have single 9,

derivatives thanks to the 1D nature of the AdS defect. In

principle, we would also need the Lg)éz) vertices for two s;.

However, it is known in similar examples that direct
supergravity calculations yield wrong answers [12,25].
Fortunately, this information can be fixed by the bootstrap
and is not needed as an input.

Bootstrap—At large N, the leading O(1/N) connected
defect correlator can be computed, in principle, as a sum
of tree-level Witten diagrams. However, this requires the
explicit details of the complicated effective Lagrangian and
is practically very cumbersome. A more efficient strategy is
to directly bootstrap the correlators using supersymmetry
[23,24] (see Ref. [34] for a review). For our problem, the
algorithm will be highly similar to [12,25,26]. Therefore, we
will be schematic in outlining the strategy and focus on
highlighting the differences.

We start with an ansatz

ansatz __ ybulk defect contact
lekz - lekz + lekz + lekz ’ (9)

where the three parts, respectively, correspond to exchange
processes in the bulk and defect channels and contact
interactions (see Fig. 1). The exchange parts are sums
of possible exchange Witten diagrams multiplied with
R-symmetry polynomials capturing the exchanged
R-symmetry representations. In the bulk channel, it takes
the form

bulk __ Ayl Akik
Gk?kz = ZﬂXEkIA;cZ 0y, (10)
Xes
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(a) Bulk channel exchange
Witten diagrams.

(b) Defect channel exchange
Witten diagrams.

(c) Contact Witten diagrams.

FIG. 1. Tree-level Witten diagrams. The giant graviton travels
along the red geodesic line in AdSs and interacts with super-
gravitons in three types of processes.

where S is chosen from Table I and yu, are unknowns.
Using the method of [25,35], the exchange Witten diagrams
can be reduced to finitely many contact Witten diagrams.
The latter is known in closed form for any defect dimension
p (p =0 in our case) [25]. The R-symmetry polynomial
Qy can be obtained by solving the SO(6) R-symmetry
Casimir equation and is the same as those in [21] for
supergraviton four-point functions. Definitions and explicit
expressions for Witten diagrams and R-symmetry poly-
nomials can be found in Supplemental Material [36].
The defect channel is similar, and we write it as

~ ik N mAL Ak
Qy +ZMZEk]k2 z s
Zes

defect __ A 1AY0
Gt = > B
Yes,i=0,1,2

where the defect fields selected from Table I are split into
two groups according to their transverse spins s. For s = 0,
we note from (8) that the bulk-defect vertices contain
both zero- and one-derivative couplings. Therefore, these
defect exchange Witten diagrams can have i =0, I, 2
derivatives. It turns out that the defect exchange Witten
diagrams can also be reduced to finitely many contact

Witten diagrams. Furthermore, E,ﬁi‘z' with s = 1 are propor-

tional to Ep%, .| o with s = 0 [25] [see Eq. (SM-7) in
Supplemental Material [36]]. As in the bulk channel, the
R-symmetry polynomials can be obtained from the Casimir
equations of the residual SO(4) x SO(2) R-symmetry, and

unknown coefficients fiy); and fiz are introduced.

A few comments are in order about how S and S are
determined. The exchanged fields first of all need to be
compatible with R-symmetry selection rules. This condi-
tion alone already ensures that the lists are finite. Moreover,
the exchange vertices must be nonextremal in order to
guarantee the finiteness of the effective action [24]. More
precisely, this means A — £ < k; + k, for the bulk channel
and A — s < min{k,,k,} for the defect channel.

For the remaining contact part, we use the ansatz

i+j<min{k, .k, }
contact __ (~(0) B i -]
GEl =Co, D R0’ (11)
i.j=0

where we included all R-symmetry structures and require
contact Witten diagrams to have zero derivatives at the
vertices. The latter is because higher-derivative contact
Witten diagrams would otherwise dominate the high-
energy limit, which is not expected.

Finally, we impose the condition of superconformal
symmetry (2). To use it in practice, we set @ = 1/Z and
require the correlator to have no dependence on z [38]. We
find that this fixes the correlator Gy, up to an overall
constant. By using the fact that y y are the products of three-
point and one-point function coefficients, we can further
reduce these undetermined coefficients to just one and fix it
using (6). For example, we get for k| = k, =2

263, (z — otU + 6V)
N(P,-N-P)(P,-N-P,)U’
- 2V(V2=2VlogV — 1)
~ N(Py-N-P)X(Py-N-P)2U(1 = V)

G22,free = (12)

Hy, (13)

Our results pass nontrivial tests which we will discuss
in detail in [33]. We can compare Gy, free in (2) with
independent calculations in the free theory [39]. Free
correlators with k; = k, = p have been computed in [15]
and agree perfectly with our supergravity result [41]. From
our results, we can also extract the one-point functions of
the bulk fields. These one-point functions can be computed
independently from (7) but were not used in our calcu-
lations. We find that these two computations are in full
agreement. Finally, the integrated correlator for ky =k, =2
has been computed in [19] using localization. Our results
are consistent with their prediction at strong coupling.

Hidden symmetry—Qur bootstrap results encode a
remarkable hidden structure which allows us to unify all
defect two-point functions into a single generating func-
tion. This structure is similar to the 10D hidden conformal
symmetry observed in supergraviton four-point functions
[42] but extends the latter in nontrivial ways.

Let us first state our result. We combine P and ¢ into
12-dimensional vectors in the embedding space for R!:

Z;=(P.1). (14)

Then, we define the following replacement rules T:
Py-Py = Zy -7y, (15)
P, N-P,—>Z,-(N+M)-Z,, a,b=12. (16)

Note that the lowest reduced correlator H,, depends only
on x and not on ¢. In fact, the defect correlator nature
dictates that it depends only on the lhs of the replacement
rules. We perform this replacement on H,:

H(xi; ti;ll s 12) = T[H22]|t,—>(21/\/§)t1,r2—>(12/\/§)t2’ (17)
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where we also rescale 7, , by 4, , to more easily keep track
of their dependence. We claim that this promotes H,, into
a generating function. It turns out that remarkably all
correlators with higher weights are obtained from H by
Taylor expanding in t;, (practically in 2, ;)

Vkik,

Hyw, = 2

H(Xl‘;ti;/il,ﬂ.z) ky=2 Az (18)

K

where (...);4 means to take the coefficient of 2475,

Our observatlon bears significant resemblance with that
of [42] but is different in a few important details. While in
both cases (14) is used to put P and ¢ on the same footing,
only a single replacement rule (15) exists in [42] and is
applied to all pairs of points (i, ) to obtain a generating
function. Further expanding in all #; would then lead to an
increase of quantum numbers also at 3 and 4, which is not
wanted here. In our case, we instead leave individual P; 4 and
134 untouched and uplift the effect of giant gravitons by
promoting the 4D spacetime projector N into a 10D projector
N + M. This leads to a defect generalization of the hidden
symmetry found in [42]. Our prescription is also compatible
with the intuitive but imprecise picture that a Weyl trans-
formation maps a propagating giant graviton in AdSs x S’ to
an R* defect inside R'? (away from the conformal boundary).
Note that the part of the S° orthogonal to M is the S* which
becomes a part of the 4D defect. This explains the asymmetric
definitions which we used in (4) and (5).

Weak coupling—A fascinating feature of the strong
coupling hidden symmetry observed in [42] is that it also
holds at weak coupling, albeit in a slightly different
manner. At each loop order, perturbative corrections to
the supergraviton four-point function can be expressed as
integrals using Lagrangian insertion method. It was shown
in [43] that hidden symmetry promotes the integrands of
k; = 2 into generating functions for integrands of all other
four-point correlators [44]. We find a similar phenomenon
at weak coupling for giant graviton correlators after
extending the replacement rules T.

Let us expand (2) in coupling and denote the £ th loop

correction as H,(f,)(z. The Lagrangian insertion method

expresses it as an Z-fold conformal integral which has

()

integrand [} ; and is integrated over insertion points

X,—s, . 44¢- For example, the one-loop integrand is [15]
6
I(l) _ X34 1 (19)
2 = 2.2 2 2 2 2 2 2 2 2 °
XXX X035y XsX55X35Xs

To uplift I;’;), we introduce Z, = (P,,0) also for the
insertion points. The extended replacement rules, which
we denote as T’, are obtained by enlarging the allowed
labels values in (16) to the set {1,2,5, ...,4 4+ ¢} in which
all points but 3 and 4 are included. Clearly, Ig) is an
(Z + 2)-point defect correlator where each point has
dimensions 4 and is R-symmetry neutral. Therefore, the

variables at the lhs of the enlarged replacement rules are

sufficient to uniquely express these integrands. It is also
convenient to note that the lack of R-symmetry components
in Z, of the insertion points renders the replacement for

P, -N- P, trivial unless both m and n take values 1 or 2.

Finally, we conjecture that at any loop the integrand / 5{?{2 is

given by

”fl—’ M/t = (A /V2)1y

k
Iﬁﬂz = 2‘ )] po-a (20)

We find nontrivial evidence supporting our conjecture.
For ¢ =1, the explicit generating function reads

it “13!14 155, | Byl o
( +- 3 + I34 X34

34

1M =

2 2 2 2
4” (x12 _ﬂlﬂztlz)xlsxzsxﬁx%

Expanding in A, , and extracting the 2/7°227* coefficient,

we reproduce exactly / §,1,2 computed in [15]. For £ = 2, we

write down a generating function by uplifting the known

I gzz) [15]. The integrand / 5,2,3 predicted by hidden symmetry
also agrees with independent Feynman diagram calculation
[47]. It would be interesting to test our conjecture for more
general weights and also at higher loops.

Discussions and outlook—In this Letter, we used boot-
strap techniques to determine all four-point functions of
light supergravitons with two maximal giant gravitons.
A key insight here is to view the heavy giant gravitons as a
zero-dimensional defect. Our results lead to a number of
research avenues for future explorations.

An immediate generalization is to apply the defect
insight to correlators involving nonmaximal giant gravitons
[48]. It would be interesting to see how the results depend
on the size of the giant gravitons and if the observed hidden
structure persists. By performing conformal block decom-
positions, we can extract from the giant graviton correlators
rich CFT data (such as anomalous dimensions and operator
product expansion coefficients) at strong coupling. In this
Letter, we considered four-point functions corresponding to
AdS amplitudes of a D3-brane emitting two supergravity
modes. A natural extension is to examine four-point
functions of four giant gravitons [49-53], which describe
the interaction between two D3-branes mediated by the
exchange of supergravity modes. Such configurations are
expected to exhibit interesting phase transitions as the
operator locations are varied. We believe that analytic
bootstrap techniques together with the defect intuition will
continue to be powerful enough to constrain such four-
point functions at strong coupling.

There are also many other extensions which can be
studied by exploiting technologies readily available in the
literature. Starting from our tree-level supergravity result,
we can further use unitarity method to construct loop
corrections in AdS [54,55]. We can also study stringy
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corrections using localization constraints [19] and flat-
space amplitudes which are related by the flat-space limit
formula [56]. Another interesting direction involves corre-
lators with two giant gravitons and additional light oper-
ators. These are natural analogs of higher-point correlators
in defect-free CFTs considered in [57-64], of which the
strategies can be adapted. Giant graviton correlators can
also be similarly considered in other maximally super-
symmetric holographic setups, particularly in AdS,/CFT;
[65,66] and AdS;/CFT, correspondences.

Finally, another particularly interesting intersection is
with integrability and concerns the OPE coefficients of
two giant gravitons and a non-BPS operator. Integrability
describes giant gravitons as the initial or boundary states
(therefore also indicating a defect picture). These states play
an important role in nonequilibrium statistical mechanics
and serve as initial states for integrable systems in quantum
quench protocols. The OPE coefficients correspond to the
overlap between an integrable boundary state and an energy
eigenstate (associated with the non-BPS operator) and are
known as the exact g function for excited states. The latter
plays a central role in characterizing quantum many-body
systems with impurities, such as in the Kondo problem, and
its computation is highly nontrivial, especially for theories
with nondiagonal scattering. Current integrability-based
approaches, such as the thermodynamic Bethe ansatz
method [15,16], face both technical challenges and a lack
of reliable data for validation. Recently, lattice-based meth-
ods for computing the g function have been proposed [67],
offering a partial resolution to these difficulties. With the
results of this Letter, we can now provide invaluable
benchmark data to test integrability predictions.
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